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VARIATIONAL METHODS FOR THE SOLUTION OF 
PROBLEMS OF EQUILIBRIUM AND VIBRATIONS 


R. COURANT 


As Henri Poincaré once remarked, “solution of a mathematical 
problem” is a phrase of indefinite meaning. Pure mathematicians 
sometimes are satisfied with showing that the non-existence of a solu- 
tion implies a logical contradiction, while engineers might consider a 
numerical result as the only reasonable goal. Such one sided views 
seem to reflect human limitations rather than objective values. In 
itself mathematics is an indivisible organism uniting theoretical 
contemplation and active application. 

This address will deal with a topic in which such a synthesis of 
theoretical and applied mathematics has become particularly con- 
vincing. Since Gauss and W. Thompson, the equivalence between 
boundary value problems of partial differential equations on the 


' one hand and problems of the calculus of variations on the other 


hand has been a central point in analysis. At first, the theoretical in- 
terest in existence proofs dominated and only much later were prac- 
tical applications envisaged by two physicists, Lord Rayleigh and 
Walther Ritz; they independently conceived the idea of utilizing this 
equivalence for numerical calculation of the solutions, by substituting 
for the variational problems simpler approximating extremum prob- 
lems in which but a finite number of parameters need be determined. 
Rayleigh, in his classical work—-Theory of sound—and in other pub- 
lications, was the first to use such a procedure. But only the spectacu- 
lar success of Walther Ritz and its tragic circumstances caught the 
general interest. In two publications of 1908 and 1909 [39], Ritz, 
conscious of his imminent death from consumption, gave a masterly 
account of the theory, and at the same time applied his method to 
the calculation of the nodal lines of vibrating plates, a problem of 
classical physics that previously had not been satisfactorily treated. 

Thus methods emerged which could not fail to attract engineers 
and physicists; after all, the minimum principles of mechanics are 
more suggestive than the differential equations. Great successes in 
applications were soon followed by further progress in the under- 
standing of the theoretical background, and such progress in turn 
must result in advantages for the applications. 


An address delivered before the meeting of the Society in Washington, D.C., on 
May 3, 1941, by invitation of the Program Committee; recerved by the editors June 
16, 1942. 
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The following address will try to convey an idea of this interplay 
between practical and theoretical points of view. Completeness can- 
not be attempted; rather some selected topics with which the 
speaker has been personally concerned will be discussed. 

Usually the solution of a difficult problem in analysis proceeds 
according to a general scheme: The given problem P with the solution 
S is replaced by a related problem P, so simple that its solution S, 
can be found with comparative ease. Then by improving the ap- 
proximation P, to P we may expect, or we may assume, or we may 
prove, that S, tends to the desired solution S of P. The essential 
point in an individual case is to choose the sequence P, in a suitable 
manner, | 7 

Here we shall deal mainly with problems of equilibrium and vibra- 
tions (boundary value and eigenvalue problems, respectively). They 
lead to linear self-adjoint differential equations for an unknown 
function u(x, y): 


(1) Liu) = f, 
or 
(2) L(s) + `u = 0, 


in a two-dimenaional domain of the x, y-plane, or rather to equivalent 
variational problems for the kinetic and potential energies of the 
system. 

: I. THE VARIATIONAL PROBLEMS 


We assume our domain B bounded by a piecewise smooth curve 
C, and we denote the arc length measured along C by s, and differ- 
entiation in the direction of the inward normal by 0/0” or by a sub- 
script n. 


1. Quadratic functionals. Our variational problems refer to quad- 
ratic functionals 


Q(7) = Q(v, 2) 
defined by symmetric bilinear expressions such as 


(3) Di, w) = Jf cow. + vym,)dxdy, 


(4) M(o, w) = Sf [AvAw + a(tasWyy + DyyWan — 20 eyWey) |exdy, | 


1 Problems of critical loads (buckling) are likewise mathematically formulated as , 
eigenvalue problems. 


w 
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which occur in the study of membranes and plates, respectively. In 
(4) the symbol A denotes the Laplacian operator, and æ a constant. 
Furthermore, we shall have to use other — integrals defined 
by bilinear Une such as 


(5) H(s, w) = JST, rwdxdy, 
(6) K(o, w) = f reds 
(7) . R(v, w) = J sostends, 


where L ia a line y const. in B and C is the boundary oh B. We then 
consider functionals such as 


Ql, w) = aD(v, w) + bM (o, w) + cK(0, w) + dR(o, w), 


where a, b, c, d are constants. Always the “admissible” functsons u, 0, 
w, :- -are restricted by the condition that all the occurring inte- 
grands be at least piecewise continuous. 

The stable equilibrium of a plate or membrane under an external 
pressure f is characterized by a variational problem of the type 


(8) Q(s) + 2 H(o, f) = minimum, 


for the deflection v, whereas vibrations of plates and membranes tor- 
respond to the problem of finding stationary values, =, of 


(9) Olo) /H (o). 


The values » thus defined are the natural frequencies of the system. 
Q(v) corresponds to the potential energy of the system in the case of 
equilibrium, while for vibrations Q(») and H(v) are the “reduced” 
potential and kinetic energies, respectively.2 Terms of the form K 
and R appearing in the expression Q represent addtitonal energies 
concentrated along the boundary C of B or along a line L in B. For ex- 
ample, in the case of reinforced plates we would have Q= M +dR if 
the reinforcement consists of a bar along the line L. 


2 By “reduced” energies we mean the following: If we assume the free system vi- 


_ brating with a frequency w (not necessarily a naturel frequency), then the deflection 


Pod 


' w may be represented in the form sx =p coe af, where y is a function of position only. 


| The potential energy V may then be written in the form Q(s) costat and the kinetic 
` energy T in the form w*H(v) sink; the quantities Q and H are termed the reduced 


energies. 
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2. Rigid and natural boundary conditions. (See [1, 2, 9].) The 
Euler differential equations (1) or (2) of our variational problems 
must be supplemented by appropriate boundary conditions. If we 
focus our attention on the differential equations as such, it is not at 
all obvious what boundary conditions belong to a particular problem 
of mechanics. However, from the point of view of the calculus of 
variations a complete clarification of this delicate question is almost 
automatically obtained if the mathematical reasoning follows our 
mechanical intuition. In the first place we observe that in a varia- 
tional problem (not so in a problem of differential equations) we 
need not in advance impose boundary conditions in order to single 
out a specific solution. If the functions admissible in the competition 
are not subjected to restrictions at the boundary, we speak of a 
“free problem.” In these problems the first variation of the functional 
will contain terms referring to the boundary, and the vanishing of 


the first variation will imply not only Euler’s differential equation - 


for the domain B but also conditions on the boundary C, which we 


call “natural boundary condtitons.” Now the dominant fact is: appro- . 


priate boundary condtisons for defferenttal equations are oblasned as 
natural boundary condtttons of corresponding vartatsonal problems. In 
the latter they may, but they need not be prescribed in advance. 

There is only the exceptional case, often termed the “simplest case 
of a variational problem” of fixed boundary values of u or derivatives 
of u or other expressions in #. Here the situation seems somewhat ob- 
acured. (The clamped membrane with the boundary condition u == 0 
and the clamped plate with the boundary conditions u=u,=u,=0 
belong in this category.) Such fixed or rtgtd or aritfictal boundary con- 
dtitons must be explicitly stipulated for the variational problem not 
only for the differential equation. However, we shall recognize them 
as limiting cases or degenerations of natural conditions. 

Physically, rigid conditions correspond to rigid constraints of the 
system at the boundary'C while natural conditions express equilib- 
rium of the system of C if along C partial or full freedom of motion 
is permitted. 

To understand the significance of natural boundary conditions the 
following observation is essential: The Euler differential’ equations 
depend only on the domain integrals or the energies spread over B. 
But the natural boundary conditions are essentially affected by the 
boundary integrals representing those contributions to the energies 
which are concentrated along the boundary C. These terms lead to a 
great variety of possible natural boundary conditions for the same 
differential equation. In a somewhat different way we may formulate 


l 


1943] ~ PROBLEMS. OF EQUILIBRIUM AND VIBRATIONS 5 


_ the fact:.Natural boundary conditions, hut not Euler’s equations, are 


l affected by divergence expressions in the domain integrals. 


—_— 


- 2a..Examples. Plates, plane torsion for multiply-connected do- 
.” mains. As an example we consider a membrane with a free boundary. 
A pressure f of average value zero may act on the membrane. In this 


„ case we have a variational problem for D(v)+2H(z, f); if f denotes an 


arbitrary variation of v, the variational condition is 
Do, t) AG, f) = 0 


Transforming D(v, t) by Green’s formula into a domain integral 
plus a boundary integral, we find the natural boundary condition 


rd 


Ov 
—=0, 
On 


| expressing the fact that no forcé.acts on the boundary C. For a plate, 


free at the boundary, Q(v) = M(v), and the natural boundary condi- 
tions appear as the classical Kirchhoff conditions: 


(1 + a)Av = altests + 20eyteyn + Tyo, 


ô ` l 
r AD = a(teata%e + Tayl Enyi F Lya] + Oy Vn Ve) 


where x,, Ys and z, y, are, respectively, direction cosines of the inner Í 


normal and tangent vector along C. 

In M(v) the term a(tgetsy—tyy) = Q0 (0 Dy) /OxX — að (Us) /OY is a 
divergence expression, very essential for Kirchhoff's natural boundary 
conditions but irrelevant for Euler's differential equation AAv=0 
and without consequence for the clamped plate. 

Similar remarks apply to natural “discontinutty conditions” that 
arise if energy is concentrated along lines L interior to B, such as in 
the case of retnforced plates. For example, for a rectangular plate 
clamped at the boundary but reinforced by a bar along the line y = 0, 
the variational problem becomes 


O0) + 240, f) + ERO) = f f AD? 2aleeatey — tm) dzis 


+h f cede +2 f f ofézdy = min, 
L B 


with the condition that v=o, =p, =0 on C and v, vz, vy are continuous 
in B while the second derivatives of v-are at least piecewise continu- 


? 


dae 
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ous in B. If ¢ is an arbitrary variation of v satisfying these conditions, 
we obtain as above not only the Euler equation AAv+f=0, but also 
the natural discontsnutty condsttion 


4 


EEM = (2, 0), 


where the symbol [g]* means the amount of discontinuity suffered 
by a function g in crossing the line y=0 from positive to negative 
values of y. Another example of a somewhat different character is the ’ 
the problem of torston of long columns with multiply connected cross sec- 
tions. The contour C of the cross section may include a domain B 
in the x, y-plane from which are removed holes Bı, Bs, B3,--- with 
contours Cy, Cs, Cr, ++ and areas Ai, As, Án -+ -. The multiply- 
connected domain between C and Ci, Cs, C3, --- may be called B*. 


Fira. 1 


Then the adequate variational formulation of the torsion problem in 
proper units is: To find a function ¢ =u continuous in B+C, having 
piecewise continuous first derivatives in B, having the boundary 
values zero on C and constant, but not prescribed values c; in the 
holes B,, such that for the whole domain B l 


Die) = f f (3+ 48) + 2olaeay 


attains its least value d for ġ =u. The function u then will give the 
stresses in the cross section by differentiation. 


[January . 


r 
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Note that this problem requires not only to determine # in B* as 
a solution of Euler’s equation , 


Au = i 


with the boundary conditions u=0 on C and u=const.=c, on Ci, 
but also to find the’ constants c;. The freedom for these parameters 
in the functions ¢ admissible in the variational problem must lead 
to natural conditions from which the c, are td be characterized. 

Indeed, from the variational condition D(u, {) x [{tdxdy =0 valid 
for arbitrary { that vanishes on C and has constant values in each B: 
we can only obtain Euler’s equation, but likewise immediately the 
natural boundary conditions 


Z 
f Fast odemo 
C 


On 


which connect the unknown boundary constants with the known 
areas A,. | 

Incidentally, for the special choice f =u we obtain (in line with 
more general results) that the solution, representing a state of equi- 
librium, satisfies the relation 


S = D(x) =- f udxdy. 


The quantity S represents the “total sisffness” of the column with 
respect to torsion. 

In the appendix we shall see how this problem, which as an ordi- 
nary boundary value problem of a partial differential equation would 
be rather formidable, can be attacked numerically with success from 
the point of view developed here. 


2b. Rigid constraints as limiting cases. If we have additional en- 
ergy concentrated at the boundary and expressed, for example, by the 
term K(0)= fods, then not the Euler equation but the natural 
boundary conditions will be influenced by these terms. Thus, for the 
free membrane with 


Q(s) = Do) + yK) 
we obtain the natural boundary condition 


(10) 2 0 
a T 


We observe that as the parameter y iricreases indefinitely, that is, as 
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the elastic restoring forces at the boundary approach a rigid con- 
straint, the condition (10) tends to the boundary condition o=0 of 
the clamped membrane. This is in harmony with the fact that for 
large positive y the boundary values of v? though free, must in the 
average be small in order to keep the energy Q(v) in bounds. 

Quite generally rigid boundary conditions should be regarded as 
limiting cases of natural conditions in which a parameter tends to 
infinity. This corresponds to the physical fact that rigtd constraints 
are only idealised limtiing cases of very large restoring forces* It may 
be mentioned that this interpretation of fixed boundary conditions is 
the key to a more penetrating analysis of the question what we may 
and what we may not prescribe at the boundary (see [1)}). 


3. General conclusions. The mere formulation of our problem in 
terms of maxima and minima leads to further important applica- 
tions. As an example we mention a famous prenceple first formulated 
by Lord Rayleigh [38]: If a vibrating syatem whose energies are ex- 
pressed by quadratic integrals is changed into another system by an 
increase of masses or by a decrease of elastic forces, then all the 
natural frequencies of the system can only change toward lower 
values. This fact was recognized by the speaker (see [9]) as a conse- 
quence of the following theorem, which is easily proved: The nth 
natural frequency of any of our vibration problems is the Asghest 
value of the lowest frequency of all systems obtained from the given 
system by imposing »—1 constraints; or the nth eigenvalue à, is 
the largest value attained by the minimum d(m,---, was) of the 
quotient Q(v)/H (v) if v is subjected to »—1 linear conditions of the 
form 


H (o, w) = 0, i=l nl, 


the w, being arbitrarily chosen functions. Here “minimum” refers to 
a fixed set of n — 1 functions w,. 

This principle can render useful service for C the change 
in the natural frequencies resulting from changes in the given vibrat- 
ing system. We recognize immediately that a stiffening of the system 
by the introduction of new elastic forces (which lead to an increase in 
potential energy) must produce higher natural frequencies through- 
out. Likewise, imposing new rigid constraints will have the same 
effect. Even quantitative results can be obtained by a simple applica- 


3 It might be mentioned that A. Weinstein's method (see $3) is a somewhat differ- 
ent way of presenting rigid boundaries as limiting cases of problems with fewer re- 


„~ 
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tion of this principle. The asymptotic behavior of the natural fre- 
quencies », =A,” for large n was found by A. Sommerfeld, H. Weyl, 
and the speaker. For example, the nth eigenvalue of Av +v =0 for a 
free or clamped boundary and domain of area A behaves asymp- 
totically like 44n/A. (See [9].) 

Recently Alexander Weinstein has made an interesting applica- 
tion of this maximum-minimum principle to clamped plates [4]. The 
eigenvalue problem for a “supported” plate (with a=0) refers to the 
quadratic energy expressions Q(v) = ff(Av)*dxdy, H(v) = ff v'dxdy. 
It is then required to make the quotient Q/H stationary only under 
the boundary condition »=0. From this variational problem, we 
obtain the Euler equation AAv—Av=0 and one natural boundary 
condition, Av=0Q; the solutions for this problem are in this case 
identical with those of the clamped membrane. Now Weinstein, by 
imposing successively a denumerable number of boundary condi- 
tions of the form fo(dv/dn)¢.ds=0, +=1, 2, 3,---, where the ¢; 
form a complete system of functions on the boundary C, obtains the 
problem of the clamped plate as a limiting case. The approximating 
problems stipulate conditions less restrictive than the limiting prob- 
lem of a clamped plate, consequently they lead to smaller values of 
the minima and hence of the maxi-minima, and therefore provide 
lower bounds for the natural frequencies of the clamped plate. It is 
remarkable that the approximating problems could be solved ex- 
plicitly in terms of solutions of the membrane problem [20, 21, 22]. 


II. RAYLEIGH-RITZ METHOD 


We now discuss the question of attacking a variational problem 
numerically. In principle, there are many ways in which such a 
variational problem may suggest approximations by simpler prob- 
lems. The Rayleigh-Ritz method is only one of them. 


1. The principle and theoretical aspects. Suppose we seek the mini- 
mum d of an integral expression or any other variational expression 
I(ġ) (for example, our quadratic functionals of the preceding sec- 
tion). We then start with a minimising sequence 


(11) i $i $s, Pa, ° we y Pa ea 


that is, a sequence of functions, admissible in our variational prob- 
lem, for which `- 


(12) lim (a) = 4, 
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d being the lower bound of the functional J(). The existence of the 
lower bound d is obvious or may be easily proved in al! relevant 
problems and the extsience of the minimizing sequence (11) is then a 
logical consequence. 

However, the problem in applications is one, not of the existence, 
but of the practical construciton of such a minimizing sequence. Ritz’s 
method is nothing but arecipe for such a construction. A minimizing 
sequence immediately furnishes an approximation to d (sometimes 
this is all we wish to know, for example, if we are interested in the 
natural frequencies of a vibrating system). Moreover, it may be 
assumed and in many cases it can be proved that the minimizing 
sequence itself will furnish a good approximation for the function « 
which actually solves the problem. 

` Ritz’s construction proceeds as follows: We start with an arbitrarily 
chosen system of “coordinate functions” 


(13) Wi Wa," °° y» Wa, o "yy 


which should satisfy the two conditions: 
(a) Any linear combination 


(14) da = Cw + cawi f+ + Cnn 


of them is admissible in the variational problem. 

(b) They should form a complete system of functions in the sense 
that any admissible function ¢ and its relevant derivatives may be 
approximated with any degree of accuracy by a linear combination 
of coordinate functions and of their corresponding derivatives, re- 
spectively. 

If we begin with such a system of coordinate functions, it is clear 
that for n sufficiently large and for a suitable choice of the coefficients 
C1, Cn, +++, Ca of (14) we can find admissible functions ¢, for which 
Ila) differs arbitrarily little from d. In other words, it is possible to 
find a minimizing sequence gi, $1,:°*, ba, *** a8 a sequence of 
linear combinations of the coordinate functions. In order to obtain 
such a minimizing sequence we choose the c; in the following manner. 
We considér any function ¢, defined by (14) and substitute it in our 
variational problem. I(¢,) then becomes a function F(a,--->, Ca) 
of the n parameters c, which we may now determine from the ordinary 
minimum problem of the calculus 


(15) Ia) = F(e1, +++ , x) = min. 


In the problems considered here, J(¢) ia a quadratic or bilinear func- 
tional, and (15) leads to a system of » linear equations for the 


4 
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parameters,‘ a system which may be solved by established methods. 
Thus the minimizing sequence, ġa (n=1,2,--- ) is found. Recalling 
our general scheme we may identify the construction of the ¢, with 
the problem Pa. 

At this point one important remark may be made [1]. While the 
convergence of I(¢,) to d is assured, it is by no means generally true 
that ¢, tends to u, the solution of the original minimum problem, or, 
even less so, that the derivatives of ¢, tend to the corresponding 
derivatives of u. However, a comparative investigation of different 
types of variational problema reveals that, generally speaking, the 
convergence of a minimizing sequence qi, ¢s,---+,a,°':* and the 
sequences of the derivatives of the ¢, is smproved tf the order of the 
occurring derteatives becomes higher. On the other hand, there is a 
tendency toward worse convergence as the number of independent 
variables increases. For example, in the one-dimensional problem of an 
elastic string (Q(v) = fav *dx), the convergence of the ¢, to « is as- 
sured, the derivatives ¢,’, however, need not converge to u’. But for 
the corresponding problem of the bar (Q(0) = /jv"%dx), not only does 
a converge to « but also ¢,” to u’. On the other hand, in the mem- 
brane problem even the ¢, need not converge to u, while in the 
case of the plate the convergence of ¢, to # is assured. The first 
success attained by Ritz depended largely on his good fortune in 
attacking the seemingly more difficult problem of the plate rather 
than that of the membrane. 

These facts which are intimately related to more profound ques- 
tions in the general theory of the variational calculus have sug- 
gested the following method of obtaining better convergence in the 
Rayleigh-Ritz method. Instead of considering the simple variational 
problem for the corresponding boundary value problem, we modify 
the former problem without changing the solution of the latter. This 
is accomplished by adding to the original variational expression 
terms of higher order which vanish for the actual solution «. For 


4 This suggests the following interpretation and generalization of the procedure 
whereby reference to a minimum problem need no longer be made: we replace our 
differential equation L(«)=0 by the condition that Z(#) should be orthogonal to = 
functions of a previously selected complete system of functions. If, then, # tends to 
infinity, the totality of all these relations will be subetituted for the differential equa- 
tion, and for any fixed #, u may be chosen, for example, as a linear combination (14): 
w=¢,. In this general pattern that goes back to Galerkin, there is more freedom left 
for the choice of the approximations to the solution #. However, in the Rayleigh-Ritz 
method proper, generally speaking the question’ of convergence is more easily in- 
vestigated. (The generalized view interpretation- is implicitly mentioned in Ritz’ 
papers and was later developed by several authors. See for example [18, 19].) 


A 
he 
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example, we may formulate the equilibrium problem for a mem- 
brane under the external pressure f as follows: A 


I(s) = Jo T D, + of)dxdy + Jf xa — f) dxdy = a 


where & is an arbitrary positive constant or function. Such additional 
terms make (v) more sensitive to variations of v without changing 
the solution. In other words, minimizing sequences attached to such 
a “sensitized” functional will by force behave better as regards con- 
vergence [7]. 

The practical value of the method of sensitizing the integral by 
the addition of terms of higher order has not yet, been sufficiently 
explored. Certainly the sensitizing terms will lead to a more compli- 
cated system of equations for the c,. This means that a compromise 
must be made for a suitable choice of the arbitrary positive function 
k so that good convergence is assured while the necessary labor is 
kept within bounds. 


2. Practical viewpoints. Theoretically the Rayleigh-Ritz method 
consists merely in the construction of the minimizing sequence. How- 
ever, the difficulty that challenges the inventive skill of the applied 
mathematician is to find suitable coordinate functions and to esti- 
mate the accuracy of the result. From a practical point of view al- 
most any success depends on the selection of coordinate functions. 
If these functions are chosen without proper regard for the indi- 
viduality of the problem the task of computation will become hope- 
less. A choice should be made so that the system of linear equations 
for the cı obtained from (15) will have a preponderance of terms along 
the diagonal of their matrix, and that the number of terms to be taken 
into account be kept small. Since only a few of the coordinate func- 
tions will enter into the calculation, the theoretical completeness of 
the ¢, is irrelevant. It is important that the initial function be al- 
ready a fair approximation, and furthermore that the functions qu, 
da, - - - should be sufficiently different’ so that increasing the number 
of terms will lead to an actual improvement of the approximation. 
Importance should also be attached to the need for making the 
numerical evaluation of the coefficients of our linear equations 
practicable. 

In many cases the use of polynomials for coordinate functions 1s 
most advantageous. Si Luan Wei has shown in his thesis that results 


5 Such a “difference” can be measured. See Courant-Hilbert, Methoden der mathe- 
mateschen Physik, vol. I, p. 52. 
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for plates can be obtained by polynomials more readily and more 
— than by the coordinate functions originally used by Ritz 
40}. 

Recently physicists have chosen coordinate functions according to 
the following pattern. One starts with a choice of the function an, 
which is expected to be a fair approximation to the actual solution. 
Then w, is defined by w3=L(a1). Finally one chooses w;=L(ws) 
=LL(%), w=L(w) = LLL(œ%), and so on. This choice makes the 
calculation of the matrix elements of our linear equations for the c, 
comparatively simple. Since the operator L introduces higher deriva- 
tives which may lead to cumbersome complications at boundaries, 
it is understandable that such a choice of the w, seems feasible pri- 
marily for infinite domains where no boundary is given and where the 
natural boundary conditions are equivalent to the finiteness of the 
variational integrals. 


3. Boundary conditions. For rigid boundary conditions the ap- 
proximation by the Rayleigh-Ritz method is comparatively good. 
Few admissible coordinate functions would in most cases suffice to 
yield a result near the desired solution. This pleasant feature, how- 
ever, is offset by the restriction imposed by the rigid boundary condi- 
tions which in general precludes the choice of simple coordinate 
functions. 

For free boundaries and natural boundary conditions the choice of 
coordinate functions is eased considerably since no boundary condi- 
tions need be stipulated in advance. As a general rule we might well 
use, for the ġa, polynomials with undetermined coefficients. For this 
great advantage, however, we must pay a price, namely, the necessity 
for using many more terms to secure reasonable accuracy. Therefore 
it is sometimes preferable if we can satisfy in advance, at least ap- 
proximately, the natural boundary conditions, by a proper choice of 
functions. Still, the advantage gained by making the ¢, polynomials 
might be decisive. 

In this connection it seems to be of importance that rsgid boundaries 
can be considered as a lsmsiing case of free boundarses, as indicated pre- 
viously in $I, 2. As an example we may corfsider the following eee 
for a membrane: 


D(a) + 2H(6, f) + vK(s) = | f EREE ET 


+y f ods = min. 
c 
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If y is very large, then the free boundary problemi relating to this 
expression is almost identical to the corresponding problem for a 
clamped membrane. By letting y tend to infinity we “freeze” the 
boundary. This suggests an attempt to solve the equilibrium: prob- 
lem of the clamped plate by choosing a large numerical value for y 
and then treating the problem as one for a free membrane. However, 
to obtain reasonable accuracy for the free problem, the larger the 
quantity y the more terms will be necessary. Hence the practical 
application of the method again requires a compromise—y must be 
chosen large enough to approximate rigidity but small enough to 
keep the necessary labor within reasonable bounds. From a theoretical 
as well as from a practical point of view it would seem worth while 
to study the preferable choices of these artificial parameters. 


4. Estimates. A weak point in the Rayleigh-Ritz procedure is that 
it does not contain a principle for estimating the accuracy of the 
approximation. This is not the place to give an account of the 
numerous efforts made to fill this gap at least theoretically. For prob- 
lems of equilibrium, estimates for the minimum d can be obtained by 
a method suggested by Castigliano’s principle in the theory of elas- 
ticity. The mathematical idea is to represent the minimum value d 
of the given problem as a maximum value of another variational 
problem (see [28]). The margins obtained are quite narrow. But the 
practical value of this accuracy does not appear great since the value 
of d in problems of equilibrium is of little interest," whereas we are 
concerned with the deflection u and its derivatives. In the case of 
vibrations, where the minimum values, as squares of the frequencies, 
are of considerable importance, methods for the estimation of ac- 
curacy are in general less satisfactory [29]. 


5. Objections to the Rayleigh-Ritz method. The vagueness as to 
the accuracy of the approximation obtained is only one of the objec- 
tions to the Rayleigh-Ritz method that may be raised. More annoy- 
ing is that a suitable selection of the coordinate functions is often 
very difficult and that laborious computations are sometimes neces- 
gary. For these reasons, alternative methods must be studied. 


III. METHOD OF FINITE DIFFERENCES. GENERAL RANDOM 
STATISTICAL METHODS 
As far as practical experience goes the most important of these 


4 See, however, E. Trefftz, Math. Ann. vol. 108 (1933), p- $95 where the deflection 
at a point xs, yẹ is represented as such a minimum d of a modified functional. 
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methods is that of finite differences. In this well known procedure we 
replace differential quotients by ‘difference quotients and integral 
expressions by finite sums defined over a set of net-points in the 
plane, for example, a quadratic net in the domain B formed by the in- 
tersection of the lines x = yh, y = uh (y=1,2,---,Njum1,2,---, M). 
The simplified problem P, of difference equations can very often be 
solved with relative ease. Then if we permit the mesh, h=1/n, of the 
net to tend to zero with increasing », not only does P, tend to P, but 
the solutions S, of the difference equations approach the solution S of 
the original problem exceedingly well. Furthermore, we have the 
remarkable fact that all relevant difference quotients of first and 
higher order converge to the corresponding derivatives pertaining to 
the original problem. 

On these grounds the method of finite difference as a general pro- 
cedure is often preferable to the Rayleigh-Ritz method. The latter 
might lend itself more readily to the solution of specific problems 
where suitable analytic expressions are available for coordinate func- 
tions. However, in other cases experience points to the superiority 
of the method of finite differences. One of the underlying reasons is 
that finite differences are attached directly to the values of the func- 
tion itself without an interceding medium such as the more or less 
arbitrary coordinate functions. 

If the variational problems contain derivatives not higher than the 
first order the method of finite difference can be subordinated to the 
Rayleigh-Ritz method by considering in the competition only func- 
tions @ which are linear in the meshes of a sub-division of our net 
into triangles formed by diagonals of the squares of the net. For such 
polyhedral functions the integrals become sums expressed by the 
finite number of values’of ¢ in the net-points and the minimum condi- 
tions become our difference equations. Such an interpretation sug- 
gests a wide generalisation which provides great flexibility and seems ' 
to have considerable practical value. Instead of starting with a 
quadratic or rectangular net we may consider from the outset any 
polyhedral surfaces with edges over an arbstrartly chosen (preferably 
triangular) net. Our integrals again become finite sums, and the mini- 
mum condition will be equations for the values of ¢ in the net-points. 
While these equations seem less simple than the original difference 
equations, we gain the enormous advantage of better adaptability to 
the data of the problem and thus we can often obtain good results 
with very little numerical calculation. (See appendix.) 

This procedure of finite differences was analyzed from a mathemat- 
ical point of view—and in particular the convergence for the quad- 


ratic mesh width 4-0 was proved—first by Philipps in unpublished 
papers, then by Philipps and Wiener [14], and at the same time by 
Lusternik and by Courant [5], and later by Courant, Friedrichs, and 
Lewy [8]. 

As was already observed by Philipps and Wiener, equations of 
finite differences can be interpreted by processes of probability—the 
so-called random walk. This connection has led Courant, R. Luene- 
burg [16], and Petrovsky [17] to a more general attack upon our 
problems, as follows: Instead of simply replacing our integral expres- 
sions by finite sums defined over a net, we may replace them in vari- 
ous ways by other simple functionals and thus obtain a greater variety 
of possible approximate problems P,. Consider, for example, the non- 
negative function K(x, y; £, 7) which is assumed to be symmetric, 
to be defined and piecewise continuous in the entire plane and to 
satisfy [fT2K (x, y; £, n) ddn =1. We then focus our attention on 
integrals of the following form 


(16) Te) = ff f fx y; £, 2) [w(2, D — uE p ded ydtdy 


taken over the entire plane, and investigate the problem P,, 
(16a) T(w) = min., 


for which the admissible functions are,prescribed in the domain B, 
complementary to B, that is, in the portion of the plane outside of B. 

For example, if K=f(r), where r?= (x —£)*+-(y—7)? and f(r) 20, 
while f(r) =0 for r>h, it is easily verified that, as the parameter A 
tends to zero, we have T(w)—>D(w) so that P. tends to the boundary 
value problem for Au =0. It can be shown generally that the nucleus 
K may be chosen dependent on a parameter k so that 7(w) tends toa 
given quadratic functional which yields as Euler equation any pre- 
scribed homogeneous elliptic differential equation. 

Now the variational condition for the problem (16a) is no longer 
a differential equation but a Fredholm integral equation, which is 
more easily treated: 


(17) u(z,y) = Sy. K(x, y; $, n)w(é, )dédn + g(x, Y), 
where | 


g(x,y) = f f. K(x, y; & a)w(é, n)dëdn 
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is known because u is prescribed in B. The solution u, of (17) for 
K =K, converges to the solution u of the problem P. Moreover, and 
this is the important point for practical applications, it can be proved 
that the integral equation (17) is solvable by the Neumann method of 
iteration under very wide conditions for the nucleus K. Thus we may 
develop a new method for attacking boundary value problems which, 
however, so far has not been tested in practical applications. 

It may be remarked that, generally speaking, the iteration process 
will converge more slowly if the approximation of P, to P becomes 
better. Hence again a compromise for practical purposes is indicated. 

In passing, we mention the intimate connection of this method wtth 
staissttcs. Let us suppose a substance to be distributed with a density 
u(x, y) over the plane. We now imagine that the substance is redis- 
tributed in distinct steps in such a manner that a unit mass concen- 
trated at the point P(x, y) will be spread over the plane with a 
density K(x, y; $, 7) at the point Q(£, 7). The integral equation (17) 
then characterizes a state of statistical equilibrium, if the density 
u(x, y) is prescribed in the complementary domain B of B. Of course, 
if we interpret the integrals as Stieltjes’ integrals, we may include in 
our formulation even problems of finite differences and random walk 
problems of the classical type. For us here, the main objective is to 
point out a method that enables us in principle to find approximately 
solutions of boundary value problems. 


IV. METHOD OF GRADIENTS 


Still another alternative to the Rayleigh-Ritz procedure should be 
mentioned. This is the method of gradients, which goes back to a 
paper published by Hadamard in 1907 [12]. Highly suggestive as is 
Hadamard’s attempt, difficulties of convergence were encountered. 
However, recent developments in the theory of conformal mapping 
and in Plateau’s problem throw new light on Hadamard’s idea, so 
that it seems justified now to expect from it not only purely mathe- 
matical existence proofs but also a basis for numerical treatment in 
suitable cases [13, 10, 1ł]. 

The principle of the method may be understood from the elemen- 
tary geometric concept of a vector gradient. Let u=/f(x1,---, Xs) 
be a non-negative function of the n variables x;, or as we might say 
of the position vector X = (x1, © + © , Xa), and let us seek to determine 
a vector X =X» for which w is at least stationary. We then proceed 
as follows: on the surface u =f(x) we move a point (x1,-:--° , xa, #) 
so that x,(#) and u(t) become functions of a time-parameter ¢. Then 


N 
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the velocity of ascent or descent along the line X = X(t), w=u(#) on 
the surface is 


du : i 
F ù= $ èfa = X- grad f. 
w E 


We now choose the line along the line along which the motion pro- 
ceeds so that the descent is as steep as possible (lines of steepest 
descent). This means to make u negative and as large “as possible” in 
absolute value, for example, by choosing 


(18) X = — grad f, 
80 that 
ù = — (grad f)’. 


Hence the position vector X moves according to the system of ordi- 
nary differential equations (18) along the lines of steepest descent 
with respect to the function f. Under very general assumptions, it is 
clear that X, starting from an ardtirary initial position, will, for bo œ, 
approach a position for which grad f=0, and therefore for which f is 
stationary and possibly a minimum. However, instead of using the 
continuous procedure given by the differential equation (18), we 
may proceed stepwise, correcting a set of approximations x to the 
solutions of the equations grad f=0 by corrections proportional to 
the respective components of — grad f. 

This elementary idea can be generalized to variational problems. 
If we wish to determine a function u(x, y) defined in B and having 
prescribed boundary values such that y is the solution of a variational 
problem 


(19) I?) = JJ re Y, 0, Ds, ty) axdy = min., 


then we interpret the desired function # as the limit for +> of a 
function v(x, y, £), whose values may be chosen arbitrarily for =Q 
and for all # thereafter are determined in such a way that the expres- 
sion /(v), considered as a function I(t) of t, decreases as rapidly as 
possible toward its minimal value. Of course the boundary values of 
v(x, y, $) are the same as those for u(x, y), so that v, must vanish at 
the boundary. If we choose v =vp(x, y, t), we find 


(20) K = — Í J sxcazas, 
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where L(v) is the Euler expression corresponding to (20). To con- 
sider a concrete example, we suppose that 


(21) =f i (os + dads, 


so that our minimum problem amounts to determining the equi-* 
librium of a membrane with given boundary deflections g(3). Then 
L(v) = — 24v. Incidentally (20) displays an analogy between the Euler 
expression and the gradient of a function f(m,---, £a) of n inde- 
pendent variables. The variation or “velocity” of Z(v) is expressed as 
an “inner product” of the velocity of the “independent function” v 
with the Euler expression L(v), the gradtent of a functional in func- 
tton space. 

We now assure ourselves of a steady descent or decrease of J(#) 
by choosing v: in accordance with the differential equation 


(22) i u= aÃ kL(0), 


where & is a positive arbitrary function of x, y. (21) then becomes 


=- f Í, k [L(e) axe, 


and again we can infer that, for t+ œ, v(x, y, #) will tend to the solu- 
tion u(x, y) of the corresponding boundary value problem L(u) = 0. 

For the case of the membrane the differential equation (22) be- 
comes 


(23) 7; = Ap, 


the equation of heat transfer. In our interpretation this equation de- 
scribes a rapid approach to a stationary state along the “lines of 
steepest descent.” While for the equations (23) or (22) the con- 
vergence of v for > can be proved, serious difficulty arises if we 
want to replace our continuous process by a process of stepwise cor- 
rections as would be required for numerical applications. Each step - 
means a correction proportional to Av, thus introducing higher and 
higher derivatives of the initial function v. Another great difficulty 
is presented by rigid boundary values.” 

Yet there do exist classes of problems where such difficulties can 
be overcome if the method is extended properly. First of all we may 


! Incidentally, if we apply this procedure to a problem for a finite net, it converges 
very well and is, asa matter of fact, nothing but a natural method of solving a system 
of linear equations by a method of iteration. i 
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observe that it is not necessary to select the steepest descent along the 
gradient; it suffices to secure a safe descent at a suitably fast rate. 
Furthermore, if we consider problems for which the boundary value 
problem of the differential equation presents no difficulties for the 
domain B, but for which a degree of freedom in the boundary values 
is left, then the problem reduces to one for finding these boundary 
values, and now all our difficulties disappear. A typical example is 
the problem of the conformal mapping of a circle B onto a simply- 
connected domain G, and it may be that the method of gradients 
opens a path for the attack of the problem of conformal mapping for 
multiply-connected domains and other problems as well. 

‘This address has emphasized more theoretical aspects. However, 
some of the general principles described may be helpful in enlarging 
our equipment for practical purposes. | 


APPENDIX?® 


NUMERICAL TREATMENT OF THE PLANE TORSION PROBLEM 
FOR MULTIPLY-CONNECTED DOMAINS 


The computation of the stiffness S defined in $I, 2a furnishes an 
example of independent interest which permits to compare the prac- 
_ tical merits of some of the methods described in this address. Numer- 
ical calculations were carried out for the cross sections of the follow- 
ing diagrams, a square from which a smaller square is cut out; and 
a square, from which four squares are cut out. In the first case our 
quadratic frame was supposed to be bounded by the lines x= +1, 
y= tiandx=+3/4, y= +3/4. To apply the Rayleigh-Ritz method 
for the domain as a whole would already be cumbersome because of 
the boundary conditions for admissible functions @. However, this ` 
difficulty disappears if we exploit the symmetry of the domain and 
the resulting symmetry of the solution; thus we may confine our- 
selves to considering only one-eighth of the domain B*, namely the 
quadrangle ABCD. For this polygon any function of the type 


$ = a(1 — x)[1+ (z — 3/4)P] 


where P(x, y) is a polynomial, is admissible, and its substitution in 
the integral leads to simple linear equations for the cofficients. Thus 
for the simplest attempt 


¢ = a(l — 2) 
which leaves only one constant a to be determined, we find with a 


4 Addition not contained ın the original address. 
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negligible amount of numerical labor S=.339 and c= —,11. A re- 
fined attempt with the function 


$ = a(1 — x) [1 + alz — 3/47] 


yielded S=.340 and c= —.109 with little more labor. 

These results were checked with those obtained by our generalized 
method of finite differences where arbitrary triangular nets are 
permitted. The diagrams are self-explanatory. Unknown are the 


| IL) 
EN 


FIG. 2 Fie, 3 





net-point-values u,, (c=). In the net-triangles our functions were 
chosen as linear, so that the variational problem results in linear 
equations for the u,. The results, easily obtainable, were: case (a) 
with two unknowns: S=.344, w)»=—.11; case (b) with three un- 
knowns: S=—=.352, u= —.11; case (c) with five unknowns S=.353, 
to = ~.11; case (d) with nine unknowns, corresponding to the ordi- 
nary difference method S=.353, s= —.11. pP ws g 

These results show in themselves and by comparisor that the 
generalized method of triangular nets seems to have advantages. It 
was applied with similar success to the case of a square with four ` 
holes, and it is obviously adaptable to any type of domain, much 
more so than the Rayleigh-Ritz procedure in which the construc- 
tion of admissible functions would usually offer decisive obstacles. 

In a separate publication it will be shown how the method can be 
extended also to problems of plates and to other problems involving 
higher derivatives. 

Of course, one must not expect good local results from a method 
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using so few elements. However, it might be expected that a smooth 
interpolation of the net functions obtained will yield functions which 
themselves with their derivatives are fairly good approximations to 
the actual quantities. 
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THE OCTOBER MEETING IN NEW YORK 


The three hundred ninetieth meeting of the American Mathe- 
matical Society was held at the Hotel Pennsylvania on Friday and 
at Columbia University on Saturday, October 30-31, 1942. The at- 
tendance included the following one hundred fifty-eight members of 
the Society: 


A. A. Albert, T. W. Anderson, R. G. Archibald, L. A. Aroian, S. F. Barber, J. L. 
Barnes, A. E. Basch, M. F. Becker, Stefan Bergman, P. G. Bergmann, E. E. Betz, 
Felix Bernstein, Garrett Birkhoff, G. D. Birkhoff, Gertrude Blanch, Salomon Boch- 
ner, H. F. Bohnenblust, S. G, Bourne, Joseph Bowden, H. W. Brinkmann, G. W. 
Brown, Hobart Bushey, J. H. Bushey, S. S. Cairns, M. E. Carlen, M. D. Clement, 
I, S. Cohen, Harvey Cohn, T. F. Cope, Richard Courant, J. E. Crawford, M, T. 
Curran, J. H. Curtiss, Jesse Douglas, Arnold Dresden, Nelson Dunford, J. E. Eaton, 
M. L. Elveback, Paul Erdts, A. D. Fialkow, M. M. Flood, Tomlinson Fort, M. C. 
Foster, R. M. Foster, K. O. Friedricha, B P. Gul, L. M. Graves, Bernard Greenspen, 
C. C. Grove, E. J. Gumbel, Margaret Gurney, Jacques Hadamard, F. C. Hall, 
L. A. Hazeltine, E. R. Hedrick, Edward Helly, Aaron Herschfeld, Max Herxberger, 
E. H. Hildebrandt, Einar Hille, Abraham Hillman, Banesh Hoffmann, T. R. Holl- 
croft, M. W. Hopkins, E. M. Hull, R. P. Imacs, S. A. Joffe, Fritz John, Edward 
Kasner, J. R. Kline, B. O. Koopman, Mark Kormes, Arthur Korn, H. N. Laden, 
M. E. Ladue, J. A. Larrivee, Solomon Lefschetz, B. A. Lengyel, Marie Litzinger, E. 
R Lorch, A. N. Lowan, R. K. Luneberg, A. W. McMillan, Brockway McM llan, L., 
A. MacColl, C. C. MacDuffee, Saunders MacLane, H. F. MacNeish, H. B. Mann, 
A. J. Maria, M. H. Maria, Imanuel Marx, Walther Mayer, A. E. Meder, H. L. 
Mintzer, E. C. Molina, Parry Moon, Marston Morse, G. W. Mullins, C. A. Nelson, 
C, O. Oaldey, L. F. Ollmann, Oystein Ore, J. C. Oxtoby, E. L. Post, R. G. Putnam, 
Hans Rademacher, J. F. Randolph, L. L. Rauch, Mina Rees, Moses Richardson, J. 
F. Ritt, S. L. Robinson, Benjamin Rosenbaum, J. E. Rosenthal, Arthur Sard, R. D. 
Schafer, Henry Scheffé, M. G. Scherberg, I. E. Segal, Abraham Seidenberg, Stephan 
Serghiesco, Bernard Sherman, Seymour Sherman, Max Shiffman, James Singer, R. R. 
Singleton, P. A. Smith, Ernst Snapper, A H. Sprague, E. R. Stabler, J. J. Stoker, 
W. C. Strodt, S. R. R. Struik, M. M. Sullivan, J. L. Synge, J. D. Tamarkin, W. R. 
Transue, C. A. Truesdell, A. W. Tucker, Bryant Tuckerman, J. W. Tukey, D. F. 
Votaw, L. I. Wade, W. R. Wasow, Louis Weisner, M. E. Wells, H, S. White, A. L. 
Whiteman, P. M. Whitman, J. E. Wilkins, S. S. Wilks, John Williamson, H. A. Wood, 
Alexander Wundheiler, Leo Zippin, O. J. Zobel, Antoni Zygmund 


Friday afternoon the Society joined with the Optical Society of 
America in a symposium on Mathematics in the field of opiscs. Mr. 
R. M. Foster presided at the session which included the following 
addresses: The theory of the Schmsdt telescope by Professor J. L. Synge 
of the University of Toronto, The mathematics of turbid media by Dr. 
S. Q. Duntley of the Massachusetts Institute of Technology, A 
matrix treaiment of opttcal systems, with polarising, ltrefringent, and 
optically active elemenis by Dr. R. C. Jones of the Bell Telephone 
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Laboratories, and New methods of calculating tHumination by Profes- 
sor Parry Moon of the Massachusetts Institute of Technology. 

The Society met in two sections on Saturday morning, one for 
presentation of papers in analysis and geometry with Professor 
Antoni Zygmund presiding, and another for algebra, statistics and 
applied mathematics with Professor H. W. Brinkmann presiding. 

President Marston Morse presided at the general session Saturday 
afternoon at which Professor Salomon Bochner of Princeton Univer- 
sity gave an address on Continuation of analytic functions in several 
vartables. 

Members of the Society joined with members of the Optical Society 
of America and the Society of Rheology at lunch at the Hotel Penn- 
sylvania on Friday. Dr. F. B. Jewett, Vice President of the American 
Telephone and Telegraph Company, was the speaker at the luncheon. 
Members of the Society were invited to attend the annual dinner of 
the Optical Society of America which was held at the Hotel Pennsyl- 
vania Friday evening. One of the speakers was President Marston 
Morse who discussed the interest of mathematicians in applied mathe- 
matics. 

The Council met on Saturday, October 31, at 12:00 M. in the 
Men’s Faculty Club at Columbia University. 

The Secretary announced the election of the following three per- 
sons to membership in the Society: 

Mr. Robert Steiner Fouch, Army Air Forces Pre-Flight School, Maxwell Field, Ala.; 


Mr. Paul W. Healy, Case School of Applied Science; 
Mr. Alvin Spiro, Ann Arbor, Mich. 


The following appointments by President Marston Morse were 
reported: as a Committee on Printing Contracts, Dean Tomlinson 
Fort (chairman), Dean M. H. Ingraham, Professor J. D. Tamarkin; 
as representative of the Society at the celebration of the Fiftieth 
Anniversary of the Founding of The Woman’s College of the Uni- 
versity of North Carolina on October 4-5, 1942, Professor J. M. 
Thomas; as representative of the Society at the inauguration of John 
Nelson Russell Score as President of Southwestern University 
(Georgetown, Texas) on October 6, 1942, Professor E. L. Dodd; as © 
representative of the Society at the inauguration of Charles Albert 
Anderson as President of Coe College (Cedar Rapids, Iowa) on 
November 12, 1942, Professor E. W. Chittenden. 

The Secretary reported that Professor Harry Bateman had ac- 
cepted the invitation to deliver the Gibbs Lecture at the Annual 
Meeting of 1943; the title of the Lecture will be The control of elastic 
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fluids. Professor Einar Hille has accepted the invitation to deliver 
the Colloquium Lectures at the Summer Meeting of 1944 on the fol- 
lowing subject: The analyiscal theory of sems-groups. 

It was announced that Professor Nathan Jacobson would give an 
invited address at the February, 1943, meeting in New York City, 
entitled Some topics in the theory of sems-linear transformaitons. 

The Secretary reported that Professor F. D. Murnaghan had been 
named chairman of the temporary editorial committee for Mathe- 
matical Surveys and that Professor T. H. Hildebrandt had been ap- 
pointed a member of the committee, to replace Professor E. J. Mc- 
Shane. 

Professor E. J. Moulton and Dean W. G. Simon were appointed 
representatives on the Council of the American Association for the 
Advancement of Science for 1943. 

Professors T. H. Hildebrandt, Hassler Whitney, and G. T. Why- 
burn were appointed representatives on the Editorial Board of ‘the 
Annals of Mathematics for a period of three years beginning with 
1943. 

The Council appointed Professor A. D. Michal of California In- 
stitute of Technology as Associate Secretary in the far west, to fill 
the unexpired term of Dean T. M. Putnam. 

At the Summer Meeting of 1942 a committee consisting of Profes- 
sors O. E. Neugebauer and G. B. Price was appointed to investigate 
the possibilities of scientific communication with other countries. A 
report of this committee on the Russian situation was published in 
Volume 48, Number 11, of this Bulletin. The committee is continuing 
its investigations, with particular emphasis on communication with 
the Indian and Australian mathematicians. 

Titles and cross references to the abstracts of papers read follow 
below. Papers whose abstract numbers are followed by the letter ż 
were read by title. The papers numbered 1—2 were read in the section 
for analysis and geometry, those numbered 3-8 in the section for 
algebra, statistics and applied mathematics; those numbered 9-27 
were read by title. Paper 2 was read by Professor Kasner, and paper 
7 by Dr. Bers. Dr. Kogbetliantz was introduced by Professor J. A. 
Shohat, and Dr. Wong by Professor T. R. Hollcroft. 

1. J. E. Wilkins: The first canonical pencsl. (Abstract 49-1-82.) 
` 2. Edward Kasner and John DeCicco: A generalised theory of 
dynamical trajectories. (Abstract 48-11-329.) 

3. Ernst Snapper: The resultant of a linear set. (Abstract 48-11- 
309.) 


1943] THE OCTOBER MEETING IN NEW YORK 27 


4. R. P. Isaacs: Applecatsion of polygense functions to two-dimen- 
stonal elasticity. (Abstract 48-11-328.) 

5. Garrett Birkhoff: A reverstbilsty paradox in hydrodynamics. (Ab- 
stract 48-11-325.) 

6. H. B. Mann: The consiruciton of orthogonal Laiin squares. (Ab- 
stract 48-11-336.) 

7. Lipman Bers and Abe Gelbart: On solutions of the differential 
equations of gas dynamics. I. (Abstract 48-11-324.) 

8. Max Herzberger: Dsrect methods in geometrical optics. (Abstract 
49-1-64.) 

9. R. H. Cameron and W. T. Martin: Injinste linear difference equa- 
tions with arbitrary real spans and first degree coefficients. (Abstract 
48-9-257-t.) 

10. Nathaniel Coburn: The linear yield condstson in the plane plastic- 
sty problem. (Abstract 48-11-326-2.) 

11. John DeCicco: New proofs of the theorems of Beltrams and 
Kasner on linear famalses (Abstract 48-9-274-4.) 

12. C. J. Everett: Sequence completion of latitce moduls. (Abstract 
48-11-302-t.) - 

13. Abraham Hillman and H. E. Salzer: Complex roots of sin s=s. 
(Abstract 48-11-314-1.) 

14. Irving Kaplansky: Systems of i in a valuaiton ring. 
(Abstract 48-11-303-t.) 

15. Irving Kaplansky: The dired product of rings. (Abstract 48-11- ` 
304.) 

16. Edward Kasner: Differential equaitons of the type: y” =Gy" 
+ Hy", (Abstract 48-9-277-2.) 

17. Edward Kasner: Differential equations of the type: ym Ay’ 
+ By’’+C. (Abstract 48-9-278-2.) 

18. Edward Kasner: The close packing of spheres. (Abstract 49-1- 
72-t.) 

19. Ervand Kogbetliantz: Inequality for definite sntegrals. Pre- 
liminary report. (Abstract 48-11-315-t.) 

20. A. N. Lowan and H. E. Salzer: Coeficients in Se for 
numerical tntegraison. (Abstract 48-7-238-t.) 

21. Szolem Mandelbrojt: Quast-analytecstty and properties of fiat- 
ness of entire funcitons. (Abstract 48-11-318-2.) 

_ + 22. J. F. Ritt: Bésout’s theorem and algebrasc differenisal equations. 

(Abstract 48-11-308-é.) 

23. R. M. Robinson: Bounded analytic functions. (Abstract 48-11- 
320-t.) \ 
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24. J. A. Shohat: An inequality for definite integrals. Preliminary 
report. (Abstract 48-11-323-?.) 

25. A. D. Wallace: A characterization of untcoherence. (Abstract 48- 
11-345-2.) 

26. Y. C. Wong: Some Einstein spaces with conformally separable 
fundamental tensors. (Abstract 49-1-83-i.) 
27. Jakob Levitski: On the radical of a general ring. (Abstract 49-1- 

7-4.) 
T. R. HOLLCROFT, 
Associate Secretary 


BOOK REVIEWS 


Sur les ensembles de distances des ensembles de potnis d'un espace 
Euchdsten. (Mémoires de |’ Université de Neuchatel, vol. 13.) By 
Sophie Piccard. L’ Université de Neuchatel, 1939. 212 pp. 


Let A denote a set of points on the real number-line R. The set of 
all number |¢—a’|, for any a and a’ in A, is the set of distances of 
the set A, and is denoted by D(A). 

A connection between A and D(4) arises naturally in the following 
way. Let r be a real number, and let r—y=x-+r be a translation of 
R carrying x into y. Let this translation carry A into A(r). A number 
z will be in both A and A(r) if and only if sis in A and also at a di- 
rected distance r from some point of A. Thus the intersection A A (r) 
contains exactly one point for each distinct unordered pair (a, a’) of 
elements of A auch that |a~—a’|=|r|. It is not surprising, then, to 
find many theorems based on the cardinal number of those r for 
which the cardinal number of A-A(r) is restricted in some way. 

This particular connection is of largely auxiliary interest, however, 
for the main purpose of the present memoir is to examine for their 
own sake the relations between properties of A and D(A). The re- 
sults are so numerous and so detailed that we are obliged merely to 
cite a few typical items from éach of the four chapters. Definitions 
and notation are as follows: A is congruent to B (A&B) when and 
only when a real number & can be found such that one of the trans- 
formations x—y = +x-+k of R carries A into B. The complement of 
A in Ris denoted by CA. The complement of D(A) in the set0Sx< œ 
is denoted by D’(A) (reviewer's notation); since 0 is in D(A) natu- 
rally, any member of D’(A) is positive. If A and B are two sets, 
D(A, B) is the set of all numbers la—b| for any ain A and b in B. 

The most important material in the first chapter is a summary of 
general theorems, due mainly to Sierpinski, whose acknowledged 
influence appears clearly throughout the book. We learn, for instance, 
that, if A is open, an F, a denumerable Ga, Borel-measurable and 
with A-A(r) at most denumerable for each r, analytic, or of the 
second Baire category, then D(A) is, respectively, a Ga, an Fa, a Gi, 
Borel-measurable, analytic, or of the second Baire category. A short 
proof is given of Steinhaus’ important theorem that, if A has positive 
measure, then D(A) contains an interval 0Sx<é for some k. Finally, 
a partial answer is given to the perfectly natural question: Evi- 
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that, for each r, A-A(r) and B-B(r) each contains at most one ele- 
ment;if A and B are infinite, this assumption is insufficient. 

In the second chapter, the set A(A) =D’(A)-D‘(CA) is of great 
importance. If A(A) is empty, one of its factors is empty. A(A) is not 
empty when and only when A@CA. The second chapter investi- 
gates D(A) mainly on this hypothesis, which entails D(A) =D(CA) 
and A(4) =D’(A) =D’(CA). Under these circumstances, A(+d)=CA 
(and (CA)(+d)=A) if and only if d is in D’(A). Further, if p>0 
and k, +, kp are any integers, m,°--, M, are any members of 
D'(A), and r=kımı+ --- +2,m,, then [r] is in D’(A) if and only 
if the integer kı+ --- +k, is odd. D’(A) is a proper subset of that 
one af A and CA which does not contain zero. If D(A) contains an 
interval, D’(A) contains no decreasing sequence (and hence is de- 
numerable). If A(4) contains two incommensurable numbers, then 
A(A) contains a decreasing sequence, and is everywhere dense on the 
interval OSx< œ, while A@CA is everywhere dense on R. Many 
other results deal with measurability and the Baire categories. 

The next chapter is devoted to perfect sets. If A is closed and 
bounded, or dense-in-itself, or perfect and bounded, then D(A) is, 
respectively, closed, dense-in-itself, or perfect. A perfect set P is said 
to be of the first kind (Mirimanoff) if it arises from an interval 
ax<b by a process generalized in a specific way from the con- 
struction of the Cantor ternary set. If P is of the first kind, D(P) 
is the interval O0 Sx <b—a. If P and Q are of the first kind, D(P, Q) 
has positive Lebesgue-measure mes D(P, Q). There exist bounded 
perfect sets P and Q such that mes D(P) =0 and mes D(Q) =0, while 
mes D(P, Q)>0; there exist bounded perfect sets P and Q such that 
mes D(P)>0 and mes D(Q)>0, while mes D(P, Q)=0. If 
mes D(A) =0, then mes D(A, A(r)) =0 for any real r. The remainder 
of this chapter contains a plethora of specific information on D(A) 
and D(A, B), where A and B consist of those numbers expressible 
in special ways in systems of notation with assigned bases. Pre- 
sumably as an example, the base 4 receives extraordinarily searching 
attention. 

The final chapter studies conditions on a subset D of the interval 
O0Sx< © in order that there may exist an A for which D = D(A). 
If D is finite, it ig necessary and_sufficient that some subset of D, 
taken in increasing order, shall form a sequence S such that D coin- 
cides with the sums of the gapless subsequences of S. (It may be 
necessary to repeat elements of D when forming S. Example: 
A= {0, a, 2a} =D(A) with a>0, S=0, a, a.) Results which increase 
rapidly in complication are obtained directly when D has not more 
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than six elements, or when 4-A(r) or D- D(r) are suitably restricted. 
With conditions on A, the criterion for finite D generalizes to infinite 
D. If D(A) and (hence) A are denumerably (nondenumerably) 
infinite, then D(A)-(D(A))(r) is necessarily denumerably (non- 
denumerably) infinite for denumerably (nondenumerably) many r’s. 
If D’ is of measure zero or of the first Baire category, then the con- 
tinuum-hypothesis implies the existence of an A for which D=D(A). 
Finally, many properties of D are enumerated which exclude the 
existence of the required A. 

Aside from occasional use of transfinite induction and the con- 
tinuum-hypothesis, the proofs may fairly be called elementary. 
On the other hand, they are often quite intricate, simple results 
requiring the examination of a myriad cases. Pushed with patient 
energy, this study has yielded a remarkable amount of detailed 
information, from which one may form a definite idea of the diff- 
culties and rewards to be met in the directions here pursued. One 
also finds general results of great interest, which do not claim to be 
complete. Many problems are explicitly proposed, and many others 
at once suggest themselves. For this solid progress we are very sub- 
stantially indebted to the author, who doubtless shares the hope 
that a still deeper analysis—possibly along somewhat different lines— 
may presently yield a more satisfying theory. 

Remarks: 1. Considerable data are given on sets A in higher di- 
mensional spaces, but such results have been ignored here for the 
sake of brevity. 

2. Though the argument is apparently not vitiated by its omission 
in the text (for reasons which will not escape a reader), the reviewer 
feels compelled to record here the fact that the property P (p. 54) 
is not invariant under translation, is accordingly peculiar to the 
position of a set on the line, and may not be shared by a set con- 
gruent to a set which has it. 

3. One should take care, on p. 39, line 19, to read *“D(A)+D(CA)” 
instead of “D(A)” (see Property 2, p. 46). 

4. This book regrettably upholds the secretive tradition under 
which the index is omitted. 

F. A. FICKEN 


Tables of probability functions, Vol. II. New York, Work Projects 
Administration, 1942. 21+344 pp. $2.00. 


The first volume of Probability functtons appeared in 1941; it was 
reviewed in Bull. Amer. Math. Soc. vol. 48 (1942) p. 201. The present 
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volume tabulates the functions 
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from 0.0000 to 1.0000 at intervals of 0.0001 to fifteen places of deci-, 
mals, and from 1.000 to 8.285 at intervals of 0.001 to fifteen places. 
Tables II include the functions J and 1—H from 6.00 to 10.00 at 
intervals of 0.01 to six places of decimals. The bibliographical data 
provided give valuable information concerning uses of the tables. 
The extensive and systematic tests for accuracy are as in the earlier 
volumes of the series. 
VIRGIL SNYDER 


Tables of sine and cosine integrals for arguments from 10 to 100. 
New York, Work Projects Administration, 1942. 185 pp. $2.00. 


The present volume is a continuation of Tables of sins, cosine and 
exponenital integrals, vols. I and II which appeared in 1940 and 
were reviewed in Bull. Amer. Math. Soc. vol. 47 (1941) pp. 677- 
678, except that exponential integrals are not included over the new 
interval. New features in the present volume are graphs of Si(x) and 
Ci(x) and a bibliography of applications as well as of tables and 
of reference texts. 

The Tables themselves are to ten places, at intervals of 0.01 from 
10 to 100, arranged as in the earlier volumes. Then follow #x/2 to 
fifteen places, n ranging by integers from 1 to 100, and p(1—p) and 
p(i ~ p*); each to six places. 

The Tables are reproduced by the photo-offset process as were the 
previous volumes. Such use has been made in the checks and con- 
trols described in the Introduction as to secure a very high degree 


of uracy in the results. 
aia VIRGIL SNYDER 


NOTES 


The editors of the Bulletin wish to make grateful public ac- 
knowledgement of the services rendered by the following persons who 
have referred papers: R. P. Agnew, Leonidas Alaoglu, Emil Artin, 
Reinhold Baer, Walter Bartky, Harry Bateman, E. F. Beckenbach, 
E. T. Bell, A. A. Bennett, D. G. Bourgin, A. T. Brauer, Richard 
Brauer, H. E. Buchanan, J. A. Clarkson, Nathaniel Coburn, Max 
Coral, D. R. Curtiss, J. H. Curtiss, M. M. Day, John DeCicco, 
Samuel Eilenberg, G. C. Evans, L. R. Ford, W. B. Ford, T. C. Fry, 
M. R. Hestenes, Ralph Hull, D. H. Hyers, R. D. James, R. L. Jef- 
fery, B. W. Jones, F. B. Jones, Solomon Lefschetz, D. H. Lehmer, 
Walter Leighton, Howard Levi, Harry Levy, E. R. Lorch, E. J. 
McShane, Saunders MacLane, W. T. Martin, G. M. Merriman, A. 
P. Morse, F. J. Murray, C. V. Newsom, Oystein Ore, G. H. Peebles, 
Sam Perlis, George Polya, Hillel Poriteky, G. B. Price, Hans Rade- 
macher, Tibor Rado, G. Y. Rainich, Moses Richardson, J. F. Ritt, 
M. S. Robertson, R. M. Robinson, J. B. Rosser, I. J. Schoenberg, 
I. M. Sheffer, L. L. Smail, F. C. Smith, I. S. Sokolnikoff, N. E. 
Steenrod, M. H. Stone, Otto Szász, Gabor Szegë, Alfred Tarski, W. J. 
Trjitzinsky, J. V. Uspensky, R. J. Walker, H. S. Wall, Henry Wall- 
man, J. L. Walsh, Louis Weisner, Marie J. Weiss, G. T. Whyburn, 
W. M. Whyburn, S. S. Wilks, Aurel Wintner, J. W. T. Youngs and 
Antoni Zygmund. 


The editors of the Transactions wish to acknowledge the services of 
the following persons, not members of the Editorial Board, who have 
been consulted regarding papers offered for publication in volumes 51 
and 52: Emil Artin, E. F. Beckenbach, Garrett Birkhoff, G. D. 
Birkhoff, L. M. Blumenthal, H. E. Buchanan, J. A. Clarkson, A. B. 
Coble, C. J. Everett, K. O. Friedrichs, L. M. Graves, Marshall Hall, 
G. A. Hedlund, M. S. Knebelman, N. H. McCoy, H. M. McNeile, 
C. B. Morrey, A. P. Morse, F. J. Murray, Gordon Pall, George Polya, 
G. B. Price, Tibor Rado, G. Y. Rainich, H. W. Raudenbush, P. V. 
Reichelderfer, A. C. Schaeffer, Otto Szász, J. D. Tamarkin, Morgan 
Ward, D. V. Widder, and L. R. Wilcox. 


The Kosciuszko Foundation announces that for May 23, 1943, it is 
planning a scientific tribute in commemoration of the four hundredth 
anniversary of the death of Nicolas Copernicus, the great Polish 
astronomer. This is also the four hundredth anniversary of the pub- 
lication of his work, De revoluisonibus orbium coelesisum. 
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M. Krylov will head a special committee of the Soviet Academy of 
Sciences to arrange for celebration of the tercentenary of Newton’s 
birth. 

Applications for the Benjamin Peirce instructorships at Harvard 
University for the academic year 1942-1943 should be sent to the 
chairman of the department of mathematics. Candidates should have 
received the Ph.D. degree or have had equivalent training. 


Haverford College has conferred the doctorate of science upon 
Professor H. V. Gummere, who retired from its staff in June, 1942. 


Assistant Professor E. F. Beckenbach of the University of Michi- 
gan has been appointed to an associate professorship at the Univer- 
sity of Texas. 


Professor R. E. Bruce of Boston University has been given the title 
professor emeritus. 


Assistant Professor P. N. Carpenter of Grove City College has 
been promoted to an associate professorship. 


Professor Helen E. Clarkson of Jacksonville College, Jacksonville, 
Texas, has been appointed to an assistant professorship of physics at 
Hardin-Simmons University. 


Professor L. W. Cohen of the University of Kentucky has been ap- 
pointed visiting lecturer at the University of Wisconsin for this 
academic year. 


Mr. H. W. Eves of the mathematics staff of the Tennessee Valley 
Authority has been appointed to an assistant professorship of applied 
mathematics at Syracuse University. 


Dr. Mary C. Graustein of Radcliffe College has been appointed to 
an assistant professorship at Oberlin College. 


Professor Emeritus J. G. Hardy of Williams College will be visiting 
professor of mathematics at Reed College during the current aca- 
demic year. 


Dr. H. A. Jordan of the Catholic University of America has been 
appointed to an assistant professorship at the College of William and 
Mary. 


Assistant Professor F. H. Miller of the Cooper Union School of 
Engineering has been promoted to an associate professorship. 
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Dr. J. W. Odle has been appointed to an assistant professorship 
at Pennsylvania State College. 


Dr. E. W. Paxson of Wayne University has been promoted to an 
assistant professorship. 


Dr. Grace S. Quinn has been appointed associate in mathematics 
at George Washington University. 


Assistant Professor W. J. Robinson of Washington College, Ches- 
tertown, Maryland, has been appointed to an assistant professorship 
at Marshall College, Huntington, West Virginia. 


Professor A. J. Smith of Susquehanna College has been appointed 
to an assistant professorship at the College of William and Mary. 


Assistant Professor F. H. Steen of Georgia School of Technology 
has been appointed to an assistant professorship at Allegheny College. 


Assistant Professor N. E. Steenrod of the University of Chicago 
has been appointed to an assistant professorship at the University of 
Michigan. | 


Professor H. P. Thielman of the College of St. Thomas, St. Paul, 
Minnesota, has been appointed to an assistant professorship at Iowa 
State College. 


Dr. G. R. Thurman of the University of Missouri has been ap- 
pointed to an assistant professorship at Tusculum College, Greenville, 
Tennessee. 


Dr. W. R. Van Voorhis of Fenn College has been promoted to an 
assistant professorship. 


Dr. P. A. White has been appointed to an assistant professorship at 
Louisiana State University. 


Associate Professor J. H. Zant of Oklahoma Agricultural and 
Mechanical College has been promoted to a professorship. 


The following appointments to instructorships have been an- 
nounced: Cornell University: Mr. R. L. Beinert, Mr. C. D. Firestone, 
Mr. R. L. Hull, Mr. AR. Turquette; Grays Harbor Junior College, 
Aberdeen, Washington: Miss Ruth E. Porter; Illinois Institute of 
Technology: Dr. W. B. Caton; Louisiana State University: Mr. J. C. 
Stewart; University of Maryland: Mr. H. F. Gingerich, Dr. Margaret 
S. Matchett; Massachusetts Institute of Technology: Dr. W. F. 
Whitmore; Michigan State College: Dr. L. V. Toralballa, Miss Elaine 
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Van Aken, Mr. K. C. Walters; New York University: Dr. Wolfgang 
Wasow; Queens College: Dr. Deborah M. Maria; University of 
Wyoming: Dr. Hans Samelson. 


A recent message received through the American Red Cross an- 
nounces the death in Germany on July 5, 1942, of Professor Oskar 
Bolza’at the age of 85 years. He had been a member of the Society 
since 1891. 


Nature reports the death of the English mathematician D. B. 
Mair. 


Professor A. D. Campbell of Syracuse University died September 
23, 1942. He had been a member of the Society since 1920. 


Professor C. N. Haskins of Dartmouth College died November 14, 
1942, at the age of 68 years. He had been a member of the Society 
since 1913. 


Professor Emeritus D. A. Lehman of Goshen College died Septem- 
ber 8, 1942, at the age of 82 years. 


ABSTRACTS OF PAPERS 


SUBMITTED FOR PRESENTATION TO THE SOCIETY 


The following papers have been submitted to the Secretary and 
the Associate Secretaries of the Society for presentation at meetings 
of the Society. They are numbered serially throughout this volume. 
Cross references to them in the reports of the meetings will give the 
number of this volume, the number of this issue, and the serial num- 


ber of the abstract. 


ALGEBRA AND THEORY OF NUMBERS 
1. I. S. Cohen: Some theorems on local rings. 


Let R be a p-weries ring (as defined by Krull, J. Reine Angew. Math. vol. 179 (1938) 
p. 205); let = be its dimension. It is shown that if Q is an ideal in ® having a basis of r 
elements and of dimension at most # —r, than a is unmixed, of dimension *—r, This 
is a generalization of a well known theorem of Macaulay. If R is complete and if © 
is a p-series ring integrally dependent on #, then the rank of © over Ñ is equal to 
the ramification order of © with respect to R (defined as the length of the primary 
ideal obtained by extending to © the maximal ideal of R) multiplied by the degree of 
the residue field of © over that of R. These results depend on the following theorem 
concerning the structure of a complete p-series ring: If the characteristics of R and 
its residue field are the same, then X is a power series ring over this field; if the char- 
acteristics are different, then under a simple additional hypothesis, R is a power series 
ring over a complete discrete valuation ring. It is also shown that every complete 
local ring is a soni map of a ring of one of these two types. (Recetved Novem- 
ber 24, 1942.) 


2. Franklin Haimo: Pertodsc functions on algebratc systems. 


A single-valued function Fover a group Gis said to havea period p if F(xpy) = F(xy) 
for every x and y in G. The periods of F form a normal subgroup of G. All single- 
valued functions over G with range in a class C are at least trivially periodic and are 
partitioned into classes each containing one and only one distinct homomorphism of 
G. Single-valued functions over a quasi-field H may have periods which are both 
additive and multiplicative. Such periods form a normal subgroup of the multiplica- 
tive group of H. Single-valued functions over lattices may have join-periods and meet- 
periods. Meet-periods form a join-ideal and dually; while non-constant single-valued 
functions over Boolean algebras heve no members which are both join- and meet- 
periods. (Received November 23, 194.2.) 


3. P. R. Halmos: On automorphisms of compact groups. |. 


If T is a continuous automorphism of a compact abelian group G then, because, 
of the uniqueness of Haar measure, T is a measure preserving transformation. T is 
ergodic (in fact strongly mixing) if and only if the adjoint automorphism 7™ of the 
character group G* has no finite orbits. If an automorphism (such as 7*) of a discrete 
abelian group has no finite orbits then it has an infinite number of orbits, It follows , 
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easily that the spectral type of the unitary operator induced by an ergodic T on L(G) 
depends only on the cardinal number of G*. In case G is a finite-dimensional toral 
group (so that T is defined by a unimodular matrix) a simple condition on the coeffi- 
cients of T is equivalent to ergodicity. This last remark puts in evidence many new 
and simple examples of analytic mixing transformations. A purely measure theoretic 
invariant of measure preserving transformations is proposed (along the lines of the 
characteristic equation theory of matrices); it is suggested that this invariant will 
serve to distinguish between transformations lumped together by the cruder spectral 
invariants. (Received November 17, 1942.) 


4, Gerald Harrison: The structure of algebraic moduls. 


A 1-1 correspondence between the submoduls of an algebraic modul of degree » 
and the set of ali s Xm matrices whose elements are rational integers may be set up if 
equivalence of matrices is defined in the usual manner. Nonsingular matrices whose 
elements are rational integers have multiplicative decompositions as the product of 
prime matrices, that is, matrices whose norms are primes. The number of such de- 
compositions which a matrix has may be described in terms of the modular lattice 
which the set of all nonsingular matrices forms. This lattice has a direct product de- 
composition which is at the same time multiplicative, that is, if a= (ai, as, > - - ) and 
be (bi, ba, © ++) then Ab = (abi, aby, - + +), a \b m (ail \bi, as Vb, + > + +), and 
ab = (aibh, ahs, ++ + ), where the multiplication referred to is that of algebraic moduls. 
(Received November 23, 1942.) 


5. Olaf Helmer: An extension of the elementary divtsor theorem. 


A Prtfer ring is a domain of integrity in which all ideals possessing a finite basis are 
principal ideals. The elementary divisor theorem is known to hold in principal ideal 
rings as well as in rings with Euclidean algorithm; whether it will ever be possible to 
extend the theorem to Prufer rings is questionable. In this paper it will be proved 
for a subclass of all Prufer rings, to be called adequate rings, which more than com- 
prise the class of rings hitherto known to be covered by the theorem. An adequate ring 
is defined as a Prufer ring in which every nonzero element a can, for any element b, be 
split into two factors: a = a1: a,, such that a isa largest factor of a prime to b: (a, b) = 1, 
largest in the sense that no factor a; of a, is prime to b: (a3, b) +41. The proof proceeds 
along familiar lines, after the following lemma has been proved: Let M=(a,,), 


(gmd,-+-,r;jm1,+++,) bea matrix with coefficients in an adequate ring R, let 
l<rSn, rank Mer, and (au, Gn,---, Grn) =d; then there exist 4, 4, >°, 41 in 
R such that (A, 4s,- ++, Án) =d, where A maht - + + +m ir tan. (Received 


November 23, 1942.) 


6. Jakob Levitzki: On sems-nilpotent ideals. 


A ring T is called semi-nilpotent (in short: s.n.) if each subring of T which is 
generated by a finite subeet of T is nilpotent; otherwise T is called semi-regular. Thus 
the sum Ñ of all nilpotent right (left) ideals of any ring S is s.n. In a previous note the 
author has proved that each ring S possesses a uniquely determined maximal two 
sided s.n. ideal N which contains also all one-sided s.n. ideals of the ring. In the 
present note it is shown that if S is a ring with minimal condition for two-sided s.n. 
ideals, then N is nilpotent, and hence N=NÑ. Applied to semi-primary rings, this 
theorem yields certain generalizations of recent results due to C. Hopkins (Duke 
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Math. J. vol. 4 (1938) pp. 664—667), J. Levitzki (Compositio Math. vol. 7 (1939) pp. 
214-222) and K. Asano (Proc. Imp. Acad. Tokyo vol. 15 (1939) pp. 288-291). (Re- 
ceived November 23, 1942.) 


7. Jakob Levitski: On the radical of a general ring. 


In the present note a definition of the radical is suggested which retains its sig- 
nificance also in the general case. This definition is based on the notion of s.n. (semi- 
nilpotent) ideal (its counterpart is the semi-regular ideal) which is defined as follows: 
R is a sn. ideal if each finite set of elements in R generates a nilpotent ring. Each 
nilpotent ideal is s.n., and each s.n. ideal is a nil-ideal. The sum N of all right sn. 
ideals is a s.n. two-sided ideal, which is called the radical. The radical N of any ring 
S contains all one-sided (and two-sided) s.n. ideals, and the radical of S/N is zero. 
These theorems lose their validity for general rings if the radical is defined (as has 
been hitherto the case) by replacing s.n. ideals either by nilpotent ideals (specialized 
radical) or nil-ideals (generalized radical). The radical contains the specialized radical, 
and is a subset of the generalized radical (in case the latter exists). The resulta de- 
scribed above are applied to primary rings. (Received October 5, 1942.) 


8. Saunders MacLane and B. A. Lengyel: Integral invariants of 
a tensor under the symmetry operations of the 32 crystal classes. Pre- 
liminary report. 


The theory of elastic and plastic deformations of an isotropic body makes use of 
the invariants of the stresa tensor under the group of all orthogonal transformations. 
To extend this theory to crystalline media it is necessary to know the invariants of 
the finite groups of transformations characteristic of the crystal classes. The effect of 
the various symmetry operations on the components of a tensor was studied and an 
integrity basis was set up for the invariant polynomials for each of the 32 classes. 
The method of finding the integrity bases is elementary and consists of reducing the 
problem to that of the vector invariants of the symmetric and alternating groupe, 
respectively. (Received November 24, 1942.) 


9. C. J. Nesbitt and W. M. Scott: Some remarks on algebras over 
an algebrascally closed field. 


In this paper are examined some aspects of an algebra A which may have a radical 
and whose coefficient field is algebraically closed. A main concept is that of basic 
algebra. The basic algebra of A is a semi-primary subalgebra which for the algebra A 
plays a role in some respects analogous to that of division algebras in the theory of 
simple algebras. Related to the basic algebra are the Cartan besis systems and systems 
of elementary modules (W. M. Scott, Ann. of Math. (2) vol. 43 (1942) pp. 147-160). 
An algebra B 1s said to be similar to A if the basic algebra of B is isomorphic to that 
of A. Similar algebras form a class, and have corresponding representations. The com- 
mutator algebras of matrix representations of A are analyzed. The linear symmetric 
functions of A (abstract 44-11-452) are determined. The regular representations of A 
are written in terms of the elementary modules, (Received October 26, 1942.) 


10. Ivan Niven: An unsolved case of the. Waring problem. 
The Dickson-Pillai-Vinogradow solution of Waring’s problem (L. E. Dickson, 
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Amer. J. Math. vol. 58 (1936) p. 535) leaves unsolved the case in which r, the re- 
mainder upon division of 3* by 2*, equals 2*—q—2, q being the quotient. The present 
paper shows that in this case g(m), the minimum number of positive or zero ath 
powers necessary to express every positive integer, has the “ideal” value 2*+g¢—2. 
The method used is Dickson's, sharpened somewhat. (Received October 14, 1942.) 


11. Ivan Niven: The Pel! equation in quadratsc fields. 

In a previous report (Onadrakc Diophantine equations in the rational and quadraisc 
fields, Trana. Amer. Math. Soc. vol. 52 (1942) p. 2, Theorem 4) the author gave neces- 
sary and sufficient conditions that the equation &—-yy*=—1 have an infinite number of 
integral solutions =, 9 in any quadratic field, y being a given integer of the field. It is 
shown here that if the equation has an infinitude of solutions, they can be obtained 
from one least solution (as in the case of the Pell equation in the rational field) if and 
only if y is not a totally positive non-square integer of a real quadratic field. In case y 
has this property it is shown that the equation has infinitely many solutions with ¢ 
and y bounded. (Received October 16, 1942.) 


12. Rufus Oldenburger: The charactertsitc of a sum of quadratic 
forms. 


It is proved that the Loewy characteristic of a sum of quadratic forms is de- 
termined by properties of adjoint forms, and nonzero components in characteristic 
splittings of quadratic forms. (Received November 21, 1942.) 


13. Edward Rosenthall: Diophantine equations in arbitrary alge- 
bratc number fields. l 

The complete solution in integers X Y=ZW in any algebraic integral domain is 
given by eX = US, sY = VT, Z= UT, eW = VS where ¢ takes only the finite set of 
rational integral values, each equal to the norm of a representative ideal from each 
class, and U, S, V, T, are arbitrary integers of the field. Complete integer solutions of 
other multiplicative equations are deduced and in perticular from one of these equa- 
tions all sets of rational integers satisfying ax*+ dy? =s? are obtained in terms of 
arbitrary integral parameters subject to a congruential condition modulo s. (Received 
November 20, 1942.) 


14. Edward Rosenthall: Dtophantsne equations in biquadratic 
jrelds. l 

Explicit complete rational integer solutions are obtained for some diophantine 
equations reducible in certain so-called special Dirichlet biquadratic fields. The equa- 
tion N(X)= N(Y) is solved completely in rational integers, where N(A) denotes the 
normal of the biquadratic integer A; in particular this equation in Ra [24344] yields 
the complete rational integer solution of 24-4 = N(s+4 -+2 1u +52) with at most 
one linear relationship connecting the coordinates s, #, #, v. A multiplicative equation 
in Ra{3¥2+44] gives the complete rational integer solution of +y =u1-4+9?. The 
equation x?+ +? = 3+) is also solved completely in Gaussian integers. (Received 
November 20, 1942.) 


15. T. L. Wade: Euclidean concomstants of the triangle. 
The results of the writer (Bull. Amer. Math. Soc. vol. 47 (1941) pp. 475-478 and 
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vol. 48 (1942) pp. 589-601) which relate tensor algebra and invariant theory are used 
in the consideration of the elementary problem of the three-line configuration. (Re- 
cerved November 23, 1942.) 


16. T. L. Wade: On conjugate tensors. 


How a contravariant (skew-symmetric) tensor V of order #—f may be associated 
with a covariant skew-symmetric tensor U of order p, in an s-dimensional! coordinate 
system, is well known (see Veblen and von Neumann, Geometry of complex domains). 
This standard association holds only when U is skew-symmetric. The purpose of this 
note is to show how a contravariant.tensor V, of defined order and symmetry, can be 
associated with the covariant tensor U, where U is of any type [a] of symmetry. 
(Received November 23, 1942.) 


17. T. L. Wade: On the factorszatton of rank tensors. 


Let Ch. Dh+ES, where Ds and Ee are mutually orthogonal idempotent 
numerical tensors. Expressions for the contravariant and covariant factors of the 
rank tensor (see Amer. J. Math. vol. gf ie pp. 725-752) of Ca in terms of like 
factors of the rank tensors of D and Ey; are established in this paper. (Received 
November 23, 1942.) 


18. T. L. Wade and R. H. Bruck: Types of symmetries. 


This paper considers some aspects of symmetries with tensorial significance which 
are believed not to have appeared in the literature. (Received November 23, 1942.) 


19. André Weil: Differentiation in algebraic number-fields. 


Analogies with function-fields have long ago led E. Noether and others to the 
conjecture that the theory of the different in number-fields can be built upon some 
arithmetical analogue of differentiation. This is now done, by defining a derivation 
modulo an ideal a in a number-field as an operator D with the following properties: 
(a) D mape the ring 0 of integers in the field into the ring 0/4; (b) D(a+$) ™Da+DB8; 
(c) if a, B are the classes of a, 8 mod a, then D(ap) =a : D8 +8: Da; D is emential if 
there is a in 0, such that Da is not a rero-divisor in 0/a. The different is then the least 
common multiple of all ideals modulo which there exists an essential derivation. This is 
easily extended to the relative different, to p-adic fields, and so on. (Received No- 
vember 9, 1942.) 


20. Alexander Wundheiler: An algebraic definition of affine space. 


A simple set of axioms for affine geometry based on one operation C= kAB, where 
k is a real number, A, B points and C the point collinear with A and B, and such that 
CA/CB =k, is given. There are essentially five axioms, only one of them involving 
more than two (namely, three) points. An “affine calculus,” which permits the writing 
of every affine theorem as an implication between formulas, arises from the mentioned 
operation. (Received November 20, 1942.) 


s ANALYSIS 


21. R. P. Agnew: Euler transformaitons. 
Let E(r) denote the Euler transformation o, =? Caw *(1 —r)**s, by means of 
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which a sequence Ss. is summable to e if ¢,+0 as n— ©. The fundamental properties 
of the transformations E(r) are developed for the general case in which r is complex. 
The family of transformations K(r) for which r p40 is a consistent family even though 
E(r) is regular only when r is real and 0<rgi. Relations between the methods E(r) 
and other methods of summability are established. The members of a family of series- 
to-series transformations are shown to be equivalent to the transformations E(r) 
when the parameters are suitably restricted. The open sets in which power series are 
summable are characterized. If rı, 72, -> is a sequence of real numbers for which 
r.—0 and ar,— ©, then the transformation on=).7_,Cae-(1—re)**sy includes E(r) 
for each r>0. (Received October 13, 1942.) 


22. R. P. Agnew: On sequences usth vantshing even or odd dif- 
ferences. 


Let 2s, <1, %:,°::- be a sequence of real or complex numbers, and let 
dy) i 4(—1)*C. cy n=O, 1, 2,--+, denote its sequence of differences. By use 
of a theorem on Euler methods of summability, a short proof of the two following 
theorems is obtained. If x, if bounded and da =O when # is even, then x, 0 for each x. 
If x. is bounded and da =O when » is odd, then x, = xe for each #. (Received October 
13, 1942.) 


23. I. A. Barnett: A note on skew-symmeirse kernels. 


It is proved in this note that a necessary and sufficient condition that I(x, +; A) 
be the resolvent kernel of a skew-symmetric kernel is that F(x, y; A -+HrO, x; X) 
+-2rfer(x, t; A) PCy, t; à) dé be identically zero in x, y and à. This is the analogue of the 
fact that the adjoint C(A) of A—XJ satisfies the equation det(A —AD[CA)+C’A)] 
+224C(A)C’C)) =0, where A is a skew-symmetric matrix, and C’(A) denotes the 
transpose of C) (cf. Amer. Math. Monthly vol. 49 (1942) pp. 169-170). As a conse- 
quence of the first relation, it follows that a solution of the quadratic integral equa- 
tion (x, x) =A/ee(x, Dds is p(x, y)—= —I'(x, y; A) where T is the resolvent of an 
arbitrary skew-symmetric kernel. (Received November 20, 1942.) 


24. E. F. Beckenbach: The stronger form of Cauchy's tntegral 
iheorem. 


According to the stronger form of Cauchy’s integral theorem, if f(s) is holomorphic 
on the interior D of a simply closed rectifiable curve C, and continuous on D+C, then 
Jof(s)ds=0. A brief and simple though not elementary proof is given, based on con- 
siderations of conformal mapping, the length of level curves of the Green's function, 
and a simple property of a Stieltjes integral. (Received November 23, 1942.) 


25. Henry Blumberg: On arbitrary point transformations. 


The transformations r considered are correspondences r:y=f(x) which associate 
with each point x: (x1, Ta, °° > , Xa) of euclidean m-space Sm a point y: (Yu, Ya, © ° * , Ya) 
of euclidean #-space Sa. No other coaditions are imposed on r except “one-valued- 
ness,” which, too, is not an essential one. A series of theorems are proved, of descrip- 
tive and matric character, for the structure of r. The principal results are of the 
latter sort, and relate to the notion of “salient point,” defined as a point of non- 
infinitesimal approach—in a certain readily suggested sense—of the “graph” of r in 
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Sapa, & euclidean space of m-+n dimensions. Theorems are obtained, among others 
on the distribution, closure properties, and measurability—in a certain sense—of 
the set of salient points. Finally, necessary and sufficient conditions are established 
characterizing such a set. (Received November 19, 1942.) 


26. R. F. Clippinger: General remarks about the set of products of 
positive powers of n-by-n matrices and the associated manifold. Pre- 
liminary report. 


Let P be the set of products of arbitrary positive powers of the exponentials of m 
given #-by-# matrices, A,, of rea] numbers, Let M be the corresponding manifold of 
points of #3? Euclidean space. Let P and M be the closure of P and the corresponding 
manifold. P is a groupoid. M is connected and r-dimensional if r is the number of 
linearly independent matrices B, among A, and their alternanta. If C; is an arbitrary 
linear combination of the B,, there exists a number } such that any matrix of P isa 
product of at most / matrices exp Cr. P contains all matrices of the form exp A if A 
is any linear combination with positive coefficients of As. P is identical with the closure 
of the set of particular values of solutions of the differential equation dY/dt= YB, 
Y(a)=1 where B is a linear combination of A; with coefficients which are arbitrary 
non-negative functions of class C”. (Received November 21, 1942.) 


27. R. F. Clippinger: Matrix products of matrix powers. Pre- 
liminary report. 


If A and B are 2-by-2 matrices with constant elements a, b, c, d, 6, f, g, k and 
distinct characteristic roots such that A, B, (AB) and (A(AB)) are linearly inde- 
pendent and [(bg-+cf—ak—de)(e-+h)-+2(ch—fg)(a+d) | [(bg+fe—ah—de)(a+d) 
+2(ad —be)(6-+-h)] is negative, and if a, 8, y, 3, a, fi, ox, Bs, -+> are arbitrary non- 
negative numbers, then the closure of the set of matrices exp mA exp fB exp aA 
‘exp fB --- is identical with the clogure of the set of matrices exp aA exp fB exp yA 
-exp 8B. (Received November 21, 1942.) f 


28. R. F. Clippinger: Mean value theorems for a ceriain linear 
matrix differentsal equation. Preliminary report. 


Let A and B be two, #-by-# matrices, with distinct characteristic roots, which 
verify the condition AB~BA=)A-+uB, p40. If p(t) and e(t) are arbitrary, non- 
negative, bounded measurable functions of t on the interval aid, and if Y(b) is 
the particular value for ¿=b of the solution of the matrix differential equation 
dY(t)/dt= ¥(t)[p()A+e()B], ¥(a)—1, then there exist non-negative numbers a, 6, | 
Y, 6, e t such that, without changing Y(b), p(t) and u(t) may be replaced by: (a) aand 
8 on a Siib; or, (unless u>0 and A>0), (b) y and 0 on aSiS(a+b)/2; 0 and 8 on 
(a+6)/2 Stab; or, (unless p<0 and 4<0), (c) 0 and 8 on agi (a+b)/2; y and 0 
on (a+b)/2 Siab. (Received November 21, 1942.) 


29. Max Coral: Solution of quast-linear partial differential equa- 
tions through a characteristic initial curve. 


A new method is presented of passing a solution of a quasi-linear first order partial 
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differential equation in two independent variables through an initial’‘curve C which is 
characteristic for the equation. It is shown that C yields a solution S of the equations 
of variation of the characteristic differential equations. If T is any solution of these 
equations of variation which is independent of 5S, then a one-parameter family of 
characteristic curves imbedding C can be found, whose variation along C is T. These 
characteristic curves envelop the desired solution. The present method has the ad- 
vantage that the solution thus found contains the entire extent of the initial curve. 
(Received October 30, 1942.) 


30. G. M. Ewing: Mintmssing an integral on a class of continuous 
curves. 


Hahn published an example in 1925 of a positive semidefinite positive quasi-regu- 
lar variation problem which admits no rectifiable minimizing curve. Menger has ob- 
tained several existence theorems for problems in very general spaces which apply 
to the example of Hahn. In the present peper attention is confined to variation prob- 
lems in euclidean spaces. The integral J is defined for a continuous curve C as 
g.l.b. lim inf J(C,), the greatest lower bound being on the class of sequences CG, of 
rectifiable continuous curves converging to C. Using 8-length based on any distance 
3(p, q) satisfying the axioms of a metric space, a set of admissible curves of bounded 
-length is compact. The method involves finding a suitable metric 8 and determining 
hypotheses under which the problem admits a minimizing sequence of rectifiable 
curves of bounded dlength. Existence theorems based on several choices of è and 
related lower-semicontinuity theorems are discussed. (Received October 14, 1942.) 


31. N. A. Hall: Confluence of the basic hypergeometric sertes. 


The general properties of the basic hypergeometric series are reviewed with special 
attention being given to the introduction of a satisfactory comprehensive notation 
and to the establishment of criteria for identifying analogues of theorems concerning 
generalized hypergeometric series, In particular two analogues of the confluence of 
generalired hypergeometric series are discussed and applied to several identities ap- 
pearing in mathematical literature. Examples are given relating these confluent basic 
series to identities of modular functions. It is shown that the whole field of theta 
function, mock-theta function, modular function, and Raman Ramanujan identities 
may probably be expressed very elegantly and completely in terms of the basic 
hypergeometric series and thelr established relations. (Received November 19, 1942.) 


32. Einar Hille and Max Zorn: Open additive sems-groups of complex 
numbers. 


The main object of this paper is to determine the open, connected and additive 
semi-groupe of the complex number plane. These sets are important as parameter 
manifolds of semi-groups of linear transformations which have been studied in detail 
by Hille. It is shown that the open semi-groups of the plane depend upon the upper- 
semi-continuous solutions of the inequality f(z+y) af(x)-+/(), the function f being 
defined for all real or all positive (negative) numbers x. These sets are automatically 
connected and simply connected. They are also shown to be the maximal domain of 
existence for suitable 1-perameter semi-groupe of linear transformations in appropriate 
Banach spaces. Many of the results about the parameter manifolds permit consider- 
able generalizations, (Received November 28, 1942.) 
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33. H. K. Hughes and Cleota G. A developments of 
certain integral Juncttons. 


The authors obtain asymptotic developments valid for value of s of large modulus, 
of the function fa(s)= 5. "anag(#)s", where g(m) is of the form &(m){T'(an+p)}71: 
a>0O; p is any constant, real or complex. It is assumed that the function g(w), where 
wextsy, is single-valued and anelytic in the finite w-plane, and that (w) is develop- 
able in a factorial series of the form >> 3 sa,.I'(ate+$)/T(aw+p-+n). The paper may 
be regarded as a generaliration of results already obtained by W. B. Ford, and ap- 
pearing in chap. 6 of his book entitled Asymptotic developments of functions dafined 
by Maclaurin series (Michigan Science Series, vol. 11, Ann Arbor, 1936). The methods 
employed in the paper are essentially those employed by Ford. (Received November 
20, 1942.) 


34. Glenn James: On equsvalence of methods of summing divergent 
Series. 

This paper investigates the uniqueness of sums given by the general, regular, 
definition litte sad Scere S, where the a,’s are positive or zero and converge uni- 
formly to zero and Imse a=]. It is shown that S is generally arbitrary. A 
fourth restriction is then placed upon the a,’s which, at least for most ordinary sum- 
mable series, makes S unique, and enables one actually to determine S. This restric- 
tion is that the limit of the quotient of the number of changes in monotony in the 
sequence by #, as # increases, shall be zero. (Received October 31, 1942.) 


35. H. F. S. Jonah and A. H. Smith: Zero order summabisty of 
the sertes conjugate to the derived Fourser series. 


This paper proves that a theorem of Taknhashi (Jap. J. Math. vol. 10 (1933) 
pp. 127-132) concerning the Cesàro summability of the series conjugate to the derived 
Fourier series remains true if the Cesàro method of summation is replaced by the zero 
order method of Bosanquet-Linfoot (J. London Math. Soc. vol. 6 (1931) pp. 117-126), 
which is weaker than the Cestro method of any order a>0. (Received October 29, 
1942.) 


36. Knox Millsape: Characterisation of the abstract exponential 
function. 


After defining the abstract exponential! function over normed ringa, it is possible 
to characterize this function as the solution of a first order general differential system. 
The validity of the theorem is established by the use of two theorems of Kerner on the 
existence of a solution for such equations and the symmetry of second order Fréchet 
differentials. (Received October 31, 1942.) 


37. C. N. Moore: On the relationship between Norlund means of a 
cerlasn type. 


The purpose of this paper is to obtain relationships of incluaion between N&rlund 
means defined in terms of the coefficients of the power series developments of func- 
tions analytic within the unit circle and having a singularity of algebraic-logarithmic 
type at the point s™~1, The inclusion relationship is found to depend on the relative 
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order of infinity of the functions involved in the neighborhood of the singular point. 
(Received November 19, 1942.) 


38. G. B. Price: Cauchy-Siteltjes and Reemann-Siseltjes integrals. 


This note treats the equivalence of the Riemann-Stieltjes and Cauchy-Stieltjes 
integrals (abbreviated RS and CS integrals) and conditions for the existence and 
equality of the latter. The RS and the left and right CS integrals are defined as limits 
of the sums afli) lel) eama], masta, f(a) lee) elam), and 
Sf (xe) lea) — elin) |. When g(x) mx, these integrals are the Riemann and the two 
Cauchy integrala; Gillespie (Ann. of Math. vol. 17 (1915) pp. 61-63) proved that they 
are equivalent. Examples show (i) that the CS integrals may exist when the RS does 
not; (ii) that the two CS integrals may exist and have different values; (iii) and that 
one CS integral may exist when the other does not. One theorem is the following: if g 
is non-decreasing, if fand g have no common discontinuities on the same side, and if 
the left (right) CS integral exists, then the RS integral exists and has the same value, 
the integrala being limits in the sense of increasing refinement of subdivisions. (Re- 
ceived November 23, 1942.) 


39. Maxwell Reade: On a theorem of Fédoroff and Binney. 


A theorem on harmonic functions, due to Fédoroff (Rec. Math. (Mat. Sbornik) N.S, 
vol. 40 (1933) pp. 168-179) and Binney (Trans. Amer. Math. Soc. vol. 37 (1935) 
pp. 254-265), has an analogue for subharmonic functions. The result is the following 
theorem. If #(x, y) and o{x, y) are continuous in the unit circle, and if /exdy—edx 20 
and /gudx-++sdy=—0 for all oriented rectangles, R lying in the unit circle, then there 
exists a function f(x, +) that is subharmonic in the unit circle for which 8f/d2 = a(x, y), 
af/dy—9(x, y). The proof follows Levin (Conmiribudtons to the calculus of variakons, 
Chicago, 1942, pp. 363-410). (Received October 17, 1942.) 


40. Maxwell Reade: Remarks on a paper of Beckenbach. 


Beckenbach’s Theorem 1 (Duke Math. J. vol. 8 (1941) pp. 393-400) is similar to 
the classic Montel-Rado theorem characterizing functions having subharmonic loga- 
rithms; therefore it admits of Sake-Kierst types of generalizations (S. Saks, Acta Univ. 
Szeged vol. 5 (1930-1932) pp. 187-193). A typical result of this paper is the follow- 
ing theorem. Let f(é) be of clans c*, with f’(f) >O for — œ <i < œ., If v(x, y) is of clas c? 
in a domain D, and if f(log [(x—a)*-++(y—8)2}+-(x, y)) is subharmonic for each choice 
of the real constants a and £, then s(x, y) is subharmonic in D. In addition Becken- 
bach’s Theorem 2 is given a alightly more general form. (Received October 16, 1942.) 


41. Raphael Salem: On some singular monotonic functsons which 
are strictly increasing. 


The paper gives simple direct constructions of some singular monotonic functions 
which are strictly increasing. It contains also some new indications on Minkowski’s 
singular function, particularly concerning its modulus of continuity. (Received Octo- 
ber 9, 1942.) 


42. H. M. Schwartz: On sequences of Stieltjes sniegrals. Il. 
Given a sequence ga(x) (w=1, 2,---) of functions of bounded variation, the 
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problem of determining sets C(F) of conditions necessary and sufficient for the con- 
vergence of the sequence afde. for all functions f(x) of a given family F, is an exten- 
sion of the problem treated by Lebesgue in his paper Sur les intégrales singuliires 
(Ann. Fac. Sci. Univ. Toulouse vol. 23 (1909) pp. 25-117) and which corresponds to 
the case of abeolutely continuous ga(x). Considering first the case of Riemann-Stieltjes 
integration over a finite interval, conditions C(¥) were obtained earlier (Bull. Amer. 
Math. Soc. abstract 48-1-55) for certain families F, where F are proper subsets of the 
set F* of all functions which are defined in (a, 5) and are simultaneously integrable 
with respect to all fa. The principal result of the present paper is the determination of a 
set C(F*). In the special case of absolutely continuous ga, this result provides a solu- 
tion for the Lebesgue problem in the case, not treated by Lebesgue, when F consists 
of the class of Riemann integrable functions. The paper is concerned also with the 
extension of the results to the case of an infinite interval (a, b) and to more general 
Stieltjes integrals of Riemann type. (Received November 20, 1942.) 


43. I. M. Sheffer: Note on a linear transformatton of “analytic” 
type. 


A linear problem concerning analytic functions is often expressed in terms of the 
power series coefficients of the functions, thus leading the problem to a system of 
linear equations in the coefficients: (1) Aa [X ]= kolaa = Cn, AmO, 1, +- +, where 
X represents the sequence {x,}. Let lim sup |x,|/* be called the type of sequence 
{xa}. Asa first step in the analysis of transformation (1) examine the following ques- 
tion (together with some of its consequences): Under what conditions will sequences 
{rs} of given type transform into sequences of prescribed type under (1)? A typical 
result is the following: In order that {As[X]} be of type at most k for every {xe} 
of type at most r it is necessary and sufficient that: (i) If ra is the radius of convergence 
of Aal) =P? Gel®, and rtmgl.b. {ra}, then *>r. (ii) Let A) =P ra] oun |t. 
For every «>0 there corresponds an r’ in r <r’ <r* such that {A7(r’)} is of type at 
most 4-+-« (Received November 24, 1942.) 


44, W.S. Snyder: Non-parametric surfaces and inscribed polyhedra. 
Preliminary report. 


Let s= f(x, y) define a continuous surface over an oriented rectangle of the xy-plane. 
Kempisty (Sur la methode iriangulaire - - - , Bull. Soc. Math. France vol. 64 (1936)) 
and the author have studied certain functions of rectangles associated with the sur- 
face and have derived sufficient conditions that the Burkill integrals of the functions 
exist and equal the Lebesgue area of the surface. This paper undertakes the study of 
the simple Burkill integrals (Burkill, Functions of intervals, Proc. London Math. Soc, 
(2) vol. 22 (1924)) of these functions. Necessary conditions that the simple Burkill 
integrals of these functions exist and equal the Lebeague area of the surface are de- 
rived, and somewhat stronger conditions are shown to be sufficient for this result to 
hold. (Received November 23, 1942.) 


45. W. C. Strodt: Analytic solutions of nonlinear difference equa- 
tions. Preliminary report. 


A new approach to difference equations is outlined, and applied to a large class of 
nonlinear difference equations. Special solutions are obtained as uniform limits of 
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analytic solutions of g-difference equations, equations which yield more readily to 
power series treatment. The given equation P[x, y(x), y(æ+an), > +>, Katon) | =0 
(where the œw are arbitrary positive numbers, and P is a polynomial in the 
y(x-+ox), analytic in x) is replaced by the approximating functional equation 
Piz, y(x), yart an), -t3 ¥(Ger+t-wn) | =0, where g.ml—oany, 9 being any smali posi- 
tive number. Each transformation x—q,r-++-«,; has 1/y for fixed point. A translation 
of origin to this point transforms this functional equation into the ¢difference equa- 
tion P[w-+-1/n, s(#), -- +, (gnu) | =0, where w—=x—1/y, s(#)my(#-+1/3). This equa- 
tion has for solution a unique power series s(#; 7) in # whose convergence is shown by 
the calculus of limita. The uniform limit of s(x—1/3; n), as y assumes a suitable se- 
quence of values tending to 0, is an analytic solution of the given difference equation. 
There is evidence that the solution generalizes to nonlinear equations Norlund’s 
“principal solution.” The procedure applies formally to essentially every difference 
equation; a preliminary transformation y(x) =<* Y(x) is sometimes needed. (Received 
October 16, 1942.) 


46. Otto Szász: On Abel and Lebesgue summadsitty. 


The main results of this paper are: If the real numbers a, satisfy the condition 
ODD (| dy| —a,) = O(1) as s— œ, then Abel summability of the series } 1a. implies 
its Lebesgue summability; more Apai the series > a.(sin #4/n)= F(t) converges 
uniformly and lim, , of? F(t) =s exists. At the same time the series > a, may diverge; 
in fact a series > ay is constructed which is Abel summable and satisfies (*), while 
lim sup |a.| = 1, so that >a, diverges. On the other hand it is proved that if (*) holds 
and if > a. converges, then the series ) ax(sin st/nt) —t-1F(£) converges uniformly in 
the interval 0<i<~, that is, >a. is Lebesgue summable. It is to be noted that con- 
vergence alone does not imply Lebesgue summability. The method is similar to the 
one used in a previous paper: Amer. J. Math. vol. 64 (1942) pp. 575-591. (Received ° 
October 20, 1942.) 


47. W. C. Taylor: Asymptotsc behavtor of the Abel sums of the 
Laguerre expansion. 


For the Laguerre expansion f(x)~ ).¢L(x) the behavior of the Abel sum 
A(x,w) = > GL(x)w’ is studied. Conditions are obtained which insure that 
A(x, w) —f(x) is o(1) or o(f(x)) under various limiting processes involving x— © and/or 
w—1. (Received November 21, 1942.) 


48. W. J. Trjitzinsky: Singular nonlinear integral equations. 


The author studies problems (1) ¢(x)+/K(x, Of(, ¢())dt—0, (2) o(x) +/T (x, y, 
$(y))dy=0 (¢ is the unknown; the integrals are definite), where T(x, y, ) = [K (x, HAC, 
y, s)dt. The functions f(t, w), k(t, y, x) are subject to Lipschitz conditions in #. Past 
investigations were under the supposition that the kernel K(x, #) is regular in the 
sense that the characteristic values of K(x, t) form a discrete set, Fredholm theory 
being applicable. The author proceeds with more general kernels, not regular in the 
above sense, belonging to La in each of the variables separately; such kernels are 
singular. Among other results a number of existence theorems for (1), (2) are estab- 
lished. These problems are of importance in themselves as well as in many phases of 
mathematical physics; also, many nonlinear differential problems with linear bound- 
ary conditions are reducible to the problem (1). This theory naturally depends in an 
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essential manner on the theory of singular kernels as previously developed by Carle- 
man and later by the present author. (Received November 20, 1942.) 


49. S. M. Ulam: On equivalence of functsons. 


Two functions, f(x) and g(x) defined on 0521 are said to be equivalent, if there 
exists a one-to-one transformation of the interval k(x) such that f(x) —Agh— (x). This 
notion of equivalence is investigated under restriction of f(x) and g(x) to various 
classes of functions. Among others, it is proved that if f(x) is a one-to-one analytic 
function, it is equivalent to a Baire function of finite class. Necessary and sufficient 
conditions are given for equivalence of two continuous functions—and an enumera- 
tion of possible equivalence types of such functions is obtained. (Received November 
23, 1942.) 


50. Wolfgang Wasow: On a boundary layer problem for a certain 
linear partsal dsfferenisal equaison. 

Let u(x, y, A) be the function satisfying the differential equation (1/A)Am-tt 
= f(x, y) in the interior of a convex domain B and assuming prescribed boundary 
values, not depending on A, on the boundary C of B. As A— œ (A>0) the differential 
equation reduces to the limiting differential equation u,—/f(x, y). In the paper the 
author proves that s(x, y) =lim—.w(x, y, A) exists and satisfies the limiting differen- 
tial equation. But in general v(x, y) will satisfy the prescribed boundary condition 
only on a certain arc Cı of C. Along the remaining arc Cs of C the convergence of 
x(x, y, à) is non-uniform and gives rise to a boundary layer phenomenon. The proof 
ia based on certain estimates for Green’s function and uses an idea suggested in a 
paper by E. Rothe. (See E. Rothe, Asymptotic soluston of a boundary valus problem, 
Iowa State College Journal for Science vol. 13 (1939).) (Received November 23, 
1942.) 


51. Alexander Weinstein: On a general varsattonal method for the 
determinaiton of ergenvalues. 


Let U(r) and H(s) be two positive definite quadratic functionals and let P be the 
eigenvalue problem relative to the variational problem U(e)/H(e) = Min. under cer- 
tain boundary conditions BC which express the vanishing of v, de/dx, and so on, on 
certain parts of the boundary. Let Pe be the eigenvalue problem obtained from P by 
cancelling a certain number of the boundary conditions BC. The eigenvalues in Pa 
are obviously not greater than those in P, It can be shown that the eigenvalues in P 
can be expressed in terma of the solutions of Pe This result is obtained by linking Po 
with P by a chain of intermediate problems P,, Ps, - - - defined in a similar way as 
those used in particular cases by the author (Mémorial des Sciences Mathématiques, 
no. 88). (Received November 16, 1942.) 


52. J. E. Wilkins: A class of functions tn the calculus of varsattons 
for mulitple integrals in parametric form. 

In order that a multiple integral with integrand f(y! =*=, 9%, pu't D), 
where pi = dy'/ate, be independent of the parametric representation y'= y(t) of the 
variety for which it is computed, it is necessary and sufficient that the equation 
Sy, pA) = | A (FO, ~) hold for every m-rowed squere matrix A with positive determi- . 
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nant. It was proved in the author’s doctoral dissertation that there exist constants 
NÊ such that the equation, p f% = MÊ} f7 holds for every function f satisfying the 
above relation. In this equation «= (f1, -++, ty), a= (t, -> , dy), B= bu te, bo), 
sm (h,e, 6a), om (AL, -e ha), y= (C1, ° °°, G), 2h stands for the product of the 
corresponding p's, and f7 stands for the derivative of f with respect to the correspond- 
ing p's. It is the purpose of this paper to give an explicit definition of the constants 
Mee in terms of a certain set of permutations. On the basis of this definition certain 
properties of the M's are readily deduced. (Received October 27, 1942.) 


53. J. E. Wilkins: A note on the Wesersirass condition for multiple 
integrals in the calculus of variations. 


For the purpose of obtaining a sufficiency theorem for multiple integral problems 
in the calculus of variations, Carathéodory has introduced an E-function E(x, y, p, P) 
different from the usual E-function Es. It is proved here that H,= Ey in case P—p 
has rank one. Consequently, a necessary condition for a minimum is that £,20 for 
all P such that P —p has rank one. But an example is given to show that it is not true 
that E,2,0 for all P is necessary for a minimum. (Received October 30, 1942.) 


54. J. E. Wilkins: Definitely self-conjugate adjoint integral equa- 
(ions. 


This paper contains a new definition for definitely self-conjugate adjoint integral 
equations which is substantially weaker than that originally given by Reid. For such 
systems it is found that all of the expansion theorems obtained by Reid remain 
valid, but that there need not now be a denumerable infinity of characteristic values. 
Moreover it is shown that the index of a characteristic value is equal to its multi- 
plicity as a zero of the Fredholm determinant. (Received November 25, 1946 ) 


55. Fumio Yagi: On a certain Stselijes integral equaison. 


Let g(s) and p(d) be two given functions which satisfy certain norm conditions. 
It is known (Cameron-Martin, Injimete Kinear défference equations with arbitrary real 
spans and first degres coefictenis, to be published) that the integral equation 
{7 f(s—d)dp(d) = g(s) has a unique analytic solution in a<Im s <b of the same norm 
as g(s), provided that P(w)=/" eAdp(A) is non-vanishing in a strip c<Re w<d. 
In this paper the author allows the function P(w) to have a finite number of zeros 
in ¢<Rew<d and shows that there exists an analytic solution f(s) in a <Im s<b of 
the same norm as g(s). Moreover it is proved that every other solution of the required 
type is the form f(s) +) Za fA need tm] where Aan are constants, Wa (4 = 1, 
2,°:°+:, N) are the zeros of P(w), and a, is the order of rero at wa. (Received Novem- 
ber 20, 1942.) , 


56. J. W. T. Youngs: On the additivity of the Lebesgue area. 


Suppose a surface S is given in parametric form by the continuous triple x = x(w, ?), 
ym y(u, v), s=s(x, v) with (x, v) in the unit square Q. Each division of Q into 
two rectangles R: and Ry by a line yields a decomposition of S into two surfaces Si 
and S. This paper provides a direct proof for the theorem that, if the continuous 
triple carries the dividing line into a single point, then the Lebesgue area is additive: 


$ ! 
? ' 
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L(S) = L(S)+L(Sa) (Rado and Reichelderfer, On a stretching process for surfaces, 
Amer. J. Math. vol. 61 (1939)). (Received November 28, 1942.) 


57. Antoni Zygmund: A property of the zeros of Legendre poly- 
nomtals. 


Suppose that # <m are positive integers and that a polynomial (x) of degree # 
does not exceed M in absolute value at the zeros of the Legendre polynomial P,(x). 
Then | o(x)| SA(8)M for —1 Srí +1, where A(8) depends only on the number 6 
defined by the equations m/s = 1-4-8. Similar results hold for the integrals f+} $(x) | "dx 
with r@1. (Received November 23, 1942.) 


APPLIED MATHEMATICS 


58. Stefan Bergman: A formula for the stream function of com- 
presstble flusd flow. 


Let q=oe' denote the velocity vector. A flow, 7 is said to be of the type Da, if 
the boundary of the domain, B, in which F is defined consists of 2” segments Sr such 
that along each Sax, K=1,2,---,, 9= 6g is constant and along each Syx.i, 0 is 
constant. (Sır are segments of straight lines, Sax are so-called “free boundaries.”) 
The image of B in the logarithmic plane (see Notes on hodograph method in the theory 
of compressible flusd, publication of Brown University, p. 6) is a polygonal domain. 
In the case of an incompressible fluid the stream function of F7 can be represented as 
a closed expression with = parameters. The author considers subsonic flows, (°, of 
compressible fluid. Using certain linear operators (see above mentioned Notes, §§6 
and 10, and Trans. Amer. Math. Soc. vol. 53 (1943) pp. 130-155) he derives a similar 
explicit formula with # parameters for the flows (° of “nearly type Da,” that is to say, 
for flows whose boundaries consist of 2# segments along which @ or » assume nearly 
constant values. The angles 8r may be prescribed. (Received November 21, 1942.) 


59. R. M. Foster: On the average resistance of an electrical network. 


In an electrical network composed of two-terminal resistance elements, let J; 
designate the total resistance measured across the terminals of an element, the in- 
ternal resistance of this element being r,, and let S, be the driving-point resistance 
measured in the branch containing this element r,. It is shown in this paper that, for 
any network configuration whatsoever, > J,/re= R and >_7,.5,—N (the summation be- 
ing extended over all the elements of the network), with R= V—Pand N=E—V+P, 
where Æ is the number of elements, V the number of vertices, and P the number of 
separate, unconnected parts of the configuration. The average values of the ratios 
J Jr, and r,/S, are thus R/E and N/E, respectively. If all the elements of the network 
have the same internal resistance r, and if there is complete symmetry among the 
elements so that the resistance measured across any one element is necessarily equal 
to that across any other element, then J,—rR/E and S,~rH/N. These results are 
extended to generalized impedances, and to infinite networks. (Received November 
23, 1942.) 


60. A. H. Fox: Integral representation of the flow of a compressible 
jiusd around a cylinder. 


The steady irrotational two-dimensional flow of a compressible fluid may be ap- 
proximated by the flow of a hypothetical incompressible fluid in which the pressure is 


+ 
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represented by a polynomial in the reciprocal of the density. The stream function of 
the flow may be expanded in a series in terms of a parameter g that appears in the 
polynomial, For g=0 this reduces to the von Kérmfan-Tsien method of attacking 
similar problems. The differential equation of the flow in the hodograph plane may be 
reduced to the form ¥gs+ Fy*=™=0, for which the integral representation ¥* is the real 
part of /LE*(s, 3, )(1—#)-V9[1/2s(1 —a) |d¢ has been established by Bergman. The 
function f is a function of one complex variable determined by the pattern of the flow 
in the hypothetical fluid. In the present paper, the method is applied to the flow of 
compressible fluid around a circular obstacle. (Received November 24, 1942.) 


61. K. O. Friedrichs: On nonlinear otbratsons of third order. 


Problems of self-excited oscillations frequently lead to differential equations of 
higher than second order. While for the order two, Bendixson’s theorem furnishes a 
general criterion for the existence of periodic solutions, no similar general criterion is 
available in cases of higher order. The present paper analyzes such a problem of order 
three (occurring in the theory of electrical! oscillations in circuits involving vacuum 
tubes). First, the existence of periodic solutions is obtained from the fixed-point 
theorem by a special construction. In addition, periodic solutions are investigated in 
the neighborhood of degenerate cases of order two by a perturbation method, which 
yields asymptotic expansions. (Received November 23, 1942.) 


62. Hilda Geiringer: New convergence cases for steration methods 
applied to linear equations. 


To obtain the solution x7 of the system > fuguxetrem0 (sel, - ++, =; [A] 0), 
by iteration through “successive displacements” new values x(t) are successively 
computed from the fth equation using xf), ~~~, xt), sP, eo 2) (rm0, 1, 
2,°°+; x arbitrary). (See Bull. Amer. Math. Soc. abstract 48-5-202.) The only 
sufficient condition for the convergence of xx known so far is that the matrix 
(au) 18 positive definite. In this case the procedure reduces to Southwell’s relaxation- 
method. Now the necessary and sufficient condition for convergence is that the roots 
p, of a certain equation F,1(o)=0 of degree *—1 are all less than one in absolute 
value, a condition assuming no symmetry. If, however, the matrix is symmetric and 
a,;>0 then positive-definiteness is necessary for convergence from an arbitrary start- 
ing point x. In addition it is proved that all sufficient conditions known for the 
“ordinary” iteration, that is, for the iterated linear homogeneous transformation of 
the “error-vector” s =q) —x;, assure convergence of the successive displacements, 
but by no means vice versa; and a new sufficient condition for both methods is estab- 
lished. In all these cases any order is admissible for the successive displacements; also 
the convergence may be improved by “group-iteration.” (Recetved November 23, 
1942.) 


63. A. E. Heins: Some remarks on the soluison of dual integral equa- 
tions. I. í 


The solutions of dual integral equations whose kernels can be expressed in a 
series of Bessel functions are considered. Explicit solutions for these equations are 
given and their properties are discussed. (Received November 23, 1942.) 

64. Max Herzberger: Direct methods in geometrical optics. 

The author presents a new approach to the problem of geometrical optics deviating 
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from the methods of W. I. Hamilton. Hamilton has shown the existence of a charac- 
teristic function, the knowledge of which gives all the information necessary about an 
optical system. H , the construction of Hamilton’s function for any given opti- 
cal system seems fo lead to insurmountable mathematical difficulties. The author 
proposes instead to calculate the coordinates of the image rays directly as functions 
of the coordinates of the object rays. Instead of getting a single function like Hamilton, 
he finds four functions connected by three differential equations and one finite equa- 
tion. He has succeeded in obtaining the explicit form of these functions for any given 
optical system and developing an image error theory which is more adapted to the 
practical problems of lens design. (Received October 3, 1942.) 


65. Fritz John: Instabslsty of certain nonisnear vibrations. 


The differential equation (£): x” (t) +(x) = — F sin At, where f(0) =0, g.!.b. f’(x) >0, 
à and F positive constants, represents the motion of a spring with nonlinear re- 
storing force and without damping under a periodic disturbing force. It is shown 
here: For every A{>0O there exists and is uniquely determined a value A>0O anda 
solution x+(#) of (E) of period 2x/\, for which z= M, x’=0 for ¢mar/2d and x/>0 for 
fel <w/2d (x(t) then is a periodic solution of phase difference r/à). The value \ de- ` 
termined by M may define the “resonance function” \=A(M) (this is only one branch 
of the complete resonance curve). For dà/d M >0 the corresponding periodic solutions 
x(t) are shown to be unstable in the following sense: there is an «>0, such that for 
every 8>0 there exists a solution xı(f) of (E), for which |zı—a] <2, |x! —x'| <8 for 
some f, and | x1 —2| > «for other # One always has d\/dM 30 for “soft” springs, that 
is, if f'(x) Sf(x)/x. (Received November 23, 1942.) 


66. Edward Kasner: Trajectorses tn a restsiing medium. 


Consider the motion of a particle moving in a general positional field and influ- 
enced by a resisting medium R. The five fundamental properties of a pure positional 
field (Differenttal-geomeiric aspects of dynamics, Amer. Math. Soc. Colloquium Pub- 
lications vol. 3, 1913, chap. 1) are of course in general changed. However if R= A+B, 
property I remains valid. If properties I and II are valid then the resistance is found 
to vary as the square of the speed. If I, II, III hold then R vanishes. The discussion 
is carried out for both two- and three-dimensional fields. Fields of simple and compli- 
cated character are studied where either all, oc the maximum infinitude, of trajec- 
tones are circles (a particular example is the Maxwell central force). (Received 
November 18, 1942.) 


67. Arthur Korn: On otbrattonal vortices. 


The vortex equations in fluids are nonlinear differential equations, but in some 
special cases they may be replaced by linear equations. A special case is the problem - 
of vibrational velocities (vectors): #=#o-+#: cos r-u: sin vt, where » is an exceed- 
ingly great frequency and the first derivatives of #4, #1, # with respect to the time é and 
the first derivatives with respect to the coordinates x, y, s of %1, #2: can be neglected 
in comparison with yxa, rs, rua. Then one remarks that on the left-hand side of the 
vortex equations the main terms are (—curl # sin rt-t+curl #3 cos vt)»/p, p being the 
density of the fluid. In order to obtain on the right-hand side such great terms, the 
first derivatives of xo with respect to x, y, z must be exceedingly great. Excluding 
exceedingly great values of pw,/2 such cases cannot be realized in incompressible 
fluids, but they are perfectly possible in compressible fluids, even if the conditions 
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div #,=0 and div wg=Q are retained. #ẹ must have wave character with an exceed- 
ingly small wave length A. Such cases can be handled by means of linear differential 
equations. (Received November 21, 1942.) 4 


68. Brockway McMillan: Networks of mechanisms. Preliminary 
report. 


A mechanism M mape a class I of input histories ¢(#) upon a class O of output his- 
tories ol), — œ << œ., It is single-valued and has the property that whenever 
i(i mma,(t) for Sh, then or(4)meoy(t) for tSt.. If o1(#)mmoa(t) for tSt, uniformly in 
i, 4, and 4, then M has the latency à. Suppose that I is closed under an operation of 
addition, that a null function +,(#)m¢ is in J, that every 4(t) is identically ¢ near 
i= — oo, and that OCI. Let (Ady) be a collection of mechanisms from J to O such that 
(a) each has latency at least A>0, and (b) each maps the null function on itself. 
The inputs and outputs of the Af; are interconnected to form a network N. Arbitrary 
inputs 1(#)@TJ at each junction make the components of a vector input to N. The 
vector output of N bas for its components the outputs of the various Mi. Theorem: 
J and O can be extended so that N is a mechanism between its vector inputs and out- 
puts, with latency A. A motivation ia the possibility of application to nerve fiber 
networks. (Received November 4, 1942.) 


69. W. H. Roever: A new formula for the deviation in range of a 
projectsls due to the earth's rotatton. 


On page 68 in his monograph entitled, The weight field of force of the earth, pub- 
lished in the Washington University Studies, September, 1940, the author derives 
for the range of a projectile, a formula [second part of (129)| which by e simple 
trigonometric transformation can be put in the new form £= (p3/p) sin 28-+-A¢ where 
Adm — (402/3g°) w cos d: sin 38 sin a, in which w is the angular velocity of the earth's 
rotation, g: is the acceleration, due to weight, at the position of the gun, ¢ is the astro- 
nomical latitude of the position of the gun, a is the azimuth (measured from the 
south through the west) of the direction of fire, 8 is the angle of elevation of the gun, 
v is the muzzle velocity of the projectile, he points out particularly that for fixed 
values of a and ¢ı, A# changes sign when 6 =60°. (Received November 23, 1942.) 


GEOMETRY 


70. John DeCicco: Conformal geometry of second order differential 
equaitons. 

Kasner in his fundamental paper, Conformal geometry, Prcoeedings of the Inter- 
national Congrese of Mathematicians, 1912, initiated the conformal study of sets of 
analytic curves. In previous work, Kasner (with the author) studied the conformal 
geometry of velocity systems of curves y” = (1 +y [¢(x, »)+y'¥(x, ¥)]. This class 
of velocity systems characterizes the conformal group. Any velocity system possesses 
six absolute conformal differential covariants of second order. In this paper, it is 
shown that a system of œ? curves, not of the velocity type, possesses three absolute 
conformal differential covariants of third order. Moreover any other conformal co- 
variant is a function of these and their partial derivatives. Geometric interpretations 
of these covariants are also obtained. (Received November 21, 1942 ) 


1943] ABSTRACTS OF PAPERS 55 


71. Jesse Douglas: Potni transformations and isothermal families 
of curves. 


A classification is made of all point transformations U =f(u, v), V= g(#, vo) (wx 
+Hy, o=x—ty) with respect to the isothermal families of curves (ġ(#) +4(1) = const.) 
which they convert again into isothermal families. An incidental result is a very 
simple proof of the theorem that only conformal transformations, U=f(x), V= g(9), 
convert all isothermal families into isothermal families. (A proof of a more general 
theorem, involving arbitrary lineal element transformations, has been given recently 
by Kasner.) Canonical transformations found are (1) U=s, V=s-+0, which pre- 
serves the isothermal character of V+¢(U)=—const. ($ arbitrary); (2) U=«-++, 
V=%—v, preserving the isothermality of all curve families equivalent by translation 
and similitude to that defined by sn U dU+sn V dV=0. Here sn is Jacobi’s elliptic 
function with any modulus k. Interesting special cases (trigonometric, algebraic) are 
obtained for particular values of k. The given canonical transformations may be pre- 
and post-multiplied by arbitrary conformal transformations. The problem may be 
rendered topological by referring it to the determination of the common diagonal 
curves of two given nets. (Received November 23, 1942.) 


72. Edward Kasner: The close packing of spheres. 


If space is packed with equal spheres the volume occupied is about seventy-five 
per cent and the porosity about twenty-five per cent. By using many spheres of un- 
equal radii, it is proved that the porosity can be made as near zero as desired. An 
analogous theorem holds for circles in a plane, or for hyperspheres in any space. (Re- 
ceived October 9, 1942.) 


73. Edward Kasner and John DeCicco: Bi-tsothermal systems tn 
pseudo-conformal geometry. 


In this paper, generalizations are obtained of Kasner’s theorems on biharmonic 
functions in the paper, Btharmonic functions and certain gencrakzaktons, Amer. J. 
Math. vol. 58 (1936) pp. 377-390. A bi-isothermal system of hypersurfaces in euclidean 
four-dimensional] space is pseudo-conformally equivalent to œ? parallel hyperplanes. 
Similarly a bi-isothermal system of curves is pseudo-conformally equivalent to «7 
parallel lines, Any bi-isothermal system of hypersurfaces is intersected by a conforma! 
surface in an isothermal system of curves. If every bi-isothermal!l system of hyper- 
surfaces intersects a given surface s is an isothermal system, then s is conformal. If 
a system S of ©! hypersurfaces is intersected by every conformal surface in an iso- 
thermal system, then S is bi-isothermal. Kasner’s pseudo-angle between any two bi- 
isothermal systems of hypersurfaces and curves is a biharmonic function. The com- 
plete group of point transformations preserving the class of biharmonic systems of 
hypersurfaces (or curves) is the mixed peeudo-conformal group. (Received November 
21, 1942.) 


74, Mary E. Ladue: Conformal geomeiry of horn angles of htgher 
order. 


The conformal measures of horn angles (curvilinear angles of zero magnitude) 
between curves having third, fourth and fifth order contact are obtained. The con- 
formal geometry of the third order horn set (the set of all curves having third order 
contact with each other at a given point) is studied by making correspond to each 
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curve of the horn set a point in a four-dimensional space KX, in which the metric is 
given by the conformal measure of a horn angle of the horn set, and the transforma- 
tion is that induced on the points of the Kespace by a conformal transformation on 
the curves of the horn set. The invariants of the geometry of this Krepace are then 
obtained. Finally the equilong measure (see Kamer, Egutlong invariants and con- 
vergence proofs, Bull. Amer. Math. Soc. vol. 23 (1917) pp. 341-347) of born angles of 
third order contact is obtained and the resulting equilong geometry of the horn set is 
shown to be isomorphic to the conformal geometry of the corresponding horn set. 
Similar results for the equilong geometries of horn sets of fourth and fifth order are 
to be presented soon. (Received November 20, 1942.) 


75. Karl Menger: Statssiscal generalizations of metric geometry. 


A probability function I(x; p, q) instead of a number is associated with each or~ 
dered pair of elements 9, q of a set Sand interpreted es the probability that the point p 
has a distance at most x from the point g. Assume as postulates I1(0; p, g) =1 or -41; 
according to whether p=g or pq; (x; p, g) =U (x; q, p); and a triangular inequality 
Tr(a, 6) Sy connecting a=II(x; p, 4), B= Iv; g, r), and y™I(z+y; p, r) where 
OST (a, 8) =I (8, a) Gl and T isa non-decreasing function such that T'(1, 1)=1 and 
I'(a, 1)>0 if a>0. Define q to be between p and r and write pqr if T(1—a, 1—8) 
a il—v. Then it can be shown that (1) pgr implies rap; (2) if q is distant from r, that 
is, if for some y>0, I(y; g, r) <0, then pgr and prq are incompatible; (3) under certain 

‘conditions, pqr and prs imply pgs and grs. If S contains more than four elements it 
can be ordered by means of the above defined betweenness relation. (Received October 
28, 1942.) 


76. P. M. Pepper: A new method for tmbedding theorems. 


Let Z be a system of sets with a congruence relation for pairs of elements of Z, 
and let E be an element of Z such that each #+4 or more point element of Z which 
is not congruent to a subset of E has at least m-4-1 of its #+3 point subsets not con- 
gruent to subsets of E. Then for 2&1, each s4-3-++4 oc more point element of Z which 
is not congruent to a subset of E has (in terms of the binomial coefficients Cer) at 
least 1 +mk+ (m —1)Cra + *- - +Com of its +3 point subsets not congruent to sub- 
sets of E. If Z is the class of all semimetric spaces, the above theorem, in conjunction 
with a finite covering theorem, permits a new proof of a sharp imbedding theorem 
for the euclidean s-spece under weakened hypotheses and a comparable new result 
for a convex sa-sphere. (Received October 29, 1942.) 


77. E. J. Purcell: Flat space congruences of order one in [n]. 

By an [n—&]-congruence of order one in [s], (<n), is meant an algebraic 
otsystem of [#—k]’s in s-dimensional projective space such that one and only one 
[s—k] of the system passes through an arbitrary point of [«]. This paper defines, 
classifies, and studies 2!-1 types of [»—&|-congruences of order one in [x], for which 
the fundamental loci on a generic [#—k] are all distinct. (Received November 2, 
1942.) 


78. W. H. Roever: The axonometric method of representing the 
points of space on a plane. 
After stating that axonometry is one of the modern methods of descriptive 
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geometry which is but little known in this country, the author describes his method 
of representing space upon the plane as follows:—Adjoin to the object to be repre- 
sented its shadow on some fixed plane, such as the ground, and then project this 
augmented figure on the picture plane, thus obtaining thereon for each point P of the 
object its projection P* and also the projection P™ of its shadow. He thus obtains 
for a point P of space the two related picture-plane points P* and P’ which together 
furnish enough information to obtain therefrom definitely and uniquely the position 
of P in space. He also shows that this method yields the same result as that given by 
him in his monograph entitled Fundamental theorems of orthographic axonometry and 
their value in picturisatton (Washington University Studies, n.s., Science and Tech- ° 
nology, no. 12, St. Louis, 1941). (Recetved November 19, 1942.) 


79. Domina E. Spencer: The tensor representaiton of the figures of 
Study's “Geomeirie der Dynamen.” 


In an earlier paper (Geomeirsc figures in affine space, Bull. Amer. Math. Soc. ab- 
stract 48-9-281) the affine ancestors of the Study figures were investigated and the 
foundations were laid for the tensor representation of the figures themselves. The 
present paper continues the work by the introduction of a metric and the detailed 
study of the various Study figures. This systematic approach to the subject will make 
possible important applications which were obscured by the complexity of the 
original treatment of Study. (Received November 18, 1942.) 


80. C. E. Springer: Dual geodesics on a surface. 


In this paper a dual geodesic is defined to be a curve on a metric surface with the 
property that its ray-point corresponding to every point P on the curve lies on the 
line h which is in Green's Relation R to the normal line h to the surface at P. The 
differential equation of the dual geodesics is derived. The directions of Segrè are char- 
acterized as the directions in which the geodesics and dual geodesics coincide. Finally, 
the cubic curve, which is the locus of the ray-points of geodesica through a point of 
the surface, is studied. (Received October 27, 1942.) 


81. S. M. Ulam: On the length of curves, the surface area and the 
tsoperstmetric problem under a general Minkowski metric. Preliminary 
report. 


Given a metric in Euclidean space, defined through a symmetric convex unit 
gauge, one is led to the notion of length of curves through the usual process of polyg- 
onal approximation. The isoperimetric problem in the plane has a solution. A notion 
of surface area, invariant with respect to congruence under the given metric, is intro- 
duced. (Received November 23, 1942.) 


82. J. E. Wilkins: The first canonical pencil. 


It is the purpose of this paper to give several geometric definitions for a general 
canonical line of the first kind. Each such canonical line except the first axis of Cech 
may be defined in terms of the cusp-axes of the two families of hypergeodesics which 
are extremals of the integrals /[B*y)-*w’?-**du, /7*8!*s"*"ldu, where n is constant, 
or as the cusp-axis of a cone of class three which is defined by means of the osculating 
planes of these hyperpeodesics. If at each point of the surface is introduced the triple 
of directions Ds» conjugate to the directions D, considered by Bell (Duke Math. J. 
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vol. 5 (1939) pp. 784—788), the general canonical line as the line of intersection of the 
oeculating planes of the projective geodesics in the directions Ds results. (Received 
October 2, 1942.) 


83. Y. C. Wong: Some Einstein spaces with conformally separable 
fundamental tensors. 


When the fundamental tensor *fes of a Riemannian m-space is of the form 
tru = [o(x*) ] eg: (=*), “tir 0, “tng [0 (2%) tnl), Bm, ti, ely; 
$, q r=n+1, +- , m, it is said to be conformally separable; *g;, and *gy_, with x" 
and x*, respectively, as parameters, are called its component tensors. The author 
studies in this paper the conformally separable temsor which is the fundamental 
tensor of an Einstein s-space and each of whose component tensors either is of di- 
mension less than three or is a family of fundamental tensors of Einstein spaces. It is 
found that the constructions of such a conformally separable tensor is invariably 
reduced to the construction of the fundamental tensor gu of an Einstein s-space or a 
Riemannian 2-space for which the equation y,.,— —Jg,, admits a non-constant solu- 
tion for y, where the comma denotes covariant differentiation with respect to gi and J 
is an unspecified scalar. The author is content with this result, because the latter prob- 
lem has already been considered in detail by H. W. Brinkmann in his study of Einstein . 
spaces which are conformal to each other. (This paper will be published in the Trans. 
Amer. Math. Soc.) (Received October 2, 1942.) 


NUMERICAL COMPUTATION 


84. H. E. Salzer and Abraham Hillman: Exact values of the first 
120 factorsals. 


Due to their fundamental importance, the exact values of the first 120 factorials 
were computed and checked. 120! contains 199 digits. 100] agreed with Uhler’s value 
(Proc. Nat. Acad. Sci. U.S A. vol. 28 (1942) p. 61). When these values were com- 
pared with Potin’s table of the first 50 factorials (Formules of tables numériques, p. 836) 
errors were found in Potin’s values for 181, 381, 451, and 501. (Received November 11, 
1942.) 


STATISTICS AND PROBABILITY 


85. J. H. Curtiss: A note on the theory of momeni generating func- 
lions. 

The moment generating function (m.g.f.) of a variate X is defined as the mean 
value of exp (aX), the characteristic function (c.f.) as the mean value of exp (4X), 
where a and ł are real. The purpose of this note is to place on record careful statements 
and proofs of the appropriate analogues for the m.g.f. of the well known uniqueness 
and limit theorems for the c.f For example, Levy's continuity theorem assumes the 
following form: Let F(x) and Ga(a) be, respectively, the d.f. and m.g.f. of a variate 
Xa. If Gala) exists for |a| <a: and for all # Zro and if there exists a function G(a) 
defined for |a| Soy <a, ay>0, such that lime. Gala) =G(a) uniformly, |a| San, then 
there exists a variate X with d.f. F(x) such that lim... Fa(x) = F(x) uniformly in each 
finite interval of continuity of F(s). The m.g.f. of X exists for |a| Soy and is equal to 
G(a) in that interval. (Received October 9, 1942.) 
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86. W. K. Feller: On a probabslsty limi theorem of H. Cramer. 


Let {Xa} be mutually independent random variables whose first moments vanish 
and whose second moments are o}; let s=oi-+-+--+o.. In various applications 
one is concerned with the distribution function Pr{Xi+ sre +X >s) , where 
x— œ as n= w, The simplest binomial case has been studied by A. Khintchine, P. 
Lévy, Smimoff and others. H. Cramér found a complete description of the asymptotic 
behavior of the above sums in the case where all X; have the same distribution func- 
tion. This theorem is generalired to the case of unequal components. The theorem is 
to serve as a base for a solution of the “problem of the iterated logarithm” in the gen- 
eral case. (Recetved November 21, 1942.) 


87. W. K. Feller: On the general form of the so-called law of the 
sterated logarsthm. 


Let {Xy} be a sequence of mutually independent random variables whose first 
momenta vanish and whose second moments are oj; let t=ot +--+ +0}. A sequence 
of numbers pa T œ is said to be of upper (lower) class if the probability that Xa+ +- 
+X. > tabr for infinitely many & is one (zero); any sequence {¢a} is either of upper 
oc of lower clams. A n.a.a. condition is found for a sequence {¢s} to belong to the upper 
clase. It generalizes the condition found by Kolmogoroff and Erdos in the special 
case where X, assumes the values +1 only, each with probebility 1/2, however, it is 
different in form, The new theorem also contains a result of Marcinkiewicz and 
Zygmund on the necessity of the condition imposed by Kolmogoroff on the X» in 
his proof of the law of the iterated logarithm. (Received November 21, 1942.) 


88. P. G. Hoel: On indices of dispersion. 


The sampling distribution of the index of dispersion for binomial and Poisson 
distributions is investigated by means of semi-invariants. Approximations to terms 
of order N~? are obtained for the descriptive moments of the distribution, by means of 
which the accuracy of the chi-square approximation can be determined. (Received 
October 30, 1942.) 


TOPOLOGY 


89. R. F. Arens: Homeomorphism groups of a space. Preliminary 
report. 


Let A be a locally bicompact, locally connected Hausdorff space, and let G be a 
group of homeomorphisms of A. Then there is a certain topology N making G into a 
topological group (Pontrjagin, Topological groups, Princeton, 1939). This topology N 
is the weakest admissible topology that can be introduced into G, in this sense: Sets 
in G open by N are open by any other admissible topology M. A topology M for a 
group of homeomorphisms, G, of a space A is called admissible if by using that topol- 
ogy for G the two functions g(a) and gp Ya), where gEG and aA, become continu- 
ous functions of both arguments g and a simultaneously. The topology N is de- 
termined by the following system of neighborhoods of the identity in G: Select in A 
an open set W whose closure is bicompact, and another open set whose closure K is 
contained in W. Then the set U of all g€G which transform K into W is defined to 
be a neighborhood of the identity. The set of all such U together with all their finite 
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' intersections form a completè system of neighborhoods for the identity homeo 


ad 


sd ak (Recetved November 16, 1942.) 


90. G. D. Birkhoff: Measure-presercing transformations of a planar 


_ ring without planar periodic points. 


Let there be given a planar ring R:a$r5 and a one-to-one continuous measure- 
preserving (that is, conservative) direct transformation T of R into itself, which has ' 


5 the same rotation number a along the circular boundaries C, and G, so that įt is not 
possible to infer the existence of.periodic point groups by the aid of Poincaré’s last 


geometric thtorem. The note discusses the conclusions which may be drawn if in fact 

ee points whatsoever, in the special case T= RU (Rt = U? midentity); 
this special hypothesis as to the form of T is satisfied in the transformation T psso- 

ciated with the restricted problem of three bodies. Among othet things, it is 

that there will then exist a qualitative integral O(P) =constant such that 6{T(P)] 

= @(P)+a where O is continuous in the polar coordinates (r, 0) of P dnd increases by 

i a a a 1942.) 


91. D. G. Bourgin: Cau thesremah TUINNE S, GG E 


A new, topological proof is given for Goldstine’s theorem (Duke Math. J. vol. 4 
(1938), pp. 125-131) relating w(Z) SSD ee a a Jaa 
(Received November 24, 1942.) . 5 


j 92.>D. G. Bourgin: Quast norms in. linear. TTE spaces. 


it proved thata Gontinugus quae! monn aa doaya be detuned ora Joully ` 
bounded linear topological space. This answers a question of Hyers (Revista de Cien- 
cias vol. 4 (1939) pp. 558-574) in the affirmative. The multiplier of the quasi norm is 
not uniquely deter mined Dy. the Lta„and it ih shown by means of ap ezamplè that 
there need be no “best” emacs TE R haa 24, i) 


93. D. E. Christie: Net homotopy for compacta. ` 


Let R be a compactum embedded in a parallelotope P. Deere Sern ee 
topological space S into R are mid to be neighborhood-homotopic if they are homo- 


topic in every neighborhood of R in P. The notion of neighborhood-hometopy ` leads 
to corresponding homotopy groups. These groupe are indepedident of the particular 


embedding of R in P since they are equivalent to similar groupe defined jn terms of the a 
_ net (sense of Lefschetz) of all open coverings ‘of R. This equivalence is demonstrated’ 


by means of a study of the Kuratowski mappings of neighborhoods of R ipto.their 
nerves. The point of view adopted for homotopies is next-applied to mappings. Both 
net and neighborhood definitions’are developed: the former lead to easier proofs and ` 
wider applications, but the latter are more intuitive. The homotopy groups obtained 
from these new considerations are significant even for non-arcwise-connected spaces; 
they are suitably related to Cech homology even for spaces subject tò no-restrictions 
about Jocal connectedness; yet they agree with the Hurewicz homotopy groups for 
dbeolute aca a ae November 23, ids SH 


= 


| 94. H. S. M. Coxeter: The er ee of undrieniable surfaces. ` 
oo proved that every map on dn unbounded wuriace of characteristic K <1 


~- r, ʻ 
ee oe : F = 1 f ve 
; or + 
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can be colored with [Fe] colors, where Fe=(1/2)(7+(49-—24K)”%), and he con-' 
jectured that this number of colors is necessary as well as sufficient. Franklin dis- 
proved this conjecture in the case of the unorientable surface with K =0. On the other 
hand, the necessity of | Fx] colors has been verified in many other cases by considering 
a map of this number of regions, each touching all the others; for example, Bowe dis- ` 
covered a “balanced incomplete block design” which can be interpreted as a map of 
ten enneagons (K = —5), In the present paper this map is shown to be related to two 
of the stellated icosahedra in ordinary space; and a map of nine octagons (K = —3) 
is derived from a four-dimensional: polytope. (Received November 5, 1942.) 


95. Samuel Eilenberg and Saunders MacLane: On a group con- 
struction by Hopf. 


In studying the influence of ihe fundamental group of a polyhedron on its second 
homology group H. Hopf (Comment. Math. Helv. vol. 14 (1942) pp. 257-309) con- 
. structs for each discrete group G an abelian group G,* and shows that when G is the 
fundamental group, Gy‘ is a suitable quotient group of the ‘second homology group. 
Hopf’s definition of G? uses a representation of G by means of generators and rela- 
tions. In order to make the definition intrinsic the authors considér the central ex- 
tensions of the group P of reals reduced mod 1 by the group G. The equivalence 
classes of such extensions form a compact abelian group ExtCent {P, G} whose 
character group is shown to be naturally isomorphic with Gf. The result is based on a 
generalization of a previous result of the authors concerning abelian group extensions 
- (see Bull. Amer. Math. Soc. abstract 48-1-94). (Received November 23, 1942.) 


96. L. M. Graves: Meirssatton of weak convergence in Banach | 
Spaces. | 

In the topology of weak convergence in a Banach space, derived sets need not be 
closed, so that weak convergence cannot in general be expressed in terms of a metric. 
In this paper a class of cases is characterized in which a simple explicit solution can be 


given for the problem of the metrisation of weak convergence in certain subsets ofa - 
Banach space or of its adjoint. (Received October-29, 1942.) 


97. Karl Menger and S.-G. Réed: On a surface not intersecting. 
the set Rs. 


` By the sum theorem of dimension theory R}, the set of all points of the 3-space ` 
with exactly one rational coordinate, is 0-dimensional. As O. Schreier remarked, 
R intersects each:surface s= f(x, y) where f is a continuous function defined on a 
square in the x, y-plahe. The boundary of a neighborhood not intersecting R; can be 
constructed by topping a cube with steppyramids and iterating this process on each 
of the cubes of-which the step consists. (Received October 28, 1942.) 


98. A. Ni- Milgram: A OPRA ERER ee metric property of 
simple closed curves. 


Recently L; M. "Bluinenthal raised the question as to aaie each simple closed 
curve contains three points which are vertices of an equilateral triangle. This question 
seems heretofore to have been unanswered even for closed plane curves. In this paper 
it is shown that: 1, Each simple closed plane curve contains the vertices of a triangle 
similar to any prescribed triangle. 2. Each closed polygon i in euclidean #-space has 
the same property. IERS October 28, 1942. ) : 
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‘99, C. = ‘Rickart: Decomposition, of additive. er F funcions. a = a 


var An ediivewt futon sú define i ld W to a Bach Sain taid to. a 
* . satisfy property (A) provided lims+.1(¢s) =0, foc any disjoint sequence {en Cm 
se x(6) satisfies (A) and -I is‘ any. o-ideal’contained.in M, then: there ‘existe a. unique.” 
x2 decomposition of x(6) of the forth #(6) =m (6)-2500), where theterexiats eT such | 
s ee ž (8) = z(e) and asle) =O for’ ETS A conseqhence-of this, Tepult js that, `. 
or ah arbitfary outer-meggure’ u(s) qver W, ‘every completely ‘additive func- ~ 
tion x(a) can be decqgmiposed. yniquely” into the form x(6) =z1(6) Faa(o); where- 20h 
Bt 'a(%)=0, and. %a(¢): is abbol utely.* continuous ‘felative “to. (6) . (that, is, | 


DI 


lims ..s(6,) =0 implies liye, Received Movéshber ay, 1942) ae 


"100. R. L. ‘Swain ‘Epprbicimaie isomeria à sn eP apoie 


= Appin isornetries have’ been ‘studied by S M’ Ulam aad D.H. H 

(abstract 47- 9-417.. Fhe’ present paper exhibits an‘’exdmple to show ‘that ER 

a . the.typé which théy“obtaixied cannot gefierally, be ‘obtained’ in boiisded, spaces. Also i 

m -the following theorem is proved: Let M be a subset of a compact’ metric space Sand“ 
let. y be.a ‘positive number.Then’ there exists a positive number. such that if Tis _ 
any eisoinetry of M.(within 5), there'is&n Taométry’ U bf MC such that for each point’ ys 

l xz of M, a ne eE goa U(s) is les thai a. RE A Droba AP ot 
1942.) > “ ae ; ` “ Pg AB piu : , - : 


: y + es r a ‘ a ‘ . 
rab ae z 4 
a Ma 4 * - * a = 


oy 101: A: D. Wallace: On now-alichadting firai. a r 
, The H-spaces M angl N are assumed to tie compact ànd cohñectėd àùd'A.will'de- 
' note a continuous transformation from 'M ont N. IfA is non-alternating itiş known ` 
, e E E E one reg that- YC AX; (b) if ', 
“ X is a`chain then 'so also is AX, To this may be added, if M a i (0) 
_ if A and B are intersecting thaips then’ A(AB) = (44) (ABY. “ ig istno longer true if ` 
’ the hypothesis of local connectivity is deleted. ‘Tt maf, be shown (A non-alternating) ,, ze 
that (d) jf ¢~# and a’continuum meets both A“ and A7 then the continuum con- -, So 
os tains points ae, by with ay Ade, b= = Ab such ‘that ae~do; (e) if K is a continuum and \, 
A+K © A-+-B’is a separation then there are points a, bı in A.and B such that aimh.. 
„If it is assumed that’ A ‘satisfies (b), (d) and, (ef then (a) holds even if A alternates. ^. 
. The přoof of (c) may be based on the following ‘charactetixatiod of a chain chajy: In'order:; 
j that fhe closed set C be'a chain it if n.a.s. that it satisfy both (i) .if%4, B'aredištidct.. : , 
; E ATN Ca 
beara rip E E aa eer tegare? oe ERITAR : 
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' 102. G. S. Yag Sets Afiaxioms for tks plane. Bieliminry répé ort,” : + 


RET. Moore has given siveral sets of axioms charactieri#ingthe plajie, of which ` 
the Axioms 0-8 of his Foundations of point set theory (Ather. "Math, Son Colloquia, 
-. Publications vol. 13, 1932); are“probably the most sitislgctory. ‘The purpose of this} t+! 
- paper is to present several ofliet sets of axioms also defining thë plane, which postulate post 
bead such properties as the two-sidednepe of arcs, thé non-existence of primitive skew PEP 
‘curves, separation by open curves, non-separation bY arca and so on. Axioms 0-2.. <% 

of Foundations have been assumed throughout. Thé arjo seta considered divide into ` 
two clases: those in which-the primary intent has been to state axioms equivalent to eee 
Moore's Axioms’3—5S; and, those in which the purpose-was to furnish substitutes for oe! 
Axioms 5-8. It is thought that these alternative Bppe oscbes to tie plane my Peary 
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ON THE CONVERGENCE OF SEQUENCES OF 
LINEAR OPERATIONS — 4 


- a R. P. BAILEY 


Pa 


1. Introduction. Let S be a sequence { Un(e) n =1, 2,- ) of 
linear.operations defined over the elements {x} of a Banach space! 
E with values lying-in a second B space Fy. The fundamental con- 
vergence theorem associated with such sequences, may be stated as 
follows: ' i i 


. BANACH-STEINHAUS THEOREM. For the convergence of S over E si ts 
necessary and sufficient that S converge over a set-H dense in a sphere 
K of E and that the set of norms || U,| } be bounded. 


The solution of convergence problems involving sequences of posi- 
tive functionals defined on certain function-spaces? led the author to 
investigate ‘a different form of this convergence criterion which seems 
to have a more direct practical application in some special cases of 
importance. The development hinges on the fact that from a certain 
pont of view every linear crear has domains over which it is 


“positive.” | , 


~% t 
- 


2. A new convergence etietion: Let us make the losie defini- 
tion: : , 7 


DEFINITION. A set of points P in a normed vector space will be 
called a p-set provided that, for every patr of ii gz and z’ of Pe 
ls- Sl]z+s'[. 


‘Such a set has many of the characteristic properties of a set of real 
numbers all of the same sign. In effect, we have extended the notion 
of “positiveness” to the elements of an abstract space. 

In terms of this definition we may now state the following theorem: 


THEOREM 1. For the convergence of S over E, tt is sufficient that there 
exist a sphere K of E such that (a) S converges over a set H dense in K 
and (b) for all fixed à suffictently large, the set of transforms f U, (x) } 
(CK), is a p-set, Pr. 


Presented to the Ss: February 20, 1937 under the title A nole on the con- à 
vergence of isnear operations; received by the editorea April 7, 1942. 

1 A space of type B. Cf. Banach, Théorts des opérations Hix taires, oe 1932, 
p. 53. In general we follow the terminology of this treatise. - 

1 R. P. Bailey, Convergence of seghkences of posites linear funchonal poraki 
Duke SAEN J. vol. 2 (1936) pp. 287-303; 


63 


\ 


64 l _. RP, BAILEY * [February 


Assuming the conditions of Theorem 1 aré satisfied, it is possible 
to determine a sphere K’CK of center CH and radius r>0. Let 
E’=£/r. Then, if in <t, 


Je- rE + =|] = |[ra] S 7, - 


' go that r(f/+x)CK’CK. Hence, by our hypothesis, there existë a 


positive integer N, such that, for s2 N and ||x|| <1, 
P, D U, [re + z)] = [UE + Usla]. 


| Setting s= U,(rf) + U, (rx) and s’=U,(rt’) — U,(rx), since || z — —sg ‘| 


S|lz+e’ |, we may conclude 


PAORS LAGT lA St, SW. 


Thus | U,| S|] UE|] (#2). 

- But the sequence S Conve Tees at € and hence at £’. It follows that 
the set {|| U,(E’)||} (#=1, 2, - - - ) is bounded, and therefore the set 
of norms | | U.| 18 Bodnded. Thus the Banach-Steinhaus conditions 


are satisfied, and S converges at all points of E. This completes the 


proof of Theorem 1. 

As an illustration consider the sequences 5f so-called “positive” 
linear functional operations, that is, linear operations which associate 
real numbers U(x) with the elements x =x(t) of a function-space in 
such a way that U(x) 20 whenever x(t) 20. For instance let (ælt) } 
(n=1,2,--+-+) bea set of monotone non-decreasing functions defined 
on (0, 1). The functionals U,(x) = f'x(t)da,(t) (n=1,2, -- ) are posi- 
tive linear functionals over the B space C consisting of the continuous 


functions {x(#)} defined on (0, 1) with norm ||z|| =maxos:s:|x(2)|, 


and therefore obviously transform spheres of non-negative functions 
into the p-set consisting of the positive real numbers. It follows that 
the sequence { U(x) } cannot converge over a set dense in a sphere 
of C without converging over the whole of C. 

It should not be assumed, however, that the only practical value of 
the criterion lies in its application to sequences of positive functionals. 
All of the better known Banach spaces contain easily recognized 
p-sets of a very extensive character. We may point, for instance, 
to the set of non-negative functions of C space, the set of points 
x= (41, X2,°° , a) Of Euclidean m-space such that 2,20 
(¢=1, 2,---+, n), and the set of functions {x(t)} Lebesgue square 
integrable on (0, 1) with the norm ||æ|| = [f(x*d¢]"/2 which consists of 
those functions having non-negative Fourier coefficients. In fact, we 
shall prove in what follows that the sphere with arbitrary center so 
and radius ||so]|/2 in any Banach space is a p-set. 


~~ 


k 
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In other words, the real value of the criterion lies in the fact that 
it is frequently obvious at a glance that certain spheres in Æ trans- 


form into p-sets in £,, while the boundedness of the norms may be 
difficult to establish. 


3. Necessity of the criterion. In an abstract of this paper the . 
author made an error in stating that the conditions of Theorem 1 were 
necessary for convergence, as well as sufficient. The question of neces- 
sity is clarified in this section. We shall assume the Banach-Steinhaus 
conditions are satisfied, and ask under what circumstances it is neces- 
sary that some sphere of E transform into p-sets in Ei. 

By hypothesis there exists a number M >0 such that | U, | sM 
for all n, and S converges at all points of E to a linear operation U(x). 
It is convenient to divide the discussion into two parts, depending 
upon whether or not U(x) vanishes identically over E. Denote by 6: 


’ the zero element of F,. 


Case 1. (U(x)46,.) Choose ECE such that U(E)*6;. Since 
|| U(&||>0, positive numbers «>0, r>0 may be chosen such that 
e+rM S|| U(§)||/2. If x is any point of the sphere K defined by the 
condition ||f—z||<r, and N be so chosen that || U(£)—U,(&|| Se 
(nz N), it follows that for nz N and ||Ẹ— xl] Sr, 

LUO — Ul] s uH — 7.@l| + UE- ll 
SetrM 
< ||U@)|/2. 
That is, for ng N, and ||{—z|| Sr, all transforms {s= U,(x)} lie in a 
sphere of E; defined by the condition 
|U@ — s| s voll. 
Moreover this spherical set is a p-set, for if s and s’ are any two of 
its points, l 
ls = si| s lls- VOl + [UG — ry 
s| vol, 
while 
ls + s/l| = ls — U +r- UH + 2v] 
= Avell- ls -= vall -= lle- Vel 
& Alvo] -— vol- 
zvol. 
k Bull, Amer. Math. Soc. abstract 43-3-97. 
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That is, the criterion of Theorem 1 is satisfied. We have proved this 
theorem: . 

THEOREM 2. The conditons of Theorem 1 are necessary for ihe con- 
vergence of S over E to a linear operation U(x) which does not vanish 
sdentically. : 

Case 2. (U(x)m@,.) An example will be furnished to show that 
no necessity exists in this case. Let E consist of the set of continuous 
functions { x(t) } defined on (0, 1) with x(0) =0. We use the customary 
norm ||x|| = maxosisi/x(f)|. If Un(a) =n fi"x(Odt (m=, 2,---), 
clearly lima... Us() =0 at all points of E. Nevertheless, it is impossi- 
ble to choose N >O, and a sphere K of E, such that for fixed n2N 
and xC, the transforms U(x) constitute p-sets P,. For, suppose 
K be any arbitrary sphere [x0 —x | Sr with center xo. Since x,(0) =0, 
it is possible to determine a point fy (0<#9 <1) such that max x(t) | 
(OS#S¢#,) is arbitrarily small. Clearly, if fp is sufficiently small, there 
exist functions x(t) and x(t) having the following properties: 


(i) m(é)>0, a(t) < 0, 0<tsSh, 
(ii) | xof) — x1(#) | Sr, | xolt) — aa(2) | sr, - OS?S1. 
But now, if #2&1/to, User) >0, while U,(x:) <0. The set of trans- 


forms { U(x) (x K) therefore cannot form a p-set, no matter what 
sphere K is selected, if » is sufficiently large. 


4, Convergence on a locally compact B space. We have shown in 
the preceding section that the conditions of Theorem 1 need not be 
satisfied in all cases to obtain convergence. However, it is possible 
to establish the following criterion: 


THEOREM 3. For the convergence of S over a B space E which $s locally 
compact, the condsisons of Theorem 1 are necessary and suffictent.‘ 


We have only to demonstrate necessity in the case U(x) mG). The 
remainder follows at once from Theorems 1 and 2. We shall need the 
following lemma. 

LEMA. A sequence { F(x) } (n=1, 2,- -- ) of lamear operatsons de- 
jined over a locally compact B space E may not possess both of the follow- 
tng charactertsitcs: =~ 
(i) | Fal = 1, m=1,2,--:, 
(ii) lim inf ||P,(x)|| = 0 for all x of E.* 


t We may mention in passing that the property of local compactness holds if, and 
only if, the space has a finite number of dimensions. 

t Note that the operations U,(x) maf7"x(t)dt defined in $3 do possess both prop- 
erties. 
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Suppose {Ga(x)} (n=1, 2,--+-) is any infinite selection of the 
operations { F(x) b, Let e>0 be any arbitrarily specified real positive 
number. For each #=1, 2,- -< there exists a point $ CE such that 
(|é.|] $1 and [GE || 21—e. Since the unit sphere is compact, it is 
possible to extract from the sequence IR a subsequence En which ~ 
converges to a point $ of E. For n, sufficiently large, |e —€,,|| Se. 
Hence, for all ną sufficiently large, 


[Gall] as {Gaz (Ens) -+ Ga,(é T Eml 
2 [GE] — GE — Enl 
= Í — 2e, 


_— 


and therefore lim sup... EREI] 21. Since {Ga(x) } is any arbitrary 
infinite selection of the operations | a(x) }, this contradicts (ii). 

Now consider any arbitrary sequence { U,(x)} defined over a 
locally compact space E, such that lim,... U(x) = U(x) vanishes at 
all points of E. We wish ‘to show that there exists a sphere K of E 
such that { U(x) } (xC K) constitutes a p-set P,, for all n sufficiently 
large. 

The contradomain of an operation U, (a) 0, GER is a a 
p-set. Hence consider only the subsequence l U,,(x)} o f {U (x) } 
consisting of those operations which do not vanish identically over E. 
Since | U,,| >0, we may set 


Fa (2) = | Us, ee Un, (2), aC E 


Since | F,,| = 1 (k=1, 2, - <- ), itisimpossible that lim infy.., || Fa (x) | 
=( at all points of E, by the previously proved lemma. Hence there 
exists a point +8, and a number r>0, such that 


lim inf | Un [el Ul] > 2r > 0. 


Therefore it is possible to fix N so large, that for m >N, 
| Un [iUn] & 2r, 


or 7 


r| Us| £ |Ua(@ll/2. - 
Now, if ||x—él <r, and m>J, 
|| Va(z) — Ull Sr] Un S []U0,(8)l]/2- 


* We assume the subsequence is infinite; in the contrary case nothing remains to 
be proved. 
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Since || U.,(¢)|| >0, the sphere ||z—U,,(£)|| <||U.,(]|/2, is cee 
vacuous. That such a sphere is a p-set was demonstrated in §3. T 
sphere K we were required to construct has eo been shown r 
exist, and Theorem 3 is proved. 


LAFAYETTE COLLEGE 


ON THE APPROXIMATION OF FUNCTIONS BY SUMS 
OF ORTHONORMAL FUNCTIONS 


EDWIN N. OBERG 


1. Introduction. The main object of this paper is to derive, in a 
simple manner, upper bounds for the norms of the derivative of 


(1) £ Gil x) 


in C and L? spaces, where the a, are arþitrary constants, and { ,(x) } 
is any set of functions on a given finite or infinite interval (a, b). We 
apply our method, properly modified, first to the case where the ¢,(x) 
are characteristic solutions of conjugate sets of integral equations, 
then to other classes of functions whose first derivatives {pi (x)} are 
orthogonal with respect to a weight function o(x). Finally, we apply 
our results to the question of convergence of sums?! of type (1) that 


minimize 
J p(x) 


The leading results of our investigation may be summarized briefly 
as follows: 


f(x) — 5 a:l x) Ps m > 0. 


t= 








p Ank(x) (S p ZOO 


where A, is a positive number that increases with n and (x) is a func- 


d A 
(A) | = oni) 





Presented to the Society, September 5, 1941 under the title Notes on the approxima- 
ai TIES Uy SOAS CHER nce or mieent cr received by the editors February 2, 
1942, 

t For the spaces cases when the approximating functions are trigonometric 
sums or polynomials, see D. Jackson, The theory of approximation, Amer. Math. Soc. 
Colloquium Publications vol. 11, 1930, pp. 86-89, 96-101. 
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tion, independent of »#, that is less than or equal to a bound M almost 
everywhere. 


(feo $s)" 
s wef pp cable) téz) 


where {¥,(x)} may be any set of orthonormal functions on (a, b), 
and N,, for a given » and arbitrary coefficients a;, is the least number 
that relates the left- and right-hand sides of (B). 

Somewhat similar investigations have been made by Hille, Szeg3, 
and Tamarkin,? McEwen,’ and Shohat‘ but in each case with more 
restricted functions and by methods that are different from ours. 


2. Rough bounds for the derivative of sums of characteristic solu- 
tions. Let K(x, #) be a given continuous function on an interval 
asx36,a873), and let 


(B) 


Oy: aes Í Ke ds, Haf KG, DDd 


be conjugate integral equations which have K(x, #) as kernel. It 
is well known® that, except for the special case when K(x, £) 
=) 8 op) P/A, there exists an infinite set of characteristic val- 
ues for A, and corresponding sets of characteristic functions, 


o( x), (2), oy salt), eas , Yo(x), y(x), Ao Wala); a 


that satisfy these equations. The set of functions {¥,(x) } can be ad- 
justed so that all of the characteristic numbers are positive and it can 
be assumed without loss of generality that Mo SNS ° Sues >o 
Moreover, the sets {¢,(x) } and { (x) } can be regarded as separately 
orthonormal on (a, b). In addition to the hypotheses of continuity 
on K(x, t) we assume differentiability with respect to x under the 
integral sign of [IK (x, t)dt and that 


2 Hille, Szego, and Tamarkin, Om some gensrahisations of a theorem of A. Markoff, 
Duke Math. J. vol. 3 (1937) pp. 729-739. 

3 W. H. McEwen, A nols on an extension of Bernstein's theorem. Amer. J. Math. 
vol. 60 (1938) pp. 309-319. 

4 J. Shohat. On a general formula in the theory of Tschebycheff polynomeals and tts 
application, Trans. Amer. Math. Soc. vol. 29 (1927), p. 569. 

5 See E. Schmidt. Zur theories der lincaren und mechibncaren Integralglachungen, 
Math. Ann. vol. 63 (1907) pp. 459-463. 
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[ [ireo a 


as a function of x exists almost everywhere on (a, b). 


Let Go, Gi, © © + , Gn be any set of coefficients and let 
Sx(”) = P2 a.¢,(x), a(z) = » aw,(x), a(z) = 2; apla). 
{wat} 1i) fani 


From (2) it follows that 


d + 9 
ae f | K(x, Hrali 
dx « OZ 


whence, as a consequence of Schwarz’s inequality, we have 


d rg 2 \1/2 >, 1/2 

— Salz) S (f E K(x, J it) (J sh (oat) f 

dx a Lez « 

By the property of orthonormality of the set { Wh, (x) }, and the fact 
that the A's increase with n, 


b s a b 
f mdd Dan SA DaS An Í 3.(#)dt. 
a im t= s 


The above relation, in view of the fact that the a’s are arbitrary, is 
the best possible bound for BA (ddt in terms of t32(#)dt since the 
equality holds when a, is the only nonzero coefficient. However, the 
last integral may be replaced by the integral of the square of a sum 
of any #+1 orthonormal functions on the interval (a, b) if the coeff- 
cients of this sum are Go, Gn © © - , Ga. In particular, /Us2(t)d may be 
replaced by /2si(é)de. 
The previous discussion may be summarized as follows. 


THEOREM A. If the kernel K(x, t) satesfies the hypotheses of the preced- 
ing discussion, and tf s,(x) is any arbitrary sum of do(x), dilx), >- , 


ba(x), then 
s un. ( f iOa) 


where M ts a constant, over the parts of the interval (a, b) for which 
fia (x, t)/dx | dt ts bounded. Moreover, if (a, b) is finite and u, is 
the maximum of | sa(x) | on (a, b), then 











d 
| z, (a) 


(3) Pane S Mts, M’ = M(b — a)”. 
+ 
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For special sets of characteristic functions and kernels, closer 


bounds then (3) are obtainable by other means‘ than ours. Thus, for- 


example, if we consider the particular kernel’ 
K(x, }) = «(1 — 8), Sasi, 


= (i — x), tix, 


on the interval OSxS1, OSiS1, the integral equation u(x) 


=) fK (x, #)«(¢)dt has as characteristic solutions and corresponding. 


characteristic numbers the sets {sin naxx} and {#%x*}, respectively. 
The application of (3) gives a bound of order n*u, for the derivative 
of a sum of sine functions, which is rough when compared with the 
well known Bernstein’s theorem for trigonometric sums.* However, 
the bound given by (3) is of interest since it applies to a very wide 
class of functions for which it seems impossible to obtain better re- 
sults unless more restrictive hypotheses are assumed on the kernel or 
on the characteristic functions themselves. 


3. Bernstein’s theorem in L? space for a sum of functions whose 
derivatives are orthogonal with respect to a weight function. Hille, 
Szegd, and Tamarkin® have established the corresponding Markoff’s 
theorem for L” spaces when m21, but only when the sums involved 
are polynomials or trigonometric sums. Our method of proof is en- 
tirely different from theirs and we are not able to obtain the results 
of this section from their paper. 

Let {¢,(x)} be any set of functions, not necessarily orthonormal, 
but let the set of first derivatives of these functions be orthogonal with 
respect to a positive weight function o(x) on the interval (a, b). As- 


sume that the normalization factor N.=(/to(x) [p (x) |3dx)"? in~ 


creases with the subscript ¢. Let K,(x, !) => %o¢.(x)¥.(t) where 
{¥.(a)} is any set of orthonormal functions on (a, b). Let 5,(x) de- 


note any arbitrary sum of the functions ¢o(x), ¢i(x), -- - , da(x), and 
let sw 2): be its first derivative. Let (x)=) 7. oa.¥.(x) where 
Go, Gi, °° `, Ga are the same coefficients as in s(x). 

Since 


Sa (x) = [one #)3,(b)dt 


t See McEwen, op. cit. pp. 295-296. 

™ The kernel K(x, t) in this instance is the Green's function of the system do /dz* 
Am = 0, #(0)=g(1)=0, and thus highly restricted when compared with any kernel 
of a system of form (2). 

* See Jackson, op. cit. p, 80. 

* Hille, Szegd, and Tamarkin, op. cit. Paner 
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` it follows from the hypotheses placed on the sets {¢/(x)}, {N.}, and 
{¥.(x) } that if this equation is multiplied by o(x)s/ (x) and integrated 
over (a, 6), then 


Í. ae) [sa (x) ]*dx = S | J | ane, a | ae 


b R 2 = 
= f l > a WNC | | x ag | dt 
a¥ay oh Sa ek Í SDd. 
tow fun s 


The factor Nz is obviously the least number that relates the right- 
and left-hand members of the above inequality since the equality 
holds when all but a, of the coefficients a;, Ga, © © ©, Ga are equal to 
zero. As a result we have this theorem. 


THEOREM B. If (p(x) } 45 a given set of functions, and +f there extsts 
a postisve weight functton a(x) such that the set of functsons 
ai (æ)po (x), o? (a)i (x), >, 0 8(x)bx (2) 


are orthogonal on (a, b) and tf sa(x) =)" 9a.¢.(x) is any arbitrary sum: 
of the set do(x), dilx), ` +, Gale) and 3, (x) =) fo Gip.(x) is the sum 
of any arbtirary set of orthonormal functions on the interval (a, b), the 
coeffictents Go, Gi, * -© , Ga being the same in both s,(x) and 3,(x), then 


G (f j o() [se (Jde) sw f i [e Pa) 


gives the closest relaiton between the integrals 


(f [s ae) and Cf s6(2) dz) when 


pS N, = (f (H (aids) 


As a first application of the above theorem consider the case when 
both of the sets {¢,(x)} and {y,(x)} are the normalized Legendre'? 
polynomials { (28+ 1/2)/3P,(x)}. The set of first derivatives of these 
functions are orthogonal! with respect to the weight function 1—+? 


19 See, for example, D. Jackson, Fourier seriss and orthogonal polynometals, The 
Carus Monograph no. 6, pp. 45-68. _ 
u See Jackson op. cit. Footnote 10 p. 149. 
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on the interval (—1, 1) so that the hypothesis on {of (x) } holds in 
accord with the above theorem. Since 


2n+1 2%n+1)l 1 
2 (#—1)! 2n+1 





i — x) [PZ (x) l'ad = #(n + 1) 


we have!? 


(f a — 2%) [s (atas) S (n(n + a(S siada) 


wO ( f A iode) 


Similar results can be obtained with other Jacobi, the Laguerre, and 

the Hermite polynomials." In the last instance we take fol) } 

= (H.()/ (27) 4G} and {WG} slew Hy e)/(2e) GI}. 

Since H! (x) =4H;1(x), then o(x) =e’? makes the set of functions 

fau AEDH (x) } orthogonal on (— ©, + œ). The normalization factor 
= (fta(x) [be (æ) tdx) "t= n"? s0 that 


( Te (lias) < mr( fob Pas) 


Another example is of interest in that it gives an application of the 
above theorem to functions which do not involve polynomials. Let 
Jo{ux) denote the Bessel functions of zero order where { us are the 
roots of the Bessel functions of the first order, Ji(u)=0. Let 
p(x) = JoGux)/ki and p(x) =x/4Jo(ur)/k,, where ki = fox Jo(ux)dx 
= Jalm) /2. Since Jd (ux) = —4,Ji(u.x) it follows that the set of de- 
rivatives, ip! (x) k are orthogonal on the interval (0, 1) with respect 
to the weight function o(x) =x., Thus 


j zpi (a)i (2)da = (1/hek,) f Jiwo udd 


= (uef hk) | Dade = 0 
0 


14 Tt is of interest to compere this result with Bernstein’s theorem for polynomials 
in C space. See D. Jackson, Bernstein's theorem and trigonometric approximateon, 
Trans. Amer. Math. Soc. vol. 40 (1936) pp. 225-226. 

4 See Jackson op. cit. Footnote 10 p. 225 Problem 5; p. 227 Problem 7; p. 180 
Formula 6. 

Hn See, for example, Watson, Theory of Bessel functions, pp. 477-521, 576-596. We 
are making use of the well known formulas, /$xJ3(ux)dx = (1/2) ra 
— (k/u) [Jaa Jene) ] and aliua aa aA ~JaGu) Js (B; PUI 
when k=Q and k=1, 
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when +47. The normalization factor of «”°J;(u,x) is | Faun) | {244 80 
that Ni= fox [pu (x) ]¥de = J (un) /Jo(un). But by the well known” 
identity, (2/x)Ji(x) = Jo(x) +Js(x), it is seen that when u is a root 
of J(u) =0 then Jola) = —Js(u,) so that the right-hand side of the 
above equation is ua which is known" to be of the order #%. Hence if 


s Jo 
s(2) = Laal) = È a = 


4 





it follows that 


(f “ales (dJras) sim( f alla) 42) 
= o(n)( Í EZOO 


4. Degree of convergence of sums of characteristic solutions. Let 
(g(x) } and {¥.(x) } be closed infinite sets of orthonormal solutions 
of a system of integral equations of form (2) in which the kernel 
K (x, t) is continuous?’ on an interval a Sx 4b, a Sib. Let the corre- 
sponding characteristic numbers be positive and arranged as a non- 
_ decreasing sequence with respect to the subscript +. Let f(x) be a con- 
tinuous function on a Sx Sb and let - 


D(x f reads) 


be convergent for some value of p21. Then sufficient hypotheses 
-have been assumed so that the equation of the first kind 


(5) jos f K(x, é)u(i)di 


has a solution u(x) in L? space.* 
Let bo, biu -- - , 6. be arbitrary coefficients and let 


bopols) | bidr(2) baba(*) 
Tal x) = 7 ante a ee ae E 
z = bool x) T biwWi(x) +- ae -+ bayanl T). 


u See Watson op. cit. p. 17. Take # = 1. 

18 See Watson op. cit. p. 506. Take r =0, a =0. 

17 This hypotheses on K(x, #) can be lightened to include kernels that are summable 
and of summable square. See Footnote 18. 

it See E. Picard, Sur un théorème général relatif aux bquaitons tniégrales de premièra 
espace et sur quelques problèmes de physiques math Gmatiqus, Rend. Circ. Math. Palermo 
vol. 29 (1930) pp. 79-83. 
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By (2) it fellows that ta(x) = BKR (x, ‘)r,(t)dt so that by subtracting 
Talx) from f(x) we have with the aid of Schwarz’s inequality, 


© a-l S ORG, pa) ( f i [u(i) ral) 


The above expression shows that any set of the b's that will make 
T(t) converge in the mean to u(t) will make r,,(x) converge uniformly 
to f(x) as n becomes infinite. In particular, if b,= fu(é)Y.(Adt, then 


f [u(t) — 7,.(4) dt = £ ( f wove) 


poor} 1 


= p> Q. f rosa) ; 


But this in turn is at most equal to 


1 o5 è A 2 
(7) =o 2 f (dod) 
Ata tons] « 
for any p21 when n is sufficiently large so that A,41>1. 
From (6) and (7) we have the following consequence. 
THEOREM C. If { .(x) } and lyx) } are closed infinite sets of ortho- 
normal solutsons of the system of equations 
b b 
B) =A f Kod, Waa f KE DDA 


corresponding to a set of posstsve charactersstsc numbers MSNS > 
S\aS +++, and if K(x, t) is contsnuous on asx <b, aSisb, then, 
af f(x) is continuous on a Sx <b and 


(x f rawas) 


is convergent for some p21, there exist sums ga(x) of the set {d.(x)} 
such that 





| f(x) — gala) | S 


T 17a 
he? 


where I, 4s an absolute constant and lim, ¥, =Q. 


In connection with Theorem C-a further comment is of interest if 
in (5) we can differentiate f(x) and -/2K (x, t)di s times, the latter under 
the integral sign, and if the set of functions { p(x) } are orthogonal 
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with respect to a positive weight function a(x) on (a, b). In that case 
it follows if f(x) is eee by o(x)¢ (x) and integrated over 
(a, b), 


f fan d = f | f o(a) (2, D (ahaa | wi 


Ni p> 
= f VODA 


where W, is the normalizing factor of oY3(x)ẹ® (x). The series 
(NAMN Sputt converges since l 


E(f ot (2) (x) z) pi — iz) 


is convergent by virtue of Bessel’s inequality. But if lim... N/A, is 
not zero; then > 2o(/2y.(¢)u(é)dt)? converges and as a consequence 
mon lef(x)b.(x)dx)? is convergent for some p21. 


5. Convergence of the minimizing sums of the integral’ pg, 
= [%o(x)| f(x) —O.(x)| "dx, m>0 when (a, b) is a finite interval. Let 
f(x) be a continuous function on (a, b), and let the weight function 
p(x) be summable and have a positive lower bound v on (a, b). Let 
{¢.(x)} be a set of characteristic solutions of conjugate sets of in- 
tegral equations of form (2). Let these solutions correspond to a 
set of characteristic numbers {\,} that are in the order 0<AoS™1 
‘S +++ Sin Let (UK (x, t)dt be differentiable with respect to x under 
the integral sign and let f? [0K (x, t)/dx |*dt as a function of x exist al- 
most everywhere. Let Q,(x) => *.54a.¢,.(x) be any sum of the first: 
a+1 functions of the set {os(x) }, and let ®,(~) denote any one” 
of these that makes g. the least. Let e. be the maximum for 
|f(x) — Q.(x) | on (a, b). By following the steps Jackson has taken to 
investigate convergence of minimizing trigonometric sums and poly- 
nomials™! we are led, by virtue of (3) of Theorem A to the following 
result. 





THEOREM D. If Q,(x) 45 an arbsirary sum of the first n+ 1 functions 
of the set {d,(x)}, and ®,(x) is a corresponding minimising sum of 


u For a proof of the existence of minimizing sums see D. Jackson, On functtons of 
dosest approximation, Trans. Amer. Math. Soc. vol. 22 (1921) pp. 117-128. See also 
: vol, 25 (1923) pp. 333-337. 

* If mei, the minimizing function is unique. See Jackson op. cit. Footnote 19. 

u See Jackson op. cit. Footnote 1, 
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gn there extsis a postive factor L independent of the characteristic 
numbers {di} and e, suck that 


“1 f(z) — 6(2)| Ss De. 


Moreover, since L depends upon ([2|0K (x, t)/dx |*dt)"/2, it ts bounded 
ona Sx Sh except perhaps on a set of points of measure zero. 


Thus, since ¢, is the maximum of f(x) —0,(x)| on (a, 6), the ques- 
tion of convergence of ,(x) to f(x) on the intervals of a Sx £b, where 
L exists, is made to depend upon whether sums Q,(x) exist for an 
infinite sequence of values of n such that 


lim ei = (). 


This is insured by Theorem C if the series 


a(x f Kawad) 


is convergent for some p > (1/m) +1. 

Theorem D can be strengthened™ considerably through the appli- 
cation of Theorem B if in addition to the property of orthonormality 
on the set {¢,(x) \ the set of derivatives {@/ (x) } are orthogonal on 
(a, b) with respect to a continuous non-vanishing weight function 
a(x). The essential point is that A, is usually large in comparison with 
the normalizing factor N,, as for example in the integral equation 
that was cited earlier (p. 71). Here A, = O(n?) while N, of the set of 
derivatives of {sin nx}, that is {r cos nx}, is of order n. 

In the subsequent discussion we shall also assume that 
ft|do"!*(x)/dx|dx exists. Using the same definitions and notations 
as in the preceding discussion, we let +,(x)=©®,(x)—Q,(x) and 
r.(x) = f(x) —O,(x). Let 7 be the maximum of | a(x) | on (a, b) and 
let xo be the abscissa at which this maximum is attained. Since 


aA x)aa(x) — otxoa (xo) 
: d E ? : d 1/2 
= f g Onas = f ‘o(a)nl (ajda fS og O 


for any x on the interval (a, b), we have with the aid of Schwarz’s 
inequality, 


2 In this section of the paper we can extend our discussion to the case when the 
interval (a, b) is infinite. The treatment requires further hypotheses on the functions 
- o{x), {d:(2)} and {¢f (x) }. In general the details are similar and are therefore omitted. 
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| o1/9(2)ara(x) — 0/8220) ralto) | 


S|s- zalie( fate Irs laal) 


afiar 





| dz.. 


But since x and x are on (a, b) by Theorem B it follows that 
t 


( f i o(a) ix (2) }*| dz ys ( f a rie)" 


b 1/2 
SN. (f xi(z)dz) 
so that . 


| z — sa) ( Í KE [z (x) ]*| dzl) 


© amal | de 
dx 





(8) +f leol 


s | æ —' to |H3N „(b — a) + | £ ~ zo| nH 
where H is a coħstant independent of x and N.. If N, is large and 





o( xo) 
l lx — xo| < MG — o) 
then l 
| o/*(x)arq(x) — o1/*(20)44(Z0) | 
ae, Rela) a any 
Sg P Nn ay 7 o1!( x9), 


whence | 0/3 (sc) ar, (xc) | > (n/2)o'/*(x5). If w is the maximum of ‘o/*(x) 
on (a, b), then | n(x) | > (9/2)a/ 3 (x9) /w, 

Let y, be the minimum of g,. For a value of xon (a, b) at a distance 
not greater than o(x9) /16N2(b —a) from xo, 


o( 2) 


me > 9] mls) — 68)" ay 


Thus, for the case when (n/4)(o'9(x0) /w) > en we have, since 
z Ya Lle, I ftpo(x)dx, ‘ 


tt 
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(9) Pm (=. 2 vi) < yim 
ea LS o Yni g Sila Ex 
7 ETTER g Y 1 


where sı is an absolute constant. 
On the other hand, if (7/4)(0"?(xo)/w) <€., we have 


z = ž 4 
— fy 
o1/3( xo) 


so that for an N, sufficiently large, (9) is a universal bound for 7. 
Hence, from the inequality 


| (=) = B(x) | S | f(@) — Q(z) | +| F.C) — Qn(2) | 
= | falx) | + | 1,(x) | 
we have the following result. 


THEOREM E. If in addiiton io the hypotheses placed on p(x), f(x), and 
the set {d,(x)} in Theorem D i is assumed that the set of functions 
fei (x) | are orthogonal with respect to a continuous positive weight func- 
tion a(x), and if IH do'!?(x) /dx| dx exists, then there exists a constant 3 
sndependent of N,, €n, and also of x such that ` 


| f(x) — (x) | S saN! en. 


Theorem E is subject to further refinement if certain further hy- ' 
potheses are assumed on the set { ,(x) f. If the set ‘of functions 
{@/ (x) } are continuous on the interval (a, b), (the condition of or- 
thogonality only requires that the set fo! (x)} with respect to o(x) 
be integrable L3), and if at the maximum of |x,(x)|, dr„(x)/dx =0, 
then by a law of the mean?” for integrals it is seen that 


Fola [ed (2) ]*| de | L Sola) bei (@) Pee 
| sia Ta | T b— a 


when x is sufficiently close to xo. Thus the first integral on the left- 
hand side of (8) can be replaced by 


a f : o(a) [wd (2) paz) 


(b — a)? 


™ By the law of the mean, there exist points £ andc on the intervals |x, xal 
and (a, b), respectively, such that o(&) [we (£) P= (/3,o(x) [we (x) #|dx|)/|2—20| and 
ale) [wd (c)! (fSo(x) [ad (x) edx) /(b —a). Since x’(x) is continuous and rf (x) =0 it 
” follows, since «(x) is positive and bounded on (a, b), that.o(£)[xZ (£)]* can be made 
smaller than o(c) [wz (c) |* by taking x sufficiently close to x». a 


>d 
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and this leads to a bound of order Ne, for | f(x) — &,(x) | in con- 
trast with N?/"e, of Theorem E. As an example, a relative maximum 
of |x,(x)| is assured if the following boundary conditions™ are as- 
sumed on ®,(x): ®,(¢)=Q,(¢), and #,(b)=Q,(0). In that case 
x(a) =x,(b) =0 and as a consequence of the hypotheses on the func- 
tions {ol (x)}, rX (x) =0 at the maximum of | x,(zx) . 

The hypothesis on o(x) may be lightened to include weight func- 
tions that vanish at some points along the interval. The only restric- 
tion required by the proof is that a(x) shall not vanish at the point 
where |x,(x)| takes on its maximum, and this in turn is assured by 
appropriate boundary conditions on the minimizing function ®,(x), 
such as were mentioned in the last paragraph: This last observation 
ig of importance in working out details for the convergence of sums in 
terms of the Bessel, Legendre, Laguerre, and the Hermite functions, 
among a great number of others that involve weight functions. The 
details of these discussions follow the above general outline and are 
therefore omitted. 


THE UNIVERSITY OF OWA 
-M The placing of a boundary condition on #,(z) does not affect the existence of 


minimizing sums. See for example, D. Jackson, Problems of approximahon with in- 
tapral boundary condikons, Amer. J. Math. vol. 55 (1933) pp. 153-166. 


DOUBLE COSET MATRICES AND GROUP CHARACTERS 
J. 8. FRAME 


1. tiivoducGon: The principal theorem of this paper extends to 
the characters of the irreducible representations of an intransitive 
group a theorem proved in an earlier paper by the author! for the 
degrees of the irreducible representations of a transitive group. A 
- by-product of the development is the theorem that the sum of the 
traces of the permutations of any subgroup of a permutation group 
is not less than the corresponding sum for one of its cosets. 

Every finite permutation group G, of order g and degree n, can be | 
written as a group of permutation matrices. The sn matrix R(y) 
which corresponds to the element y of G can be written as a direct 
sum of submatrices R‘(y) of n! dimensions corresponding to the n! 
symbols of a transitive constituent Ct of G.? Associated with such 
a transitive constituent C* is a class of conjugate subgroups, 
Ai =(P) H, each of order k‘, of which H* shall be the subgroup 
leaving fixed the first symbol of Ct, and Hi the subgroup leaving 
fixed the rth symbol. If Ya is any element of G, then in the set of 
k'k! group elements HYH‘, each element will appear A% times, 
where 4% is the order of the cross-cut of the subgroups Hg =yg Hya ` 
and H". 

Counting each element of the set just once, we define the double 
coset H* by the formula 


(1.1) Ht = HyoH Ika. 


Any element from a double coset can be chosen as the defining ele- 
ment Ya. The inverses of the elements of a double coset HŽ them- 
selves form a double coset which we call the inverse double coset 
and denote by HZ. The product of two double cosets is a linear com- 
bination of double cosets. By considering HZ as a sum of h'/k@ left 
cosets of H”, and Hg) as a sum of A‘/hy right cosets of H*, and noting 
that FLED? = ht", it is apparent that each element in the product 
HZH% occurs a multiple of h’ times. We define the positive integers 
fo by the formula 
rest 


(1.2) H-B Jk = Sepa 


7 


Presented to the Society, April 3, 1942; received by the editors April 4, 1942. 
i J. S, Frame, The double cosets of a finite group, Bull. Amer. Math. Soc. vol. 47 
(1941) p. 459. 


2 Throughout this paper the superscripts will refer to the transitive constituents. ` 
| 81 
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x 1 = 
Let p*t be the number of double cosets H® for fixed s, t. Then for 
fixed » the constants cig, are elements of a p- by u*dimensional 
_ rectangular matrix M’(H7), and the transposed matrix is the matrix 
. M*(H%) for the inverse double coset. For r= these matrices are 
square. Their sum, with parameters b! as coefficients, defines the im- 
portant matrix 


(1.3) K" = 0 b,M (H,), 


each of whose elements are linear combinations of the parameters b}. 

The principal theorem of this paper states that the determinant of 
the matrix #‘K"' splits into factors x, which are linear in the param- 
eters bẹ that these factors x, are essentially the characters of the ir- 
reducible representations I; of G, and that the multiplicity m, of 
the linear factor x; is uiuj, where uj is the multiplicity with which T, 
occurs in the reduction of the transitive group of matrices R‘(y), 
and where > uui =p! Finally the numerical coefficient which ap- 
pears is an integer divisible by »*n'. Written as a formula, the 
theorem reads 


(1.4) THEOREM. 
(nt) | Kt | Ža n'n'A" [I (x.)™, 


where m= ijh, m=) m, =u", A*t=an snteger. 
A more precise definition of x; is obtained after writing 
é t 
{1 .5) b, — > Rad, 
à 


where a) are new arbitrary parameters and kh is the number of ele- 
ments of the double coset HY which belong to the class of conju- 
gates Cy. Then x, =x, a0) is defined as the character of the ring 
element $ a0, in the representation-I,. The integer A*t enters in the 
proof as the squared absolute value of the determinant of a certain 
transformation matrix. It is not necessarily a rational square. 

In the special case of this theorem which appeared in the earlier 
paper already cited,’ all parameters a) except ai were zero, $ was equal 
to t, x. was the degree ny, and the matrix K*' was a diagonal matrix 
with elements there denoted by. &:. 

In §2 the matrices of an intransitive group are broken up into 
blocks corresponding to the transitive constituents, and it is proved 
that the sum of the traces of the matrices of a subgroup is not less © 


3J S Frame, loc cit. 
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than the corresponding sum for a coset. In §3 a set of “double coset ~ 
matrices” VŽ, closely related to the double cosets H%, are found to 
form a basis for the matrices V permutable with a group of permuta- 
tion matrices. Their-products are expressible in terms of the structure 
constants ca, already defined in (1.2). The matrix R(a) corresponding 
to the ring element a =) aC is expressed in terms of the double coset 
matrices, and used in §4 to build a matrix of traces x( Vy VgR(a)) 
which is shown to be precisely the matrix n‘K*' defined by (1.3). 
A unitary change of coordinates in §5 induces a change of basis from 
the matrices VŽ to new basis matrices E$ by means of a transfor- 
mation (pa) whose determinant enters in the final factoring of the 
determinant n‘K** from which the group characters are obtained. An 
example to show the application of the main theorem is given in $6. 


2. Cosets and submatrices. The n symbols of the intransitive 
group G will be assumed to be collected together into transitive con- 
stituents C‘ of degree n‘, and the » right cosets Hy; will be arranged, 
in an order which preserves this grouping, so as to form the elements 
of a basis vector b of n rows and one column. Multiplication of b 
on the right by an element y of G permutes these cosets among 
themselves within each transitive constituent, so a permutation 
matrix R(y) is defined by the equation 


(2.1) by = R(y)b. 


Similarly if b’ and R’(y) are the transposes of b and R(y), and if E 
is the n Xn unit matrix, we have 


(2.2) b'( yE) = b’R'(y) = b/R(y). ; 
Let ug define the idempotent matrix HE‘ to be the nxn matrix 
which is the unit matrix for the symbols of the constituent C’ and 


the zero matrix for the other symbols, and let us define a “completely: 
symmetric” » Xn matrix W each of whose n? elements is a 1. Then 


(2.3) E= DE EE*= Et, E'E:=0 if txs. 
f 

Let us further define. the block C“ to be the s‘Xn* rectangular sub- 

matrix of an #Xn matrix, whose rows correspond to the symbols of 


C' and whose, columns correspond to the symbols of C*. We see that 
the matrix 


(2.4) t — EWE 


conáists of 1’s in the block C“ and 0’s elsewhere. 
The generàl matrix R(y) of the intransitive permutation group G 
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may be broken up into transitive components R‘#(y) in the diagonal 
blocks C'*. We define 


(2.5) Ry) = E'R(y) = RE, 
and we then have 
(2.6) ROY) = ER). 


The fact that the group G is transitive in the symbols of the con- 
stituent C' shows that the sum of the matrices R‘(y) for all y in G, 
_which we denote by R‘(G), is a multiple of the matrix W*. A simple 
count proves the following relation: | 


LEMMA. i 
(2.7) l R'(G) = kW". 


A theorem on the traces of subgroups and cosets, suggested to the 
author by G. Polya as having been experimentally verified but not 
theoretically proved, is a consequence of this lemma. 


(2.8) THEOREM. The sum of the numbers of symbols left fixed by the 
sndividuai permuiaitons of a subgroup of any permutation group ts 
greater than or equal to the corresponding sum for the permutations of 
any coset of that subgroup. 


To prove this theorem we note first that each specified sum is the 
sum of traces of the elements of a subgroup A or of a coset Hy, and 
second that if the theorem holds for every transitive constituent of 
an intransitive group G, then it holds, by addition, for G as well. 
Focusing attention on a constituent C’ which is transitive for G, we 
further subdivide it into sets C which are transitive for the given 
subgroup Æ. To the corresponding matrices R‘'*(H) we apply the 
lemma, showing that each is a square block of dimension », each 
of whose elements is equal to A/n'“, and whose trace is equal to A. 
Multiplication of the matrix R‘(H) by a matrix R(y) has the effect 
of permuting the columns and replacing the diagonal elements either 
by the same positive integer as before, or else by 0. Thus the trace 


of R!(Hy) is less than or equal to the trace of R‘(H), which was to be 
proved. 


3. Double coset matrices and structure constants. To describe the 
structure of the general n-dimensional matrix V which is permutable 
with every permutation matrix R(y), of an intransitive permutation 
group G, we define ü 


` 


Wue 
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(3.1) Vi = HIVES, 

Then the permutability condition 

(3.2) VR(y) = R()V 


together with (2.5) implies the relations \ 
(3.3) VER (y) = E'VR(y)E' = E'R) VE = R'(y) V", 


which may be expressed in words by saying that the rectangular sub- 
matrix V“ of V intertwines the matrices R*(y)-and R‘(y). From (3.3) 
we obtain the equation | 


(3.4) V” = RYUy)VER(y}), 


which states that the rectangular matrix V* is unchanged if its rows 
are permuted by the matrix R‘(y) while its columns undergo simul- 
taneously the transposed permutation [R*(y) |’. It follows in general 
that many of the coefficients in the matrix V“ are necessarily equal 
“by symmetry.” If ES is defined to be a matrix which is zero except 
for a 1 in the rth row and the cth column of the block C¥, if H', Y, 
H", Y are defined as in §1, and @! and @ are elements of H' and H”, 
respectively, then 
(3.5) Ew = R (0Y) En RO). 
To obtain an invariant matrix we take the sum of all the transforms 
of (3.5) by all y in G. We get. 

E RY ER (Y) = SRO vy) EnR (8'ye) 

77EG 

t —i 


(3.6) = E RG EnR (oyr) 0) R) 
i 
= E R(y ) En R (YAR (Y) 


where Ya is any element chosen from the double coset H® which con- 
tains yi(y) 1. We define the double coset matrix V2 by the formula 


(3.7) Va =. (t/ha) Rly )EnR (ya) R'(y), 
YE @ 


so that its coefficients are all O's and 1's. In this matrix there are 
h!/k®% 1's in each row and h*/hk* 1's in each column of the block C”, 
and 0’s elsewhere. Furthermore, by averaging equation (3.4) for all 
vin G, it is readily seen that every V* is a linear combination of these 
basis matrices V$, and in particular that 


(3.8) ~V.=h . 


From this discussion it also follows that 
(3.9) W VE = Wok /he. 


The number of independent matrices V2 in the block C“ is equal 
to the number of double cosets H#, which was denoted by uw". Since 
the transposed matrix ( Vz)’ = VŽ corresponds to the inverse double 
coset (H£)? = HÌ, = Hy, H" /kž, it follows that ptt=p*. 

The product of two double coset matrices Vy and V% is given in 
terms of the coefficients ciw of (1.2) as follows: 


(3.10) VeVi = D e, 
[i] 


To prove this we work from the definition (3.7) and apply (1.2) 
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Va Va = (1/ha Ha) R (YEAR (yp) Ry) RS JER (Ya) R (8) 
= OERE R (y )EnEaR (YaH 9-7) 
= (1/¥ k'k) > Ry )EnR (H. Hs)R (Y) 
7 292 RODESR (HKK R O) 


rat ir 
am > CaftY g. 
7 


By summing equation (3.10) first for 8 and then fora, and applying 
(3.9) we obtain 


Weve = Lice = W'(k/he), 


Va W -X Cay = (K/h) W. 


(3.11) 


Hence 
rat r r` re s ret 8 
(3.12). E ca = h/he: Y ca = h/h; Deman. 
B a a.f : 
These sums are the sums for a column, or row, or all elements of the 
matrix M*(H™) defined in §1. 


4. Conjugate classes and the trace matrix. The matrix R(Q), de- 
fined to be the sum of the matrices R(y) for all y in the class of 
conjugate elements Cy, and likewise the more general matrix R(a), 
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where a=) aC) is a general element from the central of the group 
ring of G and a) are arbitrary parameters, are both matrices per- 
mutable with the group, and as such are expressible in terms of the 
double coset matrices. They are confined to the diagonal blocks C*, 
so we have 


(4.1) R(Q) = E gaV; R= EaR) 

3 
The coefficient gh is the number of elements of C, which belong to 
any particular right coset of Hy. ~ 


We are now ready to define and evaluate the important p*'-dimen- 
sional trace matrix X%(a): 


t t 


Xin (a)  x(VarVaR (ay) 
(E caba¥ oe aR o) 
? 
E ox( E ctoeav ers) 
a mè 
= E acergax(VyV,) 
Ày 5 


tet è è 
iz 2 nC fy kan 
ày 


(4.2) 


: iwi i 
= n 9 Catydy. 
a 


The letter x is used to denote the trace of a matrix. The new co 
efficients kp and. parameters bi are defined as follows: 


t t é ti t t 
(4.3) kp = fah /h; 0, = DU akg. 
à 


The integer kh is the number of elements of Cy which occur in the 
whole double coset Hy. In terms of the matrix K" of (1.3), we have 


(4.4) X"(a) =n K (a) =» D b,M'(H,) 


In applying the theory to a given group, as in §6, we first compute 
the matrices M” for each double coset, form the sum with parameters 
b, as coefficients, and factor the resulting determinant into factors 
linear in the 5). One of these factors will be (b,-+0,+ ---), corre- 
sponding to the identity representation. We then compute the in- 
tegers ky by studying the group directly, and replace the parameters 
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b, by appropriate linear combinations of the parameters a. The 
coefficients of a, so obtained in any linear factor, divided by the 
number g, of elements in G, are proportional to the traces xa of the 
elements of G, in the irreducible representation I, corresponding to 
that factor. 


5. The determinant of the trace matrix. A unitary matrix U exists 
which will simultaneously reduce all the matrices R(y), where y can 
now be thought of as an arbitrary element of the group ring of G. 
The matrix U can be chosen to be zero outside the diagonal blocks 
Ct, in which we define U'= F'UF*, It can further be so chosen that 
all the equivalent irreducible components in the decomposition of 
R(y) are actually identical, and we shall assume that this is done, 
and that the irreducible representation I’, of degree », occurs with 
multiplicity py in (U*)-1R*(y) Ut. The intersections of the muy rows 
and #2 columns of the block C“ which belong to the representation 
T, will be called a representation district DZ. The district itself divides 
up into mm squares of n, dimensions. With each square is associated 
a unit matrix Eiy,k=1,-+-,ujj=1,--- , 44, conveniently denoted 
by Ej. Every matrix permutable with all the reduced matrices 
U-'R(y) U is a linear combination of these matrices ZY. In particular 
we have 

-i ae a —i_ si _ t si sè 


U V,U=(U) VaU = Do Paks » 
7 


5.4 : 
mn UV US ai 
a 


The number of basis matrices EY for fixed #, s, must equal u*‘, the 
number of V3, so we have the relation 
(92) pos Ý pips. 

Thus the coefficients (pt) defined by (5.1) form a u*t-dimensional 
square matrix. Its determinant, denoted by P*‘, is not zero, since both 
the U-!V*U and the E” form a basis for the same set of matrices. 
That P*‘ is an algebraic integer (not necessarily rational), divisible 
by (n'n)/3, can be shown as follows. 

A partial reduction of the linear group to split off the identity 
representation I‘, in each constituent C‘ can be effected by first re- 
placing U* by a unitary matrix whose (u, v)th element in the block 
CH ig ef D0e-D /(9 3 (e an n'th root of unity), and then effecting 
the reduction in the remaining n‘—1 dimensions. The coefficients 
pa are thus readily computed explicitly: 
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(5.3) pai 
t 


(5 4a) Pal 


(g/he)/(n'n) = (kA) Sha; 
E (w k/h) / (an) = (wey. 


l 


Ii 


Furthermore, since the matrix W* of (3.8) is of rank 1 and is repre- 
sented by 0 except in the district Df, we have 


(5 .4b) Das = 0, n 1, 


Adding all rows of (pa) to the first, we find that 
(5.5) P“ = (nn) PY, 


where Pf is the cofactor of ph in P”. Chopping off the first row and 
column of each, we multiply the conjugate of (p%,) by the transpose 
of this same matrix, and obtain a matrix (4%) `of pt —1 dimensions, 
with determinant A*t given by the formula 


(5.6) Pi = Pp. ph = ph Pnn. 
The element in row a—1 and column 8—1 of (A%) is 
at s si L t at 
(5.7) A op vr Pap, = » Pa'y’ Phy T 2. >. Pa'i, LePpr,kl 
wl 1 >l k,l 


since the subscripts 7 and 7’ stand for the three subscripts ($, Al) and 
(1, Ik), respectively. The rule of combination (3.10) which defines the 
product of VŽ and V% holds likewise for the representatives of these 
matrices in the districts corresponding to T, and we have for fixed t 


ts st teh ti 
(5.8) > Pa't,AkPfi,kl = 5 ChpabP h, hl 
h š 


The trace Tie) phx of the uh-dimensional matrix representing 
Vi n, times in the district Df is an algebraic integer. Hence each 
element of the matrix (A%), 

sé ted É 
(5.9) Aas = Dy GratsT a, 

$4>1 
is an algebraic integer, and the determinant A‘ is an integer. 
We nowuse the transformation (5.1) to obtain a new expression 

for (4.2): j i 

zi _ ie f si i—i_? 


yos x( D Beet obs (UY RC) v') 


5.10 at af a ee ee i s si 
eee mS osx BY RU) = 
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Taking determinants of both sides of (5.10) we obtain 
(5.11) | X%e(a)| = P I x(a). 


The subscript 7 stands for the three subscripts +, $l, but since x(a) 
ig a character depending on ¢ alone, we group eects the m, = uiui 
equal factors x:(a), use (5.6), and write 


(5.12) (Xala) | = nna" TI ko] 


"p 


Reference to (4.4) gives us the final formula for the principal theorem 
of (1.4). 
THEOREM. 


z t 
aA 


(5.13) (n) ™ | Ke) aC) | = nnd] (x aal) j 
l i à s t at 
m= hh =H. 
6. An illustrative example. To illustrate the application of this 
theorem to the determination of one of the characters of a fairly com- 
plicated “simple” group, we choose the simple group Gøno, which is 
an invariant subgroup of index 2 in the group of isomorphisms of 
the general cubic surface. It can be represented by a group of permu- 
tations Rt on the 45 tritangent planes (or triangles) of the cubic 
surface, and also by a group of permutations R? on the 27 lines of the 
cubic surface. These two transitive groups, when completely reduced, 
have besides the identity one common irreducible component, whose 
character we shall compute by our theorem (5.13). Let H! and M° 
be the subgroups of orders h! = g/n® =576 and 4? = 960, which leave 
fixed, respectively, a particular triangle T and one of its lines L. The 
common subgroup of order 4? =192 leaves both fixed. There are 
just two double cosets HZ, namely HY = H1H2/192, consisting of 2880 
elements which transform T into one of the five triangles on L, and 
a second<double coset H? consisting of 23040 elements which trans- 
form T into one of the other 40 triangles. Hence there are just two 
irreducible components common to R! and R?, the identity and one 
other. There are three double cosets H}, namely HY” =H! containing 
1 coset leaving T fixed, HF containing 12 cosets which take T into 
one of the 12 “adjacent” triangles having a line in common with it, 
and HË} containing 32 cosets taking T into a non-adjacent. triangle. 
To determine the constants Cei, we first note that 


(6.1) Hy H: /960 = 3H; + Hy, 


| 
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since just 1/5 of the operations of HLH?” belong to H! and the other 
4/5 transform T into an adjacent triangle, and since HË contains 
12 times as many elements as H”. Then we use the formulas (3.12), 
which become , 


Dean = L aa = h/h = 3, 
(6.2) i j | 

S Cate = Do Cree = A fhy = 24, 
The matrices M*(H%') may now be written 


MHL) = ( e) MHD = ( J 


0 24 2 22 


M(H;) = (| J 


3 21 


(6.3) 


In factoring the determinant | Ks of (1.3) it will be convenient 
to omit the superscripts from bi, kh, gp, AM. Then 
ra -| 3b, + Dy 2b: + 3b; 

2b, + 3b; 24b, + 22b, + 21b; 
= (bi + by + bı) (12b; + 185, — 953). 
The first of these factors corresponds to the identity representation 


T:. The other factor remains to be investigated. Since n'=45, equa- 
tion (5.13) gives 





(6.4) 


(6.5) (45)2(72b, + 18b: — 963) = 27 454 >) ax(Cy) 
À 
where 
(6.6) b= Jaka, A=Pi P. 
à 


Equating coefficients of a, in (6.5) after using (6.6) we have 
(6.7) Ax(Qh) = (5/3)(72ky + 18kn — 9kp). 


The degree d of this representation is d= 120/A, which must be an 
integer less than 27. Noting that kn=gn, An =12gn, and kn =32gn, 
we may rewrite (6.7) in the form 


x(Ch) = d(gn + 3ga — 482) 
= BX 


(6.8) 
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where x is the trace of a single element of Cy and p is the number of 
elements in the class Ca. To complete the computation it is necessary 
to find the constants ga. Taking the 20 classes of conjugates of the 
simple group of order 25920 in the order listed in an earlier paper,‘ 
we calculate x(C,) and x) as follows. 


D gD fn En x(x) X 
1 a e 0 d d = 20 
45 13 0 1 9d d/5 = 4 
270 30 12 3 54d d/5 = 4 
540 12 12 12 0 ol 0 
40 3 0 1 4d d/10= 2 
40 8 0 i Ad d/10— 2 
360 8 0 11 aad. aide 2 
360 8 0 11 — 36d —d/i0=— 2 
2160 48 48 48 0 0 - 0 
2160 48 48 48 0 0 - 0 
480 - 32 0 14 — 244  —d/20——1 
1440 32 48 26 72d d /20 = 1 
240 32 12 2 60d dj4= 5 
2160 96 60 42 108d d/20= 1 
720 64 12 16 36d - a /20 = 1 
720 64 12 16 36d d/20= 1 
3240 72 72 72 _ 0 0 = 0 
5184 0 144 108 0 0 = 0 
2880 0 48 72 144d —d/20—— 1 
2880 0 48 72 —144d —d/20—=— 1 


The scalar product of the columns x(C,) and x is equal to the order 
25920 of the group, so we have 1296d?/20=25920; d=20; A= 6. 
Hence the degree d is 20, and the last column gives the required 
character of the irreducible representation of this degree. Eliminating 
the common components of degree 1 and 20 from the permutations 
on 45 and 27 symbols, we immediately obtain two other irreducible 
components of degree 24 and 6, respectively. The components of 
degree 1 and 20 occur in the Kronecker square of the one of degree 6, 
and an irreducible component of degree 15 is left. Thus the laborious 
work of obtaining the character of degree 20 bears fruit in obtaining 
three more characters with almost no work at all. The theorem of this 
paper gives a method of digging out some of the characters of a group 
if simpler rnethods are not available. 


BROWN UNIVERSITY 


t J.S. Frame, Ths simple group of order 25920, Duke Math. J. vol. 2 (1936) p. 483. 


THE ZEROS OF CERTAIN. COMPOSITE POLYNOMIALS 
MORRIS MARDEN 
1. Introduction. If A(s) is a given mth degree polynomial and 


(1.1) A(s) = (Ba — 3) A'z-1(s) -+ (Ya Siis k) A y_1(8), Yh x <- k, 
= 1,2, ‘A, 


we may obtain various theorems on the relative location of the zeros 
of Ao(s) and A,(s) by the familiar method of first finding such rela- 
tions for two successive A,(s) and then iterating the relations » times. 

This method has already been employed in the study of the zeros of 
sequence (1.1) for the following three cases: (1) for all $, 8,=0 and 
vi is real;! (2) for all k, y,=m-+1—a limiting case leading to Grace’s 
theorem,’ and (3) the limiting case that for all k, as h-0, AB,—By 
and $(yı—k)—>1, in which case lim h*A,(s) is a linear combination of” 
A ((s) and its first $ derivatives.’ 

In the present article we propose to apply the method to the case 
that the parameters Ba and Yy, are complex numbers represented by 
ponis within certain given regions of the plane. 

To calculate the sth iterate A,(s) in our case, let us define 


(1.2) A(s) m Ao(s) = at ais +--+ + Gus; 
B(s) =m (B: — 8)(By— )- - (Ba — 5) 
em by + bis +--+ - + Oye", 
(1.4) C(s) æ (yı — 1 — s)(ys— 2—3) - (tn -— n — e); 


(1.3) 


qe — i Tai —? ii 7 (n = $) 
S(s, k, p) = B(s) >> T a eg e 
B,— 8 Bi, —* Bi,» -g 


where [yf my, —r] thus y? —j is a zero of C(s+r), p <n, and the 
sum is formed for all j, such that 1 Sjiı<ja< -© + <ja_p SN; 


Presented to the Society, September 2, 1941; received by the editors April 8, 1942. 

1 See Laguerre, Ooweres, Paris, 1898, vol. 1 pp. 200-202, and G. Polya, Ueber einem 
Sats von Laguerre, Jber. Deutschen Math. Verein. vol. 38 (1929) pp. 161-168. 

2 See Laguerre, Ooweres, vol 1 p. 49, and G. Szego, Bemerkungon su oinom Sats von 
S. H. Grace, Math. Zeit. vol. 13 (1922) pp. 28-55, p. 33. 

? See M. Fujiwara, Hine Bemerkungen nber die clementare Theorie der algebroischen 
Gisichuagen, Téhoku Math. J. vol. 9 (1916) pp. 102-108; T. Takagi, Note om the 
algebratc equattons, Proceedings of the Phyaico-Mathematical Society of Japan vol. 3 
(1921) pp. 175-179; J. L. Walsh, Om the location of tha roots of polynomsals, Bull. 
Amer. Math. Soc. vol. 30 (1924) p. 52, and M. Marden, On the zeros of the derivateve of 
a rattonal function, Bull. Amer. Math. Soc. vol. 42 (1936) p. 406. 
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S(s, k, Tei and S(s, k, p) = 0 for p> tn. 
Then by repeated use of formula (1.1), we find jor 
(1.5) D(z) =a A,(3) ™ do + dis +- + das" 


. the two expressions 





d’A 
` D(a) = Ese 0, 2) oe 
(1.6) i 
D(s) = Li, aa fe £ a ——— S(O, k, p)am ps”. 


Let us note two special cases of these formulas. First, if 8a = 0 for 
all k, then 


S(O, k, p) = 0 for px¥0O, S(O, k, 0) = C(R) 
and, hence, 
(1.7) D(s) = C(0)as + C(1)ais +--+ + Clm)ans™. 


‘Secondly, if, for all k, yay +1, where y is any constant other than 
m,m+1,---,m+n-—1, then 


S(O, k, p)=(y—k—-f)(v—k-p—1) «+ (+1 k-s)? BnBu + BY 
= (— 1) *—?(n— p) Cock l 


` where Ceamr(r—1)--- (r—s+1)/1-2---s and, hence, except for 
the multiplier #!, 


(1.8) De) = 3 = Cn C re re eer 


with bap = 0 for p>n. 

In what follows it will be convenient to denote by a script capital 
7 a region containing all the zeros of a given function F(z). Thus, 
eA: |z| Sr will mean that all the zeros of the polynomial A(s) lie in 
. or on the circle |z| =r. 


2. Zeros of two successive A,(s). Using the preceding notation, the 
following lemma may be stated. 


Luma. Let yj =y,—j denote the seros of C(s). Then, 
(a) Ar: rs | s| Sr; and | B! SAr imply 


w 


y 
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: ` r N 
Ait: nmin [1,- < | z | 


(2.1) Iv — m| toe 
S nme | 1,71"), 
lye — m| 
(b) As: |s| Sr and |B| Zr imply - 
mr —| ri | 
(2.2) Ania: |s| Sr and |s| & rmax | 1,7 
| m — y | 


(c) Ay: wi Sarg z Sor with o—o1 Sr and 8, =0 imply 


; 





A1: w + min (0 arg 


/ 
Y. — ™ 





So; + max (0 arg = ), 
Ye — M 
This lemma may be deduced from the results of a previous paper 
or may be proved directly as follows. 
Lete4, be a circular region and let ¢ be any zero of Axi1(s) outside 
eA,. Then, by Laguerre’s theorem,’ there exists a point a ine/, such 
that [Ag (5)/Ax($) ]}=m/(f—a) and, hence, by (1.1) 


mL etl 
yim 


In particular for |8| SAri, if A: |s| Srs, then? we have that 
lr] Sry | +m) ys- m|, whereas if A: |s|2n, then 
ra zr (|y | —md)| yi -m| 7. Hence, if all the zeros of A,(s) lie in 
the ring rS |z| Sra, an arbitrarily chosen zero of Ajs4i(s) must lie 
in the ring (2.1). 

If |8| Ar and4: |z| Sr, then |t| 2=r(mdA—|ys |y —m|- and 
hence the zeros of Ay;i(s) not satisfying the first inequality (2.2) 
must satisfy the second inequality (2.2). 

Finally, for By = 0, ifr: w Sarg sSuwt+e, then w+arg [yx (yi —m)“] 
Sarg t Sw+r targ [yi (yè —m)—!]. Setting w =w and w=% — r and 
combining the results, we conclude that, if all the zeros of A,x(s) lie 
in the sector œ Sarg 8 Sox, then all the zeros of A (2) lie in the sector 
(2.3). l 

4 M. Marden, ibid. pp. 400-401. See also J. L. Walsh, On the location of the roots 


of certain types of polynomials, Trans. Amer. Math. Soc. vol. 24 (1922) p. 169, lemma, 
and Polya-Szegd, Axufgaben der Analysis, Berlin 1925 vol. 2 p. 58, problem 117. 


s Laguerre, Oewvres, vol. 1 p. 49. 
t See M. Marden, ibid. p. 402. 


(2.4) 


-” 
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3. Zeros of A(s) and, A,(s). We shall now E part (1) of the 
Íemma to the successive A,(s) in order to determine the relative 
location of the zeros of the polynomials A (s) =A (s), B(s), C(s) and 
D(s)=A,(s). In addition to the notation used hitherto, we shall use 
the symbol @(s) for the polynomial whose zeros are the moduli of 
the zeros of C(s): 


oahi er ed eee (| Ys | — 2). 


THEOREM I. Given the postive constants p and A (A<1). Then, 

(1) eA: |s| Sr, : |z| Sàr and C: p|s—m|2|s|+md imply: 
D: |s| <r max-(1, p”) 

(2)A: |s| Sr, B: |z lerare O<p|z—m|s|s | Hm wih pz 1 
imply D: | s| E |; 

(3) A: |elzr, B: |a| Sdr[G(md)/C(m)| and C: pls— whe 
|s| -mA >0 with pst imply D: | ol mr Gan) /Com)| 

(4)e4:|s| =r, B:|s| Sdr min (1, p”) and C: 0<p|s—m| <|s | — mÀ 
imply D: |s| 2r min (1, p”). 


To prove this theorem, let us define j 


m= |m — vi [| ve | +); 


M, = MAX ils °> Hi, where c; = 0, 1; 
r =| m — yi [| y| ma) if [yf | > md and 
m=O if [vv | S dm; 
N, = min nre, where g, = 0, 1. 
If A: whe | Sr and 8: |s] Sàr, then by the right side of (2. 1) 
i: [s| S rM, As: s| SrMa,--- Ay: || SoM, 
~ Since uci of Theorem I 
o i Hk S&P, 
‘M,=max (1, p*), and, since in part (2) ws œ 1, : 


My = wuts’ >> on = | €(— md)/C(m) |. 
Ife: |s| 2r and B: |e| SArN,, then by the left side of (2.1) 
Ai: |x| BrNi, As: |s| 27a, -:>, 4a: |s| Dry. 


Since in part (3) of Theorem I O<ySpS1, Na =n Pa 
= | C(mA)/C(m)] ; whereas since in part (4) r2 p, Na= min (1, p*). 
We have thua established Theorem I. 
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It is to be noticed that each region ( of Theorem I is bounded by 
one of the ovals p| m—sz| = |z| +2 of the cartesian curve’ 


(3.1) [0 D(a + y9 — mpte + mt — A) |? = aaa + y) 


having ordinary foci at the three points s=0, s=m and g= 
m(p?— 1)—!(p?—X?*) and a singular focus at the point s = mp?(p?—1)—". 
If p>1, curve (3.1) consists of two nested ovals both enclosing s =m 
and both excluding z=0; in this case, the region ( of part (1) of the 
. theorem is the exterior of the outer oval, ( of part (2) is the interior of 
the outer oval exclusive of point 3 =m and ( of part (4) is the interior 
of the inner oval exclusive of points =m. If p=1, curve (3.1) degener- 
ates into the hyperbola with foci at s=0 and s=m and transverse 
axis of mA; in this case È of part (1) is the region left of the left 
branch of the hyperbola, ( of part (2) is the region right of the left 
branch not including s =m, ( of part (3) is the region common to the 
exterior of circle nee and the left of the right branch and @ of 
part (4) is the interior of the right branch with point s=m omitted. 
If X\<p<i, curve (3.1) consists of nested ovals, now however both 
containing z= 0 and excluding s =m; in this case, @ of part (1) is the 
interior of the inner oval, @ of part (3) is the region common to the 
exterior of circle |s| =m) and the interior of the outer oval and Ç of 
part (4) is the exterior of the outer oval exclusive of point s=m. In 
the latter case, if p—A, the inner oval shrinks to a point and hence, 
for p <À, C of part (1) is a null-set, and the (’s of parts (3) and (4) 
are those described for A <p <1. 

In the foregoing discussion, we have implied that (+0. If A=0, 
curve (3.1) degenerates into the dipolar circle p|s—m| = |s| and D(z) 
is given by formula (1.7). We may thus state the following corollary. 


COROLLARY. If aH the seros of a polynomial A(s)=aotais+ > 
+Gme" lte tn the ring OSS |z] Sr S œ and sf all the zeros of an nth 
degree polynomial C(s) ise in the connected region bounded by the circles 
K =pı|3—m| and É =p3|s—m| with pı < ps, then all the zeros of the 
polynomial D (s) = C(0)ao+ C(ai t+ -- + +C(m)ams™ lie in the ring? 


(3.2) rimin (1, p1) S |s| S rı max (1, ps). 
If pr <i, the left side of (3.2) may be replaced by the then larger number 


1 Sce G. Loria, Curve piane specsalt, Milan, 1930, vol. I pp. 212-214. 

* For the cases (1) 7;—=0, pO, p= 1; (2) rym œ, ppd, pm ©; and (3) rim ry, 
pimpm=i, see N Obrechkoff, Sur les zeros des polyntomas, C. R. Acad. Sci. Paris vol 
209 (1939) pp. 1270-1272, and L. Weisner, Roots of certain classes of polynomials, 
Bull. Amer. Math. Soc. vol. 48 (1942) p. 283-286. 
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rıl C(0)/C(m)| and, if 1 <p the right side may be replaced by the then 
smaller number A C(0)/C(m) | 


So far we have applied part (1) of the lemma to the successive 
A,(z). Similarly, if we apply part (3) of the lemma and formula (1.7), 
we may obtain the following result. 


THEOREM II. If all the geros of the polynomtal A(s)=ao+a+ --- 
+a_2" are tn the sector w Sarg z <w with as —a =w Sx, and if all the 
seros of an nth degree polynomial C(s) are in the lune 6, Sarg [s/(s—m)| 
SO, with |6| +104 S(x—w)/n, then all the zeros of the polynomial 
D(s) =aoC(0) +aiC(1)s+ --- +anC(m)z" lte in the sector 
(3.3) Oy ~-t- min (0, nð) s arg z Ss Ws + mar (0, nba). 

If 6,<0, min (0, n8:) may be replaced in (3.3) by the then larger number 


arg C(0)/C(m) and, if 0<6,, max (0, 22) may be replaced by the then 
smaker number arg C(0)/C(m). 


4. Entire functions. Theorem II and the corollary to Theorem I 
may be generalized at once through replacing 


D(s) = aC (0) + aC(1)s + --- + anC(m)s™ 
= 8(8; — s)(6. — 5) --- (Sm — £) 
by 
F(s) = aoH(0) + a Ells + --- + anE(m)s*, 
where 
Els) = &C(s) and X= u+ yw. 


In fact, since 


F(s) = So asC(Be4s* = Dios) = TI (Be? — 2), 
4—1 


homai) 


` 


the substitution of E(g) and F(z) for C(s) and D(s) would require 
only the following changes: in the corollary to Theorem I, inequality 
(3.2) becomes 


(4.1) 6 "rı min (1, p) S | x | < e rimax (1, p3) 


where era | E(0)/E(m) | may replace min (1, 9}) if paS 1 and max (1, p3) 
if p131; in Theorem II, inequality (3.3) becomes 


(4.2) w, ~ » + min (0, 99) S args S wy — » + marx (0, 719) 
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where [my+arg E(0)/E(m)| may replace min (0, #6;) if 6:0 and 
max (0, nO) if 0<4,. 

Furthermore, these results may be extended to entire functions 
E(s) of genus zero or one provided the zeros of E(s) are assumed to 
lie in infinite regions, determined by taking p;=1 or p,;=1 and 
6, =6,=0. ” 


THEOREM III. Given the entire functions 


nae 2 nak eae oT] (1 > =) ove, 


Ys 


F(t) = XS asB( Rs, 
Aw) 


where X,=,++1?,. 

(a) If all the zeros of A(z) lie in the ring OSS |z| Sr: S, tf all 
the zeros of E(z) lie in the region pi S | s/(s—m) | <S ps with at least one 
number pı, ps unity, and tf uo tut ~~: Sy, then all the zeros of F(z) 
lie in the ring Kiers |s| S Kye rs, where Kiı=1 or grm | E(0)/E(m)| 
according as p= 1 or p1<i and K,y=1 or =| E(0)/E(m) | accordsng 
as 1 =por 1 <p. 

(b) If all ihe zeros of A(z) lie in the sector w Sarg z<as with 
Gy —wi Sa, tf all the zeros of E(s) lee on the real axis outside of the seg- 
ment (0, m) and sf vorit -> —v, then all the zeros of F(z) he in the 
sector oh — y Sarg s£ uy. - 


Theorem III(b) isa partial generalization of results due to Laguerre 
and Polya! in the case that both p =0 and all the zeros of A(z) are 
real. However, it may also be derived from this special case by use 
of the theorem quoted in problem 153, p. 65, vol. 2 Polya-Szegd's 
Aufgaben der Analysis. For this fact and its following proof, the 
author is indebted to the referee, Professor Polya. l 

We may assume without loss of generality that » =0. Then, accord- 
ing to the Laguerre-Polya results, a= E(k) form a set of multipliers 
such that, if any polynomial A(z) =a tag + +-- +āsz* has only 
positive (negative) zeros, so has also the polynomial C(s)™=agao 
Hait >- - Fasha”. But such multipliers have also the property 
that, if all the zeros of A(s) lie in the sector wi Sarg z Sa with 
@_—t Saw, all the zeros of C(z) also lie in this sector. For, since all 
the zeros of (1-+s)™ are negative, the zeros of polynomial 


G(s) = a + Cm, 1018 + Cn rts? +--+ + aes™ 


f 


are also all negative, and, since the sector is a convex region contain- 


ł 


100 F. A. VALENTINE (February 


ing the origin, the theorem from Polya-Szegi may be applied with 
the F(s) of the theorem taken as A(z). Theorem III(b) then follows 
immediately. - 

As an application of Theorem III, let us consider the poly- 
nomial F(s)=)-P.oaG(k+p)s* where p>0 and G(s) =I(s)-} 
=e] [3 (1-+-n—s)e*, the reciprocal of the gamma function. 
Since »=0 and all the zeros of G(s+p) are negative, any sector 
w Sarg s Sy Sr — o containing all the zeros of A(z) will also contain 
all the zeros of F(s). For example, if A(s)=(s—2)(s+1—+4), then 
F(z) =0.53?— (1+4)s—2+25, which has the zeros (3.058-++0.514#) and 
(—1.058-+ 1.4865), both thus being in the sector 0 Sarg z £ 135° con- 
taining the zeros of Á (2). 


UNIVERSITY OF WISCONSIN AT MILWAUKEE 


ON THE EXTENSION OF A VECTOR FUNCTION SO AS 
TO PRESERVE A LIPSCHITZ CONDITION 


F. A. VALENTINE 


1. Introduction. Let V be a two-dimensional Euclidean space, and 
let x be a vector ranging over V. The vector function f(x) is to be a 
vector in V defined over a set S of the space V. The Euclidean dis- 
‘tance between any two points x and y in the plane is denoted by 
|x—y| . Furthermore f(x) is to satisfy a Lipschitz condition, so that 
there exists a positive constant K such that 


(1) | Ka) — A(z) | S K| z — a | 


holds for all pairs xı and zin S. 

In event f(x) is a real-valued function of a variable x ranging over 
a set S of a metric space, then the extension of the definition of f(x) 
to any set TDS so as to satisfy the condition (1) has been accom- 
plished. The present paper establishes the result that the vector 
function f(x) can be extended to any set TDS so as to satisfy the 
- Lipschitz condition with the same constant K. In §3 it is shown how 
the method used to obtain the above result can be applied to yield 
an extension for the case considered by McShane.* If f(x) has its 


Presented to the Society, April 11, 1942; received by the editors May 11, 1942. 

! E. J. McShane, Extenston of range of functtons, Bull. Amer. Math. Soc. vol. 40 
(1934) pp. 837-842. 

1 Loc. cit. 
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functional values in a metric space then, in general, it cannot be ex- 
tended so as to preserve (1). The geometric theorems which arise in 
forming the extension prove to be of as much interest as the extension 
itself. In the following section it is shown that this extension is a 
consequence of the following theorem about sets of circles in the 
plane. A circle with center x; and radius r, is the two-dimensional set 
of points x for which |x—x,| Sr. 


THEOREM 1. Consider in the plane two sets of circles M and M’ such 
that to each circle in M there corresponds a circle in M’. Let Ci CM’, 
having center x! and radius r} , correspond to C;CM, having center y, 
and radtus r,. 


Suppose that 
rh =r 
for all corresponding circles C, and C! . Furthermore suppose that 
(2) |e = a | Sly — yl 





for all corresponding pasrs of circles (Ci, C,) and (C, Cj). Finally 
suppose that the tntersectston of ali the circles in M is not empty, so that 
the product 


(3) II C: =Æ 0. 


Then t is true that the inierseciton of all the circles in A’ is such that 
(4) IIc <0. 
M? 


2. The extension. If the set S consists of a single point x, the ex- 
tension of f(x) to a second point x; is trivial. We will let S’ be the set 
in the f-plane which corresponds to the set S in the x-plane. 

Suppose that the set S consists of two points x; and x, and that | 
we wish to extend f(x) to a third point xs. With the points Kx, as 
centers (j =1, 2) draw circles C; with radiir, =K|xj;—xs) , respectively. 
Define x? to be 


(5) xy m f(x), | j= 1,2. 


With x; as centers draw circles C? with radii rf =r; respectively. 
Since by hypothesis |x{ —x/ | SK |xı—7x:|, and since by construction 
the product C,-C,0, it is true that Ci -Cý ~0. To extend f(x) to 
x; 80 as to satisfy (1), choose xf €C{-C. Since | x} —xf | Srf{ =r, 
m= K|xj—xs], letting f(s) mx;, the function f(x) has been extended 
from S= (xı, x4) to T = (x1, x2, x3) s0 as to satisfy the Lipschitz con- 
dition (1). 


102 F. A. VALENTINE [February 


The crucial extension, as we shall see, is from S= (x1, x2, x3) to 
T = (x1, x3, Xs, %4). In order to construct this extension, the following 
lemma and theorem are essential. For convenience denote the tri- 
angular set determined by three points yı, ys, Ya by A(y1, Ya, ya). 


LEMMA 1. If three cercles C; (¢=1, 2, 3) with centers x; , respectively, 
are such that 


(6) - CECE Ret ah a) 20. ip = 2.3, 
(7) Ci Cy Cy Alzi, xs, x7) = 0, 

then st 1s true that? 

(8) B(C!)-B(C/) -A(ai, zi, x3) = 0, TERVA 


where B(C!) is the boundary of the circle C! . 


To prove Lemma 1 select three points x%,,€C/-Cf A (s—1, 2; 
j=2, 3; j7>4) which exist by virtue of (6). Since A(xiy, xis, xi) 
CA(xi, xi, x7), in proving (8) it is sufficient to prove 


(9) ~ 2 B(C.)- B(C)) Alzin zin za) 94 0. 


Denote the line segment joining points x and y by xy. Since C/ is 
convex, xlaxi C Ci. Also (7) implies that the point xy, is not con- 
tained in Ci. Hence the circle C{ contains a maximum subsegment 
xP: Of Zx and a maximum subsegment xl,P, of xaxa, where the 
points Pí P yxy. Since PPC Ci, since xa €C, and since B(CY) 
cannot intersect the B[A(Ps, Ps, x},)| except at Pı and Ps, a simple 
arc of B(C/) joins P, and Py and is contained in A(P3, Ps, xh) and 
hence in A(xig, 13, X33): 

In exactly the same way, there exist points O3Cxisxh3, Q1Cxigxis, 
with Qı Q: xis, such that Q, and Q; are joined by a simple arc of 
B(CY) contained in A(xis, xis, xa). Suppose the point Ps lay be- 
tween xn and Q; on xxs. This supposition, together with the facts 
Ci D203, Ci DxlPa implies that ag24,CC{/+C/. But since 
xksxis Cy, the previous statement implies that Ci Cy -C{-As40, 
contrary to assumption (7). Hence Ps is sof between x3, and Q: on 




















? Lemma 1 is stated for circles in order to shorten the proof af Theorem 2; how- 
ever the lemma can be generalized as follows: Suppose teat each of the sets Ci, Cx, Ca, A 
and each of the products C;-A, Ci C, A (6, 7m 1, 2,3) is a simply connccted plans set 
having a simple closed curve as its boundary. Furthermore suppose C1-Ca'Cy—0, 
Ci: Ci: B(A) 0, where B(A) is the boundary of A. Then it is trus thai B(C;) - B(C,) ‘A 
x40. 
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xixi, 80 that Q:Expxis— xP, This implies that the points Ps, Qs, 
P;, Q, lie on the boundary of A (xla, xis» te) in a clockwise order in the 
order just given. 

Simce P, and P; are joined by a simple arc of B(Ci ) contained in 
A(sxis, xis X43), and since Q, and Qs are joined by an arc of B(CY) 
having the same properties, condition (9) holds with +=1, j=2. 
Since we can choose any pair of the circles C’ and repeat the above 
argument, condition (9) has been proved, and hence Lemma 1 is 
established. 


THEOREM 2. Suppose the two triangles A(y1, Ya, Ya) and A(x? , x7, x3) 
are such that 


(10) [al — a} | Slo y|, 49 = ty 28: 


Then to any poini y, sn the plane there corresponds a potni xi con- 
lained in A(xi , xi, xi ) such that 


(11) Lei —af | Sle y], i=1,2,3.. 


To prove Theorem 2, with y; as centers draw circles C, with radu 
r,sa|y,—y,|, respectively. Similarly with x/ as centers draw circles 
C! with radii r’ =r,, respectively. Since EC, the products 
Ci C, AC, Ya ¥2) x0. Hence condition (10), together with the fact 
r, =f, implies condition (6). 

We first prove that condition (10) implies Ci -Cy -Ci -A(ai, x3, x3) 
x0. Suppose this were not so. Let P,, be a point of intersection of 
B(C!) and B(C}). Since we suppose (7) holds, Lemma 1 implies that 
P,; can be chosen so that PyCA(xi, x4 , xi) (sf, Lig. 3;9>+4). 
Since we supposed Ci -Cy -Ci -A=0, we have 


(12) | zi — Pa| <| zi — Pal. 


Denote the angle less than or equal to wr, determined by three 

ints Gy, Ga, G, with vertex at as, by Zaja¢y3. Since by definition 
xi —Py| =|xf—Py| =r, condition (12) implies by the law of 
cosines that 


(13) L zi xi Pis < L mai Piz. 


Condition (13), together with the fact Py3€A(xi, xi, xi), implies 
the first of the inequalities 


A zi ti Pat Z z3 xi Pis < aq TI T3, 
(14) L zizi Piu t L zizi Pu < L xl ai xd, 
L xi zi Pu + L zizi Piu < L spe xy. 
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The last two inequalities are proved exactly as the first. 

The sum of all the angles in the three triangles A(x’, Pip x/) 
(¢—m1, 2; 7=2, 3;7>4) is 3r. By adding the inequalities in (14), we 
see that in these three triangles A(x; , Pip xf) the sum of those six 
angles, each of which has its vertex at one of the points xï, xg, x3 
ig less than r. Hence the sum of the remaining three angles in 
A(x), Pan xf) satisfies the condition 
(15) $ Z xi P zi > 2r, i= 1,2; j= 2, 3;]J >i. 

4,4 


Furthermore for the A(y1, ys, y3) of Theorem 2 we have 
(16) 2, 4 1997 S 2x, f= 127 = 235 > 4, 
if 


the equality holding if y,CA(j1, ys, ys); otherwise the inequality 
holds. Consequently at least one of the three angles in (15) is greater 
than the corresponding angle in (16). Without loes of generality 
renumber the angles so that 


(17) FA gi Pix? >Z Vi vaye- 


By construction |x/ ~Py| =|¥.—y4| (¢=1, 2). Condition (17) im- 
plies by the law of cosines that in the triangles A(x/, Pu, x7) and 
Ati, yi, ya) 


(18) |æ — ai | >|- yl. 


This contradicts assumption (10). Hence the assumption that (7) 
holds is false. Thus choosing a point xi EC? -Cx -Ci -A =0, we have 
[xd —x/1Sr! =r, = |y, =y (¢=1, 2, 3) and Theorem 2 has been 
established. 

We now readily establish the following theorem. 


THEOREM 3. If the plane vector f(x) is defined on a plane set 
S= (x1, X2, X3) s0 as to satisfy the Lapschits condition (1), then 4t can be 
extended to any plane set T= (xi, xa, xa, x4) so as to be Lipschiis pre- 
serving. The extenston f(x.) can be defined so as to be contatned in the 
iriangle formed by the points f(x) (i1, 2, 3). 


ProorF. In Theorem 2, let 
4, = Kx., zi = f(z), y = K z4, ‘= i; 2, 3, 


Then the point x/ in Theorem 2 is the desired extension f(x) xi, 
since conditions (10) and (11) imply that 


| Ka) — fled) | S K| z~ zl, Ge ee , 4. 
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In order to extend f(#) from an arbitrary set S to any set TDS 
we first prove Theorem 1. This can be accomplished by means of 
Theorem 2 and by a theorem of Helly‘ as follows. Choose an arbitrary 
but fixed set of three circles C, (¢=1, 2, 3) in the set of circles M of 
Theorem 1. Since in Theorem 1 the hypotheses include the fact that 
I&C. *0, choose the arbitrary point y4 in Theorem 2 so that 
yE EC.. Then Theorem 2 implies that there exists a point x/ such 
that æ —x/ | S y —y.|. Since yE RC, it is true that| y.—y,| Sra 
whence | xi —x/| Sr,. Since r/ =r; in Theorem 1, the above inequal- 
ities imply that each set of three circles in M’ has a point common to 
all three circles. Now by Helly's theorem, with n=2, t 4s true thai al 
the circles in M’ have a poini in common. Thus Theorem 1 is estab- 
lished. 


Now we are in a position to prove the following theorem. 


THEOREM 4. Suppose the plane vector funciton f(x) is defined and 
satisfies the Lipschtts condition (1) on a set S of the plane. r 

Then sf T ts any set containing S, tt ts true that f(x) can be extended 
to T so as to preserve the Lipschsiz condstton (1). The extension of f(x) 
can be defined so that the set of potnis (f(x), forxCT) ts contained tn 
any prescribed closed convex set containing S’, where S’=3(f(x), for 
LES). 


Proor. First, we prove that if U is any set on which f(x) satisfies 
the Lipschitz condition (1), and if x» is an arbitrary point exterior 
to U, then f(x) can be extended from U to U+<x» 80 as to satisfy oe 
To do this let x, be an arbstrary point in U, and let 


aj mm f(x) 


be the corresponding point in U’m[f(x), x«CU]. With y,=Kx, as 
center and with radius r,K|xo—x,| draw a circle Ci. As x; ranges 
over U, denote the set of circles thus defined by M. Similarly with 
x; as center and with radius r; =r, draw a circle C/, and denote the 
set of all circles, as x/ ranges over U’, by M’. Since condition (1) 
holds on U, condition (2) in Theorem 1 holds on U. Furthermore 
since by construction r, = K|x9—x;| we have [ |wC,340. Hence Theo- 
rem 1 me that [[ uC! 0. Consequently there exists a point xd, 
with æd €[ ]a-C/, which implies that 


[ad — zi | Srem K| xy — z] 
í E, Helly, Jber. Deutschen Math. Verein vol. 32 (1923) pp. 175-176. The theorem - 


states: If oach n+ 1 sets of a family of closed, bounded, convex sets of the n-dimensional 
Enchdean space inlersect, then there is a poini common to all the sets. 
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for all corresponding pairs x; and x’ in U and U’, respectively. Hence 
letting f(a) =x¢ , we have extended f(x) from U to U+-x» so that the 
Lipschitz condition (1) is preserved. For conventence denote the above 
extension from an arbstrary set U to the set U+-xo, where xo ts arbitrary, 
as extension E. 

The extension from a set S to a region TDS of Theorem 4 can be 
accomplished as follows. Let R be the set of all the points in the plane 
which have rational coordinates. Extension E of the preceding para- 
: graph implies by ordinary tnductton that f(x) can be extended from 
the set S to the set S+ so as to satisfy the Lipschitz condition (1). 
Let # be any other point in the plane. In order to effect the extension 
to # let x, be any sequence of points with rational coordinates such 
that lim,_. x: 4. If we define Um S+ 5 x, x om, then extension E 
of the preceding paragraph yields an extension f(2) so that f(x) satis- 
fies (1) on U+<xo. Condition (1) implies that lim,_,, f(x;) =/(2). The 
function f(x) is defined untquely at 2, for let y, be any other sequence 
of rational points such that lim, y,.=2. Letting Uas S+} yn and 
xom Z, extension E yields an extension f*(#) such that f(x) satisfies (1) 
on U+xo. Since 


lf) — fa) | Ss Kl 9. al, 


and since lim,.,, f(x.) =f(2), it follows that 


(19) lim f(y.) = lim f(a.) = f°(4) = f(2). 


The function f(x) thus defined satisfies the Lipschitz condition (1) 
on the whole plane. To prove this statement, let x and y be any two 
points in the plane, and let x, and y; be two sequences of rational 
points such that lim, X, =X, lim. y.=y. Then the inequalities 


|S) — 40) | S| H@) — fe) | +1 Me) — 100) +) £00 — £0) 
SK|z- an| +K] n yl tKa- y] 
imply, by passage to the limit, that 
Ax) — fy)| Ss Kl z- y]. 


Thus the first part of Theorem 4 is proved since if we can extend f(x) 
to the whole plane we can surely extend it to TDS. 

To prove the last sentence of Theorem 4, let L be any closed convex 
set such that LDS’. Consider the sets of circles M and M’ defined in 
the first paragraph following Theorem 4, however with U=S and 
U’ = S$’. Consider any two circles C? and Cy in M’. Since the straight 
line joining the centers of these circles is in L, and since (1) implies 


< 
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that C -Cy +40, we have C? -Ci -Lx¢0. Furthermore Theorem 1 im- 
plies that [[w-C’ 0. Hence the theorem of Helly* implies that the 
product 
L- [[ ct 0. 
Wd’ 


Hence in extension E one can choose xd EL, whence S'+xd CL. Now 
by ordinary induction the function f(x) can be extended to the set 
S+R (where R is the set of points with rational coordinates), so that 
the set S’+R’ m [f(x), x ranges over S+R]CL. Now the extension of 
f(x) to the whole plane so that f(x)CL, x arbitrary, can be con- 
structed. For consider the point # in equation (19), where x,CR. _ 
Since by (19) lim... f(x.) =/f(4), since f(x,) EL, and since L is closed, 
it follows that f(#) GL. Thus the proof of Theorem 4 has been com- 
pleted. 


3. Generalizations. The functions studied by McShane® can be 
easily extended by the method of the preceding section. Let the one- 
dimenstonal real-valued function f(x) be defined over a set S of a 
metric space. Furthermore suppose there exists a real-valued function 
w(t) 2,0 defined for 0S}, and satisfying the conditions 


(20) w(a) + w(b) & w(a + b), 

(21) w(b) z w(a), for b 2 a. 
If the function f(x) satisfies the condttton 

(22) - | f(z.) — f(s) | S wlln zl) f 


for all pairs (x1, x3) in S, then f(x) can be extended to the entire space so 
as to preserve condsiton (22). 

It should be noted that condition (20) does mot imply that w(t) be 
concave downward; however, any function w(#)20, #20, which is 
concave downward must satisfy condition (20). The function w(Z) is 
less restricted than that used by McShane.’ 

To prove the above theorem, let S= (x1, xs) and suppose x3 18 a 
third point to which we wish to extend f(x). With f(x.) (¢=1, 2) as 
centers draw circles C/ with radii r? exw(||x,, x,||), respectively. These 
circles are linear intervals. Suppose Cf -C/ =0. Then by (20) and (21) 
we would have 


Lp(a) — flex)| > w(t zal) + wl] en aa 
selaa + ll2n, aa) 2 wil], ad) 


' Loc. cit. 
§ Loc. cit. 
7 Ibid. 
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which contradicts the hypothesis f(x) — f(x) | Sw(liaz, xal). Thus 
Ci Ci 0, and any point x €Cf Cy serves as an extension f(x). 
In order to extend f(x) from an arbitrary set U on which (22) holds, 
to a set U-+<xo, with f(x.) as centers, x, € U, draw circles C/ with 
radii r/ mw(||x,, xo), respectively. Since each pair of the circles C? 
intersect, Helly's® theorem, with n= 1, implies that [[C/ ¥0. This im- 
plies that f(x) can be extended from U to U+<x» so as to preserve 
condition (22). The extension of f(x) from S to the whole space now 
follows by transfinite induction. 

An advantage of the above procedure arises from the fact that tf 
the extension Were impossible, the method would reveal it. Counter- 
examples exist which show that if f(x). has its values in a metric 
space, then, in general, f(x) cannot be extended so as to preserve 
conditions (1) and (22). For example, let x range over a two-dimen- 
sional metric space in which all the “unit spheres” are congruent 
squares having corresponding sides parallel. Let f(x) have its values 
in the two-dimensional Euclidean space. In Theorem 1, let C, 
(¢=1, 2, 3) consist of three unit squares such that C1: C3: Cap con- 
sists of one-and only one vertex from each square. Also choose Cj s0 
that rf =r,=1, xi =(1, 0), xf =(—1, 0), xf =(0, 1+6), e>0. The 
constant e can be chosen so that condition (2) holds. Although con- 
dition (3) holds, conclusion (4) fails. Hence one cannot extend f(x) 
from S= (x1, Xa, Xs) to T = (x1, x2, x3, p) so as to preserve condition (1). 

The first generalization of the material in §§1 and 2 would be to 
the n-dimensional case, and thence to a Hilbert space. In the #-dimen- 
sional case the crux of this generalization lies in the generalization of 
Theorem 1, since that of Helly applies to the n-dimensional case. In 
the case of a Hilbert space one would also need a generalization 
of the theorem of Helly. These matters are still open questions. The 
author wishes to express his appreciation to Professor Max Zorn and 
to Dr. W. T. Puckett with whom he has had stimulating conversa- 
tion concerning these topics. 
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A FAMILY OF FUNCTIONS AND ITS THEORY 
OF CONTACT: 


J. F. RITT 


Introduction. If pı, -+ +, $a are fixed positive integers and a1, ‚ās 
arbitrary constants, it is possible so to choose the a, as to make the 
function 


(1) ye) = Tl (w — 0)” 


and its first pı+ --- +p,—1 derivatives equal to zero for any single 
value x» of x. This is accomplished by taking each a; equal to xo. One, 
might say, on this basis, that the family of polynomials (1) has contact 
of order pit --- +ha-—1, for every value of x, with y=0. 

A more interesting situation is met when we allow the p, to be any 
fixed positive numbers, not necessarily integral. In that case y(x) 
may be a function of many branches, with the quotient of any two 
branches equal to a constant of modulus unity. For our purposes it 
suffices to consider the value zero of x. If no a, is zero, each branch of 
y(x) will be analytic at x =0, with an expansion 


Cot Geb Pb Get 


where the c; depend on the a,. The question which we examine is: 
What ts the greatest value of s such that, by sustably varying the a,, the 
coefictenis Co,-- +, Ca can be made to approach sero simultaneously? 
Such a greatest value of s exists, and will be called, below, the order 
of contact of the famiy (1) with y=0. Denoting the greatest value of 
s by r, we shall prove that 


(2) rSsqtn-—1 


where g is the greatest integer less than pı+ © +p.. When no 
proper subset of the p; has an integral sum, the equality sign holds 
in (2). For #=2, (2) can be an inequality only when pı and p: are both 
integers. For n & 3, (2) will.certainly be an inequality if some integral 
power of y(x) is a polynomial of degree not exceeding g+n—1; thus 
the order of contact of the family 

Recerved by the editors April 9, 1942. 

1The problem of this note was suggested by the considerations of our paper 
On the, singular solutions of algebraic differential equations, Ann. of Math. (2) vol. 37 
(1936) p. 552. See also, W. C. Strodt, Trans. Amer. Math. Soc. vol. 45 (1939) p. 276. 
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y(a) = (x — aUa — a(s — a)" 


is two rather than three. Whether this describes all exceptional cases 
for-n 2:3 is not decided here. 


1. The family of functions. In what follows, the p, in (1) will be 
any fixed positive numbers. A few words are necessary to make clear 
the meaning of the second member of (1) for given a,. If the a; are 
distinct from one another, we may take any simply connected area 
containing no a, and form the product, in the area, of any selection 
of branches of the » functions (x —a,)*. The various products obtain- 
able in this way are continuations of one another and are all branches 
of a single analytic function, which we consider the second member 
of (1) to represent. If two or more a, coincide, two distinct products, 
as just described, need not be branches of the same analytic function. 
There may thus be more than one, possibly even a countable in- 
finitude of interpretations of the second member of (1); every such 
analytic function will be accepted into the n-parameter family of 
functions (1). 

Given any function y, as in (1), its values, for any x which is not 
an a,, are equal in modulus; the same is true for every derivative of y. 


2. Order of contact. Let F be a family of analytic functions and 
. f(x) a function? analytic at a point x». There may exist non-negative 
integers s which have the property that, for every e>0, a g(x) exists 
in 7, with a branch analytic at xa such that, for this branch of g(x), 
` g(x)—f(x) and its first s derivatives are less than e in modulus at xp. 
If such integers s exist, and if the set of them is bounded, we shall 
represent the greatest of them by r and shall say that 7 has comad 
of order r with f(x) at x». If the s are unbounded, we shall say that 7 
has contact of infinite order with f(x) at xo. 


3. The bound. We examine now the functions (1). It is apparent | 
that this family has contact of some order with y =0 at every point. 
Indeed, because the family is invariant under the addition of any 
constant to x, the contact with y=0 is the same for all values of x. 

Let q be the greatest integer less than pit --- +2. The order of 
contact of the family (1) with y =0 is not less than g. This is seen by 
taking all a; equal to zero. We prove the theorem: 


THEOREM. The order of contact which the family (1) has with y=0, 
for every x, does not exceed q-+n—1. l 


‘2 Not necesearily in 7. 
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The theorem is readily seen to be true for »=1; we employ induc- 
tion with respect to n. We examine the theorem for n=r > 1, assuming 
that it has been established for every » leas than r. 

We suppose the theorem false for s=r. Then, for n=r, and for 
certain positive numbers ~i,---, e which stay fixed during our 
proof, the family (1) has contact with y = 0, for x =0, of order greater 
than q+r—1. Thus, if we denote the jth derivative of y by yz? we 
can, for every €> 0, fix the a, in (1) at values distinct from 0 so as to 
havet ' 


(3) | yO) | < e, t=0,1,---,g+r. 


Let us show that, if e is sufficiently small, each a; as just fixed, 
will have a modulus less than unity. Suppose, for instance, that for 
some very small e, |a:| 21. Then y(x)/(x—a,)™ will be very small, 
together with its first g+r derivatives, at x =0. This, by the case of 
n=r—1, is impossible. 





We now put 

a(x) = (x — a,) +++ (x — h); 

(4) A(z) = ala) | £ tot], 
tm @i x— ay 

We have 
(5) 5 a(x)y1 — B(x)y = 0. 
The polynomial 8 is of degree r—1. Its (r—1)st derivative is 
(6) (r — 1)l(pi1 +- -- + pr). 


We differentiate (5) 7—1 times, where jg 1. Indicating derivatives 
of a and £ by subscripts, we find that 


i G= De 2) 
ay; + [G — Ia: — 8]ly mı + H as — (f — 1)B1 |Y 
(7) 2! : 
- +e) — Biy = 0. 
For j 2r, (7) becomes, because of the degrees of æ and £, 

@) ant 4-9 —— aly. = 0 
a * > © — ENE ee | SSI pn A t paana | 
{Gs aca 
Jymy. j ° 

4 If y is analytic at x0 when certain & of the ay, say Gi, +++ , Ga are rero while no 
other a, vanish, it must be that p-+ --- +4, is integral. Thus, if a:,--++, da are 


changed to a common value slightly different from zero, y and any specified finite set 
of its derivatives will undergo only a slight change at =Q., 


st 
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The coefficient of y,, in (8) is a constant, which, if we have regard 
to (6) and notice that a,=rl, is seen to be zero if and only if 


(9) a as ga ale Pa amma 


Let p represent fi+ -- +p. If, in (1), the a, are all multiplied 
by a number m, the values of y;(0) are multiplied by m?~’. If |m >I, 
each y,(0) with jJ >q will be multiplied by a number of modulus not 
greater than unity. 

We consider a y(x), (with definite a,), which satisfies (3) for some 
very small e. Let m be such that the greatest of the quantities 
| ma, ,t=1,---, 7, has unity for modulus. Then, by what follows 
(3), |m| >1. Let 


= Gx war 


We inspect the relation (8) as formed for 9. First we let j =q+r. In 
that case, (9) cannot hold. Every | 9,(0) | with ¢<¢Sq-+r is small. 
Furthermore, because |ma,| S1,4=1,---, r, there are’ bounds, in- 
dependent of e, for the values of the coefficients in (8) at x=0. We 
infer that | 4,(0)| is small. Now, supposing that g >0, let j =g+r—1. 
" We find from (8) that | Je—1(0) | ig small. Continuing, we find that 
every |9,(0)| with #Sq-++r is small. 
Let g be such that a =1. Then the function 


(10) j(x)/(x — maç)”: 


is small, together with its first g-+r derivatives, for x =0. It is clear 
that we can use a single g and obtain a sequence of functions (10) 
which is such that the values at x=0 of the kth function of the 
sequence and its first g+r derivatives tend toward zero as & increases. 
By the case of n=r—1, this is impossible. The theorem is proved. 


4. Attainment of bound. We prove, for n>1, the theorem: 


THEOREM. If no proper subset of the p, has an integral sum, the 
Jamily (1) has, for every x, contact with y = 0 of order precisely g+n—1. 


It suffices to show that, when the p: satisfy the hypothesis, 
there are values of the a; distinct from zero such that y,(0)=0, 
j=q+1,:--, q+n—1. Such a, being found, we can multiply them 
by a small m distinct from zero and obtain a function (1) which is 
small, for x =0, together with its first g+-n—1 derivatives. 

The existence of a, as just described will be established if we can 
prove that there are numbers },,:--, ba, distinct from zero, such 
that the function 


"~ 
"w 
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s= [| (1 + 5,2)" 
toms J 

has derivatives, from the (g+ 1)st to the (¢+n—1)st inclusive which 
vanish for x =0. The #—1 derivatives in question, which we repre- 
sent by Zer -°t o, Zeni are homogeneous polynomials in the n 
letters b.. When the Z, are equated to zero, they determine a non- 
vacuous algebraic manifold each of whose essential irreducible com- 
ponents is of dimension not less than unity.* Thus there is at least one 
set of numbers };,---, ba which annul the Z; and are not all zero. 
We assume in what follows that there is such a set in which the b, 
are not all distinct from zero, and prove that some proper subset of 
the p, has an integral sum. . 

We may now work under the assumption that, for some integer ¢ 
with 0<i<n, there exist numbers ¢,--- , ce all distinct from zero, 


such that the function 
t 


w= [[ (1+ cx) 
im] 
has derivatives from the (q¢+1)st to the (¢+n—1)st inclusive which 
vanish for x =0. If we put d= —1/c,, we find that the function 


(11) een 


has derivatives from order g+1 through order g-+"—1 which vanish 
for x =Q. For the derivatives v, of v, there exists a relation, analogous 
to (7), which expresses each v, in terms of the derivatives which pre- 
cede it if 7S#, and in terms of the # derivatives which precede it if 
j>t. In this relation, the coefficient of o;is (~1)d1-- - di when x =Q. 
Thus, aS U1, ° °°, Veļa Vanish for x =0, and as they include the ¢ 
derivatives which precede Depa, Veps and, then, all the derivatives 
which follow it, vanish for x=0. In other words, v is a polynomial. 
Thus i+ -> - +; is integral and the theorem is proved. 

When the 9; are not all integers, Z,;, consists of at least two terms. 
It is then possible to annul 2,4: with b, which are all distinct from 
zero, 80 that, by what precedes, the order of contact is at least g-+1. 
In particular, when »=2, the order of contact is g+1 except when 
pı and p, are both integers. 
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‘van der Waerden, Kinfubrung in dis algobraiscke Geometrie, Berlin, 1939, $41. 


“ 


+ 


A CONVERGENCE THEOREM FOR CERTAIN LAGRANGE 
INTERPOLATION POLYNOMIALS ' 


M. S. WEBSTER 


In the Lagrange interpolation polynomial L,[f; 6] where 


La[f:6] = È Sah [a], 
H 


lL |0| = j = ](x) m ——— ; 
[6] = Fa [0] m (x) ee 


0) i 
da(x) =m UH (x — x), 


*=cosé;—1<a,<1;k=1,2,-:'-, nin @1,2,---, 
and f(x) is a continuous function defined in (—1, 1), we suppose that 


(2) t,t, = cos ÔL = COS kx/(n + 1). 
Then [1],! we have 


i 1)@ 
daz) = ich a = } x = cos ô, 
, 2" gin @ 
(3) , l 
7 (— 1)**! sin? 6, sin (n + 1)0 
7 ( + 1) sin @(cos 6 — cos 81) 


llo] 


We introduce the following notations: 
n =i O/2ex/2(n+ 1), M= max | f(x), 
—i grái 


S Sijo] m {1 [0 — t] + L [0 + ¢]}/2. 


We shall prove the following theorem which was suggested by a 
similar theorem of Grunwald [2]. 


THEOREM. Let f(x) be a continuous function in the interval —1 Sx 3S1. 
Then 


(5) lim (1/2) {Za lf; 0 — ta + Lalf; 8 + ta]} = cos 8), 0<@<r, 


and the convergence ts uniform in the interval 0<aS0S4—a (a arbi- 


Presented to the Society, April 18, 1942; recerved by the editors April 10, 1942. 
1 The numbers in brackets refer to the bibliography. 
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rary, fixed constant). In general, convergence does not hold for @=0 or 
§=r. i 

We shall prove first that there is a constant D for which 
(6) >>| s[e]] <D, O<aSO0Sr-—-aj;n=1,2,-°-. 
doom 1. 
If 646,+2, it follows from (3) and (4), by the use of trigonometric 
addition formulas, that 
s,[6] (—1)#*! gin ¢ sin? 8, cos (n-+1)0 
T rr A(m-+1) sin (0—À sin (0+0 
cos 8 cos 6; — cos 28 cost 
sin (0-+0,—#)/2 sin (@—6,—4)/2 sin (6-+6,+8)/28in (@—O,+#)/2 


If 8 is restricted to the interval 0<a@<@S7/2, and if n is large so that 
iSa/2, it is easily seen (assuming a S2/3) that 


` 


sin? ĝi <4 

sin (1/2)(0 + 04 — À sin (1/2)(0 + 0, + 2) i 

|s [e] | e a a ee 

(8) = (n+ 1))9—6,—é|-[o—-@ tel. 
| csc (8 — A) csc (6+ 2) | a | 


cos a — cos 2a 
a Se Sr/2,0 S a/2. 


‘For a given 0, there are at most two values of & for which 














[0—0] <r/(n+1). Since [1] [ Za (2e) | <2(—1SxS1;k=1,2,---,m; 
m=1,2,---), from (8) we have 
2 | Salo] | <44 > = Se 
kml ibaa, [AlE (04-1) 
aC 1 
<4+ fe ala 
(9) (s+1) E ee | 9—8, — i| - | 0—0 +| 
ae 2C 2 [ey 1 
aay mL. r (21-1)? 


L» | 
<4+8rC >) — wD, 0<as6Sx/2; nomla), 
me 1% j ' 
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because in the summation 
|0 — On, i| Zz |0 — 0| — t Z lr/(n + 1) — x/2(n+ 1) 121. 


By continuity, (9) holds for all 9 in 0<a £<6S%/2. Since (9) is valid 
for n sufficiently large, there exists a D for which (6) is valid for all 
nif 0<aS6S4/2. 
Since 6, =T —8,-141, it is found that 
hle — t] = hnl? +4] and Lett] = hi 0 — t] 


where 6’=x—6. It follows that 
Silo] = Sanlel, ElSe] <D. 1/28 Sra. 
bal 


This completes the proof of (6). 
From (8), if 6 (>0) is fixed and if » is sufficiently large (so that 
‘{<6/2), it is seen that 
rC = i 
| Si [9] | < 2 


latan, 0Ar> (n -+ 1)? iz (6 — 2)? 


dr Cn ( 1 ) 
< ———— = O(— }. 
b(a + 1)? ” 
We are now ready to prove the main part of the theorem. Let 6 
be fixed (0<a@S@Sx-—a) and e€>0. It is well known that 


(10) 


x 


2 h(a) mm l, > sale] m 1. 


Since f(x) is continuous, there exists a 6>0 such that | 
| f(cos 6) — f(cos i)| <e provided |0 — 4| Sê. 

Let i 

A= (1/2) {L [70 — t] + La[f; 0 + #]} — f(cos 0) 


= > { f(cos 6x) — f(cos 6)}5,[8] 
= Dd {cos 6s) — f(cos 6)}5,[6] 


{ f(cos Ox) = f(cos 0) 1S, [0]. 


imbsa,|#-4i|>3 


Then, by the use of (6) and (10), for sufficiently large », we find that 
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lal<e E- [ssfell+2e E isf] 


ISbah] 1SkSn,|¢—0a|>8 


1 
< D + 2MO (>) < (D + te, n>N. 
n 


As in Rogosinki’s theorem for Fourier series, the theorem may be 
easily extended so that convergence holds at any point x (+ +1) of 
continuity of a bounded function f(x), convergence being uniform in 
any closed interval of continuity (excluding x = +1). In addition, tẹ 
may be replaced by px/2(n+1) where p is any fixed odd integer. 

Since L,[f; —t]=L,[f; t], the theorem would involve (for @=0) 
the convergence of L,[f; +] to f(cos 0). This convergence does not 
‘hold for all continuous f(x) because 


wa = (A(t) | =f, 
kanl 


and, according to H. Hahn [3], a necessary and sufficient condition 
for L, |f; 0] to converge to f(cos 0) for all continuous f(x) is that 
àa be bounded for all n. We give an example (compare [4] and [5]) 
of a continuous function for which convergence does not occur at 
x=1. 

Let f.(x) be defined for each n (n=1, 2, - - - ) as follows: 


(=D; —1S$2<x,, 
2(x— X141) 
(11) f(a) = ((—1)*| 1-——————_ |, sour S 2S 20; k= 1,2,--+ , 8-1, 
— Bet : 
l; v< rsi. 
Now, 
Lift] = — $ (- 1) [8] 
km] 
E 2 > sin? ki cos? ki 
~ (#-+ 1) aint £ sin (k + 1/Dé sin (k — 1/28 ` 
Since 
. sin ki 2 
Sy =a te eee 
sin (k + 1/24 3 
we have 
aif —— ? ki 
(12) | Lal f I] > 3(n + 1) she 


mmm 1 8 Ta 
eea ee ») 3r 
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By the Weierstrass approximation theorem, we may approximate 
falx) by a polynomial g,(x) of degree d(n) such that in (—1, 1), 


(13) | en(x) | S 3/2, | Lalgas #] | > 2#/3x. 
This is possible, in view of (12), because 
| ZaLfa: 8] — Znlen: e p3 AORTO | S 


provided 


| fala) — gal) | S (e >| hlt] Ds —is-2zSs li. 
Let | 
(14) e(a) = E agn la), -1Sz51, 


where Ci ™ A ™ 1, and 


& 1 | 
(15) ay = min}, T; m ays [A], $= 12.72) sea 
4 f: im I 


n, is the smallest integer satisfying the conditions 


(a) m, 2 dln) +1, 
(b) | cLa, len; fa] — 8| > 44 TEA EEE 


Condition (b) is possible because of (13). From (15), it follows that 
(17) C441 <s 1/4}, m t= 0, 1, | ee } 


(16) 


and the series for g(x) converges uniformly so that g(x) is continuous 
and | g(x) | S2 in (—1, 1). Let m=n, where r (+41) is a positive in- 
teger. Using (15) and (17), we have 


rs] 3 n = 
2G a, AET 
merl 2k 


is a) 


Ds Sle [ens bn] 


t+} 








(18) 


w 


> Ciga, (COS bm) | s 2. 


rr 





If w(x) is any polynomial of degree less than m in x=cos 0, then 
La |[w; 6 ]=aw(x). Since 


! 


-_ 
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eG 


D> tha ini lal 


tl r—l =< 
= Colm [gas te) + > cele [gas te] E okala] 
ý= Í 


m=r-j-Í 


i 


r—i “ 
bin Gat ta) + P cgn (CO8 ta) DS Lal gata: 
tom] f—r+-i 


we find from (16) and (18) that 
| Lule; ta] — g(t) | 
= | {Lmlgi tn] — g(cos tm) } + {g(cos tm) — g(1)} | 


bat) 


>, Cel gn ba] — g(COS ta) | — 4 


tua | 


S 





2 abe im: te] + 3 lalin tm] — Sees bm) | — 4 


yr- I 


> 4°, P= 72, 3,2 « 
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PURDUE UNIVERSITY 


A NOTE ON COMPLEMENTARY SUBSPACES IN A 
RIEMANNIAN SPACE 


YUNG-CHOW WONG? 
1. Introduction.? Let 
(1.1) 2* = x%(u*), xn Apu, vy = 1,°-+,0;54,8,°--,f=1,---,m, 
be the equations of a Vm in a V, with fundamental tensor g), and let 
Ont 


(1.2) Bi =ð. = 





Then the fundamental tensor and curvature tensor of V, in V, are, 
respectively, 


À a 
(1 .3) ab = prB,B,, 
(1.4) Hà = D.By = 0,B, +- Ta BiB, — TBs, 


where D denotes the generalized covariant differentiation with re- 
spect to Va in V,; and I, and ‘TS, are, respectively, the Christoffel 
symbols of the second kind for V, and Vx. 

By definition a Va in Va is said to be totally semst-umbslecaP in V, 
if a vector p, exists such that 


(1.5) oHa == Seb 


is gatished at every point of Vw. In particular, this condition is 
evidently fulfilled when Hy" has the form Hy'="gan", n" being a 
certain vector; in this case we call Vw totaly umbsitcal in Va. 

In what follows we shall consider the subspaces Va: x°=const. in 
a V, with fundamental tensor of the form 


Eos 0 G, bee, f=‘, 
(1.6) n= ( ), 
0 fis tgo samel,’ 


Received by the editors, April 22, 1942. 

1 The author işa Chinese Ying-Keng Funds student. He wishes to thank Professor 
D. J. Struik for the conversations they had from time to time during his stay at Cam- 
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*For the theory of subspaces Va in a Riemannian #-space Va, see Schouten- 
Struik, Henfikrung in der nsuern Methoden der Differenisalgeomeiris II, Groningen, 
1938 chap. 3. 

*D. Perepelkine, Sur la courbure et les espaces normaux dune Vw dans Ra, Rec. 
Math. (Mat. Sbornik) N.S, vol. 42 (1935) pp. 81-100. 
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The two families of subspaces Vw: x?=const. and V,.: x*=const. 
are called completemeniary families of subspaces in Va. Recently, 
Yano! proved that a condition for Vw to be totally umbilical in V, is 
that ga be of the form® g,=o(x')Za(x*). We shall obtain, among 
other results, a similar condition for V» to be totally semi-umbilical - 
in Va. 


2. First normal complex. Let w* and 4* be two arbitrary vectors in 
Va. Then the vector »*w Hj spans the first normal complex of 
Va in Va, whose dimensionality m is therefore equal to the rank of 
the matrix [H;;*]. In this matrix, as well as in every matrix appearing ` 
hereafter, x or indicates the column and the combination of 
b,c,- the row. É 

Now for the subspaces Vw: x”=const. in a V, with fundamental 
tensor (1.6), we have 


~ 





(2.1) Ba m = y Eob = Eob 


(2.2) H = ra Th Ha =Ta. 


But from (1.6) and the definition of the Christoffel symbols of the 
second kind 


Tan = (1/2) (Onga + Org — Orgy) 


it follows at once that j 


Ta = Th, ra = — (1/2) g a La, % 
(2 .3) a ab . ` 
Tog = (1/2) òga Da = (1/2) aegre. 


Thus (2.2) become 


(2.4) He =0, He = — (1/2) 2" ða. 


And therefore the dimensionality m, of the first normal complex 
of Va in V, is equal to the rank of the matrix [g?td,g4]. Since 
Det (g?*) 0, my, is also the rank of the matrix [0,g3]. Hence there 


4K. Yano, Conformally separable quadratec defferential forms, Proc. Imp. Acad. 
Tokyo vol. 16 (1940) pp. 83-86. For s=m+1 see L. P. Eisenhart, Riemannian 
geometry, Princeton, 1926 p. 182. 

‘ Throughout this paper we denote by p, o, 6, @ scalar functions of x*, 

t See, for example, T. Levi-Civita, The absolute differential calculus, London, 
1927 pp. 9-12. 
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exist m, components of ga, which are functionally independent with 
regard to x”, such that each component of ga is expressible in terms 
of them and x*. Conversely, it is evident from (2.4) that if ga has this 
property, the first normal complex of Vw in V, is of dimension m. 
Hence we have this theorem.’ 


THEOREM 2.1. The first normal complex of the subspaces x*= const. 
in a V, wih fundamenial tensor (1.6) is of dimension m, sf and 
only if the matrix [d,ga| is of rank m, that is if ga is of the form 
£a=Zalx*, Pir ©- s Pa), Where the p's are mi functtons of x* which are 
functhonally independent with regard to x”. 


Now it follows from (2.4) and Theorem 2.1 that the components 
of'the vector y*u*Hy*, which spans the first normal complex, are 


yb Ha = 0, 
(2.5) © «ac. pa Of OF od 
yw Ha = — (1/2)y w fad (Eon +: > + aon). 
Opt Spm, 
To see the implication of these equations let us consider a certain 
fixed Vya: x¢=25. Each Vam of the family «?=const. has a point in 
common with V,_«, at which the first normal complex of Vw lies in 


the tangent space of Vi... Equations (2.5) then show that these first 
normal complexes are orthogonal to the subspaces 


€ p a P? 
pilo, $ ) = const, -© +, pm,(%o, * ) = const 
of Vam. 


THEOREM 2.2. If a V, admits iwo complementary familtes of Va and 
Va_m, then the first normal complexes, dimenstonaltty mı of Vu at 
points of any fixed Vuw are orthogonal to a famiy of subspaces 
Vigan in V game 


The condition for Vw to be minimal in V, is ‘g*Hy'=0, which, by 
(2.1) and (2.4), can be written g0 £a =Q, that is, 0d, Det (ga) =0. 
Hence this theorem follows.® 


THEOREM 2.3. If a V. admis two complementary famtultes of Va and 
Vu_m, G necessary and sufficient condstion for Va to be minimal tn Va 
4s that Vam determine a correspondence between them which preserves 
volume. 


7 For m, ™= 0, see Eisenhart, loc. cit. p. 186 Example 13. 
* For s=m-+1, see Eisenhart, loc. cit. p. 179. 
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3. Totally semi-umbilical Va. According to (1.5), (2.1) and (2.4), 
_the condition for x” =const. to be totally semi-umbilical in V, is that 
a vector 9? in Vy. exists such that v70,¢4—g., that is, 


(3.1) 07d, log fa = 1. 
From this it follows that 
(3.2) l 070, log (g-5/gea) = 0. 


Now if the first normal complex of Væ in V, is of dimension m, then 
by Theorem 2.1 ga is of the form 


(3.3) fa = Palts, Ply" tta Pii: 
Consequently, (3.2) gives 





ð ð 
(3.4) sie log (gcs/ ea) +--+ + On, : log (ges/f au) = O, 
1 


where 3 i 7 
(3.5) 6, = C7001, °° * , Om, = DPO ppa, 


Conversely, let m, functions §,---, Om, exist satisfying (3.4). 
Then since pi, ++: , Pm, are independent with regard to x”, the matrix 
[0,01,°-°*, OpPm,| is of rank m, Therefore, the system of linear 
equations (3.5) has solutions for v”; that is, o” exist satisfying (3.2) 
and also (3.1). Hence, when (3.3) is true, (3.4) is a necessary and 
sufficient condition for Vw to be totally semi-umbilical in V». 

On the other hand, by a well known theorem® on the essential 
parameters of a set of functions, equation (3.4) is also the condition 
that there exist m,—1 functions o1,--+, Cm, of x* and the p’s 
(and therefore of x*) such that gæ/ge is expressible in terms of them 
and x*; that is, that gw is of the form 


(3.6) Sa = Omalt, Oy ty Oai). 


It is seen that Za cannot be expressed in terms of x* and less than 
m,—1 independent (with regard to x”) functions o’s; otherwise, ga 
would be expressible in terms of x* and less than mı functions, and 
consequently by Theorem 2.1, the first normal complex of Va in Va 
would be of dimension less than m. ; 


THEOREM 3.1. In a V, utth fundamental tensor (1.6), each of the 
subspaces x?=const., whose first normal complexes are of dimension 


* See, for example, L. P, Exsenhart, Continuous groups of transformaton, Prince- 
ton, 1933, p. 9. 
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my, ts totally semt-umbilical in Va, tf and only sf ga ts of the form 
Eo = Cu Pal x", Gi," tt, E 
where the o's are m; functions of x* which are independent with regard 
to x?. l 
For m,=1, we have Yano’s result quoted in §1. 
4. Normal complexes of higher order. We now return to the end of 
§2 and consider the matrix 


Bs 
(4' 1) ( Ha ) 
D;H sa 


Let m and m be, respectively, the dimensionalities of the first and 
second normal complexes of Vw in Va, then the rank of the above 
matrix is m+m: +m. Taking account of (2.3), (2.4) and 


Diva = ApH sd + Tal se By — Tyan THa 
we can easily prove from (4.1) that the following matrices are all of 
rank m,-+ 7m: 
Ha Ha EÂ agot 
bet) Qa. + ont) an -+ addin 
(4.2) 


( mace! 
Ipk ea + (1/2)g pal ðE) eal 


The last matrix shows that, unlike m the dimensionality ms of the 
second normal complex of Va in V, depends not only on the nature 
of ga but also on that of £e». 

If ıp =el), that is, if the complementary V,_. are totally . 
geodesic in V, (cf. Theorem 2.1 for m,=0), the matrix (4.2) reduces 


to 
fot 
pIE | 
This matrix is of rank mı+ma, and therefore gy, Ofa can be ex- 
pressed in terms of x* and m+, (but not less) functions of x* which 
are independent with regard to x”. But 


fa = faz", Ply cy Pm,): 


(4.3) 
Osbea = hp + $ıðrpı +- + $m IPn 


1943] COMPLEMENTARY SUBSPACES 125 


where the @’s are some functions of x* and the p’s. Therefore the first 
and second normal complexes of Vain V, are of dimension m and Ma, 











if and only if (4.3) is true and O;p1, © © - , Ospm, are expressible in terms 
of x*, Pu °° >, Pm, and my, other functions pa, ***, Pama Which, 
together with pi,---, Pwy form miı+m functions independent with 
regard to x?. 
This being the case, we have 
JAN Eet 
Opfes = —— ôm tH- + OpPmy 
Opi Opn, 
O07 ed : ,  OOsE od 
Op shad = OpP1 + poe + OsPm im; 
DP m yim 


But if w*, y*, s* are three arbitrary vectors in Va, the vectors ywlga 
and a4*w!D,H,? span the first two normal complexes of Vw in Va. 
Therefore by an argument similar to that which led to Theorem’ 2.2, 
we conclude that the first two normal complexes of Vw at points of a 
fixed V,_» are orthogonal to a family of Via m—m,—m, In Vam. 

The above result can easily be extended to cover the normal com- 
plexes of higher order of Va in V,; indeed we have the following two 
theorems. 


THEOREM 4.1. Ina V, with fundamental tensor 


Pem ee iar 


the normal complexes of the subspaces x? =consi. are of dimension 


mi, Ms, -f and only tf the matrices 
ð 
E 
IpIfE ea 
are of ranks mi, mi tms, >» , respectively. 


THEOREM 4.2. If a V, admis two famsises of complementary Vw and 
Vam ONG tf Van are totally geodesic in Va, then the firsti (}=1,2,---) 
normal complexes of Vy at points of any fixed V,_» are orthogonal to a 
Jamily of Vp ese Vak 


CAMBRIDGE, Mags. 


we 


ON THE JOIN OF TWO COMPLEXES 
C. E. CLARE 


1. Introduction. In this note we point out an isomorphism between 
the (r+1)-dimensional Betti group of the join (defined below) of two 
complexes and a subgroup of the r-dimensional Betti group of the 
product of the two complexes. Using this isomorphism the Betti 
groups of the join are derived from those of the Popara in case the 
complexes are finite.! 


2. Definition of the join (Kı, Ks) of K, and a To define the join 
of two complexes we first define the join (ø, r) of a p-dimensional ‘sim- 
plex ø and a g-dimensional simplex r, p, g=0, 1,---. This join is a 
(p+q¢+1)-dimensional simplex with a p-dimensional side associated 
with g and the opposite side, which is g-dimensional, associated 
with r. These sides will not be distinguished from o and r, respec- 
tively. Now consider the complexes K, and Ky. Consider the set con- 
sisting of the simplexes a, of Ki, the simplexes rs of Ka, and the 
simplexes (o,, 7s). In a natural way this set forms a complex. We 
define the join (Kı, Ka) of K, and K: to be the first barycentric sub- 
division of this complex. 


3. The rays. By the rays of (e, T) we mean the straight line seg- 
ments each of which joins a point of ¢ and a point of r. These rays 
cover (øs, T). Also no two rays intersect except possibly at an end 
point. The rays of all (fa, rg) of (Ki, Ka) are called the rays. 

Let N, i=1, 2, be the subcomplex made up of the simplexes of 
(Ki, Ka) that bave at least one vertex in K, together with the faces 
of all such simplexes. It is known that each ray meets the intersection 
NON, in exactly one point. Furthermore N; and NAN, can be 
homotopically deformed in N, along the rays into K,, +1, 2.7 It 
follows that NON: and the product K, XK; are homeomorphic (the 
complexes being considered as point sets). 


4. The theorem. We prove this theorem. 
l i THEOREM 1. There ts an isomorphism between the (r +1)-dimensional 


Received by the editors April 24, 1942. 

1 The Betti groups of the join of two finite complexes are known. They were com- 
puted by H. Freudenthal in his paper Dte Bethischen Gruppen der Verbindung Zweter 
Potytops, Fund. Math. vol. 29 (1937) pp. 145-150. 

3 For a proof see our paper Simnliansous insarianis of a complex and sxbcomplex, 
Duke Math. J. vol. 5 (1939) pp. 62-71. 
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Betis group of (Ki, Ki) and the subgroup of those homology classes of the ` 
r-dimenstonal Betts group of NON, which contain cycles that bound 
both in Ni and Ny, 720; all chains considered in this paper are finite 
and have integral coeficients: >, 


In this theorem Kyand K, may be infinite. 

Proor. We note that (Ki, K:) = Ni + Ny. Hence we know that aie 
is a homomorphism from the (r+-1)-dimensional Betti group of 
N,-+N, ontó those homology classes of the r-dimensional Betti group 

-of NON: which contain cycles that bound both in Mi and Ns, r20; 


furthermore, the kernel of this homomorphism consists of the homol- ` ` 


ogy classes that contain Summenzyklen, that is, cycles that are equal 
to the sum of two-cycles, one in N, and the other in Ny. To prove 
Theorem 1 we shall show that a Summenzyklus bounds in (Ki, Ks). 
To prove this, consider a cycle Z of Ny. This cycle can be homotop- 
ically deformed in N, along the rays into a singular cycle of Ki. We 
know that (Ki, Ks) contains the join of K; and ‘an arbitrary point 
of Ks. Hence any cycle of Ki can be homotopically deformed in 
(Kı, Kı) into a cycle of a vertex of Ky. Since the dimension of Z is 
greater than zero, it follows that Z is homologous to zero in (Ki, Ky). 
Similarly, a cycle of Ns with dimension greater than zero bounds in 
(Ky, K3). 


5. Some properties of MON,. From now on K, and K3 are finite. 
‘For any chain A of a complex let jal denote the closure of -the set 


of those simplexes at whicht A +0. We know that with each pairof | | 


chains CıC K, and C,C K;, there is associated a chain Ci X C3 C Ni. NN! 
the dimension of C1 X C; is the sum of the dimensions of Ci and Cy; and 
[XG] =| C| X|C:|.* It follows that the projection of |C1X Ca 
into K; or K, along the rays is a subset of | Cl or | Cil, respectively. 
Also if Cy is a zero-dimensional cycle, and C;=0 at all but one vertex 
of Ky at which C,=1, then CX C, and C, are isomorphic, and homo- | 
topic: -deformation of CiXC, along the rays shows that C:KQ~Ci 
in Ny (all the rays used in the deformation meet at a a of Ky). 
Let 


(1) f ZC Ky 


? See Alexandraff-Hopf, Topologie. 1, ‘:p. 293, Theorem V. This theorem and its 
applicability were pointed out by the referee. - 

* An r-dimensional chain is a function defined over all r-dimensional simplexes of a 
complex, 

* These and the following properties of NON= KXK. are o in Alexan- 
droff-Hopf, Topologie. I, pp. 299-310. 
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and 
(2) CR: 


be homology bases* for the p-dimensional cycles of K, and the g-dimen- 
sional cycles of Ky. We know that there is a set of s-dimensional 


chains CK; s=2, 3,--+, in (1=1) correspondence with the 
(s—1)-dimensional torsion coefficients of Ki, and there is a set of 
i-dimensional chains yC Ka, t=2, 3,---+, in (1=1) correspondence 


‘with the (¢—1)-dimensional torsion coefficients of K, such that a 
homology basis for the r-dimensional cycles of Nif\Ns is given by 


(3) Zi =Z XZ, +q =r, order of Z, ¥ 1, 
and | 
(4) Cir = cali X v), s+i=r+1, cn 1, 


where cj, is the reciprocal of the greatest common divisor of the torsion 
coefficients associated with ug and n. Furthermore the order of Zy 
is the greatest common divisor of the orders’ of Z? and Z, and the 
order of Cy is the reciprocal of ch 


6. The cycles of N,N, that bound both in N, and Ny. We choose 
a cycle from (1) with p=0 and a cycle from (2) with g=0. Each of 
these cycles will be denoted by the same symbol Z}. ` 


THEOREM 2. A homology basis for the subgroup mentioned in Theo- 
rem 1 consists of the following subset of (3) and (4): tf r>0, the basis 
consisis of Zy with both p>0 and g>0, ¥YZ=Z,x(Z2—2Z), j¥1, 
Xy=(Z2—Z) XZ, ix1, and all Cy; if r=0, the basis consists of 
We= (2-22) X(Zi—Z}), #41, 7 1. 


Proor. In the first place consider Z, with both px¥0 and q0. 
We know that Z can be homotopically deformed in Nı along the 
rays into |Z|, a p-dimensional subcomplex of Ky. Since p<r, this 
implies that Z, bounds in Ny. From symmetry, if p0 and q0, the 
cycle Z, bounds both in N, and Na. 

_ Consider next Gy. Since stt=r+1,s>1, andi>1, it follows that 


* By a homology basis for the r-dimensional cycles of a complex we mean a set of 
cycles obtained by expressing the r-dimensional Betti group as the usual direct sum of 
free cyclic groups and finite cyclic groups whose orders are the torsion coefficients 
-and by choosing a cycle from a generator of each summand. ` 

’ By the order of a cycle we meen the order of its homology class. Also it is under- 
stood that a free group has order zero and that the greatest common divisor of rero 
and a positive integer is that integer. 
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s<r and i<r. Hence Ch bounds both in NM; and N, because Cy i8 

a in NV; to a cycle of | uf| and is homotopic in NV; to a cycle 

of |o 

Next consider Zy with p=r>40. We can assume that Z? =0 at all 
but one ‘vertex of K, and that Z} =1 at the exceptional vertex. Then 
as shown above Zy~Zi i in Ni. Fic this we shall deduce that Zy 
does not bound in Nı. Suppose Zh does bound in NM; Then Z= F, 
FCN. We deform F in N: along the rays into the singular chain 
E CK. The singular cycle %= F’ which contradicts the definition 
of Zi. 

From symmetry we see that Z% with g=r~0 does not bound 
in N3. 

Now consider Yj. Since ZXZ? and ZXZ? are each homologous 
in Ñ, to Z, it follows that Yẹ bounds in M;. That Yý also bounds 
in N; follows from the fact that Yj can be homotopically deformed 
` “into a complex consisting of two vertices. From symmetry we know 
that XZ bounds both in N: and Ne. 

Finally if r=0, we see that WẸ bounds both in N; and Na. 

The theorem follows easily from these facts. 


7. The Betti groups of (Ki, Ka). Theorems 1 and 2 ia this 
theorem. 


FREUDENTHAL’S THEOREM.! From (1) delete one cycle with p =0 and- 
from (2) delete one cycle with q=0; each assoctation of one of the remain- 
ing Z? with one of the remaining Zi, p-+-q=r, represents a generator of 
the (r+1)-demensional Betts group of (K1, Ks); the order of this generator 
ts the greaiest common divisor of the orders of ZR and Zt; furthermore 
each Cu in (4) represents a generator of order 1/cy; alt such generators 
with their orders define the (r+1)-dimenstonal Betts group of (Ki, Kì). 


8. The case r= —1. The join (Ki, Ks) is connected because two 
points of K, can be joined to an arbitrary point of Ky, jæi. 


‘PURDUE UNIVERSITY ' 


A MIXED BOUNDARY VALUE PROBLEM 
SOME REMARKS ON A PROBLEM OF A. WEINSTEIN 


ALBERT E. HEINS 


At present the unilateral Laplace transform has had many interest- 
ing applications. To cite several types we have (a) initial value prob- 
lems in ordinary differential equations, (b) initial value and boundary 
value problems in partial differential equations with one space vari- 
able, (c) “initial value problems” in ordinary difference equations, 
and (d) “initial value” and “boundary value problems” in partial 
difference equations. 

Titchmarsh! and his collaborators, Cooper? and Busbridge,? have 
indicated that much can be done with the finite Laplace transform, 
that is, 


(1) f fais = ols). 


The transform (1) contains as a special case a finite Fourier trans- 
form, first used by Stokes in 1850 for the solution of certain boundary 
value problems in mathematical physics. The finite Fourier trans- 
form has been recently revived by Doetsch* and Kniess.§ It cannot 
be applied as widely as (1), since it assumes, a priori, that the bound- 
ary value problem naturally has a Fourier series as an expansion. On 
the other hand (1) slips quite neatly into an expansion which is 
natural to the boundary value problem. 

By applying a transformation of the type (1) toa linear differential 
equation (ordinary or partial) with constant coefficients under given 
boundary conditions, boundary functions which are superfluous are 
introduced. Picone and others have demonstrated that by solving 
the reduced equation and noting the fact that g(s) is an entire func- 
tion of the parameter s, these superfluous boundary elements may be 
eliminated. This procedure may become exceedingly difficult to carry 
through. The method we employ here makes use of a regularity condi- 
tion which is introduced by rendering the boundary conditions sym- 
metric. 
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1 Titchmarsh, J. London Math. Soc. vol. 14 (1939) p. 118. 
2 Cooper, J. London Math. Soc. vol. 14 (1939) p. 124. 

3 Busbridge, J. London Math. Soc. vol. 14 (1939) p. 128. 
4 Doetsch, Math. Ann. vol. 112 (1935) p. 52. 

+ Kniess, Math. Zeit. vol. 44 (1939) p. 266. 
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We propose to treat here a mixed boundary value problem in 
potential theory with the aid of (1). This problem was first investi- 
gated by A. Weinstein in 1927 and later by Cooper,’ Bochner and 
Poritsky. The author wishes to thank Dr. Alexandre Weinstein for 
having brought this problem to his attention auc for having dis- 
cussed it with him. 

We are concerned here with the following see Find the con- 
ditions under which the solution of the harmonic equation 


(2) O° sapii O74 ü 
ox? 


under the mixed boundary conditions 
u(x, 0) = 0, (x, 1) = ku,(x, 1) 
may be bounded or of finite exponential order for — œ <x < a. We 
modify this problem by considering the solution of (2) which is odd 
and continuous in y and which satisfies the mixed boundary condi- 
tions 
s(x, 1) = ku,(x, 1), — u(x, — 1) = ku,(x, — 1). 
We write 


1 
2.) = f o'tu(x, y)dy. 


Since u(x, y) is a harmonic function we may differentiate twice under 
the integral sign with respect to x, and we have 

he 4 1 ðu 

aara a ime S 

ðq? =j ð y? 
Upon integrating by parts and noting the boundary conditions of the 
modified problem we have 


a T st = — ulz, 1) + eula, — 1) — sleu(z, 1) — ulz, — DJ 
= #,(2, 1) Ke — e") — skle + —)]. 

But 

(3) | pei (d%g/dx*) + s*g 


e* — ot — sk(e* + 6) 
* Loc. cit. 


132 l A. E HEINS [February 


and (3) is finite for all s. Hence 
gael) + 548(8,) = 0 
for all s; which are roots of 
(4) e — e — skle + ee) = O. 


Hence 


i 1 
glx, s) = A(spe4? + B(s)? = 6-4¥u(x, y)dy. 
om] 

Now if k>1,’ (4) has a real root at s=0 and an infinite sequence 
of conjugate imaginary roots. If <1, (4) has three real roots and an 
infinite sequence of conjugate imaginary roots. As a matter of nota- 
tion let s; =ta; ($= (— 1)"3). If u(x, y) is to be bounded for all x, $; is 
real and hence all A(s,) and B(s,;) are zero save for the coefficients 
A and B corresponding to the real s; If u(x, y) is to be of finite 
exponential order, say O(e*), then |s,| <à and all A(s) and B(s} 
are zero for any I s,| greater than [A]. Thus without going to the 
expense of solving a nonhomogeneous differential equation and 
evaluating complex integrals as Cooper did, we can get the same 
results he did by elementary methods. 

We can of course obtain Cooper's expansion by noting that the set 
of functions {sin ay} (ts, =&;) is a complete set of orthogonal func- 
tions over —1 Sy <1. If we then assume that u(x, y) is of bounded 
variation with respect to yin —1Sy31 (or any other such condition 
which will insure an adequate representation) we have 


(5) È Gess fleas, y)dy = w(x, 9) 


where the C,'s are the normalizing factors of the set {sin ag }. Then 
if u(x, y) is bounded with respect to x, (5) appears as a sum of two 
terms (that is, the case k> 1). If u(x, y) is of finite exponential order 
with respect to x, (5) appears as a finite sum. It is to be noted that 
since no conditions other than order condjtions were put on x, for 
large x, the £’s and B’s remain undetermined. 

The technic we have employed can be applied to the solution of 
Laplace’s equation in two or three variables, when the boundary of 
the domain over which we solve this equation is a rectangle. The 
same technic may be applied to the solution of characteristic value 


T The critical case k= 1, follows as the discussion in the text. In this case a first de- 
gree polynomial in x arises instead of the exponential functions. 
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problems associated with the differential equation 
p d'u dy 
See a AO 
ðr? dy? 


for various types of boundary conditions when the boundary is 
rectangular. 


PURDUE UNIVERSITY 


ON THE CONVERGENCE OF A CONTINUED FRACTION 
T. F. GLASS AND WALTER LEIGHTON 


It is known [1] that sufficient conditions for the convergence of 
the continued fraction 


a 7 
(1) bo dh 1 a 1 a a 
where the elements are complex numbers, are 
(2) falss |ox| 25/4 laa a kg 
The purpose of this note is to extend this result. 


THEOREM. If |ası| SrS1/4 (n= 1, 2, 3, - - - ) and if the numbers 


Ota ™ piat m (n=1, 2, 3, - - - ) satisfy the conditons 

(3) pm Z 2(1 + r)*[1 — cos (Osm + 00), 0S bs < r — %, 
(4) pm = 4(1 +r)’, x — bo S On S r Hbo 
(5) Pss & 2(1 +r} [1 — cos (Osa — bo) |, x -+ bo < Om S 2x, 


where 0o = 2 arc sin r, the continued fraction (1) converges. 


To prove the theorem we employ the continued fraction 


Ti Tr 
6 1 +— — +s: 
(6) ae ae 
where 
1 ~v(1 
7.1) ioe i 
Sin 
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(7.2) Tatil Gati = 1, ye , 





(7.3) 4 = — Gy, zı = 


Since the convergence of (1) is independent of the choice of bo, we 
set bb>=1—a,, and it follows [1] that the 2mth convergent of (1) 
formally equals the (2n-+1)st convergent of (6), while the (2n-+-I1)st 
convergent of (1) is equal to the 2mth convergent of (6). Thus (1) 
and (6) will converge or diverge together. By the first hypothesis of 
the theorem and (7.2) the numbers x3:,4: are bounded and lie in R the 
closed parabola |s| — R (s) = 1/2. It is thus sufficient to prove that the 
numbers xs, defined in (7.1) and (7.3) subject to conditions (3), (4), 
and (5) are bounded and lie in the parabolic region described above 
[2]. 
To this end let 
Sapi = (1 + Giai) (1 + Grati) = Goan 

ER Ty E mH, n = 2, 3 ee, 
and set xa, =f,e'™. It is clear that in Smax Tss4/MinN prs ™ 
(1-+1r)?/min Pam. 

First suppose that as, lies in the region defined by (4). Then 
min py™4(1+r)3, f251/4 and xs, will lie in R. Next sup- 
pose that (3) holds, that is, that as, lies outside the cardioid 
p=2(1+r)?/1—cos (@+6)| and in the angle 0S0<x—6,. Hence 
min ps = 2(1+r)} [1 —cos (@+6o) |] for each 8 and thus 

1 


Further We, =da,41—62, from which it follows that —09—6:, Sw, 
SO9—Os,, and hence that —x Sa, Slo. It is clear that the right-hand 


(8) in S (0S Om <4 ~ 


- member of (8) decreases steadily from 1/2(1—cos 69) to 1/4 as 4. 


increases from 0 to r —@,) and at the same time oy, decreases steadily 
from dan4i to Qia t80 — r. The proof for the case when (3) holds may 
now be completed by proving that the point (1/2 (1— cos ĝo), 8o) and 
the points 

(9) (1/2[1 — cos (0 + 6)|, — 9 — 4), 0S0 <r — br, 
lie in Ẹ, as an examination of a simple figure will show. The first 


point evidently lies on the parabola since the equation of the parabola 
in polar coordinates is 


1 


ou "= A — cos) 
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The substitution \= —6—@, proves immediately that the points (9) 
lie on (10). 

By symmetry it is clear that when as, lies in the region defined 
by (5) the corresponding complex number xs lies in R. This com- 
pletes the proof of the theorem. 


COROLLARY 1. If |a| SrS1/4 and |an] >4(1+r)?, the con- 
tinued fractton (1) converges. 


It is clear that an analogous theorem to the above may be proved 
with the roles of the even and the odd elements interchanged. 
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EXPANSIONS OF QUADRATIC FORMS 
RUFUS OLDENBURGER 


1. The problem. A quadratic form Ọ with coefficients in a field K, 
whose characteristic is different from 2, is usually given as a linear 
combination 


(1) £ By, % Xj 


of products { x, xy}, where (a,;) is symmetric. The sum (1) is one of 
the type 


(2) SLM, 
toon 1 


where the L's and W's are linear forms. In general the decomposition 
(1) is not the most economical way of writing Q as a sum of the 
type (2) in the sense that r is a minimum for Q. In treating algebras 
associated with quadratic forms E. Witt! showed that the form Q is 
equivalent under a nonsingular linear transformation to a decom- 
position i 


Ci r—ir 
(3) Dyt SD rm, 
fon] (~i 


where the last sum is a nonzero form, and r is the rank of Q. In the pres- 
ent paper we shall show that the minimum 7 for Q is r—o. Thus this 
minimum 7 is determined by the rank r and the “characteristic” o of Q. 
This characteristic? is the maximum number ø of linearly independent 
linear forms La » - - , Le such that the rank of O+A,L3+---- HAL 
is the same as the rank of Q for all values of the à's. The form Q has 
characteristic ø tf and only if Q has the canontcal splitting G+H, 
where G has characteristic ¢ and rank 2c, while H has characteristic 
0 and rank r—2c. The form G has a decomposition (2) with 7 =ø. 
The decomposition (3) is one such that the first sum is a form G of 
the type described and the other a form H. Thus it will be proved 
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that the decomposition (3) corresponding to a canonical splitting 
G+H of Q is one with a minimum number of terms. 

Like the rank of Q the characteristic of Q has the property that this 
characteristic changes at most by 1 under addition of a term XL, 
L linear, to Q. We shall prove here that actually the minimum r, the 
characteristic e defined above, and the inder (if K is real) possess 
this property of changing at most by 1 under additions of the type 
LM to Q, where L and M are arbitrary linear forms. . 

We recall that the rank r of Q is the minimum r for which Q can be 
written as a sum (2), where for each ¢ the forms L; and M; are 
linearly dependent. Thus both the rank alone, and the rank and 
characteristic of Q, yield minimum properties of expansions of Q 
invariant under nonsingular linear transformations on the variables 
in Q.- 

It will be understood throughout the present paper that the co- 
efficients are in a field K of the type specified above. The field K is 
otherwise unrestricted, except where K is taken to be the real or 
complex fields. 


2. Solution of the minimum problem. The following Jemma needs 
. no proof. 


Lexma 1. The characterssttc of a quadratic form Q ts invariant under 
nonsingular lanear transformations on Q. 

The lemma to follow was proved elsewhere.‘ 

Lexma 2. The characteristic of a quadratic form Q changes at mosi 
by 1 under addition to Q of a term XL, L linear and À in the given field. 

Lema 3. The characterisisc of a quadratic form Q ts at least as great 
as the charactertstsc of each form Q* obtained from Q by imposing 
homogeneous linear relaisons on the variables in Q. 

We write Q as in (1), and suppose that Q* is obtained from Q by 


equating xı *** , 2.1 to zero for some e. The matrix A =(a,;) of Q 


can be written as 
+ © 


* B 


where B is the matrix ({a,,)[¢, 7 =6,---, n] of Q*, and the asterisks 
in A indicate minors of A. We let a designate the characteristic of 














` AE an A a a a a 
form a+- . +ai—ziu— +++ —x to which Q is equivalent. 
LSe heabore vlc sachin a panes by R. Oldenberaer: 


CA 
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the form Q*. Since Q* has a canonical splitting, as described in §1, 
the form Q* is equivalent under a nonsingular transformation to the 
‘form 


(4) >> 4.0; + F, 
fens 1 


where F is a form of characteristic 0 whose variables are linearly in- 
dependent of the u's and v’s. With the form (4) we may associate 
the symmetric matrix 


0 0 
lo cl 
of order n —e +1, where C is a nonsingular minor of the type 
00 I 
0 D0, 
Ir 0 0 


the minor I being an identity matrix of order æ [arising from the 
summation in (4) |. It follows from elementary matrix considerations 
that there is a nonsingular matrix N such that 


E 0 
WAN = | 
0 0 


y 








where E is a nonsingular minor with the shape 
* hai ba T 


k k & 0 


E = ; 
4 + D 0 
I 0 0 0 
and N’ designates the transpose of N. We let T=T(y1,---, Ya) bea 
quadratic form in yı, * ** , Ya associated in the usual manner with 


N'AN. The rank of T+Ayi+ ---+ Aag is the same as the rank of 
T for all values of the X's. Since T is equivalent to Q the characteristic 
of Q is at least a. 

Suppose now that we impose homogeneous linear relations 
Zı=0, +++, Z,=0 on the variables xı, ---,2x, in Q. It is no restric- 
tion to take these Z's to be linearly independent forms. We may 
therefore use these Z’s and enough of the x’s to obtain a set of 
linearly independent forms, which we may employ as.the » variables 
in terms of which Q is expressed. By Lemma 1 this change of vari- 
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ables leaves the characteristic invariant. Thus the problem which 
arises when the Z’s are set equal to zero reverts to the above case 
where y= +--+ =x,.1=0. 


THEOREM 1. The minimum r for which a quadratic form Q with rank 
r and characterisisc o has the expanston (2), where the L's and M's are 
ismear forms, 4s T—o. 


We suppose that Q is written as (2), where r is a minimum. If for 
some 4 and element k, we have M,mk,L,, we write &,L? in place of 
L:M: (¢ not summed). Thus we can split the sum (2) into R+S, 
where 


(5) R= >, LiM, 5 = > wii, 
p I tI 


L; being linearly independent of M, for each +, and the N’s being 
linear forms. The L’s form a set of linearly independent linear forms, 
since otherwise we can write R as a sum of products of linear forms 
with less terms. Asin §1 we write a canonical splitting of Q as G+H. 
Since Q has rank r, we may take Q to be a form in r independent vari- 
ables. Since the rank of S is t, we have i=r—2s. If s<o, we have 
s+i>r—o, whence the decomposition corresponding to the canonical 
splitting G+H has less terms than (2). Thus s2¢, and we can write 
s=o+p fora p20. 

We relabel the subscripts on the Z’s, M's, and N's if necessary so 
that the forms in the set X, where 


Ze (Lure, Lees Moute Mr, Wi, ---, No, 


yield a minimal basis for the Z’s, M's and N’s. Here f2r—o—p—f. 
If (2) is a more economical decomposition than that which arises 
from G+ H, we have tSr—p—2c0—1. Now t2r—a—p—f. These in- 
equalities yield {20-+-1. We suppose that ¢ satisfies this inequality. 
We let Q’ designate the form 


t 
0-5 v N). 
w KL 
Since by Lemma 2 the characteristic changes at most by 1 under 
each subtraction with »,;N; (¢ not summed), the index a@ of Q’ is such 
that 
aSo tit. 


Eliminating é¢ with the aid of an inequality relation above, we have 
as f—-1. 
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We take the linear forms in the set È to be the variables in terms of 
which the form Q’ above is expressed. Setting Lren ---, 2.4, ™0, 
we obtain from Q’ a form Q” with index ¢. By Lemma 3, we have 
azt, giving us a contradiction. It follows that r=r—o. 

For the complex field the characteristic ¢ of Q is [r/2], whereas 
for the real field ø is the minimum of the indices of Q and —Q. These 
results yield Corollary 1. 


COROLLARY 1. For the complex field the minimum number t of Theo- 
rem 1isr—([r/2]. For the real field r is the maximum of the indices of 
Q and —Q. 


Witt proved! that a form is a zero form if and only if the charac- 
teristic o of this form is greater than 0. 


COROLLARY 2. The form Q of Theorem 1 is a sero form +f and only sf 
TT. 


By Theorem 1 the sum (2), where r is a minimum, is a sum with 
the R and S of (5) satisfying R=G, S= A, the sum G+H being. a 
canonical splitting of Q. 

Although addition of a term LM, L and M linear, may change the 
rank r of Q by 2, this is not true of the index o and r=r—o as we 
shall now prove. 


THEOREM 2. Under addition of a term LM, L and M linear, to a 
quadrattc form Q, the charactertstic o, and the minimum number t for 
decompostitons of type (2), change at most by 1. 


We write Q as a sum (2) where 7 takes on the minimum value 
r—o, the rank of Q being r. We let 7’, r’, c’ designate the analogues 
for Q'=Q0+LM of 1, r, g for Q. Since 


Y= 2 LM, + LM, 
1 
we clearly have r’S7+1. Thus r changes at most by 1 under the 
addition of LM to Q. 
We suppose that L and M are linearly independent of each other 
and of the variables in Q so that r’=r+2. We write Q as R+S, where 
Rand S are given by (5) with s=o, t=r—o, whence 


(6) Om SLM + DM 
fi f 1 


§ See the above reference to a paper by E. Witt 
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The form R’, where R'= RLM, has index ¢+1 and rank 2(e +1), 
from which it follows that Q’ has the canonical splitting R’+S’ with 
5m S. Thus Q’ has index ¢o+1. 

If L and M are taken linearly dependent, or one or both of the 
forms L, M are restricted to be linear forms in the variables of Q, 
by Lemma 3 we obtain from the form Q’ of the preceding paragraph 
a form Q* whose characteristic does not exceed o+1. Thus in any 
case 0’ So+1, whence also oSo’+1. 

If the rank of 0+ is less than the rank of Q, Theorem 2 implies 
that the characteristic of Q+2M does not exceed that of Q, whereas 
if the addition of LM to Q decreases the rank of Q by 2, this addition 
also decreases the characteristic of Q. 

We have the following analogue of Theorem 2. 


THEOREM 3. Under addition of a term LM, Land M linear, to a real 
quadratic form Q, the index of Q changes at most by 1. 


We write Q as the sum P+WN of a positive definite form N and 
a negative definite form N, the rank of Q being the sum of the ranks 
of P and N. We suppose that Q is written in any way as a sum 
P’+N’, where P’ and N’ are positive definite and negative definite 
forms respectively. The index a of Q is the rank of P. We let 8 Gn 
nate the rank of P’, whence 


P= pP 


for linear forms P,,---, Ps. We suppose that a>. Setting 
P,= .-- =Ps,=0, we have P0, while P+ WN is negative definite, a 
contradiction. Thus aS. 

The form LM can be written as the difference R?— S?, where R and 
S are linear forms, or one of the terms R, S is zero. The form Q0+LM 
is a sum of the positive definite form P+R?, and negative definite 
part N—.S*. Since the rank of P+R? differs at most by 1 from the 
rank of P, the index of Q+LM does not exceed a+1. It follows that 
the indices of Q and 0+2M differ at most by 1. 
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SECTIONS OF CONTINUOUS COLLECTIONS 
J. H. ROBERTS AND PAUL CIVIN 
In the present note we establish the following 


THEOREM. Suppose G ts a continuous collection! of closed and com- 
- pact sets filling a separable metric space X. Suppose further that the 
space G, considered as a decomposition space, has dimenston at most n. 
Then there is a closed subset K of X, such that for each gEG, the set 
g:K ts nonvacuous and consists of at most (n+1) posnts. 


We call such a point set K an (n-+1)-section of the collection G. 
Thus a 1-section of G is a true section. G. T. Whyburn’ has shown 
that if the elements of G are 0-dimensional and G is a dendrite, then 
G admits a true section. The present result gives only a 2-section, 
but there is no hypothesis on the dimension of the elements of G. 
For n =1, it is known that in general G does not admit a true section. 
For n>1 it is not known whether the present result gives the best 
possible constant. 

We first establish the theorem in the 0-dimensional case. 


Lemma. Suppose G ts 0-dimenstonal, and €15 a given postive number. 
Suppose W ss an open set in X such that W -g £0 for each gEG. Then 
there is an open set Ein X such that ECW, E-gx0 for every gGG, 
and the diameter of E-g <e for each gEG. 


Let f(x) be a homeomorphism of M, a subset of the Cantor set, 
into G.* In the product space MXX, consider the set A of points 
(x, y) with rE M and yCf(x). For x&X there is a unique y= y(x) 
in M such thatx€f(y). The function eo) = (y(x), x) is a homeomor- 
phism of X into A. 

In the space A, the open set t(x) ‘ae the continuous collection H 
of elements #(g) for g CG satisfy the properties of W and G stated in the 
hypothesis of the lemma. Furthermore, the diameter of a set Zin A 
is not smaller than the diameter of -'!(Z). Hence all we need show is 
that there exists an open set E satisfying the theorem relative to the 
open set (W) = U and the continuous collection H. 


Presented to the Society, April 3, 1942; received by the editors April 30, 1942. 

1 A conienuous collection filling a space X, is a collection G of sets g such that: 
(1) If xX, then x€ g for exactly one g. (2) If xE f, Ce. and x, then lim fga =g. 

* A theorem on interior transformations, Bull. Amer. Math. Soc. vol. 44 (1938) pp. 
414-416. 


*P. Urysohn, Sur les muliiplicitás Cantorsennes, Fund. Math. vol. 7 (1926) p. 77. 
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For each p&U there is an open set U, such that (1) U, bp, 
(2) U C U, (3) the diameter of U, <e, and (4) the projection‘ V, of 
U, upon M is both open and closed. The collection { V,} is an open 
covering of M and therefore there is a countable subcollection { V,,} 
covering M. The collection of sets { W.} where W; is defined by the 
relations 


i 
Wi= Vpn Wi = Vp — De Vy, 
fmol 


is a covering of M by mutually exclusive open sets. Let FY; denote 
the open subset of U,, whose projection is W; and Jet E=$ 2, Yi. 
The open set E has the required properties relative to the space A, 
the open set U, and the continuous collection H. 

In order to prove that EC U it is sufficient to shaw that F=) yaY i. 
Suppose pCE and p£} Y.. Then there is a sequence pa—p and 
ba E Yin. Suppose p Eg, and x(g) C W; where r denotes the projection 
of A on M. Since pa—>t, T(t) 7(p). But r(t.) C W, for more than a 
finite number of n. This contradicts the fact that W; is open. 

Now E intersects each g since the sequence { W,} is a covering 
of M. Also, since the sets W; are mutually exclusive, if Y;-g>£0 then 
Y,-g=0 for tj. Then, as Y.C U,, and the diameter of U,,<e, the 
diameter of E-g<e for every g@H. This proves the lemma. 

The theorem for the 0-dimensional case follows by considering a 
sequence of positive numbers fen} with ¢,.—0 as n—>œ and a sequence 
of open sets {Z,} such that EnC E., Ent g0 for gEG, and the 
diameter of #,-g<e,, for g@G. The common part K of the sets Ea is 
closed. For g@G, the set K-g consists of exactly one point, since g 
is compact and e,—0. 

The theorem for the n-dimensional case follows by considering an 
at most (#+1)-to-one closed mapping f(x) of a subset M of the 
Cantor set into G. In the product space MXX consider the set 4 of 
points (y, x) with ye M and xCf(y). The sets (y, x) for y fixed and 
x€f(y) form a 0-dimensional continuous collection H which fills A. 
The mapping t(y, x)= is a closed, at most (#-+1)-to-one mapping of 
A into X. By the theorem for the 0-dimensional case, there is a true 
section K of the collection H in the space A. The set (K) gives the 
required (#-+-1)-section of the continuous collection G. 


DUKE UNIVERSITY 


4 That is, Vp is the set of © M such that (x, y)E Up. 

§ See J. H. Roberts, A theorem on dimension, Duke Math. J. vol. 8 (1941) p. 572, 
Theorem 9,1. The mapping $. as actually defined is a closed mapping, although this 
result is not specifically stated in the theorem. 


FUNCTIONAL TOPOLOGY 
MARSTON MORSE 


Introduction. The present paper gives the fundamental existence 
proof for a homotopic critical point under hypotheses which are less 
stringent than those employed in the author’s recent fascicule on 
functional topology and abstract variational theory [2]. This relaxa- 
tion of hypotheses seems to be necessary if one is to extend the varia- 
tional theory in the large to non-regular problems. Non-regular 
integrals include some of the most important and interesting integrals 
such as the Jacobi least action integral! in the three body problem of 
celestial mechanics. The author believes that a topological basis for 
the planetary orbits will be disclosed by studying the contour mani- 
folds of this Jacobi integral. 

The results of this paper will be used to extend the theory in the 
large to non-regular problems in two papers by Morse and Ewing. 


1. The metric spaces M, L, J. We are concerned with a compact 
metric space M of elements p, q, r,:-- and distance pq, pr,:-:. 
We shall deal with two functions J(p) and L(p), bounded, single- 
valued, and lower semi-continuous on M. In the applications p will 
be a curve joining two fixed points in some space, the distance pq will 
be the Fréchet distance between curves, while J(p) and L(p) will be 
integrals along p, with L the length of p. 

Beside the metric M we shall use two other nee an L-metric 
with a distance 


| a| = pg +| LG) — La) |, 
and a J-metric with a distance, 
ta +|) — a)l. 


We shall refer to the corresponding spaces as the spaces L and J. We 
shall make the following hypothesis. 


HYPOTHESIS. Convergence on L to a potnt p shall imply convergence 
on J top. 


We shall not assume that convergence on J to p implies con- 
vergence on L to p. Convergence on L or J clearly implies con- 
vergence on M. Terms such as neighborhood, compact, and so on 


Received by the editora May 5, 1942. 
1 For other examples see paper [1] by McShane. 
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will be preceded by the letters M, L, or J according to which metric 
is used to define them. Every M-neighborhood of a point p contains 
an L-neighborhood of p, but not conversely. Every J-neighborhood 
of p contains an L-neighborhood of p, but not conversely. 

The subset of points on which J Sc will be denoted by J’. The set 
J? is M-compact since J is lower semi-continuous on M. But J’ will 
not in general be L or J-compact. In fact an M-compact subset A 
would be L-compact if and only if L(p) were M-continuous on A. 
Similarly with J-compactness. In seeking to cover seta such as J° 
with a finite number of neighborhoods we accordingly use M-neigh- 
borhoods, although it would be simpler if we could use Z-neighbor- 
hoods. 

On the other hand the deformations which we shall use in later 
papers are adequate only if their continuity is L-continuity. We shall 
thus be using Z-continuous deformations defined over M-neighbor- 
hoods. But J-neighborhoods enter also, since there are important 
properties which can be established for J-neighborhoods but not for 
L or M-neighborhoods. 

Our chains and cycles shall be defined on L using L-continuity. 
They shall be finite singular chains and cycles, taken mod 2, see 
13, p. 146]. The point set bearing a singular chain is L-compact and 
hence J-compact. We shall term the least upper bound of J on an 
arbitrary set E, the J-hetght of E. In general we shall say that a point 
p is above or below q according as J(p) is greater or less than J(g). We 
shall admit relative k-cycles u in which the modulus is always a set 
J* in which c is less than the J-height of u. 


2. J-deformations. Let E be a subset of L. Let J be an interval 
O0SrsSa (a>0). By EXI we shall mean the product of E and J, 
assigning the usual metric to the space EXI. We shall admit defor- 
mations D of E which replace a point p found on E at the time r =0 
by a point g(p, r) on Lat the timer (0OSr3a). If D is to be admissible 
we require: 

(a) That q(p, T) map EXI continuously into L. 

(b) That for p fixed q(p, T) map I continuously into M uniformly 
wih respect to (p, T) on EXI. 

We shall say that D is a weak J-deformation, if for p on E and for 
q=qlp, 7), J(&)—J(Q 20 for each r on I. A weak J-formation 
q(p, T) will be said to be proper on E, if when r is bounded from 
Oon J, 


Jit) — JQ) >e> 9, q = q(t, 7), 
where e is a constant independent of p on E. 
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A point p will be said to be homotoptcaly J-ordinary if some 
J-neighborhood of p admits a proper J-deformation. A point which 
is not homotopically J-ordinary will be termed homotoptcally J-cratecal. 

We shall say that J is upper-reducsble at p,if for each constant 
a>J(p) there exists a weak J-deformation of some M-neighborhood 
of p which is proper for points initially above a. 

The reader may wonder why a J-neighborhood is used in the above 
definition of a J-critical point while an M-neighborhood is used in 
the definition of upper-reducibility. A J-neighborhood is used in this 
connection because otherwise we are unable to prove that a rectifiable 
curve which is not an extremal is homotopically J-ordinary.? This 
reflects the fact that being an extremal is a consequence of properties 
possessed by weak neighborhoods such as J-neighborhoods. On the 
other hand an M-neighborhood is used in the definition of upper- 
reducibility since otherwise we could not prove the fundamental 
Theorem 3.1 of this paper. For, as one sees from its definition, upper- 
reducibility is not concerned merely with points q at which J(q) is 
near J(p), so that a J-neighborhood would be too restrictive. 

We come to products of deformations. Let D be a deformation of 
a set A. The set of final images of points of A under D will be denoted 
by D(A). Let Bi, ---,B, be a set of weak J-deformations such that 
Bı is applicable to A, Bs to B,(A), and more generally B,+ is ap- 
plicable to B; ---B,(A). In such circumstances the deformations 
B.: -+ Bı will be said to define a product deformation A. The de- 
formation A is applicable to A. One sees that A is a weak J-deforma- 
tion of A. 

The following lemma shows how a weak J-deformation can be ex- 
tended as a weak J-deformation beyond a local domain of definition. 


LEMMA 2.1. Let B be a subset of Land s a point of B. Let S, be the 
snierseciion with B of a spherical M-neighborhood of s of radius r. Sup- 
pose that Sy, admits a weak J-deformation D. Then D can be replaced 
by a weak J-deformaiton 6 of B such that m D for posnis insitaly on S, 
and 0 1s the null deformation for points intially extertor to Si. 


Suppose the time r in D varies on the interval (0, a). Under 6, T 
shall likewise vary on (0, a). Points of B initially on S. shall be de- 
formed under 0 as under D while points of B initially exterior to Sa, 
shall be held fast. Points p of B at a distance ps from s such that 


(2.1) e S ps S 2e, 


3 This theorem is the basic generalization of the Euler theorem that a curve (of 
class C’) which is not an extremal is not minimizing. 
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shall be deformed under 0 as follows. Let t(p) divide the interval 
(0, a) in-the ratio inverse to that in which ps divides the interval 
(2.1). That is, let 

Hp) = le — ps 


G € 


Under @ points p of B which satisfy (2.1) initially shall be deformed as 
under D until r reaches #(p) and shall be fast thereafter. 

Let q(p, T) be the image of p under 8. Recall that ps, and hence 
t(p), vary continuously as p varies L-continuously on S,,—S,. It will 
be convenient to set (p) =a for p on S. and i(p) =0 for p on B — Su. 
Then é(p) is defined and continuous as p varies on B. To establish 
the continuity of g(p, T) one breaks the domain of the pairs (p, 7) 
into the two domains 


(2.3) [0 S r S t(p)] [p on B], 
(2.4) [‘(p) srs a] [p on B], 


with the set on which r=é(p) in common. On the second domain 
q(p, T) is constant. On the first domain ¢(p, 7) equals the point func- 
tion defining D. The functions g(p, r) defined over these separate 
domains obviously combine to define a function g(p, r) with the 
properties of a weak J-deformation of B. 


3. The fundamental theorem. Two different sets of neighborhoods 
U and V, respectively, covering a given space, will be said to be 
equsoaleni if each neighborhood U of each point p contains a neigh- 
borhood V of p, and conversely. In this sense the set of J-neighbor- 
hoods is equivalent to the set of neighborhoods V(p) defined by 
conditions of the form 


(3.1) pa <, Jig) <J) +e, 


where ġ is fixed and 6 and e are arbitrary positive constants. This is a 
consequence of the lower semi-continuity of J(p) for p on M. For the 
relation pq <6 implies the relation 


(3.2) J(p) —e€ < Jl) 


if 8 is sufficiently small. Conditions (3.1) and (3.2) taken jointly 
define a set of neighborhoods equivalent to the set of J-neighbor- 
hoods, so that the set of neighborhoods (3.1) is equivalent to the set 
of J-neighborhoods. We shall therefore feel free to replace J-neighbor- 
hoods by neighborhoods of the type (3.1). 

We continue with a fundamental theorem. 


és ps 3S 2e. 
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THEOREM 3.1. Let C be an M-compact set with J-hetghi c, containing 
no homotopic J-critical potnts at the level c. If J is upper-reducible at 
each potnt of C there exists a weak J-deformation of a J-neighborhood of 
C into a set with J-hetght less than c. 


I. If pis a point of C at the level c, p is homotopically J-ordinary. 
There accordingly exists a spherical M-neighborhood V(p) of p and 
ʻa positive constant c(p) >c such that the intersection J°*)- V(p) ad- 
mits a proper J-deformation D(p). 

II. If p is a point of C below c the upper-reducibility of J at p 
implies the following: there exists a spherical M-neighborhood F(p) 
of p and a constant a(p) <c such that V(t) admits a-weak J-deforma- 
tion D(p) which is a proper deformation of the subset of V(p) above 
a(p). 

Let U(p) and R(p) be spherical M-neighborhoods of p with radii 
one-third and one-sixth that of V(p), respectively. Since Cis M-com- 
pact there exists a finite set of neighborhoods R(p), say neighborhoods 
Ri,:-+:, Ra of points pẹ’, pa, respectively, covering C. For 
points p: at the level c, set w= min c(,). For points p, below c set 
y= max a(p,). We shall apply Lemma 2.1 setting s =p, B=J* and 
e is equal to the radius of U,= U(p:). With this choice of s, B and e 
we infer the existence of a weak J-deformation H, of J* which de- 
forms U,-J* as does D(,). 

Let r equal the minimum of the radii r, of the spheres R,. Let 6; be 
a weak J-deformation defined by taking the time interval in H; so 
short that the maximum M-displacement under ĝ; is less than r/n. 
The product deformation A=@, - - - 6, is a weak J-deformation of J" 
and displaces no point an M-distance in excess of rSr,. In particular 
we can conclude that 


(3.3) bp tax BUR TO CUT 


Let S; be the set defined by the left number of (3.3) and let C, be 
the subset of S; above v. The deformation 6, is proper on C, since 
0,» D(p,) on C.. If C;*0, the J-height of C; is accordingly diminished 
under 6, by a positive constant 7,. If C;=0, set 7,=0. Let 27 bea 
positive constant less than each 7,0 and such that c+7<y (recall 
that c <u). Then A deforms the set 


(3.4) (Ripari Ry) Jh 


into a set with a J-height at most max (r, c—n) <c. 
The set (3.4) contains a J-neighborhood of C and the proof of the 
theorem is complete. 
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A class K of k-cycles on L, either relative or absolute, will be said 
to form a J-class if any cycle into which a cycle u of K can be carried 
by a weak J-deformation is also in K. With this understood we have 
the following corollary of the theorem. 


COROLLARY 3.1. Suppose J ts upper-reductble at each point of an 
M-compact set C. If there extsts a J-class K of k-cycles such that K 
sncludes a cycle in each J-netghborhood of C but no cycle with a J-height 
less than that of C there existis ai least one homotopic J-crstscal potni 
with the J-height of C. 


In applying this corollary one is led to the two following speciali- 
zations. 


COROLLARY 3.2. Let K be a homology class of absolute k-cycles, non- 
bounding on L, and let c be the greatest lower bound of J-hetghis of 
cycles of K. If J 4s upper-reducthle ai each potni of J* there exists a 
homotopic J-crattcal point of J at the level c. 


Corollary 3.2 follows from Corollary 3.1 upon taking C as J". 


COROLLARY 3.3. Let K be a homology class composed of k-cycles 
mod J*, non-bounding mod J* on L, and let c be the greatest lower bound 
of J-heighis of cycles of K. If c>a and sf J is upper-reductble ai eack 
potni of J* there extsts a homotopic J-cratscal potnt at the level c. 
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RECURRENCE FORMULAS FOR CERTAIN 
i DIVISOR FUNCTIONS 


D. H. LEHMER 


Numerical functions giving the excess of the number of divisors 
of n of one sort over the number of divisors of a second sort were in- 
troduced over a century ago from the theory of binary quadratic 
forms and from the theory of elliptic functions. Later a systematic 
discussion of several of these functions was made by J. W. L. Glaisher, 
who, by means of theta function identities, found recurrences with 
gaps for these functions. The purpose of this note is to point out that 
these functions are sums over divisors of certain periodic Lucas func- 
tions and that sums of Lucas functions in general satisfy triangular 
number recurrence relations as given by (6) below: This formula is 
specialized in several ways, first to periodic Lucas functions, then to 
degenerate functions, and then to the more typical cases related to 
the Pell equation and Fibonacci’s series. 

Formula (6) may be obtained in the following elementary manner 
from the famous triple product identity of Gauss and Jacobi.? 


© Me) 


(1) II {(4 — £¥)(1 + ae? D1 + atx) } = >> ax”, 


yom i Xe 


H in (1) we set x =#!/2 and a = — qi! ? we obtain at once 


a 


(2) G- a) JI fa — PA — aP) 1 — aP) } = È (— a) ty ts, 


ws 


If now we introduce 0 by a=6™' and write 


w 


(3) P0, t) = J] {0 — A1 — 2P cos 20 + P» }, 


pae J 


then, on combining the terms on the right of (2) for n=r—1 and —r, 


Presented to the Society, September 10, 1942; received by the editors May 25, 
1942, 
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Wright, An suiroductton to the theory of numbers, Oxford, 1938, pp. 280-281. 
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we can write (2) in the form 


(4) P(6,#) = 3 pD — 1) l 
l rel sin @ 


Differentiating (3) and (4) with respect to f we find, on substituting 
for P(@, t) from (4): 


> EET sin (2k — 2 > p } 
b 1 sin 8 wi 1 — 2% cos 26 + P’ 
k cos (2k —1)@ sin | 


cos @ sin 28 


(5) ; 
= (1/4) csc? 0 > (— neoni 


Let us consider the general Lucas function 


a” — b” 
Uas 





a — b 


where a, b are the roots of x?—Px+Q=0. Supposing that Q0 we 
define q by 


g= Q 


where a definite square root of Q is taken. Finally we introduce the 
divisor sum D, by 
Ds = >, Un’ 


sin 


where 6 ranges over the positive divisors of n. Let the parameter 6 
in (5) be taken so that 2 cos 29 = Pg, and hence 





sin 28 

— =a g*1U,z. 
Then, since 

U, = PUn- — OU 4-1, 
we have 
Ung” = Pqu,gh — PQUs-19” 
= 2 cos 20U,_-19* | — Un- *. 

Therefore 


(1 — 2x cos 20 + x) >) s"q”Um = 29. 
mun] 


Setting x =} and summing over y=1, 2, 3,-++, we get 
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4 


a re = > Dat 


pat 1 — LP cos 26 -+ Deej at 


Substituting this into (5) and comparing coefficients of #* on both 
sides of the resulting equation we find 











sin 3 sin 58 sin 76 
Da — Dai + Dyas — Lt — t 
sın 8 sin @ sin @ 
k cos (2k —1)@ sin 226 
(6) - (9/4) cae) 00 e \ 
cos @ sin 26 
7 if # = k(k — 1)/2 
0 otherwise. 


Here the left side involves only such D’s as have subscripts differing 
from # by triangular numbers. 

Of the special cases of (6) perhaps the most interesting are those in 
which g=1 and ô is a simple rational multiple of x. In these cases the 
function D, belongs to a general class which is composed of functions 
of which the typical one may be denoted by 


En(s) = Enla | oa, as: i Bu Bane) 


and is defined as the excess of the number of those divisors of n of 
one of the forms mx+a, over the number of those divisors of »# of one 
of the forms mx+8;. 

Thus for g=1, 0=xr/4 we have 


ame +1 if n=4r41 
sin #r/2 : 
eS [= 6 1 i re 4e + 3 
sin x /2 s 
0 otherwise. 


Hence 
D; = >, U: = Eln) = E,(n | £33); 


bin 
In this case (6) gives us 
E,(s) — Ei(n — 1) — Eiln — 3) + Eiln — 6) + En — 10) — 
(— 1) [4/2] if m= k(R — 1)/2 
` i 0 otherwise. 
This formula is due to Glaisher.? 


2 J. W. L. Glaisher, On the function which denolas the diferenca between iho number of 
4m + 1-devtsors and the number of 4m-+3-divisors of a number, Proc. London Math. Soc. 
(1) vol. 15 (1884) pp. 104-122 (especially pp. 107, 110). 
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If 0 =r/3 we find that U,=0, 1 or —1 according as » is congruent 
to 0, 1, or 2 modulo 3. Hence 


D, = F(s) = E,(#| 1; 2). 
In this case (6) gives | 
Eln) — E,(n — 3) — Es(m — 6) + Exs” — 15) + Eln — 21)— 
(2k — 1)/3 if m= k(k — 1)/2 and kæ 2 (mod 3) 
— [(k+1)/3] if n = k(k — 1)/2 and k 4 2 (mod 3) 
0 otherwise. 


Here the numbers 0, 3, 6, 15, 21, 36, 45,--- are those triangular 
numbers which are multiples of 3. This formula, for the case nal 
(mod 3), was given by Glaisher.* If 62/6 then 


D, = Eiln) = Eslns | 1, 2; 4, 5). 
The recurrence (6) gives, in this case, 
En) — 2B (ss — 1) + Els — 3) + Eln — 6) — 2B a(n — 10) 
+ Eln — 15) + Ee(s — 21) — - 
— k if n= k(k— 1)/2 and km 0 (mod 3) 
k—1 if n= k(R—1)/2 and & = 1 (mod 3) 
r 1 if # = k(k —1)/2 and & m 2 (mod 3) 
0 otherwise. 


Here the coefficient of Fs(n —A) is +1 or —2 according as A is or is 
not a multiple of 3. 

In case 0 is taken as 7/8, the function D, is no longer an integer, 
for all n, but has the value 


D, = Esla] 1, 3; 5, 7) + 25/2 g(m| 2; 6). 


The equation (6) now yields two formulas obtained by equating sepa- 
rately the rational and irrational parts of both sides. Combining these 
two results for simplicity we obtain the following, where 


Eln) = Ess | 1, 3; 5, 7). 
If ø is even | 


3 J. W. L. Glaisher, On ike funcion wich denotes the excess of the number of divisors 
of a number whichm1, mod 3, over the number whtchm2, mod 3, Proc. London Math, 
Soc. (1) vol. 21 (1890) pp. 395—402. 
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Es(n) — Esn — 1) + Esla — 3) — Eln — 6) — Esn — 10) +- 
4(k/4](— 1) He) if ø= k(k — 1)/2 
: ~ i 0 otherwise. 
If n is odd 
Eiln) + Esn — 1) — Esn — 3) — Esn — 6) — Esn — 10) — 
_ m 1) f6[(k + 1)/4] — [k/2] + (— 1)*2} if n = k(k — 1)/2 


0 otherwise. 


In the first of these the periodic sign pattern is 
+-+--+4-++-+--+-+ 
while in the second formula it is 
++—---~-+444+----+4 
As a by-product we have for » odd: 
Ei (n — 1) — Ei (n — 3) — Eg(m — 15) + Eg (n — 21) 
+ Es (n — 45) — Eg (n — 55) —- -: - 
(— 1)/412[(k + 1)/4] if n= k(k — 1)/2 
= 0 otherwise. 
Here we have 
Ef (n) = E,(n| 1, 2, 3; 5, 6, 7). 


The numbers 1, 3, 15, 21, 45,--+ are the odd triangular numbers 
_ and the sign pattern is 
Sa a Seep eae ee eS 


The values 0 and x/2 of 6 correspond to degenerate values of Lucas 
U, which becomes n and (~—1)*t'», respectively. If we take the 
limiting forms of (6) in these cases we get the following two formulas 


o(#) — 30(n— 1)+-50("—3) —70(m—6)+9o(m— 10) —110(—15)+ -> 
(—1)*k(k—1)(2k—1)/6 if n=k(k—1)/2 
={ 0 otherwise; 
Aln) + A(m— 1) +A(8—3)+A(m— 6) HA — 10) «+ - 
T { n if #18 triangular 
0 otherwise. 


In the first formula o(#) denotes the sum of the divisors of » and in 
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the second A(n) denotes the excess of the sum of the odd divisors of 
n over the sum of its even divisors. The first relation, apparently, 
was first published by Sardi and later given by Halphen* and 
Glaisher.*.? The second is due to Glaisher! and Lipschitz.® 

Two final examples of (6) in which @ is complex will be given. The 
first of these corresponds to q =1 and 9 =arc sin +. Let (xm, ya) be the 
mth multiple solution of the Pell equation 


gi? — 243 = 1, 
and (f=, #m) be the mth solution of the modified Pell equation 


fH — 247 = — 1, 


so that 
yi = 2, ya = 12, Ya = 70,-- + Ji = OF. — Yi 
hL =Í, h = 7, h = 41,--+, har = 64 — Au, 
y= 1, ty = 5, tty = 29, -- + , tee = Oe, — Hı- 
minal iet 
S(m) = Do ys. 


ijn 
Then (6) becomes 
hS) — tSn — 1) + 4S(n — 3) — Slin — 6) + Sla — 10) — --- 


© f(— 12k — ye) /4 if = k(k — 1)/2 
g í 0 otherwise. 


The case of @=arc sin (4/2) has to do with the Fibonacci series: 


Fı = 1, F; = 1, Fi = 2, Fe = 3, Fy = 5,606 Faa = F, HFR 


1C, Sardi, Sulle somme dei divisori det numeri, Giornale di Mathematica vol. 7 
(1869) pp. 112—115. 

s G. Halphen, Sur uns formule récurrente concernani les sommes des divtseurs des 
nombres enters, Bull. Soc. Math. France vol. 5 (1877) pp. 158-160. 

"J. W. L. Glaisher, Theorems relahng to the sum of the uneven deotsors of a number, 
Quart. J. Math. vol. 19 (1883) pp. 216-223 (especially p. 220). 

TJ. W. L. Glaisher, On the sum of the dimnsors of a number, Proc. Cambridge Philos. 
Soc. vol. 5 (1884), pp. 108-120. 

8 R, Lipachitz, Sur les sommes des diviseurs des nombres, C. R. Acad. Sci. Paris vol. 
100 (1885) pp. 845-847. (The recurrence (7), which is misquoted in _Dickson’s History 
of the theory of numbers vol. 1, p. 302, was given without proof six years earlier by 
Glaisher, Nouvelle Correspondance Mathématique vol. 5 (1879) p. 176.) 
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In fact if we let 
T(n) = >) Fu 


è |a 
then 
T(#) — 4T(s — 1) + IT(# — 3) — 29T(# — 6 +- 
B ~ 1)>ŁFin — Fu if n= k(k— 1)/2 
0 otherwise. 
Here the mth term of the sequence ‘ 
| 1, 4, 11, 29, 76, 199, --- 
18 
Fim t Pans. 
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ON PARTICULAR SOLUTIONS OF LINEAR PARTIAL 
DIFFERENTIAL EQUATIONS 


K. L. NIELSEN AND B. P. RAMSAY 


1. Introduction. The boundary value and characteristic value 
problems are classical questions in the theory of partial differ- 
ential equations of elliptic type. A method for actual solution 
of these problems consisting of approximations by expressions 
Wa=> 2,0 ,(x, y), where ġ,(x, y) are particular solutions of the 
considered differential equation, has been given by Bergman (see [1]]).! 
Here the a are constants which are to be determined by the require- 
ment that the values of W, on the boundary approximate the given 
data (for details see [1]).? 

In applying this method it is important for practical purposes to 
obtain a simple procedure for the construction of the particular solu- 


Presented to the Society, September 10, 1942; recerved by the editors May 13, 
1942. This paper was prepared while the authors were fellows under the program of 
Advanced Instruction and Research in Mechanics at Brown University. 

1 The numbers in the brackets refer to the bibliography. 

3 This method is in a certain sense the reverse of the Rayleigh-Ritz method in 
which the approximating expressions satisfy the boundary conditions but do not 
satisfy the given equation. 
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tions. In this connection Bergman [2] has proved that to every 
equation 


(1) L(U) = Usa + aU, + bU +cU = 0, 


where a, b, c are functions of s =x -+4y and š =x —iy and U,=dU/dz, 
U,=0U/08, Uy=0?U/0202, there exist functions H(z, 2, t) such that 


+1 
(2) P(f) = f E(s, A) f(s(1 — #)/2)de/(1 — P)", 


where f is an arbitrary analytic function of one complex variable, 
will be a particular solution of L(U)= 0.3 

To expedite the numerical computation for practical problems we 
further desire that Æ has a simple structure so that we may easily 
evaluate the integral (2) for arbitrary values of z, 8. In this note we 
shall determine certain types of equations, L( U) =0, for which E has 
the simple form 


(3) E(s, 2, ) = ep (Ni + MI), 


where N = N(s, 2) and M= M(s, 8). We shall further show how M 
and N may be determined from the coefficients a, b, c. 

We note further that our results can also be successfully used for 
the study of the singularities of the functions U satisfying (1). In 
our case it is possible to show that the functions U possess certain 
‘ singularities which may be characterized independently of the repre- 
sentation (2) by the property that these U satisfy certain ordinary 
differential equations in addition to L(U) =0. 


? The equation (1) is equivalent to the system of two equations AU™/4+-A uo” /2 
4+ BU /2+CU2 /214+-DU@ /24+6,U% —qQu® =0, AU® /4—CUS,/2—DUA/2 
+AUP/24+BUP f+aqU%+,UP—0 where Us U®4iU%, c=atHo, 
A= | (a44) +@+5)]/2, B=[(0—a)—@—b)]/2;, C=—[(e—-6)+0—8)]/2, 
D = [(a+8) —(b-+b) ]/2. Ifa =b and c is real then these equations are completely in- 
Tete aa oe (see 

1, p. 540 }). - 

If amb acam0; that is, if L(U)=AU m0, then we may take Em1., That is to my 
that every analytic function of one complex variable is a complex harmonic function. 
Thus analogous to the case of complex harmonic functions the totality of solutions 
of the equation L(U)=0 is the sum of two subclasses obtained by the operator P; 
one from analytic functions and the other from anti-analytic functions of one complex 
variable. Using these results and the theorem of Runge, Bergman has further shown 
that the representation (2) yields a method for constructing a denumerable set, S, of 
particular solutions (which is independent of the domain) which is complete for the 
totality of solutions in every star-domain with the center at the origin (see [1]). 
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2. The equation L(U)=0 for which (2) with E of the form (3) 
is a class of particular solutions. As is easily seen the equation (1) 
can always be transformed into the equation 


(4) : L(V) = Va + BVa +CV = 0 


(see also-[2, p. 1172]). Thus it suffices to consider this equation. To 
simplify the notation in the following theorem we shall use p to 
denote an arbitrary function of only and`g™ to denote an arbitrary 
‘function of 2 only; we shall thus omit the arguments. k, shall denote 
constants and pP’ =dp)/ds, qf Pm dgiht/da. f shall denote an arbi- 
trary analytic function of one complex variable. 


THEOREM Í. In the equation L MEg let.the coefficients B and C 
have ihe folowing forms 


i B26 Ea es On /2, 
i dame ak ben 
U: B=0 © Vand C= -—3ksp /4— 9° qe /2, 
(5 Ii: B= ‘hy | and C= — ak 
Sve Pasg” and C = (dB/d8)/2, 
IVs: = — n — D” and C = — a Ja, 
V: Belas” ond C= 4/2. 


Then every function 
(6) eS n exp (We + Mt™)f(z(1 — P)/2)dt/(1 — P) 


~~ 


1s a particular solution of (4) and moreover, in the respectsve cases 


cs a 
4 
— 3kg! ?/2 — t/q) 


o fm 
wpe o 
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On the other hand if (6) with n, m, and M:given by (T) are solutions _ 
of L'(V)=0 for an arbitrary f then the coefficients Band C can be repre- — 
sented by the forms (5).4 


..Proor. The proof of this theorem is obtained by considering special 
cases of the general form of E, (3). A given form of E will determine a 
solution, V, of the partial differential equation, L’ = = 0, provided 
the coefficients B and C, satisfy the equation 


(8) GÐ) =(1-— P)(Ea) SA + 2s(Ea + BE: + CE) = 0 


(see [2, p. 1171]). Pee 
With the given form ie endar to determine N, M, B and C 
in such a way that this equation i is satisfied. The required derivatives 


ao (y= a lin, + iM], 
E,= aad tr : in |, 
E, = = Amma, = "N,), 
(9) E= om el + Ame, + la, 


En = Amn a 4 ee + Ne 
+ #+™(M oN, + MN) + PN, N]. 


These values are to be subetituted into (8). When the substitu- 
tion is made and the equation is divided by the common factor 
exp (Ni"+ Mi™) we have an equation which is zero for an arbitrary ¢; 
thus the coefficients of each power of ¢ must vanish. This gives us 
the following system of equations 


pe-1; (m — 1)M,=0 
Bul: mMM, = 0, 
gaol. (s — 1)N, = 0, 
itmeli: mMN,+aNM, = 0, 
paml. aNN, = 0, 

(10) peti, (2Bs — m)M, + 23M a = 0, 
putt: 2sM.M, — mMM, = 0, | 
peti: (2Bs — »)N, + 21Na = 0, 
itet: — mMN, — nN M: + 23M:N, + 23M,N, = 0, 
Pert, —#NN, + 2sNN, = 0, 
i: 23C = 0. 

1 This theorem includes the special cases discussed by Bergman in [2]. 
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For various values of m and n this system will take different forms. 
For many values trivial® solutions arise but for others non-trivial solu- 
tions exist. We thus obtain the various cases of the theorem. 
' We shall develop the case for m=2 and n=4. The system (10) 
then is 

r: N,(28N, 4N) = 0, 


ff: M,(2sN, — 4N) + 4NN, — 2MN, + 254M, = 0, 
js: 2MN,+4NM, — 2MM, — 4N, + 25MM 
+ 28Na + 2BsN, = 0, 
#: 2MM,+3N, — 2M, + 2sMuy + 2BsM, = 0, 
Ma + 2Cs = 0. 


(11) 


From the first equation of (11) it appears that we must consider two 
cases: N;m0 and N,*0. Let us consider the first case; then this 
equation is satisfied. The second equation becomes 


(12) M,(2sN, —.4N) = 0. 


We need not consider M,=0 as with N,=0 this would reduce to a 
trivial case; we thus take M,>+40 and from (12) we get 


22, — 4N = 0. 
Solving this equation we obtain 
(13) | N = ks’. 


The third equation of (11) then reads 

4NM,— 2MM, + 22M,M, = 0 
aud since M0 and by (13) it becomes 

- 2k — M-+ 3M, = 0. 
The solution of this equation is 


(14) M = — (2ks? + sq). 
We now consider the fourth equation of (11) which reads 
(15) 2MM, — 2M, + 2sMy + 2BsM, = 0. 


From (14) we get M= —zq, and M a= — qs; substituting these into 
the equation (15) we can solve for B, getting 
(16) B = 2ks + 4. 

s By a trivial solution we mean a solution which gives B = C = M = N m0, 
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The last equation of (11) reads r 


Mi + 2C, = 0 
so that we get 


(17) C = q/2. 


We thus have case V of the theorem. The other cases can be proved 
in a similar manner.® It is easily seen that all the cases satisfy equa- 
tion (8). | : 

It remains to prove that if (2) is a solution of (4); that is, 
L(P(f)) =0, for every f then G( EZ) =0. Let f= (s(1—#)/2)4, then by 
taking the derivatives of V=P(f) and substituting into (4) we see 
that it reduces to prove that from ' 


H(G- 
ne) f o a Aan p=0,1,2,°--, 


it follows that G(E) =0. This follows directly from the fact that in the 
integral G(E) is an even function of ¢ and the completeness of the 
system +, > : 


3. A discussion of the form of E, (3). The question of whether 
or not Theorem I gives all the partial differential equations (4) which 
have solutions (2) with # in the form (3) has not been completely 
answered. However, the number of non-trivial solutions for B and C 
is definitely limited and it is possible to give certain relations be- 
tween m and » in this case by studying the relations between the 
exponents of i in E. For certain values of m and n, C=0 and for 
others only trivial solutions can result. 

We proceed to analyze the system (10) by comparing the ex- 
ponents of #. The last equation of this system shows that in general 
C is zero unless‘m and n have values which will make at least one of 
the other exponents equal to 1. In order to avoid duplication of 
possible cases we may, without any loss of generality, make the fol- 
lowing assumptions on the values of m and n: 


(19) we shall take »<m if n and m have different signs and 
|n| > || in all other cases. 


We thus formulate the conditions for m and » for which C=0 and in 
Theorem III, conditions for which B and C do not vanish simul- 
taneously. 


THEOREM II. (a) When n>0 and m>0, C=0 unless m=1 or m=2. 


* A typewritten copy of the enlarged proof with a discussion of all the cases is 
available at the Brown University Library. 
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(b) When n <0 and m<0, C=0. (c) When n<0 and m>0, C=0 un- 
less m=1, m=2, or n= — m. 


The proof of this theorem follows directly by comparing the ex- 
ponents of ¢# in (10). 


THEOREM II]. The non-irsotal solutions for B and C are posstble 

(i) for all m only if n=2, n=m+2, n=m—2, n-m, n=2—-m, 
n=m+1,n=1, n=m/2, n= (m+2)/2; 

(ii) for ah n only if m=0 or m=2, 


ProoF. Consider the coefficient of #2*—1. If no other exponent is 
equal to 2%—1 then we have nNN,;=0. By (19) we have #0 and 
thus for this equation to be satisfied N,s=0. Consider the coefficient 
of #**=—!. If no other exponent is equal to *-++m-—1 then using the 
fact that N,=0 this coefficient is »NM,=0 and since #0 we must 
have M,=0 for this equation to be satisfied. But with N,;=0 and 
M,=0 we see by substitution into (10) that B=C=0. Hence the 
non-trivial solutions for B and C for general values of m and are 
possible only if either of the exponents n+m—1 or 2n—1 is equal to 
some other exponent. Checking all these possibilities and using (19) 
we obtain the conditions of the theorem. 
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RESIDUE THEOREMS OF HARMONIC FUNCTIONS 
OF THREE VARIABLES 


STEFAN BERGMAN 


1. Introduction. The connection between analytic functions of one 
complex variable and harmonic functions of two real variables is 
used in the study of the latter functions. The analogy suggests gener- 
alizations of these methods of attack to the case of three variables. 

Suppose that O is some operation which transforms the class of 
analytic functions of the complex variable « into the class of harmonic 
functions of three variables xı, xs, x3. If O possesses the property that 
to every harmonic polynomial of the nth degree there corresponds an 
expression of the form A [(x1, za, x1) |*, where « is a linear expression 
in xı, <3, x3, then such an operation yields a representation of spherical 
harmonics. 

The existing representations of the spherical harmonics lead us to 
several operations O. The operation P described below (a generaliza- 
tion of the known Whittaker’s formula) seems to be the most suitable 
for the questions considered in this note. 

Let F be the class of analytic functions of complex variables # andf, 
where u =x1+ (¢/2) (x1+tx)} 1+ (1/2) (x2 —42y)f. By the operation 


(1.1) PỌ, 91, Y) = (1/2ni) J pli Dat, E= (ay a 2) EVD 


F is transformed into the class of (complex) harmonic! functions 
(see [1, 2]*). U (T) denotes a sufficiently small neighborhood of the 
point Te (¢;, fs, #3), and 9! is a closed curve in the {-plane. 

P(f, 21}, T) is a functional. If we carry out the integration for 
XC UT) and we continue analytically the obtained harmonic func- 
tion H(¥) to a point JCU?(&¥), then the continued function is not 
necessarily equal to P(/, Q91, 8). This is the reason why it is necessary 
to indicate the point ¥ in the pees of which the integration 
is carried out. 


Presented to the Society, April 3, 1942 under the title Three-demsnstonal flow 
of a perfect incompressible fluid and ils singularities; received by the editors April 13, 
1942, 

1 Here and hereafter harmonic functions mean harmonic functions of three real 
variables x, xs, x} except when we specifically state that we mean harmonic functions 
of two variables. By taking the real or imaginary part in the formulas for complex 

‘harmonic functions we obtain analogous results for real harmonic functions. 

3 The numbers in brackets refer to the bibliography. 

E [-->+ ] means the set of points satisfying the relations indicated in the brackets. 
Superscripts over a manifold indicate its dimensionality. 
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The analogy suggests further consideration of harmonic vectors 
§$(XH)=$AO(HYti+A® (YHb4+H (Xb, in addition to a single func- 
tion, where H®) are harmonic functions connected by certain differ- 
ential relations.? t, is the unit vector in the x, direction. 

In §§2 and 3 we shall consider harmonic vectors | 


HZ) = BY. QLD) = P, 8 Tt + PIGE + a V, Th 
\ EPID - Ds, Qh Thi. 


Clearly, curl © =0, div © =0 at every point at which all components 
of © are regular. 

Consider vectors O(})= HV (Q)L+H (Yt, P= (Yx y2) of two real 
variables yı, ys for which we have curl O=0, div H=0. /pO-dY=—0 
if J! is a closed curve, and if 31 can be shrunk to a point in a regu- 
larity domain of 9. (- means the scalar product.) If singularities of 
© lie inside of 3! or 9 is a many valued function the residue theorem 
yields well known relations. 

Let R? be some simply connected domain in which 3! lies, and let 
D= H+ ziS, where §; is a vector which is regular in Rè. Then 


f SaD = f Sea $ 4. Sdp. 


In this connection we make the trivial simplification that we limit 
ourselves to the case of suitable standard vectors © which possess 
one singular point (or one connected singular line in the case of three 
variables). 

If 6(@)—Im [(s—a)]i,+Re [(s—a) 3] then /pO(Q) -dY=2x 
if a lies inside of 31. Since © can be considered as a harmonic vector 
in three variables the above relation may be formulated in the follow- 
ing form. Let 6(¥) be a harmonic vector which in appropriate co- 
ordinates yı, Ys, ya May be written 


© = Im (j + tha — a) + Re (y + te — a) + 0-h. 


Then /{p6&(¥) d¥=2x if 5! cannot be reduced to a point without 
cutting E [y;—0, y:+¢4):—a]. As it ia known (see [1, 2]) there exist 
algebraic harmonic functions with singularity lines or points [see 


(1.2) 


3 Harmonic vectors are met in physical applications especially in the theory of a 
perfect incompressible fuid. 

The above mentioned differential relations can vary in nature depending upon the 
question which has to be considered. We limit ourselves in this paper to special rela- 
tions, namely, curl S=0, div Ø =0 im §§2 and 3 and (4.3) in §4. However, in many 
instances with certain changes we may extend our results to much more general rela- 
tions. 
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. (2.5) p. 166] which cannot be represented as harmonic functions of 
two variables. In §§2 and 3 we introduce harmonic vectors &(¥) with 
such singularities and consider 


nf 
= f ap SE) dE, 


Here ©, are branches of © and © points which satisfy certain alge- 
braic relations. We show that the above expression is equal to a quan- 
tity connected with the singularity, which may be interpreted as the 
residue of 6.‘ l 

A theorem of related character concerning surface integrals is 
given in §4. 

As pointed out before, the operation P transforms a polynomial in 
u and { into a harmonic polynomial of the same degree. 

As we shall see below a rational function f is in general transformed 
into an algebraic harmonic function of xı, x3, x3. The question arises 
whether every algebraic harmonic function A (1, xs, x3) can be repre- 
sented in the form PQ, X, {) where f is a rational function in # and ¢. 
This question has not been answered. However, from the result of 
[2, p. 637] follows that A (x1, x3, x3) can be represented in the above 
form with f= fja(u, t, T)dT, a being an algebraic function in u, {, T. 

2. Singularities of harmonic functions. The introduction of the 
operator (1.1) gives a simple procedure for the construction of stand- 
ard functions with singularities. Suppose that f(u, t) has poles, say 
for instance f=p/q, where p and q are polynomials in u and ț. For 
simplicity’s sake we shall suppose that g= [u—(f) |t* where $({) isa 
polynomial in { and s a non-negative integer. 

In order to study the functional 
1 p(s, £) 


(2.1) P[p/q, X, T] = wi # glu, $) 


as a function of Ẹ it-is useful to consider (2.1) in the (five-dimen- 
sional) space xı, xa x3, £, n; where {=§+47. 


(2.2) D = Efg[(z + (4/2) (a2 + iz) + (5/2) (2: — iza)t), t] = 0) 
is the singularity manifold of p/q. Z* can also be written in the form 
(2.3) Z = Eff = ¢,(Z), r = 1,2,---,2] 

where {, are algebraic functions of xı, xs, xand n the degree of gin ¢. 


4 This result has a certain similarity with Abel’s theorem in the theory of inte- 
grals of algebraic functions. 





at, X E UND), X = (x1, 12, T3), 
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At every point %, except those which lie in 


v = E {TI EO -nF = o} 


we have # distinct branches Z=E [t=f,(X)],o=1, 2,---, nof Z. 
Suppose OG U!, and C}, P= 1,2, -- - , n, are chosen in such a way 
that one and only one {,(©) lies inside of each (}. Then by the 
residue theorem P[p/g, @!, O] = S,(£), where S, is the corresponding 
branch of 
pile + (i/2) (as + iza) + (8/2) (a2 — izat), £1] 


EG E ae ie S SE E a 
(2.4) s ð falla +(4/2) (aa + izt + (4/2) la ixadt), t1} /at 


ql (a1 + (3/2 (ar + iza) + (5/2)(aa — ims), t] = 0. 


5(¥) is an algebraic function which possesses n branches. We denote 
the (multiply covered) x1, x3, xs-space in which S(%) is univalent by 
R?; its sheets (which are supposed to be obtained by appropriate 
cuts), by’ R. The singularity line of S(Z) is 


qila + (4/2) (aa + iza) +. (4/2) (1a — tad), t] = 0, 

225 , 

a Bq (21 + (4/2)(ay + iz)! + (4/2) (a2 — iza)t), t] 
ay 


EXAMPLE. P[(u—as)—¢-, 91, T], Qe Eft =e", OS:s2r], a20, 
h20 is a two valued function. (See [1, p. 655].) If a>0 then the 
singularity line E [x1 =0, 23-+23=4'] is the branch line. For a=0 this 
branch line shrinks to a point, both branches S (¥) =(—1)*#/r 
for k™ 1, 2, r= (xt+-23+23)"", are connected only at the origin. . 

We further note that P[(1/2)({+f-Da-X-, Q!, T] = —ér-1 cos dh 
‘tan (6/2), P[(1/28)({—§—)u-Y-1, Qt, T] = —sr) sin ġ tan (0/2) 
for t;>0. Here r, 0, @ are polar coordinates. 

In study of the representation (2.1) the points X which satisfy the 
equation q[(x:+(¢/2)(xat-éxs)f-!+ (6/2) (xs—txa)f), t]=0 (for an 
appropriate f) are of importance. In this connection it is useful to in- 
troduce certain curves, £1(f). 


ox Q. 


* We suppose here that { =0 lies outaide of (°,. Otherwise, and also for the evalua- 
tion of (2.1) if the degree of q (in x) is higher than 1, see [2, pp. 644-650], especially 
the formulas (7) and (10). 

We note that the R} are not necessarily connected with each other in the rea! 
Ti, Ty Trspece. 


uw 
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By the correspondence 
(2.6) Z= s = x + (4/2) (aa + it) + (4/2) (a — tara) f 


we associate to every point ¥ of the xı, x2, xyspace a point u of the 
complex plane. On the other hand to the point A ++B of the #-plane 
there corresponds a line P'({, 4+4B) in the xı, xs, xy-space. If we 
write s+txy= pe", (=7e then from w~™A++4B it follows that 
tetor 2x gl ge 4-2) 7 = 29-1(4 +4B) or 


B ? A — t ? 
Piles, A + iB) = E| ot = 4( ) +4( ), 
r+ rt q — r! 











(2.7) 
=m a-+ arc cos ae | 
x r+} 
We put 
(2.8) Lp = Ps, o(f)] 


where $(¢) is the polynomial introduced on p. 165. For XE.L'(fe) we 
have 


q(#, to) = qils + (4/2) (23 + iza)to + (4/2) (a — ixa) fo), $0] 
= fo[mo — (ta) ] = 0; 
therefore 
(2.9) Ll) = POEG = to). 


Since int Ri, 2=—$3_,Z3, we can write LI) = S3. L(t) where 
Lo) a QAE[S = fo]. 

Let Q! be a closed curve in the {-plane. We suppose (for simplicity’s 
sake) that one and only one point {4(2%), say {1(®), lies inside of 9'. 
Then P[p/q, 21, ©] =5,(¥) for T=0. However, if X varies inR} new 
branches Z% can slip in or out from 9}. Since Z’ is a continuous mani- 
fold, Z can enter Q! only for such values of ¥ for which Z$ has inter- 
section with E[t{GQ'], that is for ZEZ A ELSES] =S cel) 
=N? (Q1). Thus, if the point T in the operator (2.1) moves and passes 
through A?(Q1), the integral P[p/g, Q', T] has a jump,’ it increases 
or decreases by S,(%). 


s RÌ means the sheet of R? in which Si(X) is defined. (See p. 166). S denotes the 
topological sum. /\ means the intersection. 

We suppose again that the point t=O lies neither inside {} nor inside of 91. Other- 
wise we must take into account the residue at C0 since the integrand of (2.1) 
can have a pole at this point. 

’ The surfaces 7s1#(Q!) are denoted as surfaces of separation of the representation 
(2.1). 
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dé Fanos 0, 9) 


p= t(x, 0, 0) Py fale, 0, 0) 


xın f 





M h £3(0, 0, 0) 


Fic. 1. The intersection of Z? with E[za=0, x= 0] 


The curves £1(¢) play also a role in another connection. Consider a 
closed curve 3! in the schlicht x, x3, xx-space. To 3! there corresponds 
by (2.6) a closed curve F(t) in the u-plane. In the following we con- 
sider the case where the point u=({) lies inside of F(t). If we con- 
struct the surface %?=§ zep Pit, Z), then (t) lies inside of P(r) 
if and only if X? cannot be reduced to a line without cutting 
Li) = PI, o(¢)). In general, this will happen if and only if the 
curve J! cannot be reduced to a point without cutting L(t). 

The statement that 3' cannot be reduced to a point without 
cutting C1({) we shall understand in the above sense. 

The essential idea of the method of attack which will be used in 
the next section is the following: 

Let 3! be a closed curve in the x1, x2, xs-space. If we divide it in an 
appropriate way, 3!=§ ,J}, then, by the operation P, the differential 
f(u, du will be transformed into ©,(Z) dž, for £E3,, that is, we have 
[Jg f(s, {dt |du = 6,(Z) dž. 3} means that part of 3 within whose 
points f(u, t) will be transformed into the branch ©,(&). 

Here ©,(¥) is an appropriate branch of the algebraic harmonic 
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` 


vector ©(¥). (See (3.1).) Thus 
(210) (1/2) f d fa Dalba = E f aar 


Changing the order of the integration in the left side member and 
applying the residue theorem for functions of one complex variable, 
we evaluate (2.10). 


3. Residue formula for line integrals. Let 3! be a closed differenti- 
able curve in the schlicht x1, x3, x-space. We place it in RÎ and sup- 
pose that 3! intersects the cuts which bound RÌ at one (and only one) 
point Œ. Thus 3! is an open connected curve in Rj. Its end points 
(which coincide in the schlicht space with €) are denoted by © and @. 

Let Ì9! be a closed curve in the {-plane. We suppose (for simplicity’s 
sake) that {:(@,) lies inside and ¢,(€,), 7=2, -< - , n, lie outside of 91. 
(See Figure 1.) 


THEOREM. Let 


2 2 
u m [z + (4/2)(m + in) + (6/2) (e — irt] 
where | =t (x1, x2, x1) 4s a root of the eguaiton 


O T pwt) itt, E-r) 
(3.1) SE Ee ar i =u Ji 


(3.2) glu, t) = [u — o(t)]t* = 0, 
be a harmonic vector, the branches of which we denote by ©,(%), 
»=1,2,.--, n. The corresponding sheets of the mulitply covered space 


of 6(E) may be denoted by RÈ. : 





Fic, 2. The curve P and the surface WG(Q?) 
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Let 3t and Q! be curves sn the x1, x1, xyspace and in the §[-plane, 
respechvely, with the above described POER 

Let finally* |}, k=1, 2; p=1, 2, - - - , p be the points of 3! which 
satisfy the equation (3.2) for area values? p=, (PEL 

Then 


A 
(3.3) fa S(£) -d2 + Efe "G,(%)-d¥ = Ii = plet), tlds 


where Ni are the intervals of 9}, i which the filamentis pn of MAN) 
lie inside of 3; 5 are their end points. 


REMARK. We suppose here that the point [=0 does not lie inside 
of Q!. Otherwise the components of the vector assume a form slightly 
different from that indicated in (3.1). These components in this case 
can be easily computed using the formulas of [2, §2]. 

Proor. We consider the double integral 


P= f p(s, $)dfdu 
g amt) 


The integrand is an absolutely integrable function; we can replace 
the double integral by the iterated one and change the order of the 
integration. Thus, 


ref. fan fortes an fi (4/2) ($ + $>) pq at 


+ da fl (1/20 = Dear} 
By (3.1), (2.4) and (1.2) we have I= /pQB(pq7!, Q, ¥)-d¥. According 


t For simplicity's sake we suppose that J intersects every 10(91) in two points (if 
at all), and that it has no intersections with W1;(Q’). 

* The points ¥ of Ri which satisfy the equation (3.2) Slag ada oe aed 
L(t) which lies in Ri. It consists of # branches L(t), p=1,2,---, xæ. The points 
Z of Rì which satisfy (3.2) with r@Q! form » surfaces OQ?) "S reel (s). 
(See p. 167.) The points {£ } are the intersections of these surfaces with Jt 

The branch 2€(91) which corresponds to a given branch of ©(£) can be deter- 
mined as follows. For =€, we have # roots of the equation (3.2), f={,(@), 7—=1, 
2,°°:+, #. To every {,(@:) corresponds a uniquely determined branch @,(%) of 
@(%). (See p. 166.) If the argument ¥ varies continuously in Ri, ¢,(X) will move in 
the t-plane. Let =. be a value such that p? =t,(%,)€ Q!. Since each L(t) consists 
of » disconnected branches the point X, lies in one of the lines LIG”). This branch of 
L1G?) corresponds to the branch © (£), and therefore p=». The branch VEERO 
to which L7 G3) belongs becomes 215 (9}). 
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to the results on p. 167, P(g, Q, £) = Bip, V, €) +) 2, 6,,(¥) 
for all points of J! which lie between x” and k prl,2,-++, p. 
Whence 


a fa G(X) -dZ + nis Sn (2) dž. 


Changing the order of integration we obtain 


r= f Kil sayy BO D/A, ler |= f „70%: 


F(t) is a closed curve in the complex r-plane and g= [r-H |t. 
(See p. 167.) JE) = 2xip[#($), ¢] or 0 if r=¢(¢) lies inside or outside 
of F), respectively. 

According to the considerations on p. 168, $(¢) lies inside of F*(¢) 
if and only if 3! cannot be reduced to a point without cutting '(f). 
I therefore is equal to the right-hand member of (3.3), which com- 
pletes our proof. 

EXAMPLE. We take p=1, g={u, Q1=E[t=et!, OSi#S2x]|. The 
vector ©(%) (see (3.1)) which we obtain in this case has two 
branches ©)(¥)=r—[t+aa(aitr)“'e+a(xitr) tt] and &(%) 
= =r [healer alar], P =a} +23-+24. The branches 
©, and & are not connected in the real x1, xs, xx-space. They are of a 
different form from (3.1) since [=0 lies inside of 91. We obtain 
€,(%) and ©,(X) choosing the x; component of T to be positive or 
negative, respectively. Further we have in this case: 

Lf) =E [x21 50, xcos t+-xysin?=0] where t= —+ log t; 71*(Q!) = 
S Cif) =E[x,=0] 

Let 3t'= 3+ be a closed curve in the xı, xs, xs-space, where J 
denotes the part which lies in E[x,>0], 3 the part in E[x:<0]. By 
Xi = (r, cos Gile-+ri sin Pils) and Fs = (r3 cos dala +r: sin daly), O<Gi <4 /2, 
x/s<d: <x, we denote the intersections of 31 with (9!) (=E [a =0]}. 
(We suppose that this intersection consists of two points.) Then 


E f S0-a = (1/2n4) Ja rar] du | 


= [gra — fps 


where N}= Ely = e", hi + 1/2 Si S d+ 4/2], Ni = Elf = et, 
di + 3x/2 StS dy + 3r/2]. 

REMARK 1. The generalization of the above considerations if g is a 
polynomial of a higher degree than 1 presents no difficulties. (See [2].) 


FE) 
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We note further that our considerations can be generalized without 
essential difficulties to the case where p and q are entire functions, 

REMARK 2. We supposed that 9! is a closed curve. However, our 
method can be applied also if 9! is an open curve. An operator 
P(f, 2}, T) with 9! being an open curve transforms rational functions 
f into harmonic functions with logarithmic singularities. The fact 
that the latter harmonic functions were not studied in detail pre- 
vented us from discussing this case here. 


4. Residue formulas for surface integrals. Generalized Cauchy’s 
formula. There exists another possibility of generalization of the 
residue formula, namely, in considering surface integrals. 

Various relations for surface integrals can be obtained using 
Green’s formula. In particular a well known formula for the value of 
the function in the domain in terms of boundary values of the func- 
tion and its derivative can be established in this way. 

In the case of two variables for a harmonic vector $ with curl © =0, 
div 5 =0, (X) may be expressed in terms of the boundary values of 
its components. (In Cauchy’s integral formula for analytic functions 
which may be obtained in this way, the derivatives disappeared.) 

It is clear that this procedure can be applied to harmonic vectors 
of several variables, provided that corresponding differential rela- 
tions exist between the derivative of the components. ! As an illustra- 
tion we shall derive a formula which can be considered as a generaliza- 
tion of Cauchy’s formula. 

Let H(%) be a harmonic function which is regular in a (schlicht) 
domain D? with twice continuously differentiable boundary B*. Let G, be 


twice conitnuously dsfferenttable funcitons, yl, 2,-++, 7, such that 
(4.1) VH = >, VG, X Gp, 
Prom | 


(X means vector product), where a, =G taratt anst are vectors with 
constant coeficients. Then 


(4.2) B®) = (1/4n) ff | avr +o x È Ga | Fe 


where do= AXed xt) +-dxjdxyly +-dxydaaty. 


1 In particular this procedure bas been used in the theory of functions of several 
“complex variables to obtain generalizations of Cauchy's residue formula. See Berg- 
man, Partal Wifferenisal equaitons, Publication of Brown University, 1941 Supple- 
mentary Note III pp. SHI 8-SIII 9, 
See also the further remarks concerning the other possibilities of generalirations 
of Cauchy’s formulas mentioned there and Bergman, Revista de Ciencias, Lima, 
Peru, vol. 44 (1942) pp. 377-394 especially p. 391. 
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Proor. By Green’s formula, 


H(%) = a| ff aor ae 2 f figa] 


By (4.1) 


u JJa & eae) mm izda + on nse) | 
ShA- 2m 

















x 0G, 
+ > (= 0 Gy, st 
- pom ð 
: , dG, 
+2 (a = J indo. 
pom] Ox ð 
Integrating by parts we obtain 


I = -ffa X È Gra) -do 


since the line integrals cancel each other. Suppose now that we have 
a harmonic vector $(¥) =f 2.,4(%)ts, such that 


(4.3) VE = Dva” Xa, E EA 


(4.2) yields 
(4.4) a (%) = (1/4) Í fo Ea +r &X D Hae” |-ao 
Thus: 
S8) = (1/4) Jfa | tora 
4 >| (° vr ‘x CHa”). fi | 
= (1/4) f f,| cor 20 


> Dja” (do X vr Da Ja. 


pool L] 


174 STEFAN BERGMAN 


In particular if div §=0 and curl §=0 then the relation (4.3) is 


` ,satisfied, and we can represent (X) in the above form {4.4).¥ 


REMARK. do = mido, where n: is the unit vector in the direction of the 
interior normal, and do the area of the surface element. (We note that 
digix, means + | tes | or > | ded, , the sign being chosen in 
such a manner that the above relation for do is valid.) ` 

(4.2) can also be obtained using the Stokes’ formula. In fact 


= 2 f farmo, a a,)do = 2 J Jarre X G,a,)do 


since the Gm are constants. By Stokes’ formula 


fue X rG,0,)do = ff,» X G,a,) do 


+ J fare x rta,)do = 0, 
since Œ is a closed surface. Therefore 


n=-E ffa nıG,(V X r'a, )do. 


We also note that formulas expressing the pressure on an immersed 
body (analogous to those of the two-dimensional theory) can be ob- 
tained using the fact that [fg [n| 9 |*—20 (m9) ]do does not change 
when ® is deformed, if curl 6=div $ =0. 

Remark. The method presented here can obviously be applied if 
the components H™ of a vector (£) are connected by the relations 


eich ia k = 1, 2, 3, 


where Qim = Rito ai), be=(OPE+bPE+bP L), and the 
determinants af? <0, — | ay ars 

. Analogous formulas are also valid if H® satisfy certain elliptic 
differential equations and if we introduce instead of r~! a funda- 
mental solution of this equation. 
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THE PROBLEM. OF SECURING TEACHERS OF COLLEGIATE ` 
MATHEMATICS FOR WARTIME NEEDS 


The eighteen-year-old draft law and the inauguration of the pro- 
posed Army and Navy programs for colleges and universities are 
creating serious personnel problems for departments of mathematics. 
In an attempt to alleviate this situation, partially at least, the Ameri- 
can Mathematical Society and the Mathematical Association of 
America are establishing in the Philadelphia Office of the Society a 
bureau to provide information regarding available teachers of col- 
legiate mathematics. The cooperation of all mathematicians is needed 
in order to make this plan a success. 

The government has indicated that approximately 250,000 trainees 
will be sent to a selected group of about 300 colleges and universities. 
It is estimated that the full-time services of at least 2500 teachers of 
mathematics will be required for this program. In addition, institu- 
tions will necessarily provide a normal program fer men under 18, for 
women, who are electing mathematics in increasing numbers, and for 
students rejected, for any reason, by Selective Service. Institutions 
will also continue special contracts already in existence such as me- 
teorology and aviation pre-flight schools. 

To provide for all this instruction there are available about 3,000 
persons now functioning as teachers of mathematics in four-year 
colleges. To ensure the proper handling of this instruction, readjust- 
ments of and additions to teaching staffs of many institutions will be 
necessary. For some institutions, additional personnel might be se- 
cured from the following sources: 

(1) Members of departments of mathematics in institutions which 
do not assume governinent programs; 

(2) Persons now teaching in non-critical fields who have had suffi- 
cient training in mathematics to make them valuable in this field. 
These persons should be recruited for the teaching of mathematics 
rather than being allowed to assume non-academic employment. This 
should probably be the main source of supply. 

It is in order to promote an orderly solution of these problems that 
the American Mathematical Society and the Mathematical Associa- 
tion of America have established the bureau of information regarding 
teachers of collegiate mathematics. The purpose is two-fold: l 

(1) To collect information concerning persons who are trained in 
mathematics and who are or will be available for teaching during the 
emergency at institutions other than their own. It is requested that 
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the names and present addresses of persons who are available for ern- 
ployment as teachers of collegiate mathematics be reported to the 
address given below. Additional information concerning qualifications 
will be secured directly from the mathematicians so reported. < 

(2) To furnish to chairmen of departments of mathematics who 
need additional personnel the information obtained through (1). As 
the employment offered will, in most cases, be temporary, an attempt - 
will be made to furnish the chairman with an adequate list, mainly of 
persons living in his vicinity. The purpose of the bureau ts to furnish 
only informaiton and noi recommendations. The department chairman 

will, of course, investigate on-his own responsibility the qualifications 
of the available teachers. 

The country’s awakened consciousness of the need for mathematics 
as a preparation for service in the armed forces imposes on the mathe- 
matical profession the grave responsibility to meet this need by pro- 
viding the best possible teaching. The Society and Association aim to 
make a definite contribution to the war effort by supplying informa- 
tion regarding available teachers of mathematics. To do this, the full 
cooperation of all mathematicians is needed. It is impossible to pre- 
dict what portion of the demand will be met in this manner. It is 
likely that teachers will become available less rapidly than the de- 
mands for additional personnel are made, but the cooperation of 
mathematicians will enable the bureau to function effectively. 

All correspondence in this connection should be addressed to: 

Committee on Available Teachers 
of Collegiate Mathematics 
110 Bennett Hall 
University of Pennsylvania 
Philadelphia, Pa. 
Committee: 
W. D. CAIRNS 
ARNOLD DRESDEN 
J. R. KLINE 
March, 1943 


OCCUPATIONAL CLASSIFICATION OF MATHEMATICIANS 
MEMORANDUM F 


Occupational Bulletins No. 10 and No. 23 have recently been 
amended by Selective Service Headquarters. These are the directives 
upon which chairmen of departments of mathematics have been 
basing requests for the occupational classification of members of their 
staffs and of students majoring in mathematics. 

It is to be noted particularly that, according to both Bulletins, a 
graduate student in mathematics may be considered for occupational 
classification only if, in addition to pursuing graduate studies, he is 
acting as a graduate assistant and is engaged in: 

(a) classroom instruction for not less than twelve hours per week; 
or 

(b) scientific research certified by a recognized federal agency as 
related to the war effort. 

The amended Bulletins supersede the original directives. In making 
requests for occupational classification, chairmen of departments of 
mathematics are advised to attach copies of the amended Bulletins 
to Form 42A. Copies of the revised Bulletins will be furnished, upon 
request, by the office of the Secretary. In all other details, the pro- 
cedure recommended in Memorandum E, distributed on October 28, 
1942, and published in the November, 1942, Bulletin of the American 
Mathematical Society, remains unchanged. 

J. R. KLINE, 
Secretary 
January 30, 1943 
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ON THE ZEROS OF THE DERIVATIVES OF A FUNCTION AND 
ITS ANALYTIC CHARACTER 


G. POLYA 


1. Introduction. How do the zeros of the ath derivative f™(x) behave 
when » becomes very large? How does this behavior depend on the 
analytic nature of the function f(x)? At first sight this question ap- 
pears to be a little out of the way. In fact it is intimately connected 
with essential parts of the theory of functions. In the Hadamard the- 
ory of the singularities of the Taylor series we consider the sequence of 
the derivatives f(x), f (Œ), f (x), - - - fora fixed complex value of x;in 
the theory of quasi-analytic functions we consider the same sequence 
for variable real x, and we consider especially the maximum absolute 
value of each of its terms in a given interval; now we consider again 
the same sequence f(x), f'(x), f’’(x), --- for variable x, that may 
be complex or real, and we consider especially the values of x for 
which its terms vanish. In all three cases the main object of con- 
sideration is the connection of the chosen feature of the sequence 
f(x), f(x), F (x), with the analytic nature of the function f(x). 

There is a special reason for giving a general survey of results about 
the zeros of successive derivatives just now. The subject received 
quite recently essential contributions from several mathematicians 
in this country, from R. P. Boas, Einar Hille, A. C. Schaeffer, I. J. 
Schoenberg, Gabor Szegë, J. D. Tamarkin, D. V. Widder, Norbert 
Wiener and the present speaker. All these contributions are linked- 
together and seem to open the door to further results and to a well 
connected harmonious theory. 

In this short talk I should like to emphasize the main outline and 
the essential divisions of the theory in so far as they are recognizable 
today. In order to do this as clearly and intuitively as I can, I have 
to discuss some of the older results, to leave out some of the newer 
ones and to sacrifice precise details except for a few central points. 

Our subject has two main parts. In one we consider analytic func- 
tions of a complex variable, in the other real-valued functions of a 
real variable. I proceed to describe these two parts in this order. 


An address presented before the New York meeting of the Society on April 3, 
1942, by invitation of the Program Committee; received by the editors May 8, 1942. 
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THE COMPLEX DOMAIN 


2. Statement of the problem. In the next sections (2 to 7) f(s) de- 
notes an analytic function of the complex variable s. Let us assume 
that f(s) is single-valued and analytic in the whole plane, except 
maybe in certain isolated singular points. 

Let us consider the zeros of f(s); they form a more or less irregular 
distribution of points in the plane. Now let us pass to the deriva- 
tive f’(s) and consider its zeros; they are in general different from 
those of f(s) and form a new distribution of points. If we pass, by dif- 
ferentiating once more, to f’’(z) and its zeros, the picture changes 
again, the points appear to have moved into a third position. Corre- 
sponding to the sequence of the derivatives f(s), f’(s), f’"(s), --- we 
have a sequence of distributions of points formed by the zeros of the 
successive derivatives. Can we discover in this sequence of point- 
distributions some definite trend? 

It is not bad to start from a vague question that is intuitive and 
suggestive, provided that it leads us finally to some precise question. 
What precise question is suggested by the intuitive process we are 
considering, the migration of zeros in the course of successive differ- 
entiationsr | 

In fact, not only one question, but several different precise ques- 
tions can be put. But we need a few definitions. 

(I) Let us consider any fixed regular point of f(s); let us assume, 
to be concrete, that s=0 is a regular point. Let 7, denote the absolute 
value of the zero of f(s) which is nearest to the origin. 

(II) Let us consider any fixed closed circle in which f(s) is regular. 
-Let us assume that f(s) is regular in the closed unit circle |s| £1; and 

-let N, denote the number of zeros of f™ (s) (with multiplicity) in 
this circle. 

(III) We define a set D’, attached to the function f(s), in the fol- 
lowing way. Consider a point s of the plane. If there exists a circle 
of center s in which only a finite number of derivatives vanishes, 
g does not belong to D’. In the other case, when any (arbitrarily 
small!) fixed circle with center s contains the zeros of an infinity of 
derivatives f(z), {%(s), -- -,s belongs to D’. The set D’ is in some 
sense the final position of the zeros of f(s); let us call D’ the final 
set of f(s). If f(s) is meromorphic or entire, the final set D’ can also 
be described as the derived set of the denumerable set D of all zeros 
of all derivatives f(s), f’(s), f’’(s), - - - (provided that points in which 
an infinity of derivatives vanishes are also counted as points of D’). 

How do the zeros of the derivatives approach a regular pointr 
What can we say about the sequence nr, fs 73, :- -> ? Do the zeros of 
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f™(z) become denser as n increases? What about the sequence 
Ni, Na, Ns, - + + ? Does the configuration of the zeros of f™ (s) tend 
to a final position? Can we find the final.set D’? 


3. Meromorphic functions. The answer to all these questions de- 
pends on the analytic character of the function f(s). For functions of 
certain sorts we can discover a trend, and this trend is particularly 
easy to recognize when f(s) is a meromorphic function. In this case 
the trend may be roughly described by saying that the poles of f(s) 
act as repulsive centers on the zeros of f(s). 

We can give a precise description after a precise definition. Those 
points of the plane which are nearer to a pole a of f(s) than to any 
other pole of f(s) constitute the domat» of the pole a. If the domains 
of two poles, a and b, have common boundary points, these are on 
the perpendicular bisector of the line that joins a to b. Therefore the 
boundary of the domain of the pole a is a polygonal line, and the 
domain itself is an open convex set. The zeros of f™ (s) are pushed 
toward the polygonal boundary of the domain of the pole as n in- 
creases. The final set of a meromorphic Junction contains no paini tin- 
bersor to the domain of any pole bui contains all points which are on the 

_common boundary of the domains of two or more poles [20]. 
Observe that the final set depends only on the position of the poles 
of f(s), but is independent of the multiplicity of these Pen or their 
residues, and so on. 


4, Functions with an essential singularity. Let us consider next the 
case in which f(s) has just one finite singular point, the point s =0, 
gay. If this point is a pole the whole plane is its domain, the zeros of 
` f(s) are pushed towards œ, they have no finite limiting point, the 
final set is empty. But if the point s =0 is an essential singular point, 
the situation is quite different; the trend of the movement of the 
zeros of f(s) with increasing is much more difficult to recognize, 
and it is no longer true that this trend depends only on the position 
of the singular point. For example, if 


J(e) = (1/5), 


all zeros of f(s) are positive and real and the final set is the positive 
half of the real axis. If we change z into get", where æ is a fixed real 
number, 0 <a <2r, the singularity of f(s) remains at the point 0, but 
the zeros of f(z) tend to condense along another ray issued from 
the singular point; the final set changes position. 


5. Entire functions. Let us now consider a function with no finite 
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singular points, an entire function. Can we recognize the trend of the ~ 
zeros of f(s) as n— œ? We may say that this trend depends mainly 
on the rate at which f(z) increases when |z| — œ, that is, on the order 
of f(s). For certain entire functions of order 1, as, for example, for 


f(s) = sins 


the differentiation does not change essentially the density of the dis- 
tribution of the zeros. If the order of f(s) is less than 1 the differentia- 
tion tends to scatter the zeros; the zeros of f(s) tend to move out 
to © as n increases; their distribution becomes thinner. If the order 
of f(s) is greater than 1 the differentiation tends to concentrate the 
zeros; the zeros of f(s) tend to move in from © as nm increases; their 
distribution becomes denser. In short, the point at © exerts on the 
zeros of f™ (s) attraction or repulsion, according as the order of f(s) 
is leas than 1 or greater than 1. 

Passing to precise statements, if A denotes the order of the entire © 
function f(s), we have 


(1) lim sup (log #)~! log fa & (1 — NA, 
(2) lim inf (log n) log Na S (A— 1)/2. 


The inequality (1) was found, at least for A <1, by Alander [1]. More 
relations and more precise relations of this kind were discovered by 
Gontcharoff and several authors following his line of research.! The 
inequality (2) seems to be new. Both inequalities are “exact,” that is, 
the sign of equality may be attained for certain special functions. 
Furthermore we cannot exchange lim inf and lim sup or change 
either into lim without falling into false assertions.? 


6. Real entire functions. An entire function f(s) is called reat if it 
takes real values for real s, or, what is the same, if the coefficients of 
its Maclaurin series are all real. The set of zeros of a real entire func- 
tion is symmetrical with respect to the real axis. The real axis seems 
to exert an influence on the complex zeros of f‘)(s); it seems to at- 


1 Gontcharoff [14]. See also Takeneka [30-34], Kakeya [16], Whittaker [35, 36], 
Schoenberg [28]. Boas [9] (see also Levinson [17]) introduced a quantity related to 
but different from ra; let $a denote the radius of the largest circle of center s=0 in 
the interior of which f(s) is regular and f‘*")(s) is stoalent. Visibly fa & 3x. It seems 
that s, has more simple properties than r.a; especially we have the following double 
inequality lim infa.» (log #) 1 log 3a (1—A)/A Slim sups.. (log =) log sz. 

2IfAS1 the final set may be empty and we may construct entire functions of any 
given order whose final set consists of just one point. Jf A>1, must the final set mecas- 
sarily contain a poini? 
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tract these zeros when the order is less than 2, and it seems to repel 
them when the order is greater than 2. 

We may pass to exact statements, but these are, for the time being, 
hypothetical. 

A. If the order of the real entire function f(s) is less than 2, and f(s) 
has only a finte number of complex seros, then tts dersvaisves, from a 
certain one onwards, will have no complex zeros at au. 

B. If the order of the real entire function f(s) ss greater than 2, and 
f(s) has only a finite number of complex seros, then the number of the 
complex zeros of f(s) tends to infinity as n> ©, 

Both theorems are hypothetical, but A is better known than B. 
A weaker theorem than A, with 2/3 instead of 2, was first proved, 
then 2/3 was replaced by 1, and at last by 4/3.* So we know today 
that real entire functions of order less than 4/3 lose all their complex 
zeros after a finite number of differentiations provided they had only 
a finite number to start with. But the advance from 4/3 to 2, that is, 
to the full theorem A, is still to be made. 

B is supported mostly by “experimental” evidence.+ I quote two 
interesting examples 


(3) gm C”, 


The final set of the first entire function (3) (k is a positive integer) 
consists of k straight lines passing through the origin and dividing 
the plane into 2k equal angles [20]. The final set of the second entire ` 
function (3) consists of an infinity of parallel lines, dividing the plane 
into congruent strips of width 2.5 The final set of both functions 
contains the whole real axis, but also points outside the real axis 
(provided k & 2). 


7. Another open question about real entire functions. The consider- 


* The hypothetical theorem A (or rather a slightly more general theorem in which 
certain entire functions of order 2 are also considered) was found independently by 
two authors, A. Wiman and G. Polya The theorem with 2/3 was stated as proved by 
Polya [21, see p. 27, annotation 21]; proved, with reference to this first statement, 
almost simultaneously by Ålander [4] and Polya [22]. The theorem with 1 was proved 
by Wiman [39], that with 4/3 by Polya [23]. See also Wiman [38]. 

‘ A first remark in the direction of theorem B was made by Polya [18, 19]. (The 
role of the order 2 is indicated by the following theorem, due to Laguerre. A real 
entire function thal has only real seros ts or ts mot a lemt of polynomssals that kase only 
real seros according as tls order 13 less ikan 2 of greater than 2) A more precise hypo- 
thetical theorem was formulated by A. Wiman and investigated by Alander [1, 2] 
who used a geometrical method. 

+ Suggested by the present speaker, proved by G. Szegò (unpublished). 
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tion of the general trend of the zeros of f(s) and some examples, 
principally (3), may lead us to the following hypothetical theorem. 
C. If a real entire function of order greater than 1 remains bounded 
for real values of the variable, then tts final set contasns the whole real axts. 
I state this theorem without any pretension to the gift of prophecy. 
I state it because I think that the problem to prove or to disprove it, 
is neither too trivial nor completely inaccessible. 


_ THE REAL DOMAIN 


8. Notation and introductory results. We change our notation. 
Henceforth f(x) denotes a real-valued function of the real variable x, 
that is defined and possesses derivatives of all orders in a certain in- 
terval I, and N, denotes the number of changes of sign of f(x) in J. 

f(x) need not be analytic in J. The analyticity of f(x) is bound to 
the condition that to each point a of I corresponds a positive p = p(a), 
auch that, in the common part of the two intervals J and (a—p, a +p), 
f(x) is represented by a convergent power series in (x—a). If f(x) is 
analytic in J, its analytic continuation is completely determined by 
its values at the points of I and, if the continuation exists, it may turn 
out that f(x) is meromorphic, or entire, or entire of finite order, and 
80 on. 

The number N, may be infinite. But if the interval J is closed, and 
f(x) is analytic in J, not only is N, a finite number for each » but the 
increase of N, with » is limited by the following theorem. 

If f(x) is analytic in the closed interval I, then 


(4a) lim inf s~! N, és finite. 


If f(x) is an entire function 
(4e) lim inf n~! N, = 0. 


If f(z) ts an enisre funciston of the finite order A 
(4f) lim inf (log n)! log Na S (A — 1)/%. 


If f(x) is an entire function of exponential type (that ts, +f tts increase 
does not exceed the finste type of order 1) 


(4t) lim inf N, is finite. 


The letters a, e, f, t will be used systematically in distinguishing 
formulas, a reminding us of analytic, e of entire, f of finite order, t of 
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exponential type. Observe that the increase of N, is more and more 
restricted as we pass along the cases a, e, f, t. 

The theorem we just stated starts from a given analytic dene 
of the function (as analytic, entire and so on) and reaches conclusions 
“concerning the zeros of the derivatives, especially conclusions con- 
cerning the behavior of the sequence Ni, Ns, Na, -> ; the theorem 
seems to be new, it is easy to prove by “complex variable” methods, 
and appropriate to introduce our subject. We pass now to results of a 
different character in which we start from the derivatives, especially 
from properties of the sequence N;, Na, Ns, > +, and reach conclu- 
sions about the analytic nature of the function, using mainly “real 
variable” methods. 


9. All derivatives are of constant sign. The first relationships be- 
tween the analytic character of a real function and the qualitative 
behavior of its derivatives were discovered by S. Bernstein. One of 
his simplest results is concerned with the condition 


(5) N, = 0, ne ee eee 


and may be stated as follows. 

If no derivative of f(x) changes sign in an open tnterval I, then f(x) 
ts analytic in I. 

Tbis result came as a great urone at the time of its first publica- 
tion [5], and it still occupies a central position. It is the common 
starting point of many questions and generalizations. 


10. An infinity of derivatives is of constant sign. A first generaliza- 
tion of the condition (5) is due to S. Bernstein himself [5]. 


If infinitely many derivatives fv, : D,- are of constant sign in 
the open interval I, 
(6) Nu, = 9, k=1,2,3,++-, 
and tf the sequence ni, na, -.- + does not increase more rapidly than a 
geomeiric progresston, that is, +f there ts a fixed quantly Q such thal 
(7) ; tiii/tr <Q, k = 1,2,3., 


then st sitll may be asserted that f(x) is analytic in I. 

Recently R. P. Boas gave a new proof of this result and showed by 
interesting examples that the condition expressed by (6) and (7) can- 
not be essentially relaxed without endangering the truth of the theo- 
rem [10]. 


11. All derivatives are of constant sign. Influence of the signs. 
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Let us return to the central condition (5). If it holds, each derivative 
of f(x) has a constant sign in the open interval J, and, therefore, each 
derivative is monotonic in J, and so is the absolute value of each 
derivative. In faċt, since 


(d/da) | f(x) }? = 2f(x) f(a) s 


the absolute value of f™ is steadily increasing or steadily decreasing, 
according as f® and f‘*t are or are not of the same sign. We say 
that f‘™ and f™, where m<n, belong to the same block if and only 
if the absolute values of f(™, fost, ..-., f(D, f™ all vary in the 
game sense, that is, all increase or all decrease. Thus f™ and ft) be- 
long to different blocks if and only if 


J (x)forrM (x) <0 


in I. Leth, h, h, - - + denote the lengths of the successive blocks into 
which the sequence f, f’, f’’, - - - is decomposed; we assume here that 
no block has infinite length, and that therefore there is an infinity of 
blocks. S. Bernstein discovered that the lengths of these blocks are 
connected with the analytic nature of f. He proved the following 
theorem. 

If, in the open interval I, 


(Te) Lh =olhth+++++h) 


f(x) ts an entire function. If there extsis a postive number `, A>1, 
such that 


(7) =O (fh th t-++ +h ]oPA) 
f(x) is an entsre funciton of finite order not exceeding d. If 


f(x) ts an entire funciton of exponential type. 


12. An infinity of derivatives is of constant sign. Influence of the 
signs. D. V. Widder found recently [37] that f(x) ts necessarily an 
entire funciton of exponential type sf, in I, 


(8) sr 2 0, m= 0,1, 2,++- 


This condition would imply, $f we knew that no derivative of f(x) 
vanishes in I, that f¢™ and f@™+” belong to different blocks, and 


* Bernstein’s statement of his results [7, 8] is different in expression but not in 
substance from the statement given here. 
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that, therefore, no block has a length greater than two, h s2. But, 
in fact, Widder’s condition (8) does not say anything about the non- 
vanishing of the derivatives of odd order in J, and, therefore, Wid- 
der’s theorem is not contained in the third part of Bernstein’s 
theorem stated in the foregoing section; (8), although of much more 
special nature, does not imply (7t). 

R. P. Boas and the present speaker set out to find a common gen- 
eralization of S. Bernstein’s result, stated in the foregoing section, and 
of Widder’s result, quoted in the present section. They obtained the - 
following theorem [12, 13]. 

Let {nz} and {qi} be sequences of positive integers, {ny} stricily in- 
creasing. Assume that f°» and [w do not change sign in I, 


(9) Nav = Narta, = O, k=1,2,3,-°:, 
thai 
fo) Cx) fray) (x) < 0 
in I, and that 
Qt qa +H- + ge = O(n). n 
If 
(10e) nk — Mii = Olfa) Je = olm), 


‘then f(x) is an entsre function. If there is a positsve number A, \>1, such 
that 


(105) ne — Ayı = Olm O, qa = O(m >”), 
` then f(x) 4s an entire function of fintte order not exceeding A. If 
(10t) fy — M1 = O(1), qa = O(1), 


then f(x) is an entire function of exponential type. 

This theorem is more general than that of Bernstein quoted in 
the foregoing section, since the condition (9) is less restrictive than 
(5). We derive Bernstein’s theorem from the present one by putting 
h+hL+ +--+ +l,=n,and gi =1, fork=1, 2,3, +++. We obtain Wid- 
der’s result, quoted in this section, by putting n,=2k and q=1. 


13. No derivative changes sign more than a given number of times. 
The case of periodic functions. Let us return again to the fundamental 
theorem considered in §9. S. Bernstein derived the analyticity of the 
function from the condition (5). Is it possible to derive analyticity 
from the less restrictive condition 
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that is, does the condition that no derivative changes sign more than 
a fixed number of times imply the analyticity of the function? This 
question was first answered in the special case of periodic functions 
by Norbert Wiener and the present speaker [25], and led to the fol- ` 
lowing precise result. 

If no derivative of the periodic funciton f(x) of period 2x has more 
than 2m changes of sign in a pertod, f(x) is a trigonometric polynomial 
of order not exceeding m, 


f(z) = ao + a, cos x + bi 8inz-+--- +a, cos mz + bn sin mx 


with certain constants Go, Gi, bDi +--+, Om, dm. 

Any derivative of a trigonometric polynomial of order m is a trigo- 
nometric polynomial of the same order and has no more than 2m real 
zeros in a period. But if a periodic function is not a trigonometric 
polynomial the number of changes of sign of the ath derivative must . 
tend to infinity with n; this is contained in the theorem. We can re- 
state the theorem by saying that the number of changes of sign of the 
nth derivative of a periodic function does or does not tend to in- 
finity, according as its Fourier series has or has not an infinity of 
coefficients different from zero. Thus the theorem discloses a new 
characteristic property of trigonometric polynomials, the uniform 
boundedness of the changes of sign of all derivatives. 


14. The number of changes of sign of the nth derivative has a 
prescribed bound depending on n. The case of periodic functions. 
The theorem of the preceding section became a starting point of new 
questions and new generalizations. A first generalization may be for- 
mulated as the following tripartite theorem. 

Let f(x) denote a periodic function and N, the number of changes of ` 
sign of f™ (x) in a period. If 


(11e) N, < 2n/log n 


for sufficiently large n, then f(x) is an entire function. If there ts a À 
(A>1) such that 


(11f) lim sup (log #)-! log Nn S (A — 1)A, 
f(x) ts an entire function of finite order not exceeding A. If 
(11t) N. = O(1) 


f(x) is an entire function of exponenisal type. 
A similar but less precise tripartite statement was obtained by 
Norbert Wiener and the present speaker [25]. The exact form just 
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stated is due to Gabor Szeg& [29]. As it may be shown by suitable 
examples, the condition (11f) is completely sharp, and (11e) differs 
very little (if it differs at all) from a completely sharp condition. 

The condition (11t) reproduces (11), and the third part of the theo- 
rem is identical with the theorem of the foregoing section; in fact, as 
ia well known, a periodic entire function of exponential type is just a 
trigonometric polynomial. The conditions (11e), (11f), (11t) are paral- 
lel to the foregoing series of conditions (4e), (4f), (4t); (7e), (7H), (7t); 
and (10e), (10f), (10t). The hypotheses (11e), (11f), (11t) restrict 
more and more the increase of N,; the last one does not allow any 
“increase” at all we may.say. The corresponding conclusions (that 
f(x) is entire, entire of finite order, entire of exponential type) may 
be expressed by a more and more rapid decrease of the coefficients of 
the Fourier series; in the last case the decrease is so abrupt that all 
coefficients are equal to 0 from a certain one onward. 


15. Other generalizations. The theorem considered in $13 dealt 
with periodic functions, and therefore with Fourier series. 

It is natural to pass from periodic functions to almost periodic 
functions and from Fourier series to Fourier integrals (trigonometric 
integrals); in both cases the number of changes of sign has to be re- 
placed by (a suitable notion of) the density of changes of sign. The 
first extension was hinted by Norbert Wiener and the present speaker 
[25] the second by J. D. Tamarkin. 

A different kind of generalization was effected by Einar Hille who 
subjected the role of the Fourier series in the proof of the theorem. 
of §13 to a thorough analysis. The most important property of the 
Fourier series > /c,e™ from the point of view of that proof is the fol- 
lowing. The operation of differentiation d/dx changes the series in a 
simple way, it multiplies the coefficient c, by the simple factor $n. 
But the differential operation (1 — x?) (d*/dx*) —2xd/dx acts on the de- 
velopment into Legendre polynomials in a similar way. This observa- 
tion leads to the following theorem, one of numerous analogous results 
discovered by Hille [15]. 

Let N denote the number of changes of sign of 


[(1 — 4)(d*/dx*) — 2xd/dx]*f(z) 


in the interval —1SxS1. If N.*=O(1), the function f(x) possesses a 
development inio Legendre polynomials having only a finite number of 
non-vanishing coefficients, that is, f(x) stself ss a polynomial. 


16. No derivative changes sign more than a given number of times. 
The general case. The question raised at the beginning of §13 was 
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completely answered by A. C. Schaeffer who proved the following 
theorem.’ 

If, in an open snterval I, no derivative of f(x) changes sign more than 
a fixed number of imes, f(x) is analytic in I. 

This theorem contains that of S. Bernstein, discussed in $9, since 

‘its condition (11) is less restrictive than condition (5). Schaeffer’s 
proof is also very remarkable. It uses tools of the same general char- 
acter as the proofs of the theorems discussed in §§9-12, namely in- 
equalities between derivatives, but it adds to those known before an 
especially original inequality of this kind, another application of 
which yields a new proof of the theorem of §13, and seems to open a 
new vista on the hypothetical theorem C of §7. 

Looking back at the new results and new analogies that have been 
added quite recently to our knowledge of the subject, we may obtain 
the impression of grasping the outlines of a well balanced theory 
leading to further results. 
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THE NOVEMBER MEETING IN SOUTH BEND 


The three hundred ninety-first meeting of the American Mathe- 
matical Society was held at the University of Notre Dame, South 
Bend, Indiana, on Friday and Saturday, November 27-28, 1942 in 
connection with the Centennial Celebration of the University of 
Notre Dame. The attendance was about seventy including the 
following fifty-one members of the Society: 


Leonidas Alaoglu, E. S. Allen, P. H. Anderson, W. L. Ayres, Henry Blumberg, 
L. M. Blumenthal, I. W. Burr, R. V. Churchill], C. E. Clark, A. H. Copeland, C Cc, 
Craig, R. P. Eddy, Samuel Eilenberg, G. M. Ewing, N. J. Fine, C. H. Fischer, J. H. 
Giese, Michael Golomb, Cornelius Gouwens, L. M. Graves, G. E. Hay, M. H. Heins, 
T. H. Hildebrandt, A. S. Householder, M. H. Ingraham, J. H. Kenna, Joseph Landin, 
H. W. Linscheid, Eugene Lukacs, G. W. Mackey, Kar] Menger, A. N. Milgram, C. J. 
Nesbitt, Jerzy Neyman, Ivan Niven, C. D. Olds, P. M. Pepper, Maxwell Reade, 
G. E. Schweigert, A. H. Smith, W. S. Snyder, C. E. Springer, A. H. Stone, D. M. 
Stone, R. M. Thrall, Bernard Vinogradè, Abraham Wald, M. S. Webster, G. W. 
Whitehead, A. L. Whiteman, J. W. T. Youngs. 


> 


Sessions for the reading of contributed papers were held on Friday 
afternoon with Professor L. M. Blumenthal presiding and on Satur- 
day morning with Professor R. V. Churchill presiding. Jointly with 
this meeting the University of Notre Dame held its annual Mathe- 
matical Symposium, the subject being Modern statssitcs. On .Friday 
afternoon prior to the Society session Professor Jerzy Neyman of the 
University of California spoke on Theory of confidence intervals and 

_at the close of the Society session Professor Abraham Wald of Colum- 
bia University spoke on Outline of a general theory of siattsitcal sn- 
ference. On Saturday morning before the session of the Society there 
were two more addresses of the Symposium: Asymptotic properties of 
the likelthood rato test by Professor Wald and On a class of tests equtva- 
lent in the lamst to the lskelthood ratio tests by Professor Neyman. The 
presiding officers of the Symposium sessions were Professor C. C. 
Craig, Dean M. H. Ingraham, Professors Sewall Wright and A. H. 
Copeland. The Symposium addresses contributed greatly to the in- 
terest of the Society meetings. On Friday evening those attending the 
meetings were the guests of the University of Notre Dame at a buffet 
supper. 

Titles and cross references to the abstracts of the papers read follow 
below. Papers 1 to 6 were read Friday afternoon, papers 7 to 12 on 
Saturday morning, and papers 13 to 20, whose abstract numbers are 
followed by the letter #, were read by title. Dr. G. S. Young was 
introduced by Professor W. L. Ayres. Paper 8 was read by Professor 
Nesbitt, 9 by Mr. Reed and 11 by Professor Smith. 
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1. Maxwell Reade: Remarks on a paper of Beckenbach. (Abstract 
49-1-40.) 

2. P. M. Pepper: A new method for imbedding theorems. (Abstract 
49-1-76.) 

3. A. N. Milgram: A topologically snvariani metric Progeny of 
simple closed curves. (Abstract 49-1-98.) 

4. L. M. Graves: Metrisatton of weak convergence in Banach spaces. 
(Abstract 49-1-96.) 

5. G. S. Young: Seis of axtoms for the plane. Preliminary report. 
(Abstract 49-1-102.) 

6. Karl Menger: Staitstscal generalisations of metric geometry. (Ab- 
stract 49-1-75.) 

7,.Ivan Niven: An unsolved case of the Waring problem. (Abstract 
49-1-10.) 

8. C. J. Nesbitt and W. M. Scott: Some remarks on algebras over an 
algebraically closed field. (Abstract 49-1-9.) 

9. Karl Menger and S. G. Reed: On a surface noi tntersecting the 
set Rj. (Abstract 49-1-97.) 

10. G. M. Ewing: Minimizing an sntegral on a class of continuous 
curves. (Abstract 49-1-30.) 

11. H. F. S. Jonah and A. H. Smith: Zero order summadsltty of the 
series conjugate to the derived Fourter sertes. (Abstract 49-1-35.) 

12. C. E. Springer: Dual goedestcs on a surface. (Abstract 49-1-80.) 

13. M. A. Basoco: On the Fourier developments of a certain class of 
theta quotients. (Abstract 48-11-310-#.) 

14. Raphael Salem: On some stngular monotonic funchons which are 
sirichiy increasing. (Abstract 49-1-41-2.) 

15. Ivan Niven: The Pell equation tn quadratic fields. (Abstract 
49-1-11-t.) 

16. Maxwell Reade: On a theorem of Fédoroff and Binney. (Abstract 
49-1-39-Ł.) 

17. J. E. Wilkins: A class of functions in the calculus of variations for 
mulitple integrals in parametric form. (Abstract 49-1-52-t.) | 

18. Brockway McMillan: Networks of mechanisms. Preliminary 
report. (Abstract 49-~1-68-1.) 

19. Max Coral: Solution of quast-linear partial differential equations 
through a characterishtc inttial curve. (Abstract 49-1-29-¢,) 

20. R. L. Swain: Approximate tsomeiries in bounded spaces. (Ab- 
stract 49-1-100-#.) 

W. L. AYRES, 
Associate Secretary 


THE NOVEMBER MEETING IN LOS ANGELES 


The three hundred ninety-second meeting of the American Mathe- 
matical Society was held at the University of California at Los An- 
geles on Saturday, November 28, 1942. The attendance was about 
sixty, including the following thirty members of the Society: 

O. W. Albert, Harry Bateman, Clifford Bell, L. E. Bell, Myrtie Collier, P. H, 
Daus, G. C. Evans, A. I. Forsythe, G. E. Forsythe, R. D. Gordon, P. G. Hoel, G. H. 
Hunt, D. H. Hyers, C. G. P. Kuschke, C. C. Lin, W. E. Mason, A. D. Michal, Knox 
Millaaps, W. T. Puckett, G. E. F. Sherwood, S. C. Snowdon, A. E. Taylor, B. P. 
Taylor, T. Y. Thomas, S. E. Urner, F. A. Valentine, L. F. Walton, W. M. Whyburn, 
E. R. Worthington, Max Zorn. ý 


The meeting opened in the morning with a general session for con- 

tributed papers at which Professor P. H. Daus presided. By invita- 
tion of the Program Committee, Professor Harry Bateman of the 
California Institute of Technology delivered an hour address on Some 
simple diferenital-diference equations and their related functions. 
Professor G. C. Evans presided at this lecture. 
. The afternoon session was devoted to a Symposium on Applied 
Mathematics, Professor Theodore von Kármán presiding. Professor 
P. S. Epstein spoke on Elastic oscsHattons in plates and shells, Pro- 
fessor L. M. K. Boelter on Problems in heat transfer, and Professor 
J. Holmboe on Some aspects of the circulation of viscous fluids. 

Titles and cross references to the abstracts of the papers read follow 
below. Papers whose abstract numbers are followed by the letter 
# were read by title. The papers numbered 2 and 7 were read at the 
morning session; those numbered 1 and 3 to 6 were read by title. 
Paper 7 was read by Professor Zorn. 

1. A. C. Schaeffer: On the oscillation of differenisal transforms. III. 
(Abstract 48-3-119-4.) 

2. P. G. Hoel: On sndices of dtsperston. (Abstract 49-1-88.) 

3. Glenn James: On equivalence of methods of summing divergeni 
series. (Abstract 49-1-34-#.) 

4. J. E. Wilkins: A note on the Woterstrass condition for multiple 
integrals in the calculus of vartaisons. (Abstract 49-1-53-t.) 

5. Knox Millsaps: Characterisation of the absiract exponential func- 
hon. (Abstract 49-1-36-2.) 

6. E. J. Purcell: Flat space congruences of order one sn [n]. (Abstract 
4.9-1-77-t.) , 

7. Einar Hille and Max Zorn: Open additive semi-groups of complex 
numbers. (Abstract 49-1-32.) 

A. D. MICHAL, 
Assoctate Secretary 
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THE ANNUAL MEETING OF THE SOCIETY 


In compliance with the request of the Office of Defense Transpor- 
tation, the scientific program of the forty-ninth Annual Meeting of 
the American Mathematical Society, which was scheduled for De- 
cember 28—30, 1942, in New York City, was cancelled. Therefore the 
Annual Meeting consisted of the meetings of the Council and the 
Board of Trustees which were held on December 27 and 28, 1942, in 
New York City, and at which the following members of the Society 
were present: 

C. R Adams, W. D. Cairns, W. B. Carver, Arnold Dresden, Nelson Dunford, 
Tomlinson Fort, R. M. Foster, B. P. Gill, Einar Hille, T. R. Holleroft, E. M. Hull, 
J. R. Kline, Solomon Lefschetz, W. R. Longley, C. C. MacDuffee, Saunders MacLane, 


Marston Morse, G. W. Mullins, F. D. Murnaghan, R. G. D. Richardson, J. F. Ritt, 
J. D. Tamarkin, A. W. Tucker, Warren Weaver, S. S. Wilks, Oscar Zariski. 


At the request of the authors, some of the papers submitted for . 
presentation at the Annual Meeting were listed for presentation in 
person at future meetings of the Society in New York and Chicago. 
All other papers which had been submitted were read by title at the 
meeting of the Council; titles and cross references to the abstracts 
of these papers appear at the end of this report. At the meeting of 
the Council the Secretary reported that the Gibbs Lecture, scheduled 
to be delivered by Professor John von Neumann at the 1942 Annual 
Meeting, has been cancelled indefinitely since, because of war duties, 
the lecturer is not available. 

The Board of Trustees met at 2:00 p.m. on December 27 in the 
Faculty Club of Columbia University and adjourned to reconvene at 
1:00 p.m. on December 28. The meeting of the Council was held at 
2:00 p.M. on December’27 in the Faculty Club of Columbia Univer- 
sity. 

The Secretary announced the election of the following twenty-two 
persons to membership in the Society: 

Professor Albert Vinicio Baez, Wagner College, Staten Island, N.Y.;. 
Miss Helen P. Beard, Newcomb College, Tulane University; 

Mr. Edward Griffith Begle, Yale University; 

Dr. Isaiah Benjamin, Montreal, Quebec, Canada; 

Mr. Albert Hosmer Bowker, Massachusetts Institute of Technology; 
Mr. Paul Brock, Princeton University; 

Professor James A. Cooley, University of Tennessee; 

Mr. Charles Laurie Dolph, Princeton University; 

Mr. Robert Dean Gordon, Douglas Aircraft Company, El Segundo, Calif.; 
Dean Richard Wilson Horn, Dayton Y.M.C.A. College; 

Mr. Bertram Kelsey Hovey, University of Pittsburgh; 

Mr. Leroy M. Kelly, U. S. Coast Guard Academy; 
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Dr. Richard Milton Martin, Princeton University; 

Dr. Anne Frances O'Neill, Smith College, 

Mr. Charles H. Papas, Aircraft Radio Section, U. S. Navy Department, Washington, 
D.C.; 

Mr. Sidney G. Reed, Jr., University of Notre Dame; 

Mr. Edward Rosenthall, McGill University; 

Mr. Robert Harris Scanlan, Fleetwings, Inc., Bristol, Pa.; 

Mr. Peter Treuenfels, Brooklyn, N.Y.; 

Mr. John Michael Walsh, University of Notre Dame, 

Miss Rae Wyland, Eastman Kodak Company, Rochester, N.Y.; 

Mr. Bertram Yood, Bayonne, N.J. 


It was reported that the following had been elected as nominees on 
the Institutional Memberships of the institutions indicated: 


Brown University: Dr. Lipman Bers. Mesars, Wilfred Macdonald Kincaid and Elmer 
Beaumont Tolsted. 

University of California at Los Angeles: Mesers. Marshall Elder and Melvin Samuel 
Henry. 

University of Chicago: Mr. Alexander Robert Jacoby, Miss Janet MacDonald, Mr. 
William S. Massey, Miss Mary Kathryn Toft, Mr. Daniel Zelinsky. 

University of Cincinnati: Mr. David Hal Lipsich. 

College of the City of New York: Mr. Herman Chernoff. 

Columbia University: Messrs. Frederick Bagemih!, Bernard Russell Gelbaum, Pierre 
Gutmann, Mise Agnes P. Holló, Mise Louise Wilhelmina Miller, Mr. F. Stein- 
hardt. 

Duke University: Miss Eva Ann Pirkle. 

University of Illinois: Miss Mary Rosalie Bear, Dr. Theodore Bedrick, Menars. Harry 
Edward Cowan, Harman Leon Harter, and Ray Gartner Langebartel, Miss Jewell 
E. Schubert. 

Indiana University: Mr. Evar Dare Nering, Misa Valentina Annette Potor. 

Iowa State College: Mr. Theodore Alfonso Bancroft. 

State University of Iowa: Miss Winifred Alice Asprey. 

Massachusetts Institute of Technology: Messrs. Julian Himely Bigelow, Donald 
Laurence Thomsen, Jr., and Edward Joseph Zadina. 

University of Michigan: Messrs. Lynn Ulfred Albers, Cari Allen Bennett, Leonard 
Gustave Johnson, and Clarence Francis Stephens. 

University of Pennsylvania! Mr. Samuel Isadore Askovitz, Mra, Ruth Evleen Good- 
man, 

Smith College: Miss Kathleen Ethelwyn Butcher. 

Syracuse University: Mise Lucille Kathryn Pinette. 

Texas Technological College: Miss Nancy Ann Miller. z 

University of Virginia: Mr. Marion Kirkland Fort, Jr. 

University of Washington: Mr. Worthie Lefler Doyle, Jr., Miss Frances Adelia Owen. 


The following appointments by President Marston Morse were 
reported: as tellers for the 1942 annual election, Professor E. R. 
Lorch and Dr. W. C. Strodt; as Committee on Arrangements for the 
1943 Annual Meeting in Cleveland, Ohio, Professors J. R. Musselman 
(Chairman), W. L. Ayres, M. G. Boyce, O. E. Brown, W. B. Carver, 
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E. H. Clarke, and C. C. Torrance; as new members of the Committees 
to Select Hour Speakers: for Annual and Summer Meetings, Profes- 
sor R. L. Wilder (committee now consists of Professors J. R. Kline, 
Chairman, M. H. Stone, and R. L. Wilder); for Eastern Sectional 
Meetings, Professor Saunders MacLane (committee now consists of 
Professors T. R. Hollcroft, Chairman, Salomon Bochner, and Saun- 
ders MacLane); for Western Sectional Meetings, Professor R. E. 
Langer (committee now consists of Professors W. L. Ayres, Chair- 
man, T. H. Hildebrandt, and R. E. Langer); for Far Western Sec- 
tional Meetings, Professor W. M. Whyburn (committee now consists 
of Professors A. D. Michal, Chairman, G. C. Evans, and W. M. 
Whyburn). 

The Secretary reported that the ordinary membership in the So- 
ciety ia now 2528, including 213 nominees of institutional members 
and 71 life members. There are also 85 institutional members. The 
total attendance at all meetings in 1942 was 1010; the number of 
papers read was 319; there were 6 hour addresses, 20 symposium ad- - 
dresses, and 4 Colloquium Lectures; the number of members attend- 
ing at least one meeting was 641. 

_ At the annual election which closed on December 30, and at which 

455 votes were cast, the following officers were elected: 

Presidenti, Professor M. H. Stone. 

Vice-President, Professor L. M. Graves. 

Secrelary, Professor J. R. Kline. 

Associate Secretary, Professor T. R. Hollcroft. 

Treasurer, Professor B. P. Gill. 

Members of the Editorial Committee of the Bulleitn, Professors 
Saunders MacLane and P. A. Smith. 

Member of the Editorial Committee of the Transactions, Professor 
A. A. Albert. 

Members of the Editorial Committee of the Colloquium Publicaitons, 
Professors A. B. Coble and J. F. Ritt. 

Member of the Editorial Committee of Mathematical Reviews, Profes- 
sor O. E. Neugebauer. 

Member of the Editorial Committee of ihe American Journal of Math- 
ematics, Professor G. D. Birkhoff. 

Members-at-large of the Counch, Professors R. P. Agnew, E. T. Bell, 
Richard Courant, E. R. Hedrick, and D. H. Lehmer. 

Members of the Board of Trustees, Professors W. R. Longley, Mars- 
ston Morse, and G. W. Mullins, Dean R. G. D. Richardson, and Dr. 
Warren Weaver. 

In an appendix to this Fegan are excerpts from the Report of the 
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Treasurer for the fiscal year 1942 as verified by the Auditors. A copy 
of the complete report will be sent, on request, to any member of the 
Society. The Board of Trustees adopted a budget for 1943 showing 
authorized expenditures of $49,400. This includes an appropriation 
of $1,000 for Mathematical Reviews from the Marion Reilly Fund.’ 

The Librarian reported that the Library of the Society now con- 
tains 10,235 volumes of which 7,344 are bound volumes. 

The American Journal of Mathematics, which is published jointly 
by The Johns Hopkins University and the Society, and to which the 
Society contributes an annual subvention of $2,500, printed 772 pages 
during 1942. 

Certain invitations to give hour addresses were announced: Pro- 
fessors R. H. Cameron and Nelson Dunford for the April, 1943, meet- 
ing in New York City; Professor A. E. Taylor for the April, 1943, 
meeting at Stanford University. 

On recommendation of the Committee on Places of Meetings (Pro- 
fessor A. B. Coble, Chairman), it was voted to accept the invitation 
of Rutgers University to hold the 1943 Summer Meeting at that 
institution. It was also voted to accept the invitation of Hunter 
College for the April, 1943, meeting in New York City. The Secretary 
reported that, according to the Office of Defense Transportation, the 
final decision regarding scientific meetings lies with the officers of the 
group involved; the officers are requested to weigh the necessity of 
each meeting against the existing transportation situation. 

The Bulletin Editorial Committee reported that Professors J. H. 
Curtiss and D. H. Lehmer bad been appointed Assistant Editors, for 
a period of three years, replacing Professors J. L. Doob and Morgan 
Ward. It was also reported that, beginning in January, 1943, invited 
addresses will be printed in the green issues of the Bulletin. 

The Transactions Editorial Committee reported that during the 
year 1942 it had published 1,192 pages, the largest figure in its history. 
‘ As a consequence, the heavy backlog of papers has been reduced and 
the interval between submission and publication has been diminished 
from fourteen to six or eight months. It was also reported that Profes- 
sors Richard Brauer, M. S. Knebelman, and J. J. Stoker have been 
appointed Associate Editors, to replace Professors A. Albert, J. L. 
Synge, and G. T. Whyburn. 

On recommendation of the Council, the Board of Trustees set aside 
a revolving fund for the purpose of publishing the new series of mono- 
graphs, Mathematical Surveys. It is expected that the first two vol- 
umes of this series will appear during the first half of 1943. These will 
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be Rings by Professor Nathan Jacobson and The problem of moments 
by Professors J. A. Shohat and J. D. Tamarkin. 

As a result of discussions concerning the manpower problem con- 
fronting the mathematicians, President Stone was authorized and 
requested to appoint a War Policy Committee to handle all problems 
which concern the most effective use of mathematicians in the war 
effort. He was also authorized to appoint a subcommittee to study 
means for alleviating the serious shortage of teachers of mathematics 
which will confront colleges and universities upon the inauguration 
of the Army and Navy programs. 

Titles and cross references to the abstracts of papers read at the 
Council meeting follow below. Mr. Edward Rosenthall was introduced 
by Professor Gordon Pall. 

1. R. P. Agnew: Euler transformations. (Abstract 49-1-21-#.) 

2. R. P. Agnew: On sequences with vanishing even or odd differences. 
(Abstract 49-1-22-#.) 

3. R. F. Arens: Homeomorphism groups of a space. Preliminary 
report. (Abstract 49-1-89-7.) 

4. I. A. Barnett: A note on skew-symmetric kernels. (Abstract 
49-1-23-2.) ‘ 

5. E. F. Beckenbach: The stronger form of Cauchy's integral theorem. 
(Abstract 49-1-24+4.) 

6. Stefan Bergman: A formula for the stream functston of compressi- 
ble fluid flow. (Abstract 49-1-58-2.) 

7. G. D. Birkhoff: Measure-preseroing transformations of a planar 
ring without planar periodic potnts. (Abstract 49-1-90-é.) 

8. D. G. Bourgin: On a theorem of Goldsisne’s. (Abstract 49-1-91-¢,) 

9. D. G. Bourgin: Quast norms in linear topological spaces. (Ab- 
stract 49-1-92-é.) 

10. D. E. Christie: Net homotopy for compacta. (Abstract 49-1-93-¢.) 

11. R. F. Clippinger: General remarks about the set of products of 
posstive powers of n-by-n matrices and the assoctated mansfold. Prelimi- 
_ nary report. (Abstract 49-1-26-4.) 

12. R. F. Clippinger: Matrix products of matrix powers. Preliminary 
report. (Abstract 49-1-27-+.) 

13. R. F. Clippinger: Mean value theorems for a certasn linear matrix 
differenisal equation. Preliminary report. (Abstract 49-1-28-2.) 

14. I.S. Cohen: Some theorems on local rings. (Abstract 49-1-1-#.) 

15. H. S. M. Coxeter: The map-coloring of unorsentable surfaces. 
(Abstract 49-1-94-é.) 
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16. J. H. Curtiss: A mote on the theory of moment generating func- 
tions. (Abstract 49-1-85-t.) 

17. John DeCicco: Conformal geometry of second order differential 
equations. (Abstract 49-1-70-#.) 

18. Jesse Douglas: Posnt transformatons and isothermal families of 
curves. (Abstract 49-1-71-t.) 

19. R. M. Foster: On the average resistance of an electrical network. 
(Abstract 49-1-59-Ł.) 

20. A. H. Fox: Integral representation of the flow of a compressible 
fluid around a cylinder. (Abstract 49-1-60-Ł.) 

21. P. R. Halmos: On automorphisms of compact groups. I. (Ab- 
stract 49-1-3-4.) 

22. A. E. Heins: Some remarks on the solution of duak integral egua- 
tions. I. (Abstract 49-1-63-t.) 

23. H. K. Hughes and Cleota G. Fry: Asymptotic developments of 
_ certain imtegral funcitons. (Abstract 49-1-33-t.) 

24. Edward Kasner: Trajectortes tn a resisiing medium. (Abstract 
49-1-66-#.) 

25. Edward Kasner and John DeCicco: Bés-tsothermal systems in 
pseudo-conformal geomeiry. (Abstract 49-1-73-.) 

26. Jakob Levitzki: On sems-nslpotent ideals. (Abstract 49-1- 6-#.) 

27. W. H. Roever: A new formula for the devtatson in range of a pro- 
jectsle due to the earth's rotation. (Abstract 49-1-69-#.) 

28. W. H. Roever: The axonometric method of representing the points 
of space on a plane. (Abstract 49-1-78-#.) 

29. Edward Rosenthall: Dtophantine equations in arbitrary alge- 
brasc number fields. (Abstract 49-1-13-#.) 

30. Edward Rosenthall: Diophantine equations in btquadraite fields. 
(Abstract 49-1-14-#.) 

31. H. E. Salzer and Abraham Hillman: Exact values of the first 
120 factorials. (Abstract 49-1-84-4#.) 

32. H. M. Schwartz: On sequences of Sitelijes sntegrals. II. (Ab- 
stract 49-1-42-2.) 

33. I. M. Sheffer: Note on a linear transformation of “analytic” 
type. (Abstract 49-1-43-4.) 

34. W. S. Snyder: Non-parametric surfaces and inscribed polyhedra. 
Preliminary report. (Abstract 49-1-44-1.) 

35. Otto Szász: On Abel and Lebesgue summabisty. (Abstract 
- 49-1-46-t.) 

36. W. C. Taylor: Asymptotic behavior of the Abel sums of the 
Laguerre expansion. (Abstract 49-1-47-t.) 
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37. W. J. Trjitzinsky: Singular nonlinear integral equations. (Ab- 
. stract 49-1-48-#.) 

38. S. M. Ulam: On equivalence of funcitons. (Abstract 49-1-49-2.) 

39. S. M. Ulam: On the length of curves, the surface area and the 
ssopersmetric problem under a general Minkowski metric. Preliminary 
report. (Abstract 49-1-81-?.) 

40. T. L. Wade: Euchdean concomstants of the triangle. (Abstract 
49-1-15-t.) 

41. T. L. Wade: On conjugate tensors. (Abstract 49-1-16-2) 

42. T. L. Wade: On the factortsation of rank tensors. (Abstract 
49-1-17-#.) 

43. T. L. Wade and R. H. Bruck: Types of symmetries, (Abstract 
49-1-18-#.) 

44. A. D. Wallace: On non-alternating transformations. (Abstract 
49-1-101-3.) 

45. Alexander Weinstein: On a general variational method for the 
determination of eigenvalues. (Abstract 49-1-51-i.) 

46. J. E. Wilkins: Definitely self-conjugaie adjoint tntegral equaitons. 
(Abstract 49-1-544.) 

47. Fumio Yagi: On a certain Stieltjes integral equatson. (Abstract 
49-1-55-t.) 

48. Antoni Zygmund: A property of the seros of Legendre polyno- 
mials. (Abstract 49-1-57-i.) 

J. R. KLINE, 
Secretary 


e 
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APPENDIX 


EXCERPTS FROM REPORT OF TREASURER 


December 16, 1942 
To THE BOARD OF TRUSTEES OF THE 
AMERICAN MATHEMATICAL SOCIETY 


Gentlemen: 

I have the honor to submit herewith the report of the Treasurer for 
the fiscal year ended November 30, 1942, in form similar to that for 
the previous year. 

The market value on November 30, 1942, of the securities in the 
Pool was $12,714.63 less than book value. This is to be compared with 
the total amount, $7,724.46, held in accounts “Reserve for Invest- 
ment Losses” and “Profit and Loss on Sale of Securities.” The market 
value on November 30, 1942, of securities in General and Restricted 
Funds was $1,459.25 less than book value. Profit on the sale of securi- 
ties for General and Restricted Funds amounting to $295.73 is still 
being carried as a reserve against losses to these funds. 

Income earned by General Fund Investments during the year 
amounted to $1,414.34. This represents a return of 14% on amounts 
in savings banks, and approximately 34% on securities. Investment 
Income earned by the Pool amounted to $7,380.12, representing a 
return of approximately 44%. Total Investment Income from all 
sources was thus $8,794.46, corresponding to a yield of approximately 
4%. This income and yield may be compared with $8,864.93 and 
approximately 4#% for the fiscal year 1941. 

There appears for the first time a record of income from the Estate 
of Robert Henderson. The terms of Dr. Henderson’s will have earlier 
been reported to the Trustees and to the Society. There also appears 
the gift of $100 from Professor R. C. Archibald for use of the library. 


Respectfully submitted, 


BENNINGTON P. GILL, Treasurer 
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BOOK REVIEWS 


Algebratc topology. By Solomon Lefschetz. (American Mathematical 
Society Colloquium Publications, vol. 27.) New York, pees 
Mathematical Society, 1942. 6+389 pp. $6.00. 


Since the publication of Lefschetz’s Topology (Amer. Math. Soc. 
Colloquium Publications, vol. 12, 1930; referred to below. as (L)) 
three major advances have influenced algebraic topology: the de- 
velopment of an abstract complex independent of the geometric 
simplex, the Pontrjagin duality theorem for abelian topological 
groups, and the method of Cech for treating the homology theory 
of topological spaces by systems of “nerves” each of which is an ab- 
stract complex. The results of (L), very materially added to both by 
incorporation of subsequent published work and by new theorems of 
the author’s, are here completely recast and unified in terms of these 
new techniques. A high degree of generality is postulated from the 
outset. The abstract point of view with its concomitant formalism- 
permits succinct, precise presentation of definitions and proofs. Ex- 
amples are sparingly given, mostly of a simple kind, which, as they 
do not partake of the scope of the corresponding text, should be intel- 
ligible to an elementary student. But this is primarily a book for the 
mature reader, in which he can find the theorems of algebraic topology 
welded into a logically coherent whole. 

The first chapter presents the set-theoretic considerations which 
will underlie both the spaces to be studied later and the algebraic 
machinery used to study them. Topological spaces are defined as 
point sets in which open sets are specified subject to the three usual 
axioms. Mappings (that is, continuous single-valued transformations) 
are next defined so that their properties may be developed along with 
those of the space. By using topological products of open or of closed 
line segments, Euclidean #-space, the n-cell and the Hilbert parallelo- 
tope are introduced. A space is called compact if for every covering 
{U.} by open sets there exists a finite subset of {U.} which covers 
the space. This is the property often called “bicompactness.” The 
principal consequences of the separation axioms particularly for com- 
pact spaces precede a definition of normality and characiertsitc func- 
hon and the Tychonoff imbedding theorem, which, via metric spaces, 
leads to the Urysohn metrization theorems. A set is a directed system 
if there is a relation > between certain pairs 4&,b of its elements such 
that c>b and b>a implies c>a, and for every pair a,b of elements 
there is an element c such that c>a and c>b. Using these, inverse 
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mapping systems of Hausdorff spaces and their limit spaces are de- 
fined. The chapter ends with a definition of homotopy, deformation 
and retrackon. "aa 

Abelian topological groups occupy the next chapter. The standard 
decomposition of a group with a finite number of generators is given. 
The chapter as a whole leads up to duality theorems. The first is that 
of Pontrjagin-van Kampen which is stated for locally compact groups 
G and H one of which is the character group of the other, and is* 
proved in case G is compact, H discrete (except that reference to the 
literature is given for the step GD g +0 implies the existence of kh EH 
such that ghx0). Application is made to dual directed systems of 
groups. If a set Q of continuous homomorphisms a of a group G into 
itself forms a field (taken with discrete topology) in the sense that 
ag -+-a’g =(a-+a’)g and (aa’)g =a(a’g), then G is called a vector space 
arid has snear topology if every neighborhood of the identity of G isa 
sum of subspaces. If G is finite-dimensional, linear reduces to discrete 
topology. When a field character of G is defined as a homomorphism 
G—Q, the field characters form a vector space H called the character 
space of G. In case Gand H have linear topology and are restricted bya 
condition analogous to compactness, a second duality theorem, analo- 
gous to the first, is proved for them. 

In Chapter III, Lefschetz defines as a complex an abstract system 
based on the “abstract complex” of Tucker except that the use of 
negative dimensions here permits the association with each complex 
X of a symmetric dual complex X* which carries its cohomology 
theory. Geometric entities like polyhedral complexes (made up of 
bounded convex regions) and Euclidean complexes (made up of sim- 
plexes) can then be treated as special cases. Homology and cohomol- 
ogy theory with general coefficient groups G (in case G is a discrete 
field the homology groups are vector spaces) and product theory are 
developed abstractly both for finite and for infinite complexes having - 
local finiteness properties. It is shown, following Steenrod, that two 
finite complexes have the same homology groups over every G if they 
have the same groups for either of the unsversa} coefficient groups: G 
the integers, or G the reals mod 1. If G is a field of characteristic r, the 
Betti numbers over G are the same as those mod r. Using the group 
duality of Chapter II gives (1) the duality of the pth homology and 
cohomology groups, and (2) the Alexander duality of the pth cohomol- 
ogy group of a closed X and the (p—1)st homology group of Y—X 
when the pth and (p—1)st homology groups of Y are the identity. 
After discussion of product and join of complexes, subdivision is 
treated by means of the chatn-mapping induced by the transformation 
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of one complex to another ; intersections are defined as chain mappings 
of the product X XX* to X or, equivalently, of X**X* to X*. In ` 
. terms of them the homology ring of Gordon and Freudenthal is set 
up and the theory of coincidences and fixed points is abstractly given. 
Combinatorial manifold is defined and the previous results are applied 
in this special case, the result of (1) for finite manifolds being the 
‘ duality theorem of Poincaré, for infinite manifolds the theorem of 
(L) p: 314. 

` The Čech homology theory is next abstracted: the role of Alexan- 
drof “nerves” being played by a directed set of complexes called a 
net, the role of the projection onto a covering of its refinement being 
taken by a chain-mapping. If whenever there is a projection it is 
unique, the net is called a-specirum, so the spectrum is the direct ab- 
straction of the Cech situation, the net being a generalization. 
For a fixed dimension the homology group § of a net is then the limit 
group of the homology groups of that dimension of the complexes 
‘of the net. The duals of these complexes yield a conet and cohomology 
groups which permit the treatment of intersections. A duality theo- 
rem like (1) is immediate; one like (2) is proved when the coefficient 
group is compact or a field. For a spectrum the limit groups Z of the 
groups of cycles and F of the groups of bounding cycles of the com- 
plexes of the spectrum may be defined leading to a projective homology 
group Z/F for each dimension. (The bar is the closure operator.) If the 
coefficient group is compact or a field, § ~ Z/F. A web is a collection 
of objects, A, B, - - - between certain pairs of which a relation D of l 
“inclusion” has been established such that to each A,B there is a 
CDA,B, and a D with A,BDD. Thus from a web two directed sets 
may be formed; one dtrect, A >B means A DB; one inverse, A>B 
means BDA. Here the elements of the web are the subcomplexes of a 
complex or, more generally, the subnets of a net, and by means of the 
directed sets, homology theories are constructed for these webs. The 
‘ principal application is to an infinite complex each of whose elements 
has a finite set of elements on its boundary and in which each element 
has a diameter. Then if A,B, +++ are subcomplexes made up of elc- 
ments of decreasing maximum diameters one of the homology theories 
of the resulting web abstracts the Vietoris homology theory. 

Chapters VII and VIII apply the algebraic machinery to spaces, 
nets being used to define homology groups and prove duality and in- 
tersection theorems for topological spaces in the manner of Cech. 
If the space is normal it makes no difference whether the nets are 
composed of nerves of open or of closed sets. Similarly webs serve for 
the Vietoris-Lefschetz homology theory of compact metric spaces” 
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(L) p. 322. It is shown that the Čech and Vietoris homology groups 
over a.discrete group Gare isomorphic. Special finite coverings of a 
topological space by closed sets whose interiors are disjunct, called 
gratings, lead to a net which is a spectrum and whose net homology 
theory is the same as the Kurosch homology theory by finite closed 
coverings. The projective theory of this spectrum is the homology 
theory of Alexander-Kolmogoroff. In Chapter VIII the topological 
space is specialized to be a polyhedral or simplicial complex K and the 
covering to be by’barycentric stara of the derived (that is, regularly 
subdivided) complexes of K. A proof of the topological invariance of 
the algebraic homology groups of K then quickly results‘from the 
- Cech theory. The manifold, intersection a'nd fixed point theories given 
earlier are specialized to this case and a discussion of the singular 
‘chains which played such a large part in (L) and of continuous chains 
is included. Finally differentiable complexes and group manifolds 
are discussed. Hopf by generalizing simplicial group manifolds (group 
not necessarily abelian) defined a I'-manifold. Lefschetz further gen- 
eralizes to obtain a I-complex and proves Hopt’s theorems for it:: 
the rational homology groups and ring of a T-complex are isomorphic 
with those of a finite product of odd-dimensional spheres; and every 
finite product of odd-dimensional spheres is a T'-manifold. 

In Appendix A by S. Eilenberg and Saunders MacLane are proved 
for infinite complexes results on universal coefficient groups similar 
to those of Chapter III for finite complexes. The group of group ex- 
' tensions of a given group by another is the algebraic tool used. In 
Appendix B, P. A. Smith describes his application of algebraic topol- 
ogy td the study of the fixed points of a periodic homeomorphism T 
of a topological space R into itself. His technique is first worked out 
for R a simplicial complex and T a simplicial homeomorphism. The 
algebra is that of special homology groups defined by means of T. 
Then by the Cech method it is extended to compact spaces, particu- 
larly those having the homology groups of the m-sphere, and there 
yields topological results. Some unsolved problems are ae at 
the end of this appendix. 

WILLIAM W. FLEXNER 


Principles of mechanics. By J. L. Synge and B. A. Griffith. New York 
and London, McGraw-Hill, 1942. 12+514 pp. $4.50. 


. In their preface the authors state that mechanics stands out as a 
model of clarity among all the theories of deductive science, and they 
have succeeded very well in support of that statement in the produc- 
tion of this book. The notation and the arrangement are good, and 
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the scope of maen covered exhibits well the cmt and limita- 
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~ tions*of modèrn. mechanics. ™ 


"The .book is divided’ into two parta; he arse being’ -atitled Plene? 
Mechanics and the second Mechanics in Space. There is, however, i in 
Partal considerable three-dimensioral notation, the. policy of, the au- » 5 
thors being to include the hres a meneigaal generality wher iitidue”, 
complexity does not arise. ` ed = ae 

Vector methods are used Hoen ‘Part I] as the fundamental 
mode of approach ‘both to theory, and to problems. They are algo. uged 3. * 
in Part I, althqugh in many ofthe problems of’ plane ‘mechanics there. 
is not scope for the full acvanwee of vector notation, and scalars a) are: 
used a great deal instead. PEE 

The arrangements in ae two, parts to: a large erent paia 
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_. other. In each case statics precedés dynamics. The force toncept'is ` "i 
“taken as the primitive one, rather than. mags, and. the principlés of:, 


statics are developed through the principle ọf virtual work. Then in- 
each i case there follow chapters on the methods of dynamics arid their. 
Applications. In Part II these are followed bya chapter. on Lagrange’ gie ft 
equations, ard one on the special theory. of relativity. THese last two, 
chapters_are well adapted to the purpdse’ of providing the student 
with an indication of what lies beyond the methods which have been. j 
given, and of theditritations of the postulates on which the theoretical’ 
structure of Newtonian mechiahics rests. , ' 

The first chapter of Part I is entitled Foundations of Mechanics. Jt 
deals with the fundamental- concepts and postulates of mechanics, but 
to appreciate it adequately the student needs a considerable-degree of | 


illustrated. by an analogy, but the’ amount of definite physical basis- . 
suggested for the idea is meager. In fact, the emphasis of the book is ; 
not on the development of an understanding of the fundamental con- ` *' 
cepts and postulatea; a working knowlédge of the fundamental ideas  '¢ 
is presented i in condensed form, chiefly i in this first chapter, and then 


with. That; of course, is a legitimate choice, for it makes. possible. the oo 
inclusion of a greater body of theory'and method in a single volume : 


` of moderate size. It makes the text unsuitable for a beginners’ course, ™ ` 


' but it provides a valuable body of material for more advanced work. - 
: - There dre, however, some aspects of the book to which the re~- 
-Viewer takes exception. A vector is defined (p. 18) as`a directed’ seg- . 
ment, or any physical quantity which can be represented by” a di- 
“rected segment. The parallelogram’ law’ is regarded as giving the.. 
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their equivalent when they represent physical quantities, but the 
theory of vectors developed is applied to physical problems. A finite 
rotation is explicitly classed as a vector, although it is admitted that 
it does not obéy the parallelogram law. That forces obey the parallelo- 
gram law is regarded as an axiom, but there is no mention as to 
whether other specific quantities obey it. The general statement is 
made (p. 20) that almost all physical vectors do obey the parallelo- 
gram law but there is no justification given for the statement. This 
seems to be a logical weakness. 

On p. 88 there is an erroneous statement, namely that “u (the co- 
efficient of static friction) is always less than unity.” This would 
mean that no body or material could repose on a plane inclined to the 
horizontal at an angle greater than 45°, which is obviously not true. 

Then in the chapters on impulsive motion there is introduced some 
artificial and unsatisfactory terminology. It is true that there is emi- 
nent precedent for what is done (see, for example, Lamb’s Hydro- 
dynamics, p. 11), but nevertheless it is open to objection. In, the 
momentum-impulse equation 


i 
A (mz) =f Xdi, 
få 


i is allowed to approach fts and X to become infinite, the integral re- 
maining constant. There is the statement (p. 226) that “in this 
limiting case of ‘an infinite force acting for an infinitesimal time’ there 
is an instantaneous change in velocity but no change in position.” 
Later, on the same page: “no force, however large, can produce an 
instantaneous change in momentum.” Then: “To place our new ideas 
on a secure foundation, we admit the concept of an impulsive force.” 
This impulsive force has a component Ý given by 


ty 
X = lim Xdi, 
>t ty 
and then it is stated that the impulsive force causes an instantaneous 
change in momentum given by 


Almi) = £. 


But the calling of X an impulsive force is unsatisfactory. This 
quantity is not a special kind of force; it is a different kind of physical 
quantity. The loose use of terms on this topic is conducive to confu- 
sion of ideas, and is in contrast with the general quality of the book. 
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At the end of the book there is a well written appendix on the 
theory of dimensions, but it seems unfortunate that. the principles 
of it are not more in evidence throughout the text. There is one refer- 
ence in it to the principle of significant figures. The latter is referred 
to as the physical way of thinking, in contrast with the mathematical 
way. That may be, but the main object of mechanics is to develop a 
theoretical ‘structure which will describe certain aspects of nature, 
and the principle of significant figures has broader application than 
the rounding off of digits in a numerical calculation. It is a principle 
that is of frequent use in assessing relative values. l 

Thus, on p. 17 the authors express a preference for the tension of 
a spring rather than the weight of a body as a basis for the defini- 
tion of force measurement, since the former is constant while the lat- 
ter is variable. They state: “If the weight of a body is measured by 
means of a calibrated spring at two different latitudes, the results are 
not the same.” But they are probably referring to an ideal calibrated 
spring, for it is doubtful if the best calibrated spring in use in any 
laboratory would detect a difference. To a beginner the testing of this 
statement by experiment would not be very convincing. Practice and 
theory with regard to the gravitational and absolute measure of force 
are justified with clarity by the principle of significant figures. 

The momentum impulse equation is best interpreted by the same. 
principle. The time interval does not reach the limit zero to make the 
change of momentum instantaneous, and the displacement is not 
zero but negligible. 

In spite of these defects the general organization of the book is 
good, in both material and presentation. The printing is well done, 
and is remarkably free from typographical errors. 

J. W. CAMPBELL 


NOTES 


The editorial committee of the Bulletin has in the past adhered to 
an upper limit of ten printed pages on the length of papers published 
in the Bulletin, except in the case of invited addresses. In the future 
no fixed upper limit will be maintained. The Council of the Society 
has approved the general policy that the Bulletin should be reserved 
for papers of more general interest and the shorter notes, while the 
Transactions should have the deeper and longer research papers 
which would be read particularly by specialists. In some cases it is 
anticipated that a paper submitted to one of the Society’s journals 
may be transferred to the other, particularly when it is of intermedi- 
ate length, and publication may thereby be hastened. In view of 
the extreme demands for space in the mathematical journals, authors 
are urged to make their articles as concise as is consistent with clarity. 
In some cases consideration should be given to the possibility of com- 
bining several short notes into one memoir. 


The National Research Council has announced a new quarterly 
publication, Mathematical tables and atds to computation, edited by 
Professor. R. C. Archibald of Brown University. The publication is 
to serve as a clearing-house for information concerning mathematical 
tables and other aids to computation. The chief parts of each issue 
will normally be devoted to the following topics: articles, recent 
mathematical tables (critical reviews), mathematical tables—errata, 
unpublished mathematical tables, mechanical aids to computation, 
notes, queries, queries-replies. The price will be three dollars a year, 
one dollar a number. For subscriptions and further information ad- 
dress Division of Physical Sciences, The National Research Council, 
2101 Constitution Avenue, Washington, D. C. 


Professor O. P. Akers of Allegheny College has retired. 


Associate Professor J. V. Atanasoff of Iowa State College has been 
promoted to a professorship of mathematical physics. 


Mr. O. E. Bennett has been appointed to an assistant professor- 
ship at Washington College, Chestertown, Maryland. 


Assistant Professor Herman Betz of the University of Missouri 
has been promoted to an associate professorship. 


Professor J. H. Butchart of William Woods College, Fulton, 
Missouri, has been appointed to an assistant professorship at Grinnell 
College. 
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Mr. C. L. Buxton of Clarkson College of Technology has been 
promoted to an assistant professorship. 


Associate Professor C. S. Carlson of St. Olaf College, St. Paul, 
Minnesota, has been promoted to a professorship. 


Dr. G. P. Cowan of St. John’s University has retired. 


Dr. J. M. Dobbie of Northwestern University has been promoted 
to an assistant professorship. 


Dr. Jesse Douglas has been appointed to an assistant professorship 
at Brooklyn College. 

Dr, J. W. Givens of Northwestern University has been promoted 
to an assistant professorship. 

Assistant Professor H. S. Kaltenborn of Louisiana Polytechnic 
Institute has been promoted to an associate professorship. 

Dr. H. L. Lee of the University of Tennessee has been promoted 
to an assistant professorship. 

Mrs. D. H. Lehmer and Mre. C. D. Shane have been appointed to 
lectureships in mathematics at the University of California. 

Associate Professor A. N. Lowan of Yeshiva College has been pro- 
moted to a professorship. 

Professor W. A. Manning of Stanford University has retired. 


Mr. E. C. Molina of the Bell Telephone Laboratories has retired. 


Dr. R. H. Moorman of Tennessee Polytechnic Institute has been 
promoted to an assistant professorship. 


Dr. J. M. H. Olmsted of the University of Minnesota has been 
promoted to an assistant professorship. 


Assistant Professor L. D. Rodabaugh of Butler University has 
been appointed to a professorship at Shurtleff College, Alton, Illinoisa. 


Assistant Professor Helen G. Russell of Wellesley College is on 
leave for the academic year 1942-1943 and is at the University of 
California. 

Dr. P. C. Scott of Louisiana State University has been promoted 
to an assistant professorship. 


Dr. Abraham Spitzbart of the University of Minnesota has been 
appointed to a professorship at the College of St. Thomas. 
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Dr. Ellen C. Stokes of the New York State College for Teachers at 
Albany has been appointed dean of women. 


Mr. J. A. Straw of the University of Louisville has been appointed 
to an assistant professorship at Rose Polytechnic Institute. 


Dr. S. H. Taylor has been appointed adjunct professor at the 
University of South Carolina. 


Dr. D. L. Webb of Georgia School of Technology has been ap- 
pointed to an assistant professorship at Texas Technological College. 


Professor D. V. Widder has been appointed chairman of the de- 
partment of mathematics at Harvard University, succeeding Pro- 
fessor M. H. Stone. 


Associate Professor Roscoe Woods is acting head of the depart- 
ment of mathematics at the University of Iowa during the illness of 
Professor H. L. Rietz. 


Dr. E. L. Welker of the University of Illinois has been made an 
associate. 


The following appointments to instructorships are announced: 
University of Arkansas: Mr. R. V. Simpson; Brown University: Mr. 
A. F. Bartholomaz, Mr. M. E. Munroe; University of California: 
Mrs. R. K. Wakerling; University of California at Los Angeles: 
Dr. R. H. Sorgenfrey; University of Illinois: Mr. J. C. Bell; Iowa 
State College: Mr. J. W. Beach, Mr. F. E. Bortle, Mr. R. N. Goss; 
University of Kentucky: Miss Mary H. Cooper, Mr. J. C. Eaves, 
Miss Lydia R. Fischer; Louisiana State University: Mr. J. E. Pryor; 
Miami University: Misa Alberta Wolfe; Michigan College of Mining 
and Technology: Mr. J. C. Butler, Mr. T. R. Richards, Mr. Earl 
Roberts; State Teachers College, Mankato, Minnesota: Mr. C. J. 
Kirchen; University of Minnesota: Mr. W. D. Munro; Muskingum 
College, New Concord, Ohio: Mr. L. C. Knight, Jr.; University of 
North Carolina: Dr. I. S. Cohen; Northwestern University: Miss 
Louise M. Sagen; University of South Carolina: Miss Flora Dinkines; 
University of Southern California: Miss F. Marian Clarke, Mr. E. C. 
Rex, Mr. Veryl Throckmorton; Agricultural and Mechanical College 
of Texas: Mr. A. R. Wapple; Texas Technological College: Miss 
Annie N. Rowland; Tuskegee Institute: Dr. J. E. Wilkins; Williams 
College: Mr. E. F. Gillette; University of Wisconsin: Dr. D. T. 
McClay. 
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Dr, A. E, Mayer of London, England, died November 3, 1942. He 
was formerly connected with the University of Vienna. 


Professor Emeritus Alfred Baker of the University of Toronto 
died October 27, 1942, at the age of ninety-four years. He had been 
a member of the Society from 1891 to 1920. 


Professor W. M. Carruth of Hamilton College died January 23, 
- 1943. He had been a member of the Society since 1907. 


Professor Emeritus C. H. Currier of Brown University died Janu- 
ary 5, 1943. He was a member of the Society from 1908 to 1939. 


Professor Emeritus I. M. DeLong of the University of Colorado 
died September 2, 1942. He had been a member of the Society since 
1891. 


Professor E. L. Dodd of the University of Texas died January 9, 
1943. He had been a member of the Society since 1904. 


Dean Emeritus G. H. Ling of the University of Saskatchewan 
died October 21, 1942, at the age of sixty-eight years. He had been 
a member of the Society since 1894. 


Assistant Professor L. I. Neikirk of the University of Washington 
died December 10, 1942. He had been a member of the Society since 
1903. 


Professor Emeritus J. H. Scarborough of Central Missouri State 
Teachers College died November 25, 1942. He had been a member of 
the Society from 1906 to 1940. 


ABSTRACTS OF PAPERS 


SUBMITTED FOR PRESENTATION TO THE SOCIETY 


The following papers have been submitted to the Secretary and the 
Associate Secretaries of the Society for presentation at meetings of 
the Society. They are numbered serially throughout this volume. 
Cross references to them in the reports of the meetings will give the 
number of this volume, the number of this issue, and the serial num- 
ber of the abstract. 


ALGEBRA AND THEORY OF NUMBERS 


103. A. A. Albert: Algebras derwed by non-assoctatiwe matrix mulit- 
plicatson. 


Let @ be any J-involutorial algebra and define its isotopes @,, Ge, ©, by x, 
ymx(yJ), (x, 9) = (y, [x,y] = (eI) (J), respectively. When € has a unity quantity 
the algebras G,, Ge, ©, are all semi-simple if and only if € is semi-simple, they are 
simple if and only if € is either simple or a direct sum 6 @ GJ where © is simple. If R 
is the radical of @ then R= VJ forms the radical of the isotopes. The structure of row 
algebras, that is, subalgebras of ®©, 1s determined, In particular it is shown that there 
exist real linear spaces of matrices forming algebras under row by row but not under 
row by column multiplication. They are never semi-simple. (Received January 26, 
1943.) 


104. Joseph Bowden: The quaternary permutation function and a 
generalization of Newton's binomial theorem and Vandermonde’s permu- 
lation theorem. | 


If a and d are any finite numbers, m any integer, r a primary number and p 
an integer whose elements are the primary numbers r, and rs, define (a, d)P(m, r) 
wee (k—1)d) and (a, d)P(m, p)= (a, d)P(m—rs, r:): (a, d)P(m— r, fa). 
From definitions it follows that (a, d)P(m, 0)=1 and (e, d P(m, p) 
= : |a, d)P(m+p, —p) |. The operation P is quaternary because it acts on four oper- 
eA From the quaternary permutation function (a, d)P(m, p) by putting d=0 
it is found that (a, d)P(m, p) =a”. By putting d1 or a= pd or m=0 three ternary 
functions are obtained. By making two of these three subetitutions three binary func- 
tions are obtained, In particular if d=1 and m=O, (a, d)P(m, p)=aPp, the binary 
permutation function. By making all three of these substitutions (p, 1)P - (0, p)=p! 
is obtained, the unary factorial function. As examples, it is found that 0!—1 and 
pl oo if pis negative. By mathematical induction the following theorem is proved, 
of which Newton's binomial theorem and Vandermonde’s permutation theorem are 
special cases: If r is a primary number or zero, a, b, d any finite numbers, except 
that, Ireid are bahaan nelba auld b icra baa aero. anid en aad Ge are 
any integers, then (a+b, d)P(m-+s, r) -2 parC- —1) (a, d)P(m, r—(k—1)) 
- (b, d)P(*, k—1). By putting d=0, (a+b) = 5h arCcl(k—1)- -a0 -bi which is 
Newton's theorem. By putting d=1 and ae (a+b)Pr=} oi irC(k—1) 
-aP (r —(k —1))-bP(k—1), which is Vandermonde’s theorem. (Received Februsry 1, 
1943.) 
216 


~ 


ABSTRACTS OF PAPERS 217 


105. L. L. Dines: On linear combinations of quadratic forms. 


The author considers conditions under which m given quadratic forms in # vari- 
ables admit a linear combination which is (1) definite, or (2) semi-definite. The paper 
will appear in full in an early issue of Bull. Amer, Math. Soc. (Received December 10, 
1942.) 


106. H. Schwerdtfeger: pclae between skew-symmetric matrices. 


Let P, Q be two 2m-rowed skew-symmetric matrices, P regular. De 
The determinant |AP—Q| equals «(d)? with (A) = kA — kariy -o (1) he 
where ke, ka are the pfaffian parameters of P, Q, respectively, and hi, - ++, bau the 
rational simultaneous invariants of P and Q. By Cayley’s identity one has «(4)?= (0). 
By means of known theorems (cf. for example, MacDuffee’sa Theory of matrices, 
Theorems 32,2, 32.3, and 29.3, or A. A. Bennett, Bull. Amer. Math. Soc. vol. 25 (1919) 
pp. 455-458) it follows that «{A) bas as a factor the highest invariant factor A(A) of 
AP —Q, and thus the minimum polynomial of A. Hence follows A(A)=(0) and 
x(A) = (0). This identity involving the skew-symmetric matrices P, Q is of geometric 
interest; if m=2 one has, for instance: keQP “QO = kQ— kP whence the elementary 
theory of a pair of null systems (linear complexes) lee, vec anne 
rived. (Received January 8, 1943.) 


i - 


ANALYSIS 


107. G. E. Albert: An extension of Korous’ inequality for orihonor- 
mal polynomials. 


Let {qa(x)} denote the set of polynomials orthonormal on (a, b) with weight func- 
tions p(x)r(x) where 0 S p(x) and OSr(x) 3 M. If a non-negative polynomial r.(x) of 
degree m can be found such that the quotient +(x) /r{x) satisfies a Lipechitz condition 
on (a, b) and if {p.(x)} denotes the set of polynomials orthonormal on (a, b) with 
weight function p(x) [x_(x) |? then if the polynomials {.(x)} are bounded uniformly 
with respect to # and x on any subset of (a, b) the same is true of the set {g.(x)}. 
This result follows from an inequality that is established by the same procedure as 
that used on an equiconvergence theorem by L. H. Miller and the author (abstract 
49~3-108). Lf r(x) is bounded from zero and satisfies a Lipschitz condition on (a, b), 
the inequality mentioned reduces essentially to an inequality due to Korous (G. Szego, 
Ortkogonal polynomials, Amer. Math. Soc. Colloquium Publications vol. 23, 1939, 

p. 157). (Received January 19, 1943.) 


108. G. E. Albert and L. H. Miller: Equsconvergence of series of 
orthonormal polynomials. Preliminary report. 


Walsh and Wiener (Journal of Mathematics and Physics vol. 1 (1922)) found 
necessary and sufficient conditions for the equiconvergence of the expansions of an 
arbitrary function in terms of different systems of functions orthonormal on a finite 
interval. In the present paper these conditions are applied to the study of polynomials 
orthonormal relative to weight functions satisfying a variety of hypotheses. A re- 
markably simple proof is obtained for an equiconvergence theorem that includes one 
pobliahed by Szegd (Orikogonal polynomials, Amer. Math. Soc. Colloquium Publica- 
tion, vol. 23, 1938, Theorem 13, 1.2) and the results given by Peebles (Proc. Nat. 
Acad, Sci. U.S.A. vol. 25 (1939) pp. 97-104). The application of the Walah-Wiener 
conditions is based upon the observation that if K(x, #) and K(x, t) are Ta 
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respective kernel polynomials for the systems orthonormal with respect to the weight 
functions p(f)r,(f) and (Hrali), then (subject to integrability conditions) for arbitrary 
fixed x the integral Lpr) [rl 2 (Ke (x, ) —K™(x, 1) Pdt is the least squares 
integral of order » for the function n(Ar7() K(x, i) with respect to the system of 
weight $(é)rs(f). An expedient choice of a polynomial] of degree » to replace K? (zx, t) 
and study of the result completes the proof. No asymptotic formulas of any kind are 
needed. (Recerved December 9, 1942.) 


109. E. F. Beckenbach: On conjugate harmonic functions. 


According to N. Cioranesco (Sur les fonctions harmowiques comjuguédes, Bull. 
Sci. Math. vol. 56 (1932)), a set of = conjugate harmonic functions x, of # inde- 
pendent variables is a set such that (1) the x, are harmonic and (2) the function 
—)> (z, +0,) =? is harmonic or — œ for all values of the parameters a,. It is now 
shown that there is a redundancy in the above characterization, for condition (1) is 
implied by condition (2). The result is extended by means of subharmonic functions 
to sets of m conjugate harmonic functions of # independent variables, men. (Re- 
ceived December 31, 1942.) 


110. R. H. Cameron and W. T. Martin: An expression for the solu- 
tion of a class of nonlinear integral equations. 


The authors give an expression for the solution of the integral equation ¢(x) 
mfz) +f, Fle, t $(8)|dt, where F(x, £, y) is continuous in OS2a1, OSES}, 
— o <y< œ and satisfies the uniform Lipschitz condition | F(x, £, y) — F(z, & 1)| 
<M| ya —y|. For any continuous function f(x) the solution (x) is given as the limit 
in the mean (in the Lysense) of the quotient of two Wiener integrals (averages) over 
the space of all continuous functions. The proof is carried through for more general 
nonlinear functional equations which include the above as a special case. (Received 
January 30, 1943.) 


111. M. M. Day: Uniform convexsty. III. 


This paper fills out certain results obtained by the writer in two earlier papers 
(Bull. Amer. Math. Soc. vol. 47 (1941) pp. 313-317 and pp. 504—507). It also contains 
the following theorem: If a normed vector space is uniformly convex in the neighbor- 
hood of a single point on the unit sphere, then it is isomorphic to a uniformly convex 
space. (Received January 23, 1943.) 


112. George Piranian: On the convergence of ceriatn partial sums of a 
Taylor series with gaps. 


Let f(s) be defined by the series $} "f c" where Jim sup Leal met, and let 
Oa m nit /An — 1 elas and S,(s) D ». If lim sup {log [af(1 
ed l/r. } < œ, then lim Sy,(s) =f(s) at all regular points of f(s) on the circle 
[s| = 1. (Received December 12, 1942) 


113. R. M. Robinson: A nalyise funcitons in circular rings. 


The fundamental lemma on which this paper depends is the following: If f(s) is 
regular and ssngle-calued in the ring gS |s | si, except for ons simpls pole on ihe negative 
real axis, and sf f(s) | S1 on both boundaries, then f(s) | <i fer q<|s! <1, Meat is, on 
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the radins opposte the pole. Various applications are given, including the determination 
of the sharp bound in Hadamard’s three circles theorem. That is, we suppose that 
f(s) is regular and single-valued for gS|s| 31, that | f(s)| Sp for |s| =gand |f(s)| 31 
for |s| = 1, and find the largest possible value for | f(s0)|, where s is some point within 
the ring. A formula for the bound is given in terms of theta functions, and the prob- 
lem is also discussed geometrically. In particular, if qg <p <1, then the maximum value 
of HE is attained by a function f(s) which is univalent in q< |s| <1, and maps 
this ring on | w| <1 excluding an arc of |w| = p. (Received January 23, 1943.) 


114. Raphael Salem: Sets of unsqueness and sets of multiplicity. 


An algebraic integer a having the property that all its conjugates have thelr moduli 
inferior to 1 will be called a “Pisot number” (a is necessarily real and greater than 1). 
The following theorems are proved: Iv Let 0<£<1. If the Fourler-Stieltjes transform 
[ [fs cos ru! does not tend to zero for #— œ, then 1/é is a Pisot number. II. Let 
0<£<1/2, and let P be the symmetrical pertect set of Cantor type and of constant 
ratio of dissection ¢ constructed on (0, 2r) (relative length of the black intervals is 
1—2£). Then P is a set of uniqueness for trigonometrical senes if (and only if) 1/¢ is a 
Pisot number. III. There exist Pisot numbers of the form 2+ e e being positive and 
arbitrarily small; hence, there exist sets of uniqueness which are of Hausdorff dimen- 
sionality as near to 1 as desired. (Received January 11, 1943.) 


115. Gabor Szegé: On the oscillation of diferential transforms. INV. 
Jacobi polynomeals. 


Let ag0, 620, 2,0. In a recent paper (Trans. Amer. Math. Soc. vol. 52 (1942) 
pp. 463-497, cf. p. 489), E. Hille proved the following two theorems: (A) The differ- 
ential operator J —c= (1 —x)D!+ [B—a—(a+p+2)x|D—c, Dmd/dx, does not di- 
minish the number of the sign changes of a function in —1 <x < +1; (B) If the num- 
ber of the sign changes of (8—c)*f(x) remains leas than or equal to N for all k, 
kml, 2,3,---°, then f(x) is a polynomial of degree less than or equal to N. The pur- 
pose of the present note is the extension of Theorem A to a> —1, p> —1 and of Theo- 
rem B to arbitrary rea] values of a and p, in the latter case with the modification that 
the possible degree of the polynomial f(x) is less than or equal to N+, y= v(a, 8, c). 
(Received January 20, 1943.) 


APPLIED MATHEMATICS 


116. Stefan Bergman: A formula for the siream function in com- 
presstble fluid flow. 

Using the hodograph method and a general representation for the stream function 
of a flow of an incompressible fluid (see Bergman, Hodograph method in the theory of 
compresstble flusd, Publication of Brown University, 1942) the author gives an explicit 
formula for the stream functions of flows of certain types. (Received January 27, 
1943.) 


117. Nathaniel Coburn: Boundary value problems in plane plastic- 
sty. Preliminary report. 

The following problem is discussed in this paper: given an infinite plate of perfectly 
plastic material bounded by the x-axis; to determine the stresses within the plate 
when the stresses on the boundary are known. First, the equation of plasticity (yield 
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condition) is linearized. It is shown that, in this case, the above problem reduces to 
finding a solution F(x, y) for the hyperbolic equation under given Cauchy data. Next, 
it is shown that for certain types of boundary conditions, the stresses corresponding ° 
to the linear problem are equal to the stresses corresponding to the original nonlinear 
problem over a series of equally spaced lines parallel to the boundary (x-axis). The 
situation is analogous to two surfaces which do not coincide but do intersect in curves 
whose projections on the xy-plane are parallel lines. The method may be modified to 
give approximate solutions of the nonlinear problem throughout the plate. Some ex- 
amples are worked. An indication is given of how the method may be applied to the 
finite rectangular plate. (Received January 2, 1943.) 


118. H. J. Greenberg: A pplication of a summabslsty method +n solv- 
sng boundary value problems. 


In order to apply the method of particular solutions for solving boundary value 
problems for the elliptic linear partial differential equation L(U)=0, S. Bergman 
(Duke Math. J. vol. 6 (1940) p. 541) has introduced the complete set Pa_.(s) of such 
solutions, by means of which every function U, L(U)—=0, regular in the circle 
xi-+-y3<R¥, R>0, can be developed in the series S: U(s) =) asP,(re“%). By studying 
the “associated function” 9 ar (1/2): T(k+41/2)s*/T(k-+1) necessary and sufficient 
conditions are given for the series S to be convergent on |s| =R and, what is more 
important for applications, for S to be (C, 1) summable on this circle of convergence. 
Conditions are given in each case under which the values thus obtained are the 
boundary values of the function U(s). Using these results a method is given for the 
actual solution of boundary value and characteristic value problems for the equation 
L(U) =0. (Recerved January 29, 1943.) 


GEOMETRY 


119. John DeCicco: Extenstons of certain dynamical theorems of 
Halphen and Kasner. 


The theorem of Halphen which characterizes central fields of force and the general 
theorem of Kasner concerning one-third the curvatures is extended to generalized 
fields of force in spece, which depend upon the position of the point and direction. 
The number of generalized fields of force whose dynamical trajectories are all plane 
curves is of OHS (+3), The œ" generalized trajectories consist of œ1 systems of 03 
generalized plane trajectories, each system lying in a plane tangent to a given sur- 
face Z. In an arbitrary positional field of force, Kasner showed that the rest trajectory 
and line of force through a given point O have the same osculating plane and that the 
ratio p of the curvature of the rest trajectory to that of the line of force is 1/3. For 
generalized fields of force this theorem is no longer valid. All generalized fields of force 
such that the rest trajectory and the line of force through any point Oof the space 
have the same osculating plane are determined; and, also in this class, the subclass 
of all generalized fields of force for which p= 1/3. (Received January 2, 1943.) 


120. Edward Kasner and John DeCicco: Generalised dynamical 
trajectorses in space. 
The differential geometry of positional fields of force has been developed in 


Differential-geomeiric aspects of dynamics, Amer. Math. Soc. Colloquium Publications 
vol. 3, 1913, In abstract 48-11-329, the authors began the study of generalized fields 
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of force in the plane which depend not only upon the position of the point but also 
upon the direction through the point. In this paper, the geometry of the dynamical 
.' trajectories of such generalized fields of force in space is studied. It results that the œ ° 
dynamical trajectories are completely characterized by two geometric properties as 
follows. For each of the ©! curves of the © trajectories which pass through a given 
linea] element E, construct the osculating plane and sphere at Æ. The two properties 
are: (1) The œt trajectories all have the same osculating plane, and (II) The locus of 
the centers of the osculating spheres is a straight line. Finally velocity systems are 
defined and shown to be curvature trajectories. (Received December 28, 1942.) 


STATISTICS AND PROBABILITY 


121. Henry Scheffé: On solutions of the Behrens-Fisher problem, 
based on the t-distribution. 


The problem is to find confidence intervals for the difference of the means of two 
normal populations when the ratio of their variances is unknown. Certain disad- 
vantages inhere in solutions hitherto proposed: Some data are completely discarded 
when the sample sizes are unequal (Neyman), or the confidence coefficient is not 
known exactly (Fisher), or existing tables are inadequate if the confidence coefficient 
is to be 95 or 99 per cent (Wilks). The present solution is as follows: Let the samples 
be (21, 3, ° °°, tm) and (1, +, °-:-°, Ya), where the r's and y's are mutually inde- 
pendently normally distributed, the former with mean a, and variance on the latter 
with mean a, and variance o,. Assume man. Let £, 9 be the sample means, and 
S=a,—a,. Then (#—9—8)/Q™* has the Fisher ¢-distribution with m—1 degrees of 
freedom if m(m—1)Q0 =} ralu — 8), mr — (m/n), amp w/m. This leads 
immediately to confidence intervals for 8, and it is shown that of a certain class these 
have the minimum expected length. (Received January 7, 1943.) 


TOPOLOGY 


122. M. G. Ettlinger: On irreductible continuous curves. 


It is proved that, in a connected space satisfying Axioms 0-2 of R. L. Moore's 
Foundations of poini set theory (Amer. Math. Soc. Colloquium Publications, vol. 13, 
1932}, every compact and closed point set is a subset of a compact continuous curve, 
and every compact and closed point set having no continuum of condensation is a 
subset of a compact hereditary continuous curve. It is shown that if, in a space satisfy- 
ing Axioms 0-1, M is a locally compact continuous curve which is an irreducible 
continuum about a closed subset T of M, then every continuum of condensation of M 
is a continuum of condensation of T. It is then demonstrated that in a connected space 
satisfying Axioms 0-2, every compact and closed point set having no continuum of 
condensation is a subset of a compact continuous curve having no continuum of con- 
densation. (Recetved January 21, 1943.) 


123. O. G. Harrold: A decomposition theorem for certain compacta. 


Let ýa denote the property of being locally connected in dimension # in the sense 
of homotopy (# — LC) at a point p of a compactum X. Let A, denote the y,-singular 
points of X. Let G" denote the class of compacta which are LC» G—LC, 
i=0, 1,---, *) and such that small singular (#-+1)-spheres bound. If XES”, 
either Aap is vacuous or contains nondegenerate connected sets. Also, analogous to 
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results of R. L, Wilder (Decomposikons of compad matric spaces, Amer. J. Math. 
vol. 63 (1941) pp. 691-697), if XEGI” and the ¥a4rprime parts of X are simply-i- 
connected, $= 1, 2,- - , #+1, then the space X’ of pay-prime parts of X is LC**}, 
For ng 1, by use of a well known theorem due to Hurewica, these theorems may be 
stated in terms of Vietoris cycles with integer coefficients. (Received January 30, 
1943.) 
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124. A. H. Stone: Connectedness and coherence. 


This paper is concerned with the incidence geometry of a topological space S; 
that is, the relations between the numbers of components of sets and their frontiers, | 
unions and intersections, expreseed in terms of the zero-dimensional] Betti number bs 
and the coherence c=r+1 (Evlenberg, Fund. Math, vol. 27 (1936)). Among others, 
the following theorems are obtained. The coherence of a space may be defined using ‘ 
open sets instead of closed ones. For any set A, be(F(A)) Sbe( 4) +b C(A) +0(S) —1, 
and )be(¥(C)) Sbe(A)+c(S)—1, the summation extending over the components 
C of the complement of A. A theorem of Ejilenberg on coverings of order 3 is 
extended and sharpened, yielding the corollary that if S is unicoherent and 
F(A \VF(B)C ABS NS(AUB) then be(AC\B) +b AB) = b4(A)+50(B). Several 
other theorems, as well as extensions of some known results, are obtained for uni- 
coherent spaces, and some of them afe extended to the multicoherent case. Moet of 
the theorems apply to sets which need not be open or closed. S is assumed to be 
normal; but if S is unicoherent, methods are developed which dispense completely 
with separation axioms. Applications are made to spaces of coherence 2, and to 
euclidean space. (Received January 20, 1943.) 
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-A MANUAL FOR AUTHORS OF 
MATHEMATICAL PAPERS* 


The purpose of this manual is to help mathematicians in preparing 
papers for publication. A reasonable amount of attention on the part 
of authors to the rules and suggestions given below will save the time 
of editors, referees, printers, and readers, and will help keep the cost of 
publication at a minimum. Although most of the discussion will 
apply to mathematical papers in general, special rules will occasion- 
ally be given for papers specifically intended for the Bulletin or 
Transactions of the American Mathematical Society. 


Style. In the course of writing a mathematical paper intended for 
publication, the author must settle such questions of usage and ar- 
rangement as (1) the organization of the paper into chapters, sections, 
paragraphs, propositions, theorems, proofs, examples, remarks, and 
the use of appropriate headings; (2) the adoption of a system of 
enumeration for the sections, theorems; (3) the treatment of foot- 
notes, references and bibliography; (4) the use of capital or small 
initial letters in such adjectives as abelian, euclidean, jacobian; (5) the 
use or non-use of hyphens in such technical terms as sub-harmonic, 
fixed-point; (6) the questions of style which arise when words in the 
text are replaced by symbols. 

Concerning the first three questions—particularly the third—the 
author's decisions must to some extent be governed by the routine 
stylistic requirements of the journal for which his paper is intended. 
For guidance, the author should consult current numbers of that 
journal; if his paper is intended for the Bulletin or Transactions, he 
may consult, instead, the Special Rules given below. 

Concerning the remaining questions, perhaps the only general rule 
that can be offered is the Rule of Uniformity: Whatever the usage 
adopted by an author in a given paper, that usage should be matn- 
tained conststenily throughout the paper. It may be remarked that the 
-reasons for urging a careful observance of this rule are economic as 
well as stylistic. Every paper is carefully checked by an editorial 
assistant before it is sent to the printer. An author who has written 
“euclidean” part of the time and “Euclidean” the rest of the time 
may have done so inadvertently. But the assistant cannot guess this. 


* The writers of this manual have received invaluable advice from members of 
the office staff of the American Mathematical Society and have consulted freely the 
following excellent pamphlets: Notes om ths preparaiton of mathematical papers (The 
London Mathematical Society); Typographic suggestions lo authors (George Banta 
Publishing Co.); Author's manual (Duke Mathematical Journal). 
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Nor can one guess whether the author prefers the capital or the small 
letters. The correspondence between author and editorial staff which 
', must take place in order to settle the matter causes delay and ex- 
pense which could easily have been avoided. 3- 

The use of mathematical symbols in the solid text is not only 
permissible but is frequently encouraged by editors as a means for - 
securing greater economy of space on the printed page. Authors, 
however’ ahould consider carefully the questions of style which arise 
_ from this practice, particularly in the use of *<* and “=”. Such 

- phrases as “assume x >y” and “assume that x is >y” are in common 

` use and there appears to be no widely accepted ground for preferring 
one to the other. On the other hand, no one would write “assume that 
x and y are =” although the objection appears to be largely visual. 
Some writers do not hesitate to begin a sentence with a mathematical 
symbol, but others regard this as a barbarism.! In the complete ab- 
sence of agreement on these questions, we offer only the following 
general rules in addition to the Rule of Uniformity: i 

1. Symbols in the text should be used in such a way that their 
-translation into words or phrases will require no effort on the part 
of the reader. 

2. The resulting translation should conform to the standards of 
good literary composition. 

Rules 1 and 2 are admittedly not decisive in all cases. Thus “let 
¢€20 be a number such that -- - ” would be objectionable on both 
counts, but is probably preferable, in appearancé at least, to “let e 
be a number £0 such that ---.” One could, of course, avoid both 
forms by writing “let e be a non-negative real number : - + .” Again, 

- the expression on the left is < the smallest value of - 
satisfies rules 1 and 2. Yet the substitution of two words for *<” 
would result in a far better appearance. This improvement is surely 
worth the slight extra effort involved. 


The printing of mathematical symbols. There are unfortunately 
many useful arrangements of symbols which must be avoided in a 
manuscript intended for publication, on account of the difficulties 
which would have to be overcome by the compositor. A type cen- 
sists of a solid block or “body” with a raised character on one of its 
rectangular faces. The bodies are normally laid side by side by a 
machine and form a row of uniform width. Besides the ordinary 

1 There is a similar division of opinion concerning the use of the “banging theorem” 
in which the word THEOREM is simultaneously the first word of a paragraph and the 
last word of .the sentence which precedes it. 
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alphabets, most printers have on hand a number of “dashed letters” 
(4, a, -~-) and “tilde letters” (4, - - +). If a dashed letter, say 4, 
is not in the printer’s possession, it does not follow that this letter 
cannot be printed. But the typesetting involved is.much more . 
complicated-and includes a number of operations by hand. If & occurs 
in the solid text, the body of an ordinary a must be reduced in size 
by filing, to make room for a thin body carrying the bar. The two 
bodies must then be placed in position by hand. The thin body may 
or may not stay in place and-thus the alignment of the bar may or 
may not be correct. Moreover, the bars, when printed, may not 
always be uniform. Thus to the extra expense involved in the forma- 
tion and typesetting of the symbol 4, it is necessary to add the cost 
of re-alignment or re-setting in case of mishaps during the printing 
of proof. 

The typesetting of inferior and superior symbols (subscripts and 
superscripts) in the solid text offers no difficulty when those symbols 
are available as inferiors and superiors (see Appendix C) and when no 
symbol is to be placed directly above or below another. Thus, 
(a+bx)*?, A* can be set by machine, but a3, A} require hand work? 
Subscripts to superscripts and superscripts to subscripts, all belong- 
ing to a single term, are extremely difficult to set, even by hand. 

In displayed formulas, the insertion of bars, subscripts and the 
like is somewhat less difficult since there is space above and below, 
whereas in the solid text, the compositor has only a single line with 
which to work. Thus the symbol A} no longer requires hand work 
since the superscript 2 can be set by machine in the subscript position 
‘of the line above the line of the A. Note however that when set in 

this manner, the superscript will be slightly higher: A, rather than 42. 


Special rules. Authors of papers intended for the Bulletin or Trans- 
actions should give special attention to the following rules. A reason- 
ably strict observance of these rules will help keep printing costs 
down, prevent an uneconomical use of space, insure a certain uni- 
formity of appearance, and will greatly simplify the task of final prep- 
aration of manuscripts for the printer. 

1. Use only such characters as the printer has in stock. The list 
in Appendix C includes all special types now available for the Bul- 
letin and Transactions. Additions to this list are made from time to 
time. Note particularly what letters and numbers are available in 
sub-superscript (inferior to superior) and super-subscript positions. 

1 These remarks are not intended to imply that symbols such as A; must never 
be used in the solid text, rather that the author should exercise a measure of discretion. 
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Note also that many symbols are not available in footnote size. For 
this reason, if for no other, complicated formulas should not be put 
into the footnotes. In this connection it might be remarked that an 
excessive number of footnotes sometimes gives the undesirable im- 
pression that the paper is being “written in the footnotes.” Careful 
organization, however, always makes it possible to reduce the number 
and length of footnotes, even to eliminate them entirely. 

2. Do not put into the solid text any formula which would require 
spreading (uneven spacing) of lines. 

3. In the solid text, write ye Lis lims..; Je In the first two 
examples the » should be directly over the +. In the integral the b 
should be directly over the a; it is not feasible to place the a nearer 
the integral sign since the latter is on a rectangular face:| fl. In dis- 
played formulas, the limits should occupy only one line. For ex- 
ample, write l i 


5 instead of D. 
imty, f= J tom te 
pm dy 


4. In the text, replace e? by exp () if the expression in the 
parentheses is complicated. 

5. Use Cu,2 (binomial coefficient) instead of (f). 

6. In the text, write ~,, in display ~. 

7. Use © to mean “igs a member of,” e for epsilon. The symbol 
for “is not a member of” is €. 

8. Use fractional exponents in place of radicals. A fraction occur- 
ring as subscript or superscript should be formed with a solidus, for 
example 2/3. In display, the number of lines occupied by a fraction 
should be as small as possible. Frequently the number of lines can 
be reduced by a simple rearrangement. For example: l 





1 
mee cos (1/2) 
+. can be written mM it 
b (a + b/x)*!? 
Vf o+— 
x 


9. Long formulas, or expressions which might break awkwardly 
at the end of a line of text, should be displayed. 

10. In numbering sections, theorems, displayed formulas, and so 
on, the author should adopt a system which is simple and self- 
explanatory. A system based on such symbols as II.3.6.1a is unneces- 
sarily complicated. ` 
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11. Footnotes should be assembled at the end of the paper, typed 
double spaced, and numbered with arabic numbers. The footnote 
symbols currently in use are illustrated as follows: “It was proved? 
that ---” (Bulletin); “It was proved @) that - - - ” (Transactions). 
A footnote symbol should not follow a mathematical symbok Foot- 
notes should be numbered in the order in which they appear, begin- 
ning with 1 and continuing throughout the paper. Do not use any 
symbol at all for the footnote “Presented to - - - ” which frequently 
appears on the title page. 

12. Mathematical works which are referred to in the text may be 
listed at the end of the paper under the heading “Bibliography” or 
“References.” The following examples illustrate the two methods of 
arrangement and enumeration used in the Bulletin and Transactions: 


Form I 


BIBLIOGRAPHY [or REFERENCES] 


1. R. R. Roe, Canonical systems, Amer. J. Math. vol. 60 (1938) pp. 1042-1100. 

2. , An elementary solution of the fundamental problem of mathematics, J. of ` 
Metamath. vól: 17 (1939) pp. 1-100. 

3. D. D. Doe, The theory of topological hypergroups, New York, 1940. 


Form IT 
BiBLIoGRAPHY [or REFERENCES] 





R. R. Rog ' 
1. Canonical systems, Amer. J. Math. vol. 60 (1938) pp. 1042-1100. 
2. An clementary solution of the fundamental problem of mathematics, J. of Meta- 
math. vol. 17 (1939) pp. 1-100. 
D. D. Dog 
1. The theory of topological hypergroups, New York, 1940. 
2. A gensralisation of the generalized Doe-Kfferential, Duke Math. J. vol. 48 (1940) 
pp. 1100-1200. 


The following examples illustrate the various methods of referring 
to the bibliography. The basic marks of enclosure are brackets: [ |. 
With a small amount of care, the use of parentheses as additional 
marks of enclosure can be kept at a minimum and the appearance of 
the printed page thereby improved. 


For form I: [1, Theorem 3.7]; --- proved by Roe [2, Lemma 
4] +--+ ; (see [2, Lemma 4]). 

For form II: [Roe 1, Theorem 3.7]; --- proved by Roe [2, p. 
100] --- ; (cf. Roe [2, p. 100]). 


The use of abbreviations for the names of the more obscure scien- 
tific journals often creates difficulties for readers and librarians. The 
Bulletin and Transactions, therefore, make it a rule to print such 
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titles without any abbreviations. Cooperation on the part of the authors 
would diminish greatly the work involved in thts connection. The names of 
the standard journals, however, should be abbreviated. Appendix B 
contains a list of abbreviations which have been adopted by the 
Bulletin and Transactions. 


Preparation of.the manuscript. A compositor is not a trained 
mathematician and cannot take the responsibility of altering so much 
as the position of a single dot in the manuscript. It is obvious, there- 
fore, that the manuscript, when it is sent to the printer, must be 
exact in every detail. Since it is impossible to produce a manuscript 
in which all characters are facsimiles of printed characters, there will 
be many details which can be made clear to the printer only by spe- 
cial indication such as underlining or marginal notes. 

The task of preparing the manuscript for the printer is generally 
shared between author and editorial staff. In the case of the Bulletin 
and Transactions, indications concerning routine matters of style, 
such as the spacing of material, the choice of type in titles, paragraph 
headings, and so on, are inserted by an editorial assistant. All indica- 
tions of a non-routine nature must be made by the author and must 
be complete and explicit. The most important rules in this connec- 
tion are the following 3 

1. The manuscript should be typewritten. The text should be 
double spaced and displayed material should not be crowded. Plenty- 
of space should be left for the characters which are to be filled in by 
hand. It is well to make at least one carbon copy of the manuscript, 
but the orsgsnal—not the carbon copy—should be sent to the editor. 

2. Subscripts or superscripts may be filled in by hand; if typed they 
should be a half-space above or below the line. 

3. Handwritten characters should be made with great care and 
each character must be distinct in shape from every other. In cases 
where the author’s intention may be in doubt, identification, such as 
“Greek chi,” should be written in pencil in the margin. Capital letters 
may be indicated by “cap,” small letters by “I.c.” (lower case). Letters 
and symbols which are particularly liable to confusion are: 


oO0 vray pp sS5 1, Y BRKEK 
222 xx X44 all VU Ee 
4, German and script letters may be handwritten if they can be 


made with sufficient accuracy. A far more satisfactory procedure is to 
type the corresponding Roman letters, then to underline or encircle 


7 See also rules 3-8 in the section Special Rules. 
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each letter with colored pencil, say green for German, blue for 
script. In fact, all alphabets other than the Roman and Greek are 
best treated in this manner. The meaning of the colored marks should 
be stated at appropriate places in the margin or on a separate sheet 
of “instructions for the printer.” 

5. No mark meaning “Greek alphabet” should be attached to the 
symbols >, (summation), [] (product), ð (in partial derivatives). 
Notice the difference in the size and style between the first two sym- 
bols and the Greek capital letters £, I. 

6. Italic type is indicated by underlining, preferably with a blue 
pencil, In the Bulletin and Transactions, the text of a theorem or 
corollary is always in italics and the necessary indications may be 
left to an editorial agsistant. 

7. Omissions should be denoted by exacHy three slightly raised 
dots, such as ab - ++ c. If commas are required, write a;,+--, dG, or 
G1, Ga, © °°, never G+: ° Ga oF G1, Qat eoe A handwritten comma 
must be carefully made so that it will not be taken for subscript 1. 

8. The number one is ordinarily typed 1. The letter “ell” is denoted 
by ł (the dash may be written). Experience shows that the use of the 
solidus (/) in place of the dash may lead to errors in typesetting. 

9. Drawings and diagrams should be made with particular care 
since they cannot be changed or corrected in galley proofs or page 
proofs. Drawings should be made in black India ink on Bristol board 
and should be two or three times larger than they are to be when 
printed. When inserting letters or symbols, allowance should be 
made for the reduction in size. For drawings which are to appear in 
the Bulletin or Transactions, all letters and symbols should be drawn 
lightly in pencil since they will eventually be replaced by type letters 
and symbols. The reproduction of even the simplest drawing involves 
considerable extra expense, and the author, therefore, should include 
no drawing which is not really essential for a clear understanding of 
his paper. 

10. A displayed formula should be numbered only if referred to 
elsewhere in the text. If displayed formulas are numbered indis- 
criminately, it is impossible to combine several formulas into a single 
line or to run an occasional formula into the text to facilitate the 
breaking up of galleys into pages. 


Proof reading. It is important that galley proofs be carefully read 
and corrected by the author, since it is only the author who can detect 
errors which are due to an imperfect manuscript. 

Alterations in type which has been set are delicate and costly to 
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make. The author should call for only such changes as are really 
essential. The insertion or deletion of a comma, for example, should 
be based on a compelling reason and should not be merely a matter 
of whim. If a number of consecutive words or symbols must be de- 
leted, they should if possible be replaced by words or symbols oc- 
cupying the same amount of space. If this is not done, the com- 
positor often must tear down and reset a number of preceding or 
following lines in order to make the necessary adjustments. This is 
not only costly but makes possible the introduction of new errors. 

Galley proofs of papers for the Bulletin or Transactions are read 
in the office of the American Mathematical Society before they are 
sent to the author. During the reading, there may arise questions 
which can be answered only by the author. Such questions are written 
in the margins, and it would seem unnecessary to point out that they 
should be answered were it not for the fact that they are frequently 
ignored. l 

The list in Appendix A contains most of the standard signs used in 
this country in correcting proof. A consistent use of these signs by 
authors would simplify greatly the work of printer and editorial staff. 
In any case, authors should make sure that their corrections are clear 
and explicit and should refrain from using elaborate “systems” of 
_ their own invention. Joint authors should be particularly careful not .- 
to use two non-equivalent systems of signs in a single set of galleys. 

The example in Appendix A illustrates the standard method of 
using the proof reading signs. It is important to note that all indica- 
tions for corrections must appear in margins and for each correction 
a corresponding mark must appear in the text. The signs in the 
margins should retain the order of the corresponding errors in the 
line and should be separated from each other by |. 
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SIGNS USED IN CORRECTING PROOFS 


E Delete; take out 
© Close up 

A Insert 
ff Insert space. 

rT Raise 
it Lower 

L Move to left 

] Move to right 


| | Straighten type line at side 
of page 


Ž Straighten lines 
q Paragraph 
center Put in middle of page or 
line 
c Transpose 
Th Transpose i 


“) Turn inverted letter right 
side up 


Xx Change broken letter 
stet Let it stand as set 
ae Pot sane ae 
«/ f Wrong font, size or style 
Le. Lower case, not capitals 


Aom. Use Roman letter 


H Use black type letters 
© Period 


4 Comma 
¥ Apostrophe 
v Superior figure 
-4 Inferior figure 
=/ Hyphen 
4c. Use small capitals 
Caps Use capitals 


itaLUse italics 


= MY ee 


M ; 
EN (12.4) B= Dd C1189) C= 


C. 
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EXAMPLE SHOWING THE USE OF PROOF READING SIGNS 


of Bı and did, divides dd/(-1). Hence B is reducible to the iOm 4) Jika 
(11.5) with diagonal terms dı, didz , © ++, did, which proved (11.4). 

12. Groups with(@)finite number of generators. We shall discuss 
certain properties of these groups culminating in the basic product 


_ decomposition (12.5). 


(12.1) DEFINITION Let B={gi,-++, gat, B’={el,- + age} be 4.0./2 
iwo sets of elementspf G containing the same number n of elements. By 
G unimodula} transformation 7:B—B’ is meant a sysiem of.elations AT 


(1}.2) g = > Gis8 is la, 


Jhe following proposition shows in how natural a manner unimodular 
transformations make their appearance in the theory of graps with Adm 
finite bases. 





| unimodular. 


(12.3) Let G bea group wiih a finite base B = TA ©, Baa. In order 
that B'= $g,- - , gX} be a base for G tt is necessary and sufficient a 
that B’ be oblatnable from B by a unimoduld > transformation. co 


For any given set B’={gi,---, gx } of elements of G there exist, 
relations 


less © 


/ 
A necessary and sufficient condition 4n-erder that,{g/ } be ag base is ray j 
that the ¢, be expressible as lincar combinations of the g/, or that 
there exist relations 





Pad 


2.8) Jes Edasi D= lal. [ cenit 


| From this follows 
f= PS dy jC 84/ : © 


Hence since B is a base we must have D 
This matrix relation yields 
minants are integers we must have | C| = +1. Thus in order that B’ 
be a base C must be unimodular, or the condition of (12.3) must be 
[ fulfilled. Conversely, if j¢ is fulfilled, C is unimodular and (12.5) 02.3) 
holds with D= CC}, from which it follows readily that 4’ is a base. Y [cap 
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of B, and did, divides didai. Hence B is reducible to the form (11.5) 
with diagonal terms dı, didi, +--+, did} which proves (11.4). 

12. Groups with a finite number of generators. We shall discuss 
certain properties of these groups culminating in the basic product 
decomposition (12.5). 


(12.1) DEFINITION. Lei B={g:,---, ga}, B'= fgl,- 90} be 
two sets of elemenis of G containing the same number n of elementis. By 
a unimodular transformaiton t: B—>B’ is meani a system of relations 


(12.2) gi = > ats llan unimodular. 


The following proposition shows in how natural a manner unimodu- 
lar transformations make their appearance in a: theory of groups 
with finite bases. 


(12.3) Let G be a group with a finsie base B= f gi, e.’ a In order 
that B’o{gi,---, gd} be a base for G tt is necessary and sufficient 
that B’ be obtainable from B by a unsmodular transformaiton. 


For any given set B’={g/,---, gd } of elements of G there exist 
relations. 


(12.4) gh= Dag, C= jed]. 


A necessary and sufficient condition that B’= {gi} be a base is 
that the g; be expressible as linear combinations of the g/, or that 
there exist relations 


(12.5) i= 2o ro D = ldall: 


From this follows 


= } digr. 


Hence since B.is a base we must have DC=1. This matrix relation 
yields |D] -| C| =1, and since the determinants are integers we must 
have |C| = +1. Thus in order that B’ be a base C must be uni- 
modular, or the condition of (12.3) must be fulfilled. Conversely, if 
(12.3) is fulfilled, C is unimodular and (12.5) holds with D = C—!, from 
which it follows readily that B’ is a base. 


APPENDIX B 


ABBREVIATIONS -USED IN 
THE BULLETIN AND TRANSACTIONS 


Abhandlungen aus dem Mathematischen Se- 
minar der Hansischen Universitat 
(formerly ... Hamburgischen Universitkt) 

Academy of Sciences of the USSR. Journal of 
Physics 

Acta Universitatis Szegediensis. Acta Scientia- 
rum Mathematicarum 

Acta Mathematica 

American Journal of Mathematics 

The American Mathematical Monthly 

American Mathematical Society Colloquium 
Publications - 

American Statistica] Association Bulletin 

Annales de la Faculté des Sciences de l’Univer- 
sité de Toulouse pour les Sciences Mathé- 
matiques et les Sciences Physiques 

Annales Scientifiques de l'École Normale 
Supérieure 

The Annals of Mathematical Statistics 

Annals of Mathematics 

Atti della Reale Accademia delle Scienze di 
Torino. Classe di Scienze fisiche, Mate- 
matiche e Naturali 

Il Bollettino di Matematica 
Bulletin de l'Académie des Sciences de l'URSS. 

' Sé&ie Mathématique 

Bulletin de la Société Mathématique de France 

Bulletin de la Société Physico-Mathématique 
de Kazan et de l'Institut de Mathématiques 
et Mécanique 

Bulletin des Sciences Mathématiques 

Bulletin Mathématiques de l'Université de 
Moscou. Série Internationale 

Bulletin of the American Mathematical Society 

Bulletin of the Calcutta Mathematical Society 

Commentarii Mathematici Helvetici 

Compositio Mathematica 

Comptes Rendus (Doklady) de l’Académie des 
Sciences de l’URSS 

Comptes Rendus Hebdomadaires des Séances 
de l'Académie des Sciences 

Doklady Akademii Nauk SSSR 
See Comptes Rendus (Doklady) de l'Aca- 

démie des Sciences de |’'URSS 

Duke Mathematical Journal 

Fundamenta Mathematicae 

Ixvestia Akademii Nauk SSSR 
See Bulletin de l'Académie des Sciences de 
V’URSS i 
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Abh. Math. Sem. Hansischen Univ. 


Acad, Sci. USSR. J. Phys. 


Acta Univ. Szeged. 


Acta Math. 

Amer. J. Math. 

Amer. Math. Monthly 

Amer. Math. Soc. Colloquium Pub- 
lications 

Amer. Statist. Assoc. Bull. 

Ann. Fac. Sci. Univ. Toulouse 


Ann. Ecole Norm. 


Ann. Math. Statist. 
Ann. of Math. 
Atti Accad. Sci. Torino 


Boll, Mat. 
Bull. Acad. Sci. URSS, Sér. Math. 


Bull. Soc. Math. France 
Bull, Soc. Phys.-Math. Kazan 


Bull. Sci. Math. 
Bull. Math. Univ. Moscou 


Bull. Amer, Math. Soc. 

Bull. Calcutta Math. Soc. 
Comment. Math. Helv. 
Compositio Math. 

C. R. (Doklady) Acad. Sci. URSS. 


C. R. Acad. Sci. Paris 


Duke Math. J. 
Fund. Math. 
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Jahresbericht der Deutschen Mathematiker 
Vereinigung 

Japanese Journa! of Mathematics. Transactions 
and Abetracts 

Journal de l'École Polytechnique 

Journal de Mathématiques Pures et Appliquées 

Journal fur die reine und angewandte Mathe- 
matik 

The Journal of Symbolic Logic 

Journal of the Faculty of Science. Imperial Uni- 
versity of Tokyo. Section I. Mathematics, 
Astronomy, Physics, Chemistry 

The Journal of the Indian Mathematical 
Society 

The Journal of the London Mathematical 
Society 

Koninklijke Nederlandsche Akademie van 
Wetenschappen. Indagationes Mathematicae 
ex Actis Quibus Titulus. Proceedings of the 
Section of Sciences (sometimes referred to as 
the “Amsterdam Proceedings”) 

Matematiteskij Sbornik 
See Recueil Mathématique 

Mathematische Annalen 

Mathematische Zeitschrift 

Nachrichten von der Gesellschaft der Wissen- 
schaften zu Göttingen. Mathematisch-Phy- 
sikalische Klasse. Neue Folge. Fachgruppe I. 
Nachrichten aus der Mathematik 

Periodico dı Matematiche 

Philosophical Transactions of the Royal Society 
of London. Series A. Mathematical and Phys- 
ical Sciences 

Proceedings of the Cambridge Philosophical 
Society j 

Proceedings of the Imperial Academy 

Proceedings of the London Mathematical 
Society ! 

Proceedings of the National Academy of Sci- 
ences of the United States of America 

Proceedings of the Royal Society. Series A. 
Mathematical and Physical Sciences 

The Quarterly Journal of Mathematics Oxford 
Series 

Recueil Mathématique. Nouvelle Série 

Rendiconti del Circolo Matematico di Palermo 

Sitzungsberichte der Berliner Mathematischen 
Gesellschaft 

Sitzungsberichte der Preussiachen Akademie 
der Wissenschaften 

The Téhoku Mathematica] Journal 

Transactions of the American Mathematical 
Society $ 


Jber. Deutachen Math. Verein. 
Jap. J. Math. 


J. Ecole Polytech. 
J. Math. Pures Appl. 


J. Reine Angew. Math. 

J. Symbolic Logic 

J. Fac. Sci. Imp. Univ. Tokyo. 
Sect. I 

J. Indian Math. Soc. 

J. London Math. Soc. 


Neder. Akad.. Wetensch. 


Math. Ann. 
Math, Zeit. 
Nachr. Ges. Wiss. Gottingen 


Period. Math. : 

Philos. Trans. Roy. Soc. London. 
Ser, A. 

Proc. Cambridge Philos. Soc. 


Proc. Imp. Acad. Tokyo 
Proc, London Math, Soc. 


Proc. Nat. Acad. Sci. U.S.A. 
Proc. Roy. Soc. London. Ser. A. 
Quart. J. Math. Oxford Ser. 
Rec. Math. (Mat. Sbornik) N.S. 
Rend. Circ. Mat. Palermo 
Berlin Math. Ges. Sitzungsber. 
Preuss. Akad. Wiss. Sitzungsber. 


Téhoku Math. J. 
Trans, Amer, Math. Soc. 
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> APPENDIX C 


À LIST OF SIGNS AND SPECIAL CHARACTERS 
AVAILABLE FOR THE 
BULLETIN AND TRANSACTIONS 


Lightface Greek—a By .. (all) ABT... (all. 
k Lightface Greek Superiors—4 and *°7--- (all except o). 
X Lightface Greek Inferiors—a azo andasy7... (all except o). 
* Boldface Greek—a GySe(unOx2XyvEag dg eda AT and Q. 


*Lightface German—& V ©... (all) abe... (all). No superiors 
or inferiors. 
* Boldface German—?d A B D 


‘Script (special font) ef B @... (all). No lower case manu- 
factured. 


* Hebrew—N XN N 3c troublesome to use. No superior or inferior. 
* Dashed Italica—d a BOC... (all) 
Bee ree Bec a a 


X Dashed Greek—a By Sa bignvspaTifcpeta 

k Dotted Italic—d G¢aP Em AGrPUMLAVP ES 

* Dotted Greek—é 77 60&£ ¥ ) & (single dotted 8 y 5 ¢; double 
dotted y readily available). 

* Superiors—" * 4 i 2 

wiInferioms—, iat iep ata 

Signs—Superior— t ~e tC TI... 7 FI 


Signs—Superior to Superior— 


Signs—Inferior—_ = + etme OC) T)..7 1° 
Signs—Inferior to Inferior—, _ _ 


18 : 3 s 


Special—Superior to Superior— 
Special—Inferior to Inferior, , , , 072.7 bt mapre 


4 1 Additional characters readily available at small cost. 
* Matrices for additional characters are made upon special orders. Nor- 
me the via necessitate a delay of from four to eight weeks and average 
A Ov per matrix. However, because of wartime conditions delivery 
deleant are oe ane prices subject to change without notice. 
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No 6 | 8 | 10; 12 No 61 8 
Lo xvi y y| 40. v J 
2: SX Yi x v¥ | 41. 3 f 
Se XR x 42, ¢ P 
4 >i xj x ¥ | 43. > 

5. Fi} xvi ~ Jv || 44. u v 

6. + 45. N. v 
72, ~ ¥ 46... 

8 t| vi y v 47. A 

9. F 48. & 

10. = ¥ y ¥ || 49. A ¥ 
il; = 50. A -y 
12. = ¥ 51. Z ¥ 
13). 22°) 4 52. Á 

14. 2 y 53. J 

15. ¥ x ¥ 54. g x 
16. vI ¥ 55. W " 
17. m E 56. © 

18. í E 57. Oo 

19. ma y 58. O 

20. œ x nE 59. Æ 

21. œ <b a 60. ¥ 
22. œx ¥ 61. O X 
23. = ¥ ¥ 62. © y 
24. ~ vI y 63. ®© 

25. n ¥ 64. © 7 
26. sæ ¥ 65. Q ¥ 
21. < v | x| x 66. © 

28. $ ~ 67. ® 

29. > vI xyi x 68. & v 
30. 2 y 69. Ø 

31. Si xyi xyi y T0- 00 

32. & Y| xy] x Tie Vy 

33. > vl x| v7] 72 =>] x] ~x 
34. 4 x 13. — ~y 
35. A v 74. >| x| x~ 
36. V 7 T5: = 

37. KX ~v 76. = ~ 

38. < T1. en y 
39. < 18: p2 


1 These figures refer to the size of type. The text of 
Transactions is 10 point type and footnotes 8 point type. 
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d t i E 


t A dt 


C a E O a E E a 


Vv 


Bulletin and 


Z 
2 

0 
pà 
© 


aa 


ra a as 


t 


e t t É ĉtt t E o L e E d A l 


WUT EL AA” RS 


— 
oh 
+ 
+ 

a a, E a 


pà 
© 
SS 
=~ 
a 


aQeq_de_ eae fd 2 4 S 


+ 


)® 34 3090 OI HAAA.. 


ESA 


COMAWINUN ~ 


Sr a a S E 


Pr a a a a a a a ee 
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THE ELEMENTARY DIVISOR THEOREM FOR CERTAIN 
3 RINGS WITHOUT CHAIN CONDITION 


OLAF HELMER 


1. Introduction. The Elementary Divisor Theorem is known to 
hold in principal ideal rings and in rings with Euclidean algorithm.: 
It is an open question whether it holds in every Prefer ring, that is, 
in every domain of integrity in which every ideal with finite basis is a 
principal ideal.? (A Priifer ring can also be characterized as a domain 
of integrity in which the greatest common factor of any finite number 
of elements can be represented as a linear combination of these ele- 
ments.) The Elementary Divisor Theorem will here be proved for 
what will be called “adequate” rings. They are special Prifer rings, 
but not restricted by any equivalent to a chain condition, so that 
they comprise considerably more than just the principal ideal rings.* 


2. Definition of adequate rings. Let R be a domain of integrity, 
a, bin R, and a0. By a relatively prime pari of a with respect to b, 
written RP(a, b), we shall understand a factor a; of a such that, if 
G =" 01°, 

(i) (a1, b) = i 

(ii) (a3, b) 1 for any non-unit factor a, of a3.4 
RP(a, b) may or may not exist; if it does, it is, in a sense, a largest 
factor of a that is relatively prime to b. 

We now define R to be an adequate ring if 

(i) Risa Prüfer ring, 

(ii) RP(a, b) exists for all a, b in R with a0. 


3. Relationship to Priifer rings and principal ideal rings. By defini- 
tion every adequate ring is a Prifer ring. On the other hand, every 


Received by the editors, May 29, 1942. 

1B. L. van der Waerden, Moderne Algebra, vol. 2, Berlin, 1931, p. 122. For further 
reference, see the papers by J. H. M. Wedderburn (J. Reine Angew. Math. vol. 167 
(1932)), N. Jacobson (Ann. of Math. (2) vol. 38 (1937)), and O. Teichmuller (Preuss. 
Akad. Wise. Sitrungsber. 1937). 

* Rings of this kind were considered by H. Praofer in Untersuchungen uber Ten- 
barkettsetgenschafien in Korpern, J. Reine Angew. Math. vol. 168 (1932). 

3 My thanks are due to Professor Reinhold Baer for several helpful suggestions. 

4 Notation throughout this paper: *(a, 6, - - - )” for “greatest common factor of 
a,b,” “ajb” for “a 1s a factor of b,” “amb?” for “a equals b except possibly for a 
unit factor.” (This last convention serves the purpose of replacing statements about 
principal ideals simply by statements about their generating elements.) 
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principal ideal ring is adequate; for in a ring of tbat kind we have 
unique prime power decomposition, and hence the existence of 
RP(a, b) for a40 is obvious. An example of an adequate ring which © 
ig not a principal ideal ring is furnished by the set of integral functions 
with coefficients in a field F. That a ring of this type is a Prüfer ring 
has been proved in a previous paper.’ The existence of RP(a, b) is 
an immediate consequence of the unique factorization theorem for 
. integral functions (Theorem 6 of the same paper). Theorem 8 of that 
paper, finally, states that the ring is not a principal ideal ring. ` 


4, Sixlemmas. Now let R be an adequate ring. Among the proper- 
ties of such a ring are those stated in the six lemmas below. The firat 
four are well known, and hold in any Prüfer ring; sketches of their 
proofs have been included, however, for redsons of completeness. 


Lewa 1. If flab and (f, a) =1, then f|b. 

Proor. Let Af+ka=1; then f|abk=b(1—hf)=b—bhf and hence 
flo. 

LEMMA 2. An element a has an inverse a* mod b, 
(1) a-a* = Í (mod b), 


tf and only sf (a, b) =1. Moreover, a*, tf H exists, is uniquely determined 
mod 8. 

Proor. If aa*mi (mod b), then aa*=1+bk and hence (a, 5) =1. 
Conversely, if (a, b) =1, then & and & exist such that ha +4) =1, and 
hence ahmi (mod b) and a* =k. Finally, if aa* mgaa** m1 (mod b), 
then a* ma*(aa**) m(aa*)a** ma** (mod b). 


Lewa 3. The congruences 
(2) a = a, (mod m,), ¢=1,2,---,n, 


have a simultaneous solution x, provided any iwo m; are relatively 
prime. Moreover, ihe solutton is uniquely determined mod m, where 
= 1A, + + Ma. 


ProoF. Let m=m,M,. Since any two m; are relatively prime it 
follows that (m; M,)=1. Hence, by Lemma 2, the M, possess in- 


’ verses M* mod m,. It is seen at once that 


(3) z G,MiMi+---+4.M.Mt (mod m) 


’ Theorem 9 in Divisibility properties of integral functions, Duke Math. J. vol. 6 
(1940) p. 351. 
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is a required solution, and the uniqueness is obvious. 


LEMMA 4. Let a1, d4,°°°, Ga not be all sero, and 

(4) (G1, da, -° ++, Ga) = d; 

then there exist elements a,; (ts=2,°°+,nmjj=l,-++, n) such thal 
Gr Ge +s: Gy 

(5) Gai G33 °° + Gay a 


Gai Oar’ >’ Gaa 


Proor. If all but one a, are zero, then d=a,. Choose 
Gu = +++ =G,,=0, and the unity matrix for the rest of the az; the 
resulting determinant will be d or —d, if —d, a change of one 1 into 
— 1 will put things right. If, on the other hand, no more than #—2 
of the ay are zero, we can proceed by induction. For »# = 1 the assertion 
is trivially correct. For > 1 let 


(6) d’ = (as, `>, Gn); 

by induction we can finda,;(¢=2,---,s—1;j=2,---,) such that 
Gs On 
Gat s a @ a 

(7) - | om gl, 


Ga—1,2 °° * Ga—iiae 
Suppose now that 


(8) d = (a, d) = hear + kd. 


We can then complete our determinant as follows: 


Gy Gs bia oy 
0 Gas ee Gam 

(9) ve =ahat+hk-d' =d. 
QO. Gn—1,% pes Gu—i,s 


(— 1)*"'k (— 1)*has/d’--- (— 1)*ha,/d’ 
Leima 5, RP(a, b) ts untquely determined excepi for a unti factor. 
Proor. Let 
(10) a = 41:0, = g-a”, 
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where a; and a’ are both largest factors of a that are relatively prime 
to b. We show first that (as, a) =1. Suppose that (aa, a’) =d¥1; 
then dlas, and by definition of æ, (d, 6)*1; but d|a’ implies 
(d, b) | (a’, b), so that (a’, b) 1, which is impossible by definition of a’. 
Hence (a4, a) =1, and we can now apply Lemma 1: since ala'a", 

it follows that aļa’’. Similarly a” |as, so that as and a” can only 
differ by a unit factor. 


Lemma 6. Let RP(a, b)=r, and let d|a with (d, r)=1; then 
RP(d, b)=1. 


Proor, Leta=r s. By assumption and Lemma 1, d| s. Hence, by 
definition of r and s, (6, b) #1 for every non-unit factor 6 of d, and 
consequently RP(d, b) =1. 


5. A preparatory theorem. The main result of this paper will be a 
consequence of the following theorem. 


THEOREM 1. Le 


(11) M = 


Gat Gna’ * * Gah 
be a matrix with coeficients in an adequate ring R, let 


(12) , 1<ancrankMWM Sk 

and 

(13) ) (G11, G12, °° * » Gib, an ttt , Gan) = d; 

then there extst h, ts, + °°, baa tn R such that 

(14) (Ay, Antee Aa) = G, 

where 

(15) A, = Guh + Galati + + Geir tay, t= 1,2,---,&. 


PRrooF. (a) Suppose the theorem has been proved for d=1. Then 
the general case results as follows. Let 


(16) N = (1/d)-M; 
the coefficients 
(17) N bij = By) a 


” 
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of the matrix N are then relatively prime, and the theorem is con- 
sidered proved for this case; there are, therefore, quantities 
ti, fs, ° °°, éa 10 R such that 


(18) (Bı, By,--+, By) = 1, 

where l 

(19) B, = bihi + Bade Heo + baishi + bai = Afd. 
Hence 

(20) (Anr Asn: , AL) = d: (Buon Bs, - +>, Bs) = d. 


(b) Ford = 1 the proof will be given by induction with respect to n. 
First, let n=2. We have to find é so that the 


(21) : Ay = Gut + an, ¢#=1,2,---,h, 


have the greatest common factor 1. Note that any common factor of 
A, and A, is also a factor of 








(22) Diy = ae ea Grå — hå 
Gsi Oa 

If, therefore, we set 

(23) D = (Dis, Din Du, Diy ++, Dy-1,); 

then, however ¢ be chosen, 

(24) (Ay, Ay, --- , Ax)| D. 


On account of (12), not all D,; are zero; hence D0, and we may 


define: 
Dı = RP(D, G11); 


(25) 


eo 8 è 8 BB @ ò 8 8B 8 >+ 


D RP(- = ) 
Dy, = Oy). 
Dy+ ++ Dar 


We then have, obviously, 
(26) (D,, Dj) = 1, tj, 
because a largest relatively prime factor of a quantity is always prime 


to the supplementary factor. Consequently, by Lemma 3, there ex- 
ists a simultaneous solution # of the congruences 
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(27) Em on (1 — as) (mod D),  i=1,2, >, k, 
where aj, is an inverse of a;; mod D,: 
(28) Out Gu = Í (mod D,) 


(the existence of af, being guaranteed by Lemma 2, since (an, D,) =1 
by virtue of (25)). With ¢ chosen thus, we shall now show that 


(29) l (da, Ås, aa Ay) = 1, 
From (21) and (27) we have 
` (30) A, = Guk + a4, = 1 (mod D,). 


Suppose, now, that the A; have some non-unit factor c in common; 
then, by (24), it would follow that c|D. This, together with (30), 
_ implies that 


(31) (c, D) = 1; 


this means that c is a factor of D that is prime to all D;, and we can 
apply Lemma 6, with the result that 


(32) RP(c, a.) = 1, ny eee 7 


But then, as c was not supposed to be a unit, none of its non-unit 
factors is prime to any a,. In particular, 


(c, 211) = 1 <£ 1, 
(Ci, G33) = Cy * 1, 


a + BR è â ọọ ë ş 


(33) 


(Ch-1,01b) = Cy E 1; 


the a;, thus have a common non-unit factor c,, and, since Cal Ar, it 
follows that c, is also a factor of A,—a1,4 = an. But this is incompatible 
with the assumption that d=1. 

(c) Suppose now that the theorem has been proved for values less 
than n; we then have to show that it holds for » provided d= 1. Let 


(34) dı = (Gt, Gas, °° +» Oah, G31, © ° >o, Ona); 
applying induction, we can find és, isn * + +, #a-1 SO that 
(35) (Bı, Bz - +>, Bey) = di 

where 


(36) Bi = anbi + Gabe te F Gna F Gais i= 1,2, .-, Á, 
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and it remains to determine 4, suitably. We have 


(37) Ag = Gib + B, 
with 
(38) (a1, By, Gia, Bs, +++ , Gin Ba) = (Giu G1, °° - , Gih dı) 
= (G11, Ginto, Gib Gin + * » Gah) = 1. 


Therefore, using induction with #=2, we can find 4, such that 
(39) (A1, An: ‘ , Ax) = 1, 
and the proof of Theorem 1 is completed. 


6. The case of a square matrix with nonzero determinant. Before 
taking up the general case of the Elementary Divisor Theorem we 
shall first treat the case of a nonsingular matrix. 


THEOREM 2. Lei R be an adequate ring, M a square mairix with 
coefficients in R, and | M| <0. Then there exist two matrices X and Y 
with coefficients in R, such that 


(40) |X¥|=|V|=1 
and 
4, 0. 0 
(41) ives SUP, 
0 O--+&& 


where the e, are the elementary dsotsors of M. 


Proor. For n= 1 the theorem is trivially true. For #>1 assume the 
theorem proved for all values less than n. It is sufficient to consider 
the case where e, (which is the greatest common factor of the coeffi- 
cients of M) equals 1; for otherwise we first deal with the matrix 


M/e,ı, whose elementary divisors are 1, ¢:/e1,- ++, ¢s/é:; hence if 
1 0O... Q 
M O e/e--- 0 
(42) X—Y = ae 
1 r) s a e « s 
0 QO «+: Caj € 


we have at once 
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& 0-0 
(43) upel aea 
6 Geari 
Let now e= 1 and M=(a,,). Applying Theorem 1, with k=n and 
d=1, we can find 4, łan -- +, ta in R such that 
(44) (An An: Aa) =l, 
where 
(45) Ag = ah + anh t'ie F Gaini tan, iSl, oo‘, 
Applying Lemma 4 to these A,, a square matrix A with coefficients 
in R can be found whose first row is A1, Ax,---, Á. and whose 
determinant is 1. If k, is the minor belonging to A: we have 
(46) hidi + hårt o + AA, = 1. 
As |A|=1, we can form, in R, the inverse matrix 
(47) Q = Ant 
Note that the first column of OQ is Ay, As, ---, Ay. If, now, we set 
(48) qi = hita + hitia + +++ + hatn, i=1,2,---,%, 
. we can define 

(49) P= Pi: Ps, 
where 

1 0 0 hece hi Í 
(50) e qı 0 — l P, = O---1 0 

En ee 0 1---0 0 
Then 
(51) | Pil =| Pal = (= tse-oe 
so that 
(52) |P| =| Pal -| Pal = 1. 


Multiplying out, we obtain 
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by bs ia is by—1 1 
qh— i qh +: Gibn—1 qi 


(53) P= gti Qala 1e- qaa qa 


qa—-1f1 Gu—1hs gai Qu—1ha—1 = Ga—1 


Notice that we also have 


(54) lol] = 1. ` 

We now multiply M from the left by P and from the right by Q: 
Ay Ay e. Án 

PMỌ = qåÅı — 4&1 ; qiAy — is es qiÅa —~ Fin 

(55) gmi: — Gy—1,1 a141 — Ga-12°°° Qa—-14 a —~ Geis 
hy tiect 10 -0 
he Fonun QO *...* 
ha $. QO *...* 


where the zeros in the first row of this matrix arise from multiplying 
the row A, Án +°>, As by a row of minors of A not belonging to 
that row, while the zero in the (i+ 1)st place of the first column re- - 
sults as follows: 


(qiA1 B G11) Ay ae we + (gråa — Gin) Aa 
(56) = q.(Aihy = Saad aca Anha) a (miki fee Gin ha) 
= q'Í — q = 0. 


We can now apply induction to the matrix M, of order n—1 that 
appears in the lower right corner of PMQ. Let 


a6 0 ---O0 
O e0 
(57) XiMiY, = i 
0 0 n-o eu 
where | X| =| Ya| =1 and where ef, ef, >- + , 6/1 are the elementary 


divisors of Mı. Then, if we set 


(588) Xs 


we obtain immediately 


(59) 


OLAF HELMER 
1 Gea=O 1 0 
0 
- X, |-P, YeQ 
0 0 
100---0 
O 26 0 «26 


XMY=/0 0 e---0 |, 


0 0 0 T a 


and all that remains to be shown is that 


(60) 


Now, clearly, the determinant divisors of X MY are 1, eï, efes, => 
Ci ei ++ > Gamli hence its elementary divisors are 1, ef, ex, - 


_ 2f 
&, = Gl 


[April 


ih. 


f 
* hf } Ea —1; 


and the rest follows from the fact that “equivalent” matrices (here 
M and XMY) have the same elementary divisors (proof literally as 
for the ring of rational integers). 


7. The general case. We can now prove the general Elementary 
Divisor Theorem: 


THEOREM 3. Let R be an adequate ring, and M a mairix of type 
(m, n) with coeffictents in R. Then there exist two matrices X and Y 
with coeficients in R and of types (m, m) and (n, n) respectsvely, such 


thai 
(61) 
and 


(62) 


where €i, 3, °° ° 


|x| =|V|=1 
e; 0 + 8-8 0 
0 fe 
XMY = o 
0 
QO. a 10 


, & are the elementary dtossors of M. 


í 
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ProorF. (a) Let M=(a,,), of rank r. If r=0, we can set X= En and 
Y = E.. Otherwise not all a,; are zero, and we have 


(63) (Gii, Gins °° * » Gim Uu '’ta ' =d x 0. 


The case where m {=n =r is covered by Theorem 2. Ifr<morr<nor 
both, it will be shown below that M can be transformed unitarily 
into a matrix of the form 


(64) (* J 
0 0 
where N is of type (r, r) (and hence [N | 0). Once this has been | 


done, Theorem 2 can be applied to N; and if, say, Xı and Y; take N 
into the desired normal form, then 


xX, 0 Xą 0 
o nGAEL 

0 Ero ae 0 Em 
will do the same for M. , 


(b) Let r<m. The m rows of M must then be linearly dependent 
in R: 


. (66) frou + jan Hie + jeter = 0, 2 §= 1,2,---,8, 
where the j, may be assumed to be relatively prime. By Lemma 4 we 
can find elements Jain R (¢=1,---,m—1;k=1, +--+, m) such that 
the matrix 

ju Jit Rg Jim 

(67) Jaj, x 3 
Jw—1,t ° "°t Jm—1,m 

ji Ia a Ju 


has determinant 1; and if we multiply M on the left by J, we obtain a 
matrix whose last row consists of zeros. 

Clearly, if r<n, an analogous multiplication of M on the right by a 
unitary matrix will generate a last column of zeros. 

This procedure can be applied repeatedly. If 


(68) XiMX, = (5 o) 
1 g — 0 0 


where M, is of type (mı n) with r<m, or r<m, a further row or 
column of M, (and hence of M) can be turned into zeros. This process 
will break off only when the form 
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o 9 


with N of type (r, r) has been reached. This, according to (a). com- 
pletes the proof. 


COLLEGE OF THE Crry of New Yorxr 


THE GEOMETRY OF VELOCITY SYSTEMS 
EDWARD KASNER AND JOHN DxCICCO 


1. Introduction. In connection with the investigation of the differ- 
ential geometric properties of positional fields of force, Kasner intro- _ 
duced certain important systems of curves which he termed veloctty 
systems.1 In this paper, we propose to present some of the old and 
many new geometric properties of any velocity system. 

Since velocity systems serve to characterize the conformal group, 
many of our results are logically theorems of conformal geometry. 
This may be contrasted with the study of all the trajectories of posi- 
tional fields of force, which is essentially differential projective 
geometry. 


2. Velocity systems. We shall find it most convenient for our study 
to use the minimal coordinates u=xt+y, v=x—ty, p=do/du, 
g=d'0/du*, where, of course, (x, y) are the cartesian coordinates 
of the plane. 

In the plane, consider a particle of unit mass moving in any field 
of force whose components parallel to the “-axis and the v-axis are 
d(s, v) and c(#, v). The equations of motion are 


(1) eta, E Sacee 
Ja u, 0), e a 


where # is the time. Now if r is the radius of curvature along a trajec- 
tory, we have 


(2) w? = rN, 


Presented to the Society, February 22, 1941, under the title Conformal geometry of 
vslocely systems; received by the editors June 23, 1942. 

1 Kasner, Differential-peomstric aspects of dynamics, Amer. Math. Soc. Colloquium 
Publications vol. 3 (1912); Trans. Amer. Math. Soc. vols. 9-10 (1908-1909). 


f 
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where w=p/3du/di is the velocity (speed) and N is the principal . 
normal component of the force given by 


c—dp 
(3) N= Zip! i 


Since (1) defines a three-parameter family of curves, the path is 
uniquely determined if the initial position, the initial direction, and 
the initial velocity are given. 

If only the initial position and the initial direction of motion are 
given, then the initial radius of curvature will depend on the initial 
velocity. In the actual trajectory, the velocity w varies from point 
to point. If now the square of the velocity w°? is replaced by some con- 
stant, say 1/const., the resulting equation is 


(4) q = const. p(c — dp). 


The curves satisfying this differential equation, they are not in gen- ` 
eral trajectories, are called veloctty curves. 

For any field, a curve is a velocity curve corresponding to the 
speed wo, provided any particle starting from a lineal element of the 
curve with that speed, describes a trajectory which is initially oscu- 
lated by that curve. In a given field of force, there are in all œ? 
trajectories and œ? velocity curves. 

If the constant is given, there are ~* velocity curves. In particular, 
if the constant and hence the velocity is taken to be unity, the follow- 
ing result is obtained. 





THEOREM 1. Any system of Œœ? curves defined by a differenital equa- 
tion of the form? 


may be regarded as the totality of veloctiy curves corresponding to unti 


velocity in the unique field of force whose u-component ts d(u, v) and 
whose v-componeni 4s c(u, v). 


Throughout this paper, we shall understand a velocity system to 
be the totality of velocity curves with unit velocity. That is, any 
velocity system is given by the preceding differential equation. 


THEOREM 2. Property A. A set of œ? curves of the plane ts a veloctty 
system tf and only tf the œ! osculating circles of the œt curves of the set 
passing through any poini (u, v), constructed at (u, 0), form a linear 
pence of cercles. 

2 The corresponding cartesian equation of the general velocity system is 
ym (1+) (x— ye) Where ¢ and x are any functions of (x, y). 
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Of course, the centers of these circles describe a straight line. The 
other point of intersection (U, V) of this pencil of circles is 


(6) U=sut2/e, V=0t+2/d. 


We shall call this the assoctated correspondence of the velocity system. 
Obviously any arbitrary point trarisformation except identity, may 
serve as the associated correspondence of a unique velocity system. 
Special important types of velocity systems are natural families, 
igsogonal families, and I’ families of curves. Now we shall consider 
these sets of curves (special wexes). 


3. Natural families. A natural family consists of the extremals con- 
nected with the variation problem of the form 


(7) | | IEC v)ds = minimum, 


where F is a point function and ds = p*4dy is the element of arc. Any 
natural family is a velocity system for which c, = dy. 

Kasner has already indicated the many problems which are con- 
nected with natural families. Thus natural families arise in the study 
of (a) the trajectories of a conservative field of force, (b) general 
catenaries, (c) the paths of light in an isotropic medium, and (d) the 
geodesics of a surface.1 (See papers by Lipka, Douglas, Blaschke, 
Fialkow, DeCicco, Struik.) 

A natural family of curves is a special type of velocity system. 
‘Hence in addition to the Property A, it must possess an additional 
differential property.’ 


THEOREM 3. PROPERTY B. At any poini (u, v), there exist two lineal 
elemenis E, and Es, each of which is comveried by the assoctated corre- 
spondence of the veloctty system into a cocircular element at the point 
(U, V). Our velocity system ts a natural family ue and only if E, and Ex 
are orthogonal. 


Thus any system of œ? curves with the properties A and B isa 
natural family. 


4, Isogonal families. Any nonminimal simple family of 1 curves 
is given by a differential equation of the first order pe’. The set 
of all simple families of curves each of which makes a constant angle 
with all the curves of the given simple family is called a complete 

ssogonal family. Any isogonal family is a velocity system for which 
c=f, and d= —/f, so that c,= —d,. 
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THEOREM 4, Property C. At any potnt (u, v), there extst two lineal 
elements E, and Ey, each of which is converted by the assocsated corre- 
spondence of the velocity system into an element orthogonal io the cocircu- 
lar element at the point (U, V). Our velocity system ts an tsogonal family 
sf and only if E, and Ey are othogonal. 


Thus the conditions necessary and sufficient for an isogonal family 
are properties A and C. Thus the famous theorem of Cesa&ro-Scheffers 
is completed. 


5. To systems. The search for those velocity systems which are 
both natural and isogonal yields the following result. 


THEOREM 5. For a velocsiy sysiem to be both natural and tsogonal 
(that ts, to possess properties A, B, and C), tits necessary and sufficient 
that +t be the complete set of ssogonal trajectories of an isothermal famiy. 


This family may be called a conformal rectilinear wex.* That is, it is 
conformally equivalent to the 2? straight lines of the plane. Any 
such system shall be denoted by I’p.4 Any system I’, may be charac- 
terized geometrically as a velocity system whose associated point cor- 
respondence is direct conformal. 


6. The T families. Any set of œ? curves which is conformally equiv- 
alent to the set of œ? circles orthogonal to a fixed proper circle (or a 
fixed straight line) is called a T famely.§ 

The finite form of a T family is 


(8) anp(s)¥(0) + bollu) + W0) ] + co = 0. 


Upon eliminating the constants, do, bo, Co, we discover that a T family 
is a velocity system where the basic functions 


ww w ev 2 ? 
i ose 2% pate, 














Seamed 


j = 
Pu $ — ¥ Ys $ — ý 

Now we proceed to find the conditions on the functions ¢ and d 
that a velocity system be a I family. Solving the first equation for y, 


3? Kasner bas introduced the word wer to represent any system of œ? curves. 
Thus a wex is given by a differential equation of the second order y’’=f(x, y, y^). 
A web denotes # œ! curves. 

4 The authors have determined all curvature element transformationa which pre- 
serve the class of Te systems. See Kasner and DeCicco, Transformation theory of ths 
ssogonal trafectorias of antsothermal family, Proc. Nat. Acad. Sci. U.S.A., vol. 28 (1942). 

3 The T and T, systems are special subsets of Q families. Any @ family is con- 
formally equivalent to the œ? circles. See Kasner and DeCicco, Fassiless of curves 
conformally equsvalent to circles, Trans. Amer. Math. Soc. vol. 49 (1941) pp. 378-391. 
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and the second for ¢, we find 


i gage = pag 

¢— balbe d — Wor/Ws 
By differentiating the first equation of (10) with respect to # and the 
second with respect to v, we obtain 


2 2 
2 use — 3 uu 2 e wT 
(11) irede e ape a 


pi % 


Substituting the values of @ and y as determined by (10) into these 
equations, we find 


(12) des = Gey, chu = dus. 
THEOREM 6. PROPERTY D. A velocity system represents a T fame of l 
curves if and only if the functtons c and d with c0 and d0 satisfy 


etther one of the three equivalent systems of partial differential equations 
of the second order. 


(13.1) Cur = Ae, Ces = dcs; 


(13.2) dhe Side Go = cds 
(13.3) és-= ds, Čar = Ge. des = dey 


The last set of equations demonstrates that every T family is a natu- 
ral family. But the converse is not true. The only possible T families 
which are isogonal are the Ts systems. 


7. Velocity systems which possess isothermal families. We shall 
now Classify velocity systems according to the number of isothermal 
families they contain. For the velocity system (5) to contain the 
simple family p =e.» it is necessary and sufficient that 


(14) fetef,=c— od. 

If the simple family is isothermal, then, as deduced from the theo- 
rem of Lie, fx=0. Differentiating the above partially with respect 
to v and simplifying, we find 
(15) fort fet Of, = 6 by — dy, 


Differentiating this partially with respect to u and mpag use of 
(14), we obtain 


(16) (Gs a du)fy a (dy, E dc») a (Cus = gee, 
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From these equations, it is concluded that a velocity system will 
contain exactly œ? isothermal systems if and only if it is a T family. 
This is a characteristic property of I families (including To). p 

Suppose next our velocity system is natural but sof a TI family. 
Then there exists possibly one isothermal family of curves. This pos- 
sible isothermal family is 


(177) a A d 
= — WEG Cy = Qu. 
P Ox, aR dey i 


Finally let us suppose that our family is #ot natural. Such a velocity 
system may possess at most œ! isothermal families. These are defined 
by (14) and (16). 

Differentiating the equation (16) with respect to u and eliminating 
fa and f, from the result, we find 


P ð Cus CL, Cin mN lu a) 
(18) s= (= — )*(— Cy — dy . 
ð du, — de, (Cuv — Cca) (dus — dcs) dl Cuy — Ce) 
(5 Cy — dy ) 7 (Cs — d,)? 7 cy — du 


Again by differentiating (16) with respect to v and eliminating 
fe: fo, fer from the result, we find 


(= =) (Cuy— CCa) (due— dcs) dlc Cle) roe 


dv Cs— dy (cs— du)? Cy— dy 
ee ð des—de\  /dvs—de,\? d(du»—des) 
ae ae" Gt, vy" Gly uv Gly ae 
(= = ja leds + Cy— dy v 


THEOREM 7. A velocity system of curves may contain exactly 07, œ!, 
one, or no tsothermal systems as described below. 


(1) A velocity system will contain exacily œ? isothermal families 
if and only if itis a T family (including To). a 

(2) A nonnatural velocity system will contain exacHy œ! isother- 
mal systems if and only if the functions c and d satisfy the four partial 
diferential equations of the third order obtained by setting equal 
to zero the numerators and denominators of the fractions ia (18) 
and (19). 

(3) A nonnatural velocity system will contain exactly one isother- - 
mal system if the functions c and d satisfy one partial differential 
equation of the third order (obtained by the equalities of the right- 


Ya 
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hand sides of (18) and (19), one of the fourth order (the family (18) 
or (19) lies in the velocity system), and one of the fifth order (the 
. family (18) or (19) is isothermal). 

A natural family will contain exactly one isothermal family if the 
functions c and d satisfy identically one partial differential equation 
of third order (the family (17) must lie in the velocity system), and 
another of fourth order (the family (17) must be isothermal). 

(4) All other types of velocity systems contain no isothermal fami- 
lies. This is of course the general case. 


THEOREM 8. PROPERTY E. A veloctty system is a T or T, family if 
and only sf ti contains œ? tsothermal families. 


Properties A and E are necessary and sufficient conditions for the 
characterization of a I or T, family. 


8. Reciprocal velocity systems. Let È be the associated point cor- 
respondence (6) of a velocity system S. The unique velocity system S* 
whose associated point correspondence is the inverse X! of © is said 
to be the rectprocal* or conjugate of S. 

By (7), we find-that the reciprocal velocity system S* of S is 








(20 Q = Ply — èP), 
where 
Yuu, j= — d, 
2 c*d*c, 
Mae a rat a [cu(d? T 2d,) + Ze da, iis — — 3 
dU J əy J 
(21) 
38 P Pdu 08 d? (24 pdala? )] 
E erria ’ WC — 26x) |, 
au 7 aV pare 


FeAl P27) Sa 


THEOREM 9. The reciprocal velocsty system S* of a given velocity sys- 
tem S is natural or tsogonal according as S ts natural or tsogonal: 

The reciprocity is not valid in general for [ systems (of course ex- 
cluding To). We now wish to find those particular velocity systems 
whose reciprocals are T families. 

Before proceeding, let us note the following formulas in addition 
to those given by (21) | 


t Scheffers, Math. Ann. vol. 60 (1905) pp. 491-531. 
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ð -2c r 2c'dd, 
ee. hia =e culd? = 2d.) +- Fedal + 


dUdV/ AV J 





2 





c 
+ [cu (d g 2d,) + 2dulor| 
Jis 
c? 
m a, Fa — * vouj 
= [D(a — 2d,) + Verde] 
(22) 


g’? ð cA A EE : )] 
WILT T E 





[2csduu -}- dulc? ss 204) | 





L2 
Jd, 


d’ 
re cee [27 uc, -+ J(e = 26.) |: 


Ji 
- By (21) and (22), we may prove the following result. 


THEOREM 10. A velocity sysiem S ts the reciprocal of a T famiy S* 
sf and only sf sis funcitons c and d with c,~0 and d0 satisfy the 
partial dsfferentsal equations of third order 

| Ju n Cus fo P Ces 
owen mom OG 3 Toe 
J és J s 

In the real domain, it may be proved that the only velocity systems 
such that both S and S* are I families must consist of the œ? circles 
orthogonal to a fixed circle. In that event, S and S* coincide. 


9. The conformal covariants of a velocity system.’ Upon extending 
a conformal transformation twice, we find the formulas 
Vs Q q PoP = Pur 


24) U= , v= , Pa —p, — = RE 
(24) p(#) ¥(2) sP P a ea, a 


which have many applications. ; ` 


THEOREM 11. Every velocity system S(c, d) is converted into a velocity 
system D(C, D) by a conformal transformation. The transformaiton 
formulas between corresponding velocity systems S and È are 








(23) Ce = dy, 





7 For the analogous conformal geometry of a simple family of curves, see DeCicco, 
The iwo conformal covartants of a field, Revista di Matematica vol. 2.1941) pp. 59-66, 
A paper on Isothermal families will appear in the forthcoming Pastor commemora- 
tion volume edited by Beppo Levi. 
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C $u d Yur 

pu Ax ZE 

(It may be proved that if a quasi-contact transformation of curva- 
ture elements carries every velocity system into a velocity system, 
then it must be a conformal transformation.) 

We now inquire: what are the necessary and sufficient conditions 
that the velocity systems S(c, d) and X(C, D) be equivalent by a con- 
formal transformation? That is, given the four functions c(#, v), 
dlu, v), Cid, Y), Did, Y), can we find ġ(u) and ¥(v) such that the 
equations (25) are satisfed? 

Firstly upon differentiating the first equation (25) with respect to 
v and the second with respect to #, we find 


(25) C 


Cy du 
Cy D; 

Differentiating this with respect to u and v and eliminating xs 
and Y» by (25), we obtain 


(27) s= (5 -.) /(S- ), y= (2-4) / (£ -2). 


Now these equations will determine appropriate functions ¢@, and Ys 
if and only if the derivative of the first and second fractions with re- 
spect to v and #, respectively, are zero. Accordingly we find that the 
velocity system S(c, d) possesses the two absolute covariants 


ð Cus due 
ieS- 
ðv G du 
ð duv Cuv 
AT A T, 
On dy Cy 
But these values as given by (27) must also satisfy the equations 


(25) and (26). Hence our velocity system S(c, d) possesses the three 
absolute covariants 


o [-gm(2-9] 
ð 








: (26) bus = 














(28) 
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Summarizing, we have this theorem. 


THEOREM 12. The veloctty system S(c, d) possesses the six absolute 
covartants 

















eme(= -9] /e-9 
[Ema] AS -9) 
e-bme(- JE -9) 
bee (te- J] /(te-9) 


Any conformal covartant of a veloctty system +s a function of these and 
iheir conformal parttal dersvatsves. These are defined by 


ð Cur ð das 
(31) — ( -<) and — ( - a). 
Ou Ce Op du 
Let now S(c, d) and 2(C, D) be such that there exist functions 
@ and y which satisfy the resulting covariant equations (30). If the 
operations on these six equations with the conformal derivatives (31) 


are reduced to identities by these functions ¢ and y, then S(c, d) and 
2(C, D) are conformally equivalent. 
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A COMPARISON OF ALGEBRAIC, METRIC, AND 
LATTICE BETWEENNESS 


M. F. SMILEY 


Introduction. We propose to investigate here the consequences of 
the identity of each pair chosen from three important generalizations 
of the relation of betweenness on a line, namely, algebraic between- 
ness [1, p. 27],! metric betweenness [3, p. 36], and lattice between- 

egs [7, Part IT]. We shall also find an interpretation of metric 
betweenness in the Banach space of all continuous functions defined 
on the interval 0#S1 which can be used to establish the fact that 
this relation satisfies no strong four or five point transitivity [7, 
Part I] except 4 and h. 

We note first that algebraic betweenness implies metric between- 
ness and lattice betweenness. We find that algebraic betweenness and 
metric betweenness coincide in a seminormed real vector space? if and 
only if it is strictly convex in the sense of Clarkson [4, p. 404]. We 
then show that the coincidence of metric and lattice betweenness in 
‘a semimetric space [3, p. 38] which is also a lattice [2, p. 16] leads 
to a system which is a metric lattice (in the sense of G. Birkhoff 
[2, p. 41]). It follows that a complete seminormed real vector lattice 
is equivalent to an (L)-space [6] if and only if its metric and lattice 
betweenness relations are identical. Finally, we prove that algebraic 
and lattice betweenness coincide in a real vector lattice if and only 
if it is equivalent to the system of all real numbers. We conclude by 
giving the interpretation of metric betweenness in the space? C [0,1]. 


Presented to the Society, September 10, 1942; received by the editors March 27, 
1942. 

1 References to the bibliography at the end of the paper will be in brackets. 

ee real vector agin A 
space over the field of all real numbers together real non- 
function |[al|; called the “norm of a,” satisfying TO TE [allla] “6k “i la tof 
and only ifa=(, PEE ace ee ees tee b) 
A real vector laltice is a vector space over the field of all real numbers which 
lattice [2, p. 16] with respect to a partial ordering relation “2” such that eee aot 
and X20 implies ka 2b, and (li) a&b implies a-tczb-+e for every c. A (sensi)normed 
real vector lathce is a real vector lattice which is also a (semi)normed real vector space; 
it is complete if evey fundamental sequence has a limit. A complete normed real vector 
space is usually called a (real) Banach space. 

3 The notation C[0, 1] (sometimes simply C} is currently used to designate the 
space described in the concluding sentence of the preceding paragraph. 
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1. The three betweenness relations. We shall be interested in the 
following relations: 


(abc), [=b = s+ (1 — jb, Aarealnumber,OSASQ lI, 
(ab c)u = è(a, b) + (b, c) = 8(a, ¢), 
(Gbchrpm(GNbJUBNd) —=b=4UNN (VU), 


to which we shall refer as Ra (algebraic betweenness), Rar (metric be- 
tweenness), and Rz (lattice betweenness). The relation Ra applies to 
a real vector space, Ry to a semimetric space, and Rz to a lattice. 
Our purpose is to find those systems to which each two of these three 
relations apply and have the same meaning. 

The following three lemmas are known or evident. 


LEMMA 1. If Sts a seminormed real vector space, then we have(a bc) u 
if and onty ilo bl| +||è—el| =la —ell. 

Lemma 2. If S is a distrsbuisve lattice, then (a b c) sf and only if 
aN\c Sb Sae. 


Proor. This is Lemma 9.1 of [7]. 


LEMMA 3, If-3 is a seminormed real vector space, then a b cs 
—(a b c)u for every a, b, cES. : 


Lemma 4. If S is a real vector lattice, then (a b c)4—(a b c) 1 for every 
a, b, cE S. 


Proor. It is well known that a vector lattice is distributive [2, p. 
108], and hence by Lemma 2 it will suffice to show that ac Sb Sac 
is a consequence of (a b c)4. We have the equations 


{aJ c) — b = (a — b) U (c — b) = (1 — XN la — 0) U — Aa — c) 
= ((a@ —c)\/0) — X(a — o). 


Note that (a—c)\/0 2&A((a-~c) U0), since A < 1; and that A((a—c)U/0) 
=(a—c)\UV02XA(a—c), since AZO. Hence (aVc)—b20, that is, 
aUe 2b. The other inequality is dual. 


2. Coincident metric and algebraic betweenness. Clarkson [4, p. 
404] calls a normed real vector space strictly convex if the equality 
llall +I] o]] = |a+b|] for nonzero a and b implies that a = ub for some 
u>Q. The following theorem then tells us when metric and algebraic 
betweenness coincide. 


THEOREM 1. A semtnormed real vector space S ts sirictly convex tf and 
only tf algebraic and metric betweenness coincide in S. 
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Proor. Let S be a strictly convex seminormed real vector space. 
By Lemma 3, we need only show that (a b c)yw—(a b c)a for every 
a, b, cS. We may clearly suppose that a—6 and b—c are nonzero. 
But then the strict convexity of S implies that a —b = u(b —c) for = 
u>0. The choice A=1/1+p is effective for (a b c)4. Conversely, 
(a b c)u—(a b c)a for every a, b, cES, the equality ||a|| +|/d]| moral 
for nonzero a and b implies (a 0—b),4, and consequently that 
O=)a—(1—A)d for real à between 0 and 1. The choice w=(1—A)/A 
is then effective in the definition of the strict convexity of S. The - 
proof is complete. 

REMARK 1. Clarkson [4, p. 413] also shows that every separable 
Banach space may be renormed to secure strict convexity. 


3. Coincident metric and lattice betweenness. Our definition of 
lattice betweenness arose as a generalization of the metric between- 
ness of a metric lattice [2, p. 41; 5, 9]. We shall show in this section 
that, conversely, a semimetric space which is also a lattice has identi- 
cal lattice and metric betweenness relations only if it is a metric 
lattice.‘ We apply this result to give a characterization of (L)-spaces 
in terms of betweenness relations.’ 

Let us consider a semimetric space M with distance function 
5(a, b) which is also a lattice and in which lattice betweenness and 
metric betweenness coincide. 


Lemma 5. If a, b,cC Mand asbsc, then (a bc)u. Ifa, bEM then 
(a aU b)u and (a a(\b b) xy. 


Proor. This is clear from Lemma 8.1 of [7]. 


LEMMA 6. If a, DEM, then 5(a, ie (ab, af \b), and lab, b) 
= (a, a/b), 


Proor. Consider two elements a, bE M. By Lemma 5 we have the 
relations (a aU b)ar, (a ab bjar, (aOb b Ub) as, and (ab a ab) x. 
Hence we have the following equations: 


‘It should be noted that the results of §2 remain valid if we merely require the 
values of (a, b) to be in a real vector lattice, provided the terms modular functtonal, 
metric lattice, and so on, are Seal interpretations. 

* G. Birkhoff’s remark that m [a ]=||a,|| —||a]] is a sharply positive modular func- 
tional in an (Z)-space (for proof, see [8]) aided tbe author materially in securing the 
present form of Theorem 2. The functional m [a | is also Isncar. Its homogensity follows 
readily from that of lall, while its additivity is a simple consequence of the identity 
m(a]—m[b] —||a—b| for azb. When the condition (IX) of Kakutani [6] holds, or, 
equivalently, when m [a Jb] —m [a(\b] =|[a—d]|, we find that m [a] is the value of the 
Lebesgue-Stieltjes integral of the function corresponding to a. 


+ ~~ 
t = 


we 
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Slaa Ib) + (2 J b, b) = 8(a, b) = (a, a Ob) + (aM b, b), 
Sla NAb, b) + 8(b,¢U b) = (ab, a J b) = la Nb, a) + la, a L b), 
Subtracting these equations we see that 
la, a J b) — la \ b, b) = (a, b) — b(a J b, a B) 
= (aN b, b) — &(a, a J b). 
It follows that the relations stated in the lemma hold. 
REMARK 2. Note that the first result of Lemma 5 together with the 
results of Lemma 6 imply that the second result of Lemma 5 is valid. 


This is clear since 8(a, 6) =8(aU/b, ab) =8(ab, a)+8(a, ab) 
= (a, af \b) +6(aNb, b), and dually. 


LEMMA 7. The lattice M is modular. 


Proor. We base our proof on the fact that if M fails to be modular 
then it contains as a sublattice the simplest non-modular lattice [2, 
p. 34]. Let the elements of this sublattice be O, a, b, c, I, with I the 
greatest, O the least element, and b >c. Since Omaf\c and O<a<iI, 
Lemma 5 gives 6(O, c) =&(a, I). Since O<¢<6<J, Lemma 5 and this 
result gives d(a, J)+68(c, 6) +6(6, JF) =6(O, I). Again, since J>=aV, 
we have (O, I)+4(c, b) =8(O, I), and consequently ô(b, c) =0, con- 
trary to b >c. Hence M cannot fail to be modular. 


Lemma 8. If a,b, cEM and a&b, then 
ie c,bU OD + 8(aNe, bc) = 8a, b). 


Proor. Consider elements a, b, cE M with azb. By Lemma 6 we 
have 


fae bU oe = ilab Ie bU o = &a,af1\ (bUC)). 
Noting that a2af\(6Uc) zb, we find from Lemma 5 that 
èla J ce, b J c) = &(a, b) — 8(8, aM b OU o). 
Using Lemmas 7 and 6 we have 
òla J c, bU co) = bla, b) — (8, b J la AO) 
= (a, b) — 8(af\c,bf1\ al\ oc). 
Since a&b, this proves the lemma. 


LEMMA 9. Ifa* E M the functiona! m [a |= 8(aa*, a*) — 8(a*, aa*) 
is a sharply positive modular functional and 8(a, b) =m [a Ib] —m [ab] 
for every a, bE M. 
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Proor. From Lemma 6 and the fact that 8(a, b)>0 for ab, it 
will suffice to show that 


(1) b(a, b) = ma] — m[b] 


for every a, bE M such that a &b. Hence consider elements a, bE MW 
for which a zb. Lemma 8 yields the equation 


(2) (a UJ a, BU a*) + êle A a*, b O a*) = b(a, b). 


Since aVa* &ba* 2a", and dually, Lemma 5 yields the following 
equations 


&(a U a*, a*) — 8(b U a*, a") = b(a U a", b U a"), 
5(a*, b(\ a*) — 8(a*, aO at) = b(a O a*, b O a”). 


Adding these equations and using the equation (2) we obtain (1) from 
the definition of the functional m[a]. The proof is complete. 

REMARK 3. The validity of Lemmas 7—9 depends only on Lemma 6 
and the first result of Lemma 5. l 


Lexma 10. The distance function 8(a, b) +s a metric for M. 
Proor. This follows from Lemma 9 and Theorem 3.10 of [2]. 


THEOREM 2. If S 4s a semimetric space with distance functson p(a, b) 
which ts also a latisce, then metric betweenness and latisce betweenness 
coincide tn S sf and only sf: 

(i) For every a, b, cCS the inequalities a Sb Sc imply that (a b One 

(ii) For every a, 6CS, pla, b)=p{aVUb, ab) and pla, ab) 

= p(b, a/b). 
The condstions (i) and (ii) kold if and only sf for each a*CM the 
functional m[a|mp(aVUa", a*)—p(a*, aMa*) ts a sharply positive 
modular funchonal and S ts a metric lattice with meirsc pla, b) 
=amlaUb|—miaNd|. 


Proor. This is clear from Lemmas 5-9, Remarks 2 and 3, and 
Theorem 10.1 of [7]. 
We also have a specialization of Theorem 2. 


THEOREM 3. A complete seminormed real vector lattsce S is equivalent 
to an (L)-space tf and only if lattice and metric betweenness coincide in S. 


PROOF. Let S be a complete seminormed real vector lattice in which 
lattice and metric betweenness coincide. By Theorem 2, Lemma 6, 
and Lemma 10, S$ is a complete normed real vector lattice satisfying 
the conditions, 
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(VIII) if a, bE S and a20, b20, then |la|] +][d|| =la +ë]; 

(IX) if a, bE S and a/b =0, then |a+b|} =||a—d|; 
of Kakutani [6]. Kakutani’s fundamental Theorem 7 [6] together 
with the fact that his condition (V) is not needed (in his Theorem 7) 
[8] now shows that S is equivalent to an (L)-space. 

Conversely, if S is equivalent to an (L)-space, it is easy to verify 
the conditions (i) and (ii) of Theorem 2. Hence lattice betweenness 
and metric betweenness coincide in S. The proof is complete. 

REMARK 4. We may restate Theorem 3 as follows. A complete semi- 
normed real vector lahtce ts equivalent to an (L)-space sf and only tf t 
is a meiric latitcs. 

4, Coincident lattice and algebraic betweenness. We include the 
following theorem for the sake of completeness. 


THEOREM 4. If S ts a real vector lattice, then lattice betweenness and 
algebratc betweenness coincide in S sf and only if the dimension of S 
(as a vector space) is one. 


Proor. We need only show that (a b c),-(a b c), for every 
a, b, cE S implies that S is one-dimensional. It is easy to verify 
that R, has the fundamental transitivity 4 [7]. By Theorem 9.7 of 
[7] every pair of elements of S are comparable by “2.” If, then, 
there were two linearly independent elements a, b €.S, we should have 
(by symmetry) a>b>0 or a>0>0; and hence [7, Lemma 8.1] 
(a b 0), or (a 0 b)z. By hypothesis, we would have b =)a or 0 =)a 
+(1—A)b, which clearly contradicts the linear independence of a 
and b. Thus S is one-dimensional. 


5. Metric betweenness in the space C[0, 1]. The question of 
whether or not the metric betweenness of a normed real vector lattice 
possesses any more than the required transitivities (that is, (a), (8), tu 
and & of [7]) can be settled by the space C[0, 1]. We give in this 
section an interpretation of Ry in C[0, 1] and leave to the reader the 
construction of simple examples which show that this relation has 
only the required transitivities. This result should be contrasted with 
the result of Clarkson mentioned in Remark 1. 


LEMMA 11. In the space C[0, 1] the relation (a 0 b)ar holds if and 
only if there is a point ts on [0, 1] at which each of the functions |a(é) |, 
[b], and | a(t) —B(2) | GHains sis maximum value and the relation 
(a(to) O b(to)) uc holds. 


Proor. Suppose that the relation (a 0 6) holds in C[0, 1]. We may 
clearly assume that a and b are nonzero. Let to be a point on [0, 1] at 
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which the function | a(#) — bi#) | attains its maximum value. Then we 
have 


lal + fll = lla — al] = | alta) ~ bo) | 
< | alt) | + | 8€) | Sol] + lloll- 


It follows that | (to) | + | b(t) | = [lall +ë] and that each of the func- 
tions | a(A) | and |d(#)| attains its maximum at žo. Consequently 
neither a(é) nor b(to) can be zero. If they should both have the same 
sign we would find that | a(t.) — b(t) | < |a(to) |+ | b(ée) |. This is im- 
possible, and we conclude that the relation (a(#o) 0 b(žo))ar holds. 

Conversely, if there is a point ¢ on [0, 1] at which each of the 
functions |a(é)|, |o()|, and |a()—5(@)| attains its maximum value 
and the relation (a(to) 0 O(to))a holds, we see that 


ja — dl] = | a(t) — b(t) | = | alt) | + | b(¢0)| = Ilall + lell. 
The proof is complete. 


THEOREM 5. In the space C[0, 1] the relation (a b c)ar holds if and 
only if there is a poini fo on [0, 1] at which each of the functions 
| a(t) — b(t) | | b(é) —c(#) P and | a(é) — c(t) | attains sts maximum value 
and the relation (a(t) b(to) c(to))a holds. 


Proor. This is an immediate consequence of Lemma 11 and the 
fact that (a b c)y if and only if (atx b-+x c+x)u for every 
a,b,c, xEC]0, 1]. 
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ABSTRACT POLYNOMIALS IN NON-ABELIAN GROUPS 
KNOX MILLSAPS i 


Introduction. The aim of this note is to give some generalizations 
for groups-of the theories of abstract polynomials as developed by 
Fréchet, Gateaux, Martin, Mazur, Michal, Orlicz and more recently, 
Van der Lijn.! Although the theories are equivalent for functions with 
arguments and values in abelian groups,? this equivalence is not the 
case when the argument and value groupe are non-abelian.? 

In $1, a calculus of finite differences for functions with arguments 
and values in non-abelian groups which contain no elements of finite 
order is defined, and the fundamental definitions of polynomials and 
monomials are stated. In §2, the homogeneity in the increment of the 
n-difference of a polynomial of degree » is proved, and the theorem on 
unique pseudo-decomposition is proved after giving some preliminary 
theorems on the structure of differences of arbitrary functions and 
polynomials. In §3, a brief discussion of the extensions to non- 
abelian groups as value spaces is given. 

I should like to thank Professor A. D. Michal for his helpful sug- 
gestions and constructive criticisms during the preparation of this 
note. 


1. Definitions. For the purposes of polynomial theory the value 
groups are restricted to contain no elements of finite order. 

To construct the calculus of finite differences for functions with 
arguments and values in non-abelian groups, we define 


f(z fa) if a,=1 and 8, =1, 
flwx)f (x2) if a:=1 and fr= 2, 
f(x) flaw) if aj=2 and 6, =1, 
fa) lox) if ay=2 and f= 2, 


Presented to the Society, April 11, 1942; recetved by the editors April 21, 1942. 

1 References to these theories will be found in the bibliography. This list will be 
referred to by numbers in brackets, © 

2 The equivalence of some of these definitions was proved by Martin in his Cali- 
fornia Institute of Technology thesis, 1932, and of the remaining definitions by Van 
der Lijn. A summary has been given by Van der Lija [1, pp. 78-80]. 

3 If the abstraction of additivity is multiplicative distributivity, then the general- 
izations of the definitions of Mazur and Orlicz [1, p. 63] and Van der Lijn, [1, pp. 60- 
61 | are not equivalent; this is easily seen by considering f(x) mx*. 
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wA [en; Bi | f(x) = 
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and inductively 


+ 


vA [ay, D 3 Aa; B1, ai , Ba | f(x) 
mA | an; Bs | Alen, "ty Æa; Bi, ay 5 , Bail f(z). 


DEFINITION OF A MONOMIAL. A [æn +> +, @aiBy +++, Ba] monomial! 
is a functson f(x) which satesfies for ah x and w the following funcitonal 
equation 


A la, tta ay; B1, aoe , Bal f(x) = F. 


The obviously unique value of » is termed the degree of the mono- 
mial. 

DEFINITION OF A POLYNOMIAL. Á functson f(x) which satisfies the 
following functtonal equation for all x and w 


1 


vA [an, Ty Anti; Pi ° ao , Baral f(x) = ] 
will be called a lox, Sty Matty Bi, a a Basil polynomial.’ 


The least value of n for which the above equation holds will be 
termed the degree of the polynomial. 

The binomial coefficients are denoted in the usual manner; Thy is 
_ defined by 


i | 
Tan D>, j 
alag! pies NITER. 


where Jitla; =n, DH} (g—1)a,=4, ink, and 40. An arbitrary 
element of the central subgroup will be denoted by 0. To simplify 
notation, the dropping of unnecessary indices implies that the value 
of a product of factors is independent of the order of the particular 
factors controlled by the dropped indices. 

The next equation is a generalization of an identity due to Mar- 
” chaud! 


ab 


AlB o, Bal f(x) = > Als o, Balf], 


t t 


‘ The inner automorphisms of a group are interesting examples of a [1; 2] mono- 
mial; similarly, the canonical transformations of quantum mechanics. 

‘If the elements of a group are taken to be the » Xm matrices whose elements are 
in a commutative field and whose determinants do not vanish, and if the group opera- 
tion is defined as row by column multiplication, then flail ] m|| aro] is a 
[1, 1; 2, 1] polynomial. 

' Marchaud [1; p. 368]. 


_ 
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where j=1,---, Ii, and P,; denotes a particular permutation of 
w, a, < -w (f times) and x. 


2. Fundamental theorems. Let A(x) denote a function with argu- 
ments in a non-abelian group and values in an abelian group. The 
theorems of Van der Lijn for functions with arguments and values 
in abelian groups can be extended with a few immediate changes to 
hold for differences of the type gAA(x). This section is devoted to 


abstractions for differences of the kind 34 |61, < © © , 8a |A (x), where w 
is an arbitrary element. 
THEOREM I. If A(x) isa [Bun >: + , Basi] polynomial of degree n, and 


sf k is an snieger, then 


A [;, TE Sy B. |A (x) = R” cAlB,, NaS 8, 1A (x). 
Proor. For k =Q or 1, the theorem is trivial. For k>1, we hypo- 
thetically have 
Al C a , BalA (z, w) a vA (61, ne Bal A (2, wo) = 0. 
By a few manipulations and Marchaud’s identity we get 


a(k—1) a 
ub [6;, oe , Bn |A(2) = > Tiia wA[B1, or , Ba A(x) 
= 
= K .A[B1,---, Ba lAl). 
For $ <0, we evidently have 


AlB e p Bald(2) = uyab +++, Ba] Aa) 

= (—k)” A [Bn +--+ , BalA(2) 
(—)"(—k)” A[Bi, «+ -  BalA(z) 
= kB’ A [Bn +++ , BalA(2). 


THrorem II. If 3A [8 ---,Bal]A(x) =g(w), where g(w) ts independ- 
ent of x, then g(w) is a {Bı < ++, Bal monoméial of degree n in w. 


THEOREM III. If A(x) isa [bı -- +, Bays] polynomial of degree n, 
then 7A [B © ++, BalA(x) is independent of x. 


Proor. If n+2 elements of the argument group are denoted by x, 
where 


tui= |] (2s 8, ¢=0,---,#+1, 


à Ta ww e 
a 1h 2 

w “2 re” 

` r "a> 
ł ot, 
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then by steps roughly analogous to the usual proof of similar theo- 
rems we can derive 


s wil 
D Do CatinCae(—) E E CA[B1, e , Ba lAl) = O. 
pe hoh 
In the last equation we see that >3_,C,,,4* is a simple polynomial. 
From this observation we deduce? 


ati 


2 (- =) Cord”? SA [Bu «++, BalA (E) = 0, dio eer 


If we consider one difference as given and the remaining »+1 differ- 
ences as unknown, then the unique solutions are 


oA [bn e o BalA(x,) = 2A[Bi,---,BnlA(mo), f= 1,---, 8 +1, 


for the determinant of the system of equations is given by 


atl 


(—)8¢a) II Cmi. £ 0 
ml 


where Visa Vandermonde determinant and 8(#) =1,if n=1,2 mod 4; 
b(n) = 2, if nm0, 3 mod 4. 


THEOREM IV. If A(x) isa [Bu -- +, Basil polynomial of degree n, 
and tf pa = t-n — i) |, then we have the unique pseudo-decompostiton 


prA (x) = » M(x), 


where M,(x) are [6:,- ++, 8,| monoméals of degree i. 


3. Further discussion. With the generalized definition of a poly- 
nomial an extension of Theorem I for functions with arguments and 
values in non-abelian groups can be made. The trivial converse of 
Theorem III can be proved in an obvious manner. The non-abelian 
analogue of Theorem IV does not hold, for counterexamples can be 
exhibited.§ 

In conclusion, it is remarked that the difficulty with the non- 
abelian valued case is an inability to solve explicitly a system of group 
equations. 


7 It can be shown that if a simple polynomial >°}_,a.x‘ of degree » vanishes for 
a-+1 distinct values of x, then the coefficients vanish. 
8 With the group defined in (5), a trivial, but sufficient, example is [æ | =|| | le | 


-llel l=]. 


' 
ates * ` 
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ON THE QUADRIC OF LIE i f 
SU-CHENG CHANG 


The most important quadric attached to an ordinary point of a 
non-ruled and nondegenerate surface is, perhaps, the quadric of Lie. 
The characteristic curve of the quadric of Lie varying along an 
asymptotic curve of the surface decomposes into an asymptotic tan- 
gent and two edges of the quadrilateral of Demoulin.! In this note 
we propose to determine whether the characteristic curve of the quad- 
ric of Lie may decompose into two conics when the quadric of Lie 
varies along certain curves of the surface. The answer is positive. 

Let (u,v) be the asymptotic net of a surface (M) and (M, Mi, Ms, Ms) 
its normal tetrahedron of Cartan, MMi, MM; being the two asymp- 
totic tangents and MM, MM, being the directrices of Wilczynski. ~ 
Except for a projective transformation the surface (M) is determined 
by the system 
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1 A. Demoulin, Sur la théorie das leguas asymptotiques, C. R. Acad. Sci. Paris vol. 
147 (1908) pp. 413-415, Sur lo quadriqne de Lis, ibid. pp. 493-496, Sur quelques 
propriétés des surfaces courbes, ibid. pp. 565—568. 
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OM al 

2 = (1/2) M+ My, 

OM 

OM; 

Oe = BM — (1/2) ° "Mi + BM, 

K 

OM, 

“St = KM + (1/2) "Ma + Ms, 

OM; ð log y 
s = ABM + KM, + B°M, — (1/2) M,, 
u 

» om a/y OM4+M 

av 2, 

ðM 

mant alg Sag 

OM, 

9 = AIM — (1/2) 2 Ë M, + yM 
0 

aM ð | 
ô ` = BYyM + A'M, + EM, — (1/2) ET Ms 
v 


where M denotes a point of the surface with the coordinates M' 
(i= 1, 2,3,4) and 
; ð?’ log y 
2K = py — -——— 2K = py — ———_- - 
oe eo ss dase 
The conditions of integrability of the system (1) are found to be 


ðA? A(lo ðB?’ d(lo 
ôA? _ Soe AK) = =—- BY _ dllog yK) 


— 


(2) Ou On ðD ðu 
ðA ð(B 
j (AB) er” (By) 
Ov ðu 


As the coordinates of any point in space can be expressed in the form 
(3) P = yM + YM + galls + ols, 


(41, Va, Ya, Y4) being the local coordinates of P with respect to the tetra- 
hedron { M, Mi, Ms, Mi } , we have the equation of the quadric of Lie 
at M, namely, 


(4) Viva — Yiyi = 
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Suppose that the point P be fixed in space, from (1) and (3) it 
follows that 


























Vu ð log Yy 
Menemen D seu 1 ? == B? = K Z Á? 
(1/2) J yı ya vs BY«, 
ya ð log y 
—— = — yı + (1/2) va — Kyu, 
OM Ou 
Oys ð log Y 
—— = — By, — (1/2) ys — B*y,, 
ðu Ou l 
-OY4 ð log "y 
—— = — y, + (1/2) Yis 
ðu ðu 
(5) nET 
Vi og 
Ee 1) yı — Ky: — A*y3 — BY ya, 
ay On 
—_——— oe (1/2) Ya — YY — A*y,, 
dn dn 
— me yı + (1/2) a0 Va g Ry, 
Ove ð log 8 z 
= = — ¥2-+ (1/2) Yt 
Ov ðv 


Differentiating (4) along a curve v =v(u) of the surface (M) and 
making use of (5), we obtain that the characteristic of the quadric of 
Lie along this curve is given by (4) and 


de 
(6) Bla — Ay) + > Y — By) = 0. 
The latter represents two planes when and only when 
dy BA? 
(7) eee 
du yB? 


Therefore there are curpes L of a one-parameter system on a surface 
along each of which two consecuitwe quadrics of Lie interseci in iwo conics 
Cı and Ca. It is easily seen that the planes of these conics at M are 


(83) By: — Áy = 0 


and 
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(82) By; + Ayı = 0, 


í 
“respectively. 


In order that the curves L should be indeterminate s is necessary and 
sufficient that the surface in consideraison is of Demoulin and Godeaux.* 

In general the conics Ci and Cs have M and M, in common. 

Noticing that the vertices of the quadrilateral of Demoulin are 


(9) Dw = @ ABM + AM, + ¢BM.+ Ms, 


where e= +1, e’=+1 and that the planes (8:) and (&) pass through 

the two diagonals of the quadrilateral of Demoulin, respectively, we 
, infer that the two conics Cı and Cy can be constructed by means of the 

quadric of Lie and the quadrilateral of Demoulin. 

_ The second quadric ®,, namely, the associate quadric,* in the se- 

quence of Godeaux‘ originally defined in virtue of the representation 

in Ss, is given by the equation 


N 
(10) yi = B'ys Ss Ay: as A’B’y4 + ra (yi¥e — Yy) = 0 
y 


where 


It is obvious that each of the planes (8,) (1=1, 2) intersects the asso- 
ciale quadric in a conic which is tangent to the conic C, (4=1, 2) at two 
opposte vertices of the quadrilateral of Demoulin. 

When the point M varies along a curve L of the system the conics 
Cı, Crand their consecutive conics always lie on the quadric of Lte at M. 

In fact, a point on the conic Cı at M can be given parametrically 
in the form (A Bp’, Ap, Bp, 1), where p is a parameter. By means of 
(5) we can expand the local coordinates of the points on the consecu- 


1 L, Godeaux, Sur uns classe ds surfaces, Bulletin de I’ Académie royale de Belgique 
vol. 18 (1932) pp. 1015-1025. 

7B. Su, On the surfaces whose asympiokc curves belong to knear complexes, 1, Téhoku 
Math. J. vol. 40 (1935) pp. 408-420; II, ibid. pp. 433-448; III, ibid. vol. 41 (1935) 
pp. 1-9; IV, ibid. pp. 203-215; V, Science Reports of the Téhoku Imperial University 
vol. 25 (1935) pp. 601-633; VI, ibid. pp. 634-642; On the surface whose [as quadrics 
aH touch a fixed plane, Science Reports of the National University of Cheklang vol. 
2 (1936) pp. 39-51. See alao L. Godeaux, Remarques sur les quadriques assoctéss aux 
points d'uns surface, Journal of the Chinese Mathematical Society vol. 2 (1937) pp. 1-5. 

t L. Godeaux, La théorte des surfaces et T aspaca réglé, Paris, 1934. A new definition 
of the sequence of Godeaux is given by the present author. See S. C. Chang, Some 
theorems on ruled surfaces, appear in Science Record, Academia Sinica vol. 1 (1942), 
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tive conic of C; into the following series: 


ð logy BA? a log 
Ou yB? æ 





yı = AB + |- a/a ( ABp* — AB’p 


3 
— K Bp — 5a (KAp + 41B) | Au + (As), 
Y 


â log 


Y 
Ap— K 
ðu i 





PaT |- ABe + (1/2) 











A} ð l 
m l- (1/2) SEË 4p — By - ar) |as + (Aut), 
ca - ð log y | 
yı = Bo + | — BAp — (1/2) Bp — B? 
Á? ol 
z = - ABo* + (1/2 mse Bp — K) |e + (Aw), 
ô log y 


y=i+ |- Bep 2 = 
OM 


2 <- Ap + (1/2) A] Aw + (Aw), 
Y On 


t 





Substituting (11) into (4) gives that the coefficients of the terms (Au)? 
and (Au)! vanish for any value of p. A similar result holds for the 
conic Cs, which completes the proof. 
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TRANSFORMATIONS OF MULTIPLE FOURIER SERIES 


L. B. HEDGE 


1. Introduction. The object of the present paper is the study and 
characterization of certain classes of factor sequence transformations 
. of multiple Fourier series. A recent moment problem solution! by the 
author and a scheme of summation of multiple Fourier series de- 
veloped by Bochner? are used in the study. The results include and 
extend known results for single Fourier series. 


2. Definitions and notation. Let n be a positive integer, fixed but 
arbitrary. R* will denote the euclidean #-space. (x), (y), and s0 on 
will denote (x1, x3, © © ©, Xah On Jt °° * o, Ya), and 30 on, points of R". 
vy, T, J, k, s will be used for non-negative integers, and (¥), (r), and 
so on will be used for (#1, vs, © © +, Ya), (Ti Tan °°, Ta), lattice points 
of R*. (0) will mean (0, 0,- -, 0), and (x)= (y) will mean x,=y,, 
j=1,2, - -+,n.(k-x) willstand for the number kixi t ksrat + + + +2axs, 
|x| for the number (x3-+a3+ +--+ +x3)8. A, I, and à will be used for 
functions defined on the lattice points of R*, and J will be the char- 
acteristic function of the lattice points of R*. E will be the set 
Ew)(—xSx,;<4,f=1,2,---+,). Rand ¢ will be used for real num- 
bers. (x-+y) will stand for (xi ty1, xstys,°°°+, ta +y), and B(n) 
for a real constant depending only on #. ® will be used for a func- 
tion U* of bounded variation in the sense of Saks, and if (A) 
=$ (H) +$H) for any Borel set H with ®,(H) 202 (A) we will 
write fuf(x)|d&(E)| for faf(x)d.(E) — faf(x)d%s(E). When © is the 
Lebesgue measure function we will write /gf(x)dx for 


i f(x2)d®(E). 


We will write fEL to indicate that [xf(x)dx exists, and fEC to indi- 
cate that f is continuous on È and f(x) =f(x +y) for all combinations 


of y;=0 or 2x, 71, 2,---,n. A function f defined over E will be 
defined over R, by the extension f(x) =f(x-+-y) with y,;=0 or 2r, 
go i,2,-+- yn. 

Let 
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1L. B. Hedge, Momeni problem for a bounded region, Bull. Amer. Math. Soc. 
vol. 47 (1941) pp. 282-285. Referred to later as MP. 

*S. Bochner, Sustmaton of multtple Fourier series by spherical means, Trans. 
Amer. Math. Soc. vol. 40 (1936) pp. 175-207. 
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(1) GA, A, Dœ E ABA (AeA, 
(hy 

and 

(2) 6,(4, A, x) = > A(R)A (Beth ®), 
LIIS 

If 
(3) A(R)A(R) = (2e) f Kaet ndx 
E 


or 
W ADAH = (a) f eaaa), f |488) < o, 


we will write 6(/, x) or 6(d®, x), respectively, for the left side of 
equation (1), and similarly alter equations (2) and (5). 
We write 


(5) SeA, A, 2) = Do w(| k| /RM RDA (BC, 
(h} 7 
where 
W(t) =e’, 


for the Bochner-Gauss? spherical means of the sequence (2), and 


(6) Kgr(#) = z(=) e) = Se(T, I, %#) 


(k) 
for the corresponding kernel. 


3. Spherical summation. We proceed to some modification (largely 
notational) of the Bochner summation theory. The transformation 
which takes (2) into (5) is given by the matrix T:\\ax,, , where 
Ge,» =U (R,/R)— uri and { R,} is a subsequence of {0, | a 
SUE Aue 2. Bid, ee We have at once 








a% 
ÖR,» Z 0, lim GR,» = 0, > GR,» = 1, 
> R= pan G 
whence T is a regular Toeplitz transformation.’ 


3 See, for example, A. Zygmund, Trigonometrical series, Monografje Matematyczne, 
vol. 5, Warsaw, 1935, pp. 79-86. That R is a continuous variable is unimportant. 
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The following properties of the summation scheme follow immedi- 
ately from Bochner's work: 


(7) OS Ke(u) S Mer < œ, 

(8) Sr(f, x) = Bm) f f(u)Kr(u — x)du, if f €L, 
and, 

(9) Sr(f, z) > f(x) 


at every point (x) of continuity of f, and uniformly on Æ if fEC. 


4. Classes of multiple Fourier series. The theorem of MP may now 
be given in the following form: 


THEOREM. In order that SA, A, x)= G(dP, x) witk 
L J lee SM, o 2 820, 
st is necessary and suficient that 
1. f 1520,4, a) |d s M, o 2 Spd, A, x) = 0, 


and in order that SA, A, x)= Gf, x) with 
3. JEL, or 4 |f[ SM, of 5 fEC, 


it is necessary and suficient that 3. | Se(d, A, x)} converge in the mean 
with exponent 1, or 4. | Sa, A, x) | <M, or 5. { SRO, A, x) } converge 
unsformly sn B. 


We shall write 6(A, A, x) ES to indicate that 6(A,-A, x} = S(®, x) 
with fx|d®| SM, and SA, 4,x)EL, M, or C, if 6A, A, x) =6(f, x) 
- with fEL, [EM or fEC respectively. We will write `AE(P, Q) to 

' indicate that 6U, A, x)CP implies GA, A, x) EQ. 


5. Transformations. We begin with the following lemma. 
Lemma 1. (I, I, x) CS. 
Proor. Let fEC. Since Sg(I, I, x)=Kr(x), we bave 


Ske(f, 2) = Bin) J ròsa, I, # — x)du, 


but f is continuous, the left-hand member converges uniformly to f, 
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and for any sequence of values of R, {|Sk(f, x)| } is bounded uni- 
formly. { Sz(f,x)} is a sequence of linear operations whose norms are 


f seq, 1, 2) | dz, 
3 ~ 


and by a simple corollary of a theorem of Banach and Steinhaus‘ 
these must be uniformly bounded, or 6U, J, x) Es. 
We now have this theorem. 


THEOREM 1. The transformaison classes (S, S), (M, M), (L, L), and 
(C, C) are identical, and ` belongs to each of them if and only sf 
SA, 1,2) ES,or 


(10) | f | SRO, I, x)| dx S M. 


(A) AS (S, S)>-(10). This follows immediately from Lemma 1. 
(B) (10)>AC(S, S). From (5) we have 


SrA, A, xz) = >> (0 MDA (kheta 


(h) 


ZN 

— che a ae ee $ Jr e % s(b-s—u) Ib 5 
x v( DOCS M (E) 
‘ = (2n)-* | SrO, I, z — W f(E), 

i Bw) 


whence 


f [s20, 4, lax s (nym: f laal. 
EZ B 


(C) XE(M, M)->(10) and AE (C, C)>(10). 
We have immediately in both cases 


Sela, A, x) = B(n) Se(d, I, x — #)f (sds 


B(x) 


and the boundedness of the set { Se, A, 0)} implies (10). 
(D) (10)}>AE(M, M), (10) >A E(C, C), and (10) >AE, L). 
From (5) and (10) we have 


4S. Banach, Théorie des opérations knéaires, Monografje Matematycane, vol. |, 
Warsaw, 1932, p. 80. . 

s The notation faie)f(x, #)¢(Z) is used to indicate the integral over E of f re- 
garded as a function of a point (#). 


- 266 ) L. B. HEDGE i ' [Apeil 


(b) 


SRCA, A, 2) = > ¥( = 11) 40 x)" f, oem 


= (2r)" Sell, A, x — #)d&(E), 


F(u) 


~ 


and the boundedness, uniform convergence, or mean convergence of 
{ Se(I, A, x) } implies the same for { SRA, A, x)}. 

(E) AE (L, L)->(10). 

Suppose (10) does not hold. Then there is a sequence {Ra} and a 
sequence of sets { Ga}, each G being a finite sum of nonoverlapping 
cubes of Æ, such that | 


J Sra lAÀ, A, x)dx = (24)-* a} J Sri (a, I, 2— wea) dn 


Niu) 


is not bounded. But this is a sequence of linear functionals defined 
over L, of norm 





(A, I, z — «dz |, 





and by the theorem of Banach and Steinhaust there is an fE LZ such 


` tbat - 
1 f Sea A, ajas} 


is unbounded, and hence SQ, A, x)@S, which obviously implies 
SA, A, xYEL, contrary to hypothesis. 


THEOREM 2. The transformation classes (S, L) and (M, C) are identi- 
cal, and A belongs to each of them if and only if (A, I, x) EL, or 


a) im ff 


Proor. (A) AGE (S, L)>(11), immediately, from pecs ts 

(B) (11)>AE(S, L). 

Since SeA, A, x)= (2r) * fz SrA, I, x—u)d®(E) it follows that 
(11) implies the convergence in the mean of {Se(\, A, x)}. 

(C) (11)>rAE(M, C). 

Since SrA, A, x) > (29)-*faey Sa, I, x—u)f(u)du, with |f| S&M by 
= hypotheses, the uniform convergence of the sequence { SRA, A, x) } 
follows immediately from (11). 

(D) AE(H, C}+-(11). 


Sr, I, x) — Sea, I, x) | dz = 
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Writing 
SrO, A, x) = (2r ii Sel, Lacs u)f(u)du, 
E(u) 


we have 
Sad, 4, 0) = (21) f SaO, T, w)flu)dn = Uy(Sa0 1, 9) 
E 


which defines a linear function Us. The sequence of values 
{ U,(Se(a, I, u)) } converges for every bounded f, that is, SrA, F; u)} 
converges weakly. But L is weakly complete,* whence there is an 
FEL such that 


lim SRO, I, 4) — F(u) } f(u)du = 0 


for every bounded f. Consider now the two series 


S(F, t) —— > C( keh) 


(L) 
and 


SA, I, Wy oy DS Ahe, 


(h) 
and note that 


SrA, 7, 4) = >; (0 Mhe tw), 


(h) 


Un(g) = J eedu 


which is linear on L. Now ; 
lim Un(Sr(a, I, #)) = in (EL Dam = A(N) 
= Ux(F) = C(N) 


whence 
SrA, I, #) = Self, #). 
But 


*S. Banach, Théorte des ee linéctres, Monografje Matematyczne, vol. 1, 
Warsaw, 1932, p. 141. 
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lim f isee. u) — F(u) | du = 0 


which, in view of the preceding equality, implies (11). 
THEOREM 3. The transformation classes (S, M), (L, C), and (L, M) 


are identical, and A belongs to each of them sf and only f SA, L, x) EM, 
or 


(12) Se A, I, x)| S.M. 


Proor. (A) `AE (S, M)>(12) follows immediately from Lemma 1. 
(B) (12) >AE(S, M). 
Since 

Ser, Ay x) = Se(r, i t — u)d b(E), 


H (u) 


we have from (12) 
| SrA, A, x) | S u f |d&(E)|, and SQ, 4A, 2) CM. 
r 


(C) (12)>ArAE (LZ, C). 
We have immediately 


| Sed, 4, ) — Se(d, A, 2)| S u f KC ere a 
: 


where SA, I, x) =S(f, x), and |f] < M. The integral on the right ap- 
proaches 0 as R and R’ approach infinity, whence ©(, 4, DEC. 
(D) XE(L, O>(12). 
We write immediately 


(2r) "SRCA, A, x) = Sra, I,x— u)f(u)du 


and (12) follows from a theorem of Steinhaus and Banach.‘ 

(E) AXE(L, C)>AEC(L, M) is obvious. 

(F) ACW, M}>rE(L, C). 

Since 

Sel, A, x) = (24) Sr(d, I, x — «)f(w) dts 
Ice) l 

and | SkA, A, x)| < M(f) by hypothesis, it follows that SzQ, A, x) 
exists for every fCL, and { Sk, A, 0)} is a sequence of linear func- 
tionals on L, whose norms are 


t 


- 
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ess Sup | SRCA, I, 4) | = max | SRA, I, u) |, 
x u 


and for every fEL 
| Sa, 4, 0)| S MU), 

whence, by the theorem of Steinhaus and Banach‘ the horms are uni- 
formly bounded. Hence `AE (L, M)>(12)>A E(L, ©. 

THEOREM 4. À belongs to the transformation class (S, C) +f and only 
if ©, I, x) EC, or 
(13) lim | Se, I, x) — Se (À, I, x) | = 0, uniformly in x E E. 

R B-« 


Proor. (A) AG (S, C)->(13) immediately from Lemma 1, 
(B) (13)-+AE(S, C). 
Since 

SrA, A, 2) — Sr, A, x) = (20)-* SrA, I, z — u)dẸ(E) 


B(w) 


— (2x) f Sr'Q, I, « — «)d®(B), 
Eis) 
we may write 
| SRA, A, x) — Sed, A, 2) | 
S sup | Se(A,-I, x) — Se(d, I, 2) if | d&(Z) | 


s&s 


and the uniform convergence of {SrQ, A, x)} follows from that of 
_{Se, I, x)}. - z 


6. Conclusion. Of the factor sequence transformations among the 
classes S, L, M, and C, all of those characterizable in terms of these 
classes applied to 6(A, J, x) have been discussed. The class (L, M) 
of transformations does not exist in a proper sense since, by Theo- 
rem 3, its range is a subset of C contained in M. The results of the 
paper may be taulated as follows: 

SA, I, 2) ES mC (S, S) = (L, L) = (M, M) = (C, C), 
SA, Ir) EL mrXE(S,L) &= (M,C), 

SA, Io EM aeS, M) (L,C), 

S, I o) EC mE, C). 
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SOME PROPERTIES OF MEASURABLE FUNCTIONS | 
H. FEDERER AND A. P. MORSE 


1. Introduction. Throughout this paper the letter J will denote 
. some fixed clesed interval and f a numerically valued measurable 
function on J. It is our purpose to establish certain general properties 
of f. We point out in §4 that two theorems of Banach are almost 
immediate consequences of these properties. We suspect that further 
use can be made of our results. 


2. Some notations. We define 


X^ = E [y = f(x) for some x € X], XCI, 
YY =Ẹ [Ka EF], EOP: 
Writing X^Y = (X^)Y and YY^=(YY)^ we note that the relations 
| REY’, Y = YVA, 
Faen (Orere 
m=] m= 1 m] m] 
sa A re 5 2 V ov 
(is) Cie, (II v4)” = ITvs, 
a=] a=] - R=] tm 1 
A A A y y y 
X1 — X: C (Xı- X) , Y, — Ya = (Yı — Y} , 
YX s= (YD 
hold whenever X, Xi, Xa,- =- are subsets of I and Y, Yı, Yp- 
are subset of T^. . 
We further define 
{y} = E [s T y], 


& = Ẹ [{y}” is finite], 
R= E [{y}Y has at least No elements], 
Q=E [{y}Y has more than No elements]. 
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We denote the (outer) linear Lebesgue measure of a set A by | A|. 
3. Some theorems concerning f. l 


THEOREM 3.1. If A is a measurable subset of I, then there ts a measur- 
able subset B of A such that B^=4A^ and f is univalent on B. 


ProoF. Let! 0 =C CCC CC +++ be closed subsets of A relative 
to each of which f is continuous and for which 


Cm d Cy AmC] 
Z=] 
For each positive integer n let? D, be a measurable subset of C, such 
that Dd = C4 and f is univalent on D,. Let 
= | AV 


Bı = >> [Dx — Cua]. 


nem I 


Noting that CÅ, and C,CA™, are closed and also that 


AV AV 
Da — Cai = Da — CaCa, n= 1,2,3., 


we see that B is a measurable subset of C. 
Now let yo E C^. Let k be the least integer in 


E [y E cal. 
Since : 
A A A A AVLA 
Yo E Cr — Cra = Dr ~ Cra C (Dr — Cmi) , 
take a number x» such that f(x.) =" yo and 


AV 
xo E [Ds — Cri] C B} 


Thus yo Bf. Moreover if xexE€B, with f(x) =y, we could, for 
some integer />k, successively infer the relations 


AV A A AV 
z € Di — Cr, Yo E Cr C Cri. z E Ciis 


the frst and last of which contradict. 

Consequently C^C B^, f is univalent on Bi, C^ = B^., 

Let a=A—C*%Y and select a set ByCa such that B} =a^ and f is 
univalent on By. Now 


1 See Saks, Theory of the integral, Warsaw, 1937, p. 72. 
1 See Saks, loc. cit. p, 282. 
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B,C aCA—C, |B| =0. 
Defining B= B,+ B, we see that B is measurable and that 
A A A A 
A DB =B, + B: 
BC ate oC ar ea 


Lastly f is univalent on B; for otherwise, in view of its univalence 
on Bı and Ba, we could select points +,CB; and 4;C By with f(x;) 
_ =f(xs) and deduce the-false proposition 


AV AV AV, AVY 
xE ByBy CaCl =(A-C )C =0. 


The proof is complete. 
_ Lemma 3.2. If f ts continuous relaitve to each of the closed seis 
AiCAsCAarC + + + with 


A= > A,CI, 
pel 


S.=4-(z [Al y}¥ kas at least n cements] )” 


y 


45 a Borel set for each possisve integer n. 


PRooF. Let n be a positive integer. 


For each positive integer j let W; be that subset of Euclidean 
n-space such that P=(Pi, Ps,--+-, Pa) isin W; if and only if 


P,EA,, ¢=21,2,---,n, 
P, — Pı 2 i/j, #=2,3,---,m. 
Forj=1,2,---3,-+- note that W; is bounded and closed and let l 
B;=A;E [there is a P E W; with f(z) = f(P,) fori = 1, 2,--+, s]. 
It follows that 
(1) Sa = © B, 
| pl 


Now let ja be a positive integer and x1, x3, 44, +--+ be points of Bp 
such that 


1943] | MEASURABLE FUNCTIONS 273 
lim ta = 2% € I. 
Clearly x»CA;,. There are points Pt, P?, P*,--- of W such that 


Han) = (PD), m= 1,2,3,- ;i=1,2,3, >, 


Let a be a set of integers and P° be a point of the a set Wh 
such that ; l 
lm P* = P, 


ma, ma 
Since f is continuous relative to A,, we conclude 
AP) = lm SPD = lim AEn) = fa), 


t=1,2,.> s”, 
which implies x»C B;,. Hence B,, is closed. 
In view of (1) the proof is complete. 


THEOREM 3.3. There is a measurable set C such that C^ = R and 
({y}¥ — C) is finite for each y €E I^. 


ProoF. Retaining the notation of the statement of 3.2 and demand- 
ing in addition that | I—A| =0, we define 


(2) S =a- (% [a {y}Y infinite] )”, 
3) T = (T ~A)-( E [Q — A){y}¥ is infinite] )”, 
C= §+ T. 


The set C is measurable because S=] [i S, and |T| =0. The fact 
that CACR may be easily verified by deleting A and (I— 4A) from 
(2) and (3), respectively. 

The assumption that (A {y} Y— C) is infinite leads to the relations 


A{y}YCSCC, Afy}Y-C=0, 


the second of which is contradictory. Similarly the assumption that 
((I—A){y}¥ —C) is infinite leads to a contradiction. 
Thus{y}¥—C is finite for each yCI‘, C{y} is infinite (and non- 
3 Using the fact that there is a perfect set of measure zero which is decomposable 


into a continuum of disjoint perfect sets, it can be shown that a judicious choice of our 
function f insures that neither RY nor QY is measurable. 


`~ A 
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vacuous) for yE R; consequently 2CC%. 
Hence 8=C%. 


THEOREM 3.4.4 Let e>0. Then 
(i) there ts a measurable seit LCI with LS=® and |L| <e; 
- (ii) there is a measurable set RCI with RA =D and | R| =x 0, 


Proor. Let C be a measurable set such that C\ = and {y}¥’—C 
is finite for each yE R. 

Let F be the family of measurable sets XCC such that X{y}¥ 
finite for each ye X^. Note that 0€ F¥0 and define 


M = sup | X| 


and let Xi, X31, Xz, ++- be sets in F such that lime! Xz | = M. 
Letting 
S,= >. A a=1,2,3,-°:, 
pel 


observe that X CS, EF. Thus | X,|S|S.| SM for n=1, 2, 3, +>- 
and consequently 


[S| = im |S.| = M where S = >. S,. 
a a . Seem S 
Let > be an integer such that | S—S,,| <e. Let T be a measurable 
(3.1) subset of C—S such that T^ =(C—,.S)* and f is univalent on T. 


Defining 
L=T +E — Sn), R= TOY, 


we verify first that | T| =0. If | T| were greater than 0 there would be 
an integer k such that 


S| > M-|T|, (T+S)EF, TSCTS=0, 
M2\|T+S,/=|7T|+|S,)>M, M>M. 


g Consequently L and R are measurable, | L| <e, | R| =0. 
Next since Sa, {y} Y is at most finite, S{y} Y is at most countable 
and C{y}” has the same power as {y}” for yE8, we see that 


RCC-S.)*C#R OCC-Sh=T*. 


From these relations it follows almost immediately that L^ = ® and 
R’ aN. 


t It is evident from Theorem 3.1 that Theorem 3.4 remains true if we add the re- 
quirement that f be univalent on L and on R. 


a 


` 
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4. Some applications. We say our function f satisfies condition s 
if and only`if for each e>0 there is a ĝ>0 such that 
| | XA. [—-t/e, 1/e]]| <« whenever X CI, |X| < 8; 
f satishes condition N if and only if 
|x| =0 whenever X CI, |X| = 0; 


f satisfies condition T; if and only if | 2 | = (); and f satisfies condition 
T, if and only if | Q| =0. - 

The following two theorems of Banach! are essentially corollaries 
of 3.4. . 


, THEOREM 4.1. Iff satisfies condsison N, then st satssfies T+. 


THEOREM 4.2. A necessary and sufficient condition that f satisfy con- 
dttton S ts that tt satisfy both N and Ty. 


Theorem 4.1 and the necess#ty in 4.2 are immediate consequences 
of 3.4. The suffictency in 4.2 may be proved as follows: 

Suppose f satisfies N and 7; but not S. Then we can find a number 
€>0 and measurable gubsets 4; )As1DAs) --- of I such that 


wlat JA e Ae l= 1/6, 1/e], 
a ge ae. 


We note’ that A^, I^, Ñ, X, are measurable and define 
A= |] 4.. 
fw il 


Since the product of a descending sequence of nonvacuous finge sets 
is nonvacuous, we have ` 


sll 4oc (I An) sA, 
r= I Ra j 
Hence 


EHE = lim [GAs | = lim |4| 2 





LAA 
§ IA 
Í 
in contradiction to the relations 


|A| =lim|A,|=0, |A4| =0. 
i> ae 





* See Saks, loc. cit. p. 284. - 
* If f satisfies N, then X^ is measurable, whenever X is a measurable subset of T. 
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Theorem 4.2 is proved. 


5. Generalizations. Suppose E is a metric space and ¢ is a measure 
over’? E such that: closed sets are ġ measurable in the sense of Cara- 
théodory ;* every ġ measurable set is the sum of an F, and a set of d 
measure zero; E is a countable sum of compact sets; ọ(E) < œ. 

Let H be another metric space. We say a function q is ¢ finitely 
valued, if it is on Æ, its range is a finite subset of H and 


E [g(z) = 9] 


is @ measurable for each yCH. We call a function ¢ measurable, if 
it is @ almost everywhere in E the limit of a sequence of ¢ finitely 
valued functions. 
_ To generalize our results we replace I by Æ, Lebesgue measure 

by ġ, f by a @ measurable function g, the word “closed” in the state- 
ment of 3.2 by “compact.” Conditions S, N, 71, Ts are to be inter- 
preted in terms of such a measure W over H that closed subsets of H 
are y measurable and bounded sets have finite y measure. 

All our theorems remain true under these conditions with properly 

adjusted notation. Leaving details to the reader, we solve the only 
non-trivial problem arising in this extension by the following: 


THEOREM 5.1. If g is continuous relatsce to the compact set CCE, 
then there ts a Borel set BCC such that B^ = C^ and g ts univalent on B. 


Proor. Select® a continuous function A whose domain is a perfect 
set AC [0, 1] and whose range is C. 

 Forn=1, 2,3,--+-, let A, be the set such that ‘CA, if and only 

if #GA and the relations : 


sGA, sSt—w, g[h(s)] = glkA], 
are incompatible. Note that A, is open with respect to A. Let 
B, = C-E [x = A(#) for some t € Aa], 


B = |] Ba. 
tee i 
Observe that B is an Fu. 
1 We say A is over E if and only if A is a function whose domain is the set of sub- 
sets of E. 


"See H. Hahn, Theorie der reellen Funktionen, vol. 1, Berlin, 1921, p. 424, 
* See W. Sierpinski, Introduction to general topology, Toronto, 1934, p. 166. 
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Now choose y€ C^. Taking 
b = inf A E lelaCé)] = yo], ze = Alto), 
we easily check that . 


bE J[ A, EB, g(x) = yo 
a=! 


If xox EB with g(x) =y we infer that 
Ts A-E [kÀ Ta zı] 


is a closed set lying entirely to the right of é with distance d>0 
from $; hence #>d7 implies TCA~A, which in turn implies - 
x,CE—B, CE—B contrary to the assumption CB. 

Theorem 5:1 is proved. 

Now we replace the condition that ¢(Z) < œ by the hypothesis: 


E = $, En ELE. = 0 for n =m, 
Ami 


E, is @ measurable with ¢(F,) < œ. 


Obviously Theorem 3.4 part (i) and Theorem 4.2 do not!® hold 
under these new conditions. However 3.1, 3.2, 3.3, 3.4 part (ii), 4.1 
are still valid. To prove this it is sufficient to know of the existence of 
a measure ® over E such that: P(E) < ©; a set is ® measurable if 
and only if it is @ measurable; a set has P measure zero if and only if 
it has @ measure zero. 

Let Ay, As, As, * * +) be postive numbers such that 


È \ab(En) < o 
Poem 1, 
and define ® over & by the relation: 
P(X) = >> mel XE) for X C E. 
1 


The reader will find no difficulty in checking that ® is a measure 
with the required properties. - 


UNIVERSITY OF CALIFORNIA 


1@ Counterexample: g(x) =sin x, — œ << +o, 


SOME THEOREMS ON THE EULER ¢-FUNCTION 
‘ N. G. GUNDERSON 


The Euler ¢-function, ¢(m), denotes the number of positive in- 
tegers not greater than m which are relatively prime to m.! It was 
noted by U. Scarpis? that ni d(p*— 1); ones fanons of this result 
are obtained in Theorems 9 and 10. 

The first five theorems are either well known or self-evident.* 


THEOREM 1. If bi, © ©- , py are the distinct prime factors of m, then 
elm) = m(pi — Ips — 1) +--+ Gi — 1D/ dips: ++ Pe 
THEOREM 2. If a1, + + + , Gy are relaisvely prime in pairs, then 


@(01 +++ Ge) =-Q(01) (Ga) ` `- (aa). 

THEOREM 3. If w ts the product of the dasisnci prime factors common 

tom and n, then 
o(mn) = w-o(m)-o(s)/o(w). 

THEOREM 4. If a|b, then (a)l (b). 

THEOREM 5. If qla and qm1 (mod $°), then p*| e(a). 

THEOREM 6. If p ts an odd prime, axb, and az 1, then 

pret | plar" +- b?*), 

The proof is by induction on a. We assume a >b. In the notation 
of Birkhoff and Vandiver,‘ a?+)?= V3,/ Y>. By their Theorems V 
and I, there is a prime divisor g of a”+b°” such that q=1 (mod p) 
unless p = 3, a=2, b=1. Then by Theorem 5, p| l(a” +b”), and in the 
exceptional case, 3|¢(2*+1*). Thus the theorem holds for a=1, start- 


ing the induction, so we assume it for all positive integers less than a. 
We adopt the notation C=AB, where 


C = a” + br" P= pol, A = a? + b, 


B = gf? DP — gle DP. BP te... — aP blr“ DP 4 GDP, 


Received bythe editors June 12, 1942. 

1 In thia discussion all letters represent positive integers. In particular, p and g 
represent primes. 

2 Period. Mat. vol. 29 (1913) p. 138, 

2 See, for example, L. E, Dickson, History of the theory of swmbers, vol. 1, chap. 5. 

4 Ann. of Math. (2) vol. 3 (1903) pp. 173-180. 
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Case 1. (a, 6) =1. 

Again using the notation'of Birkhoff and Vandiver, B=C/A 
= (Vs,r/V,r)(Ve/ Vir), s0 we see by their Theorems V and I that 
there is a prime divisor q of B such that g=1 (mod p*). Hence by 
Theorem 5'we have that p*|¢(B). By the hypothesis of induction we 
have pie-)-115(A), > i 

Now, if (A, B)=1, let r be a common prime factor of A and B. 
Then a? = —b? (mod r), so that B = p-a(%-DR m0 (mod r). If r| a, then 
r| b, contrary to (a, b)=1, so r=. Then by Theorem 3, 

(C) = p-o(A)-$(B)/(p — 1), 
so we have that p-p?(*-)—-!. p=|4(C). But since a>1, 3a—2>2a—1, 
so p=! 6(C). 

If (A, B) =1, then g(C) =$(A)-(B), and p*(-)-!. pa] $(CC). Again, 
since a>1, 3a—322a—1, and p**"/4(C). 

Case 2. (a, b) x41. 

Let (a, b) =c, a = ch, b= ch, (ay, b1) =1. Further, since a >b, a; and 
bı are not both 1, and so a1>bı. By Case 1, p?*~1|$(a?"+%") so by 
Theorem 4, p?*-|6(a77+0?*). l 


THEOREM 7. If axb, then 29t! (a +b”). 


We note that a” +b =2°’ would imply a = b = 2, so a” +b® has an 
odd factor, say g. For (a, b) =1, Euler’ has shown that g=1 (mod 2+1), - 
so by Theorem 5, 2*+1| p(a +b”). For (a, b)=1 we proceed as in 
Case 2 of Theorem 6. s 


THEOREM 8. If a>b, then p?*" | p(a*—b7*). 
The proof of this theorem parallels that of Theorem 6. 


THEOREM 9. If a >b, and m ts the product of the distinct prime factors 
of n, then (n*/m) | ġ(a*— b>). 


Let ” = PPs +++ Pa where P,= 1e Then a*—b* = (a)? — (684) Pe 
where m= P; +--+ P, 4P + + + Pa. Then by Theorem 8,077! (a*— b"), 
and the theorem follows immediately. 


THEOREM 10. If axb, then n|p(a* +b”). 
This proof parallels that of Theorem 9. 


Theorems 9 and 10 can be combined in various ways, for example; 
we have this theorem: 


s Commentationes Arithmeticae Collectae, vol. i, p. 55. See also Amer. Math. 
Monthly vol. 10 (1903) p. 171, misprint of 2m for 2", 
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THEOREM 11. If (a, b) =1, and m 4s the product of the distinct prime 
factors of n, then 


(n3/m)| p(a™— b). 


CORNELL UNIVERSITY 


APPLICATIONS OF TRANSITIVITIES OF BETWEENNESS 
IN LATTICE THEORY! 


. M. F. SMILEY AND W. R. TRANSUE 


Introduction. This paper solves three characterization problems for 
lattices? [1]. Problem I is to characterize those metric spaces [2] into 
which lattice operations which are consistent with the given metric 
[1, p. 41] may be introduced. Problem II is to characterize those 
members of a rather general class of abstract systems which are 
modular lattices, while Problem III consists in the characterization 
of lattices in an even larger class of abstract systems. 

Problem I has already been solved by V. Glivenko [3 |. He showed 
that the property: “Among those elements metrically between [4, 
p. 76; 2] two elements a and b, the element ab is farthest from O,” 
and its dual characterize those metric spaces which are also metric 
lattices with the same metric and least element O. Our approach to 
Problem I is through the existence of certain metric singularities 
[2, p. 47] in every metric lattice. Our solution also involves certain 
five point transitivities [5, Part I] of metric betweenness. The ab- 
stract system involved in Problem II (Problem III) is a wide general- 
ization of the concept of a metric space—so general, in fact, that it 
also includes the concept of a modular lattice (lattice). We find it 
_ not difficult to extend the ideas essential to our solution of Problem I 
to give analogous solutions of Problems’ II and II]. Briefly, our re- 
sults consist in characterizing the three important systems: metric 


Presented to the Society, April 4, 1942; received by the editors June 2, 1942. 

1 This paper is an expansion of our note Metric lattices as singular metric spaces 
which was presented to the Society on December 29, 1941, and which was to appear 
in Bull. Amer. Math. Soc. 

1 Numbers in square brackets refer to the list of references at the end of the paper. 

3 It would be interesting to characterize metric spaces among our general systema. 
This problem appears difficult to us, and we make no attempt to solve it. 
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lattices, modular lattices, and lattices within three.increasingly gen- 
eral abstract systems. . 


1. A characterization of metric lattices. In this section we shall give 
our solution of Problem I. The metric singularities which we shall 
encounter are pseudo-linear quadruples [2, p. 48]. Such a quadruple 
is one which cannot be imbedded in the Euclidean line, but is such 
that each of the four triples chosen from it can be so imbedded. In 
metric lattices such configurations abound. Every pair of elements 
which are not comparable together with their meet and join form 
such a quadruple. But the existence of “sufficiently many” pseudo- 
linear quadruples in a metric space (M, 4) is not enough to ensure 
that lattice operations can be introduced in such a way that (M, 8) 
becomes a metric lattice (M, 6, <). However, the additional assump- 
tion of a weak form of either of two five point transitivities for the 
metric betweenness of (M, 8) suffices. 

Before we proceed to prove these statements, let us agree on the 
following matters of notation. The symbols (M, 3) represent a metric 
space M with metric 8. For elements a, b, ce M we use the notation 
abc to indicate that b is metrically between a and c [4, p. 75; 5, 
Part II], that is, that (a, c) = 8(a, b) + 3(8, c). This relation has the 
fundamental properties 4 


(a) abc <> cha. 
(B) abc acb e b =c. 
_ We shall frequently refer to the transitivities: 
(h) abc adb — dbc. 
(t) abc. adb — ade. 


which are valid for the metric betweenness of M [4, p. 76; 5, Part IT]. 
If (M, 8) is also a metric lattice (M, 6, <), then the relation abc is 
equivalent [3] to the equations 


(1.1) @MNb)UbM>c =bH=(4UNHNNOBbUS. 


These equations define, in fact, a relation of betweenness in arbitrary 
lattices [5, Part II]. We shall also use the notation adc to indicate 
that the equations (1.1) are valid, even when no metric enters the 


4 The second of these statements is intended to be read as, “For each three ele- 
ments a, b, cE M, the relations abc and acb hold if and only if b =c.” This convenient 
notation was used with profit in [5]. We shall attempt to preserve as many of the 
other notations introduced in [5] as possible. 
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discussion. In this paper we shall need the fact that this relation of 
lattice betweenness satisfies (a), (8), (4), and 


(1:2) , abc af\cSbSaVe. 


Further properties of this relation are given in [5, Part II]. 

With reference to each point pC M of a metric space (M, ô) we 
may define a partial ordering of M as follows [3]. 

If a, bE M, then a<,b tn case pab and a54b. The transitivity of the 
relation <, follows from the transitivity & of metric betweenness. 
The antisymmetry of S, is apparent. We shall be interested in the 
_ following conditions [5, Part I]. | 


(Ts) pbc: pdc- bxd — pzc. 
(Tr) pbc: pbd- cxd — pbx. 


REMARK 1. Condition (T7) states that an upper bound for the set 
[b, d] is greater than every element between b and d, while condition 
(T?) states that a lower bound for the set [c, d] is smaller than every 
element between ¢ and d. 

We shall also need the following condition. 

(A?) Ifa, bE M and if a and b are not comparable by the relation S,, 
then there are elements a/b, a \bEM for which we have (aV/b)a(aMb), © 
(aVUb)b(a\b), a(a\Jb)b, alaOb)b, and plab) (ab). 


We may now state the following theorem. 


THEOREM 1. Let (M, 8) be a metric space. If OE M, then (M, 8, <o) 
is a meirsc latiice wtih least element O sf and only if (M, 8) satisfies 
(4°) and (TẸ) or (4°) and (TP) 


Proor. The necessity of the condition (4°) is obvious. But both 
(73) and (77) also hold in every-lattice if p is a distributive element. 
We prove this in the following lemma which is a generalization of 
Theorem 9.4 of [5]. 


LEMMA 1. If L ts a lattice and p is a dtsiributsve element of L, then 
the condstions (T3) and {T7) are true. 


PRroor. We prove (T3) first. Let pCL be a distributive element of a 
lattice L, and consider elements b, c, d, x EL satisfying pbc, pdc, and 
bxd. From (1.2) we obtain bSpUc, dSpUc, and xSb\U/d. Hence 
xSpVUc. Dually, x2pMc. Since p is distributive, it follows that 
(POLY eMNclax\(pUc) =x, and dually. Thus (77) holds. To 
prove (735), let pCL be a distributive element and consider elements 
b,c,d,xCL satisfying pbc, pbd, and cxd. As before, we have bS pe, 
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bspUd, and x2cf\d. Consequently, since p is distributive, px 
Z PU (cOd) = (pUe)MN (pUd) 2b. Dually, HAOx Sb. Another applica- 
tion of the distributivity of p yields (1Ob)U (Nx) =b (pU x) =b. 
By duality we obtain the relation pbx. Thus (T?) also holds and the - 
proof of the lemma is complete. 

The necessity of the conditions (T?) and (TY) now follows from 
Lemma 1 and the fact that the least element of a lattice is a dis- 
tributive element. 

We pass to the proof of the sufficiency of our conditions. Using 
only (4°) we see that a/b and ab are upper and lower bounds, re- 
spectively, for the set [c, b]. This follows on applying the transitivi- 
ties 4; and 4 to the relations (a\/b)a(aMb), (a/b) (aMd)O, and to the 
relations (aV/b)b(aMb), (ab) (aMb)O. The force of the conditions 
(T?) and (TÊ) is that each ensures that ab and a/b are untgue least 
upper and greatest lower bounds, respectively. We shall give the de- 
tails of the proof only in the case in which (A°) and (T) are assumed. 
The other set of conditions may be handled by almost identical argu- 
ments. Hence suppose that the conditions (A) and (T®) are valid. 
We prove first that aUb is the least upper bound of the set [a, b] 
if a and b are not comparable. For, if sza, b by definition we have 
Oaz and Obs. Condition (A°) yields a(a\b)b, and condition (TÊ) then 
gives O(a\Jb)s, that is, s=a\/b. The treatment of aM is less trivial. 
Consider an element wE M for which w Sa, b; that is, for which Owe 
and Owb. We show first that w>af\b is impoasible as follows. If it 
were true we should have O(a(\b)w, and this with Owe and Owb would 
yield, via &, the relations (a(\d)wa and (af\b)wb. Combining 
aw(al\b) with a(a(\b)b we would obtain, again by #,, the relation 
w(a(\b)b. From this and the relation (af\b)wb we would get 
(a(\b)w(aMb). But this last relation implies that w=aMb, which 
is contrary to our assumption. Thus the relation w>af\b cannot 
hold. To show that w Sab we again use indirect proof. If this rela- 
tion fails to hold, then, since w>a(/\b, the elements w and ab would 
not be comparable. The condition (A°) then implies the existence of 
elements wU (abd) and wf\(af\b) satisfying with w and a/b the 
relations listed in (4°). The application of the condition (Tf) to the 
relations O(a(\b)a, Owa, and (a/b) ((aMb)\Uw)w gives the relation 
O((aMb)Uwm)a. Likewise we obtain O((a(\b)Uw)b. Applying the 
transitivity 4 to (aM b)\Uw)(@Nb)O and a((faMd)Uw)O yields ` 
a((a\b)Uw) (ab). Similarly, 6((@Nb)Uw) (aNd). Again, the rela- 
tions b((a/\b)\w) (aNd) and b(a(\b)a would give, by h, the relation 
a(a(\b)((a/\b)\/w). A final application of the transitivity 4: to the 

relations a(af\b)((aM\b)\Uw) and a((aMb)\Uw)(aMb) would pro- 
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duce the relation (af\b)((aMd)\U/w) (ab). But this implies that 
l alb = (ab) Uw, contrary to our assumption that wSaf\b fails to 
hold. We conclude that w Sab and that aM is the unique greatest 
lower bound for the set [a, b]. We have now shown that the relation 
<o has the lattice property. It is an easy consequence of the condi- 
tion (4°) that 6(O, a) is a sharply positive modular functional and 
that 

8(a, b) = 8(a U b, O) — èla A b, O). 


This completes the proof that (M, 6, <o) is a metric lattice. 

ReMArK 2. To show that one of the conditions (T2) or (T%) is 
actually needed in Theorem 1, we exhibit a metric space (M, 8) which 
satisfies the condition (49) but for which the partial orderings <, fail 
to have the lattice property for every gE M. 

Let M consist of the six points O, a, b, c, d, I, with the distances 
of distinct points (we omit 4) as follows: Ja = Ib = Oc = Od =ab =cd =2, 
IO =3, all other distances between distinct points equal to one. The 
condition (A®) is valid for (M, 8) because only the pairs a, b and c, d 
are not comparable by the relation <o and for these pairs the choices 
cd =I, d =a or b, af \b=0, and ab =c or d are effective in the 
condition (4°). Thus <o is not a lattice ordering. By the symmetry 
of M it will suffice to show that <, is not a lattice ordering to prove 
our assertion completely. In (M, 8, <.) we have, besides the obvious 
fact that a is the least element, only the relations O <b, c<b, d<b, 
c<I, and d<J. This is obviously not a lattice ordering of M. 


2. A characterization of modular lattices. We turn now to a con- 
sideration of Problem II. The abstract systems which we shall con- 
sider consist of a class K of elements a, b, c,- +--+ together with a 
triadic relation R defined on K and satisfying (a), (8), (4), and (h). 
We shall find conditions which are necessary and sufficient that such 
a system be a modular lattice whose lattice betweenness is identical 
with the relation R. 

For an arbitrary triadic oe R defined on a class K of elements 
a, b,c,» ++ we make the following definition. 

(2.1) Ifa, bE K then a<,b in case (p, a, b) Rand ab. 

Using this notation, our solution of Problem II takes the following 
form. 


THEOREM 2.1. If a treadic relation R defined on a class K sattsfies 
(œ), (8), (hh), and (h), then (K, So) ts a modular lattice with least ele- 
ment O if and only if (K, R) satisfies (A and (T) or (A® and (TP). 
When esther of these alternatves holds, the relation R ts identical with 
the latitce betweenness of K. 
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Proor. We note first that if (4°) and (T8) ((A®) and (T9) hold for 
R, the proof of Theorem 1 assures us that (K, So) is a lattice. Notice 
also that a Sob Soc implies that (a, b, c)R holds by the definition of Sp 
and #,. The truth of the second sentence of the theorem is then evident 
from the following theorem [5, Theorem 10.1]. 


THEOREM 2.2. If L 4s a lattice and Rts a triadic relation defined on L, 
then Rs the relation of lattice betweenness of L if and only +f the follow- 
ing conditions hold. 

(i) The relation R satisfies (a), (8), and (ti). 

(ii) IfaSbsSc, then we have (a, b, c)R. 

(iii) If the relation abc holds, then in the sublattsce generated by a, b,c, 
the transtitotty h holds for R. 


That the modular law holds in (K, So) is now implied by & [5, 
Theorem 9.t]. This completes the proof that (4°) and (TẸ) ((A% 
and (7?)) are sufficient. Their necessity follows from Theorem 2.2 
and Lemma 1. The proof of Theorem 2.1 is now complete. 


3. A characterization of lattices. In this final section we shall pre- 
sent our solution of Problem III. The abstract systems which we shall 
consider consist of a class K of elements a, b, c, --- together witha 
triadic relation R defined on K and satisfying (a), (8), and (h). We 
shall find sufficient conditions that such a system be a lattice under 
an ordering given by (2.1). In the presence of these conditions, we 
shall find necessary and sufficient conditions that the postulated rela- 
tion R coincide with the lattice betweenness of K. The first of these 
results is given in the following theorem. 


THEOREM 3.1. If a triadic relation R defined on a class K satssfies 
(a), (8), and (t), (A% and (TQ), then the relation Sı ts a partial order- 
ang of K wrth the lattice property. 

Proor. The antisymmetry of So is a consequence of (8), while the 


transitive law for Sq may be easily obtained if we notice that iden- 
tifying d and O in (T%) yields the condition 


(A) (O, b, c)R (O, x, )R> (O, z, OR. 

We may also note that identification of c and d in (T®) yields the 
condition 

(3.1) (O, b, c)R:(b, z, c) R —> (O, z, c)R. 


This last condition may be used to replace & in the proof given in 
Theorem 1 of the sufficiency of the conditions (4°) and (TÌ). A careful 
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examination of our proof will reveal that & was used only to show that 
the relations (O,¢,a\VU/b)R and (0, b,a Jb) R follow from (OraMb,aVU))R, 
(af \b, a, a\Jb)R and (ab, b,a\Vb) R. But it is easy to see that these con- 
clusions follow from the same hypotheses under condition (3.1) as 
well as under &. We can then follow the proof of Theorem 1 from this 
point until the conclusion that (K, So) is a lattice has been reached. 
The proof of Theorem 3.1 is complete. ' 

REMARK 3. That the sufficient conditions of Theorem 3.1 are not 
necessary conditions can be seen by the following example. Let the 
class K consist of the five points O, a, b, c, I, and let the relation R 
hold for the triples OaI, ObI, OcI, Obc, and bc, as well as for those 
then required by (æ) and (8). It is easy to verify that 4 holds in this 
example while (4°) fails. But R gives rise through Sp to the simplest 
non-modular lattice. 





Fic..4 


REMARK 4, Theorem 3.1 leaves us in doubt as to the question of 
the identity of the triadic relation R and lattice betweenness in K. 
The following example shows that still further assumptions must be 
made if we are to obtain this conclusion. Let K consist of the elements 
of the lattice shown in Figure 1. Define R to be lattice betweenness 
except that the relation (a, b, c)R is rejected. That R satisfies the 
conditions (a) and (8) is clear since they hold for lattice betweenness 
and their conclusions do not involve three distinct elements. To verify 
that 4, holds for R we must make sure that we cannot arrange its 
hypotheses so as to obtain (a,b, c)R in the conclusion. To obtain 
(a, b, c)R from h would require hypotheses of the'form (d, b, oR, 
(d, a, 6)R or of the form (d, b, a)R, (d, c, b) R. But these sets cannot 
hold in our example, since if we have (d, a, b)R and (d, b, c)R, then | 
dxa, and df \bsasgdU, by (1.2). It follows that d Jb =u or I, con- 
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trary'to db Sa. The other set of hypotheses may be treated simi- 
larly by interchanging a and c. It is also easy to check that R satisfies 
(49). It remains only to remark that the conclusion of (T°) cannot 
be (a, b, c)R (since O must appear in the conclusion of (T?)) to assure 
ourselves that R satisfies all of the conditions of Theorem 4. Thus R 
generates through Sp» the lattice of Figure 1 but R is not the relation 
of lattice betweenness of this lattice. 

To overcome this difficulty we propose the following strengthened 
condition. 

(3.2) If (pAx)U (Mc) =z (pUc) and dually, then 


| (t, b, )R- (p, d, )R (b, z, R —> ($, x, o) R. 


The proof of Lemma 1 shows that (3.2) holds for lattice betweenness 
in arbitrary lattices. 
We conclude with the following theorem. 


THEOREM 3.2. If a triadic relation R defined on a class K sausfies 
(x), (8), G), (TP), and (A%), then R ts the lattice betweenness of the 
latitce (K, So) tf and only tf R satisfies (3.2). 


` Proor. The remark preceding the statement of the theorem dis- 
poses of the necessity of (3.2). To establish the sufficiency we rely 
on the proof of Theorem 10.1 of [5] to assure us that the relation 
(a, b, c)R implies abc (lattice betweenness). It remains, then, to prove 
that the relation abc implies the relation (a, b, c)R. It was proved in 
[5] that when abc holds the sublattice generated by a, b, c is distribu- 
tive. Hence the transitivity (Ts) (see [5]) is available to us in thes 
sublaitce by virtue of (3.2). Now notice that since ac Zob gac 
(by (1.2)), we have aUbUc=aUe and dually. The condition (A% 
then gives the relations (a, abc, c)R and (a, aOb, c) R. Clearly 
abc 20 2oaf\b\c; from which we obtain (aUbUc, b, aObOc)R. 
The transitivity (7?) then yields (a, b, c)R as ee and the proof 
18 Sonne 
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LEHIGH UNIVERSITY 


ON A THEOREM OF NEWSOM 
H. K. HUGHES 


1. Extension of the theorem. In 1938, Newsom! published a pa 
containing a theorem, regarding the behavior for large values of oT 
of the function 


(1) Ore > e(n)s", 


radius of convergence equal to œ. It is assumed that the function 
g(w), where w=x-+14, satisfies the following two conditions: 

(a) it is single-valued and analytic in the finite w-plane; 

(b) it is such that for all values of x and y, one may write 


(2) : | g(x + ty) | < Kei, 


where K is a positive constant and & is a positive integer. Under these 
conditions, according to the theorem, f(s) may be expressed in. the 
form 


= kr 
(3) ef (a) [t s]° = — de ~ X sow A he 





where } is any positive integer, where the symbol |-+s]? means s* or 
(—s)* according as k is odd or even, respectively, and where if 
| arg [+s]| <a, we have lim),)...£'&(s, D) =0 for every value of 7. 

In the present paper we shall consider the situation when condi- 
tions (a) and (b) are made somewhat less restrictive. The theorem 
which we wish to prove is as follows: 


THEOREM. Let the coeffictent g(n) in (1) satisfy condition (a) except 
for a singularity at the porni w =w, which ts nota negative integer; and 
let inequality (2) be satisfied for all values of | | and |y] sufficsently 
large. Then (3) continues to hold provided one subtracts from the right 
member the loop integral 

1 g(w)s* 


(4) =.= 
2i go o**™ sinrw 


Received by the editors July 7, 1942. 
1 On the character of certoin entire functions in distan! portions of the plane, Amer. 
J. Math. vol. 60 (1938) pp. 561-572. 
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where the loop C ere the porni w, and extends to infinity +n any 
conventent direction lying in either the third or the fourth quadrani. 


PROOF. Ina andadu remark in his paper, Newsom infers that, 
under the conditions which we have postulated, the theorem con- 
tinues to hold provided‘one subtracts from the right member of (3) a 
suitable loop integral, which upon examination of the analysis, is seen 
to be 


z kir’ | P(w, z í 
t 





C (sin ww)*tl 


= 
8 

a 
i 


k l w 
D berre f orvemeg(w) [t s]edm, 
pæl fa) 


EE 1SjSk, 
(= 2r) aa 


b1 
ae, Co allae 
f TTE = = J 


_ We shall show that ‘hie integral Z in (5) is equivalent to the e integral 
(4). Evidently we may write 


P(w, 2) = f ED: 3 banno COE: s| ‘de 


However, the sum appearing in the above integrand is readily shown’ 
to be equal to 


`x 
ii 


1 


RL Dl [sin x(w — #)]*-1, i 


and this last expression cap be written in the form 


ani? 2 (~ 1)“ tc (sin xw) ‘(cos xv) ‘(cos ae "(sin “so 


Introducing into (5) the resulting new form for P(w, s), and making 
- simple reductions, we obtain the equation 


br k 
(6) I = =f f » CG cot rw) ac xe p(w, baw, 
t/a pl 


where 


1 The form of b, as given here may be seen to be equivalent to that given by 
Newsom. 
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plm 3) = f (cos xh) (sin Amie [A 5] a 


We may simplify (6) by an integration by parts. Consider first the 
general term of the sum appearing in the integrand. If we let 
u=,(w, 8), do =r(—cot ww)?! csc? rw dw, then, taking account of 
the constant factors, we obtain as an integral of the general term the 
expression 

ae 
Zoni- cot xw) (w, 8) 

247 


— Í (— cot rw): (cos rw)™(sin rw) !tg(w) [+ sJravo} ; 


Moreover the expression ¢,(w, s) and the indefinite integral here ap- 
pearing are both such that they can be evaluated along the loop C. 
Simplifying the above form and summing with respect to 7, we have, 
as an Pa of the entire integrand in (6), the sum 


"E 





Ch} (co nae 


= Í (cos m EEE sy ; 
sm Tw 


If we now agree to let C extend to infinity in a direction of either of 
the third or fourth quadrants, then at the infinite extremities, the 
function cot ww has the value +. Consequently, upon evaluating (7) 
along C and combining properly the definite integrals which arise, 
we arrive at the result 


(7) 





à en d v 
(8) I= i i > 2 Ct = spells a dw, 
21 ji sin rw 


where a and b denote 4 sin ww and cos rw, respectively. The sum ap- 
pearing in the integrand of (8) is easily shown to be equal to 
k-1(6—a)*, or kleite, Papen ee this quantity for the sum, we 
have the integral (4). 

The above theorem assumes only one singular point of g(w), but 
the extension to the case when a finite number of singularities occurs 
is obvious. Moreover, if a singularity is polar in character, then the 
corresponding loop integral reduces to the residue of the function 


1 g(w)[+ s}* 


24 @**™ sin rw 


~ 
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at the pole. Furthermore, if a singularity is a negative integer, say 
—n, then the corresponding term in s~* in (3) is to be suppressed and 
in its place is to be substituted the proper loop integral. 


2. Asymptotic developments. The theorem of Newsom, together 
with the extension just established, finds application in the determi- 
nation of asymptotic developments for large values of |s] of such in- 
tegral functions as are defined by (1). It is evident that in order. to 
determine completely the asymptotic development of a given func- 
tion f(s), one must first find such developments for the integral ap- 
pearing in the right member of (3), and each loop integral (4) that, 
may occur. The first of these questions is a problem about which we 
shall not concern ourselves here, but we shall discuss briefly a method 
by which the second question can often be answered. 

If the singularity w, of g(w), is algebraic in character, then g(w) 

“can be written in the form g(w)=(w—w,)'®(w), where (w) is 
analytic at w =w, ¢(w,) 0, and where @ is a real constant not equal 
to zero or a positive integer. One of the transformations w’ = + (w—w,) 
will then transform (4) into an integral of the form 


(9) T, B) = + Í P) D [+ sde 


where $ is a constant, and where C” is a loop about the origin w=0 
(the primes having been dropped), and extending to infinity in a di- 
rection lying in either the first or the fourth quadrant. Moreover, 
F(w) is analytic at the origin, and possesses a convergent series de- 
velopment of the form 


OESE whe, 


radius of convergence greater than 0. According to a theorem due to 
Barnes,’ if F(w) is bounded in the distant right half w-plane, and if 
the expressions (~—w)*-! and (— [+s])-* are made precise by suitable 


3 For a full statement and proof of the theorem of Barnes, see Ford, Asymptotic 
deselopments of functions defined by Maclaurin series, Michigan Science Series vol. 11 
(1936) p, 16. This book also contains a proof of the theorem of Newsom for the special 
case in which k= 1, together with the extension and numerous applications. For proof 
of the theorem, see chap. 4; for applications, see chaps. 6 and 7. For further applica- 
tions of the theorems of Ford and Newsom, and of the theorem in the present paper, 
see C. G. Fry and H. K. Hughes, Asymptotic developments of certain integral functions, 
Duke Math. J. vol. 9 (1942) pp. 791-802. 
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definitions, then the loop integral J({s, 8) in (10) is developable asymp- 
totically in the form 


= Cu 
Ie 6) ~ A Te append Boa) 


It thus appears that the presence of an algebraic singularity of g(w) 
presents no serious difficulty. 


PORDUE UNIVERSITY 


ON SOME FORMULAS INVOLVING THE DIVISOR FUNCTION 
HERBERT $. ZUCKERMAN 


Viggo Brun! has proved the formulas 


(1) Ti(n) — Tr(n) + h — --- = — pln), rT 
k(n) = Talna) — (1/2)Ta(m) + /3)Tn) — ->> 
(2) z p if # is not a prime power, 
1/t if n = $t, pa prime; 


‚where T(n) is the number of ways that ”# can be expressed as a prod- 
uct of } factors, each greater than 1. He obtains them as special cases 
of combinatorial theorems. Pavel Kuhn? has also given proofs but 
it seems that no one has attempted to give elementary number theory 
proofs of these formulas. It is the purpose of this note to give such 
proofs and to point out a few other formulas similar to (1) and (2). 

All the formulas which we shall prove can be proved very con- 
cisely by using the generating function 


¥ Tn)n-t = (¢() — 1], 


and some simple properties of the zeta-function.* Our number theory 


Received by the editors June 19, 1942. 

1 Netto, Lehrbuck der Combinatorth, 2d edition, 1927, chap. 14, especially pp. 276- 
277. 

* Det Kongelige Norske Videnskabers Selskab, Forhandlinger, 1939. 

2Interchanging the order of summation we have J 21) fi(—1)!*Ti(a)a-* 
=) (1) ftls) 1} m p(s) te 9 nlna, and (1) is obtained by 
comparing coefficients of #~* in the two members. Similarly, (2) follows from 
DRED AAT Hn) e — 1A (p(s) —1} mlog ti) =p log (1-27-94 
met ip, X 
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proofs are the algebraic translations of these proofs. 
In order to avoid certain special cases it will be convenient to define 


1 if s= 1, 

0 if a> 1. 

The function 7,(#) has already been defined as the number of ways n 
can be expressed as a single factor greater than 1, so we have 


(3) Ton) = | 


0 if #= 1, 


S T= ENEN 


In writing an expression such as the left member of (1) it will be con- 
venient to write it as a Ce 1)¥-!7;(n) but it should be noted that 
all the terms in the series are zero after a certain point. This will be 
true of all the series which we write in this way, so we are really deal- 
ing only with finite sums. 

To prove (1) we first note that from the definition of T(n) we have 


(5) T(n) = 2, Tid) = pa Ti(d) — Ty(n), 


diu, dyin 


for i20. We let f(n) => o (—1) 'T(#) and have, by (5), 


TO = È- DEE T(d) = 2 (~ Tals) + Tualn)} = Tol). 


d\n Lame djn 


Then by the Möbius inversion formula we have 


(6) Ka) = D (1T) = 2 To(n/d)u(d) = u(n), 


Lm) 


where we have used (3). This is equivalent to (1). 
This proof has an obvious extension. Putting g(m) =) 421(—1)! 
-3$+1)Ti(n) we have, using (5), 


Z (d) = È (- Dig + DÈ Td) 


= (= 1 +f Tits) + Trarln)} 


ka”) 


= J (— 1)'Ti(m) = f(n) = u(n). 


z b 


Inverting this we obtain 
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E E EO  a(adatn/a) 
luu) djs 


(7) lifa= 1, 
| -JEt Bam pes patos 
Olif is divisible by a cube. 
` In the same way we can prove 

= G+ DE 2) 

2 (- E ae Tim) = 2, a(d)u(è)u(#/d3) 

i=æĝ dilz 
(8) 1ifa = 1, 

st l- js if ene eee P eee eee 


Q if # is divisible by a fourth power. 


To prove (2) we need another expression for Tı(#). From the defini- 
tions we have 


(9) Tish= 2 i= 2, Til) --- Tir), 


ri Pj=? 1 Tyee 


for /2@1. Multiplying this by log », rearranging, and using (9), we 
have 


Ti(m)logn = 2, Tar) -ee Tilt) Mog rit +++ + log rı) 
fi’ Pe , 
=} $ Tits): + Tiled) logri 
EES a oe 


ca } >; T(r) log fi 5 Til(ry) aes Tif) 


r|» ri'e erpai 
=} >) Tilrd log rr Tiln/ri 
rija 


= | 2 T11(4)Ti(m/d) log (»/d) 
= llog s >> Trild)Ti(s/d) — 1 > TdT a/d) log d. 
din din 
Reducing this by (5) and (4) we have 
T(n) log n = 1T:(n) log n — 1 >> Ti1(d)Ti(#/d) log d, 
dix 


which we can write in the form | 


(10) (1/0 ~ 1) 2 Tis(d)Ti(n/d) log d = (1/1)Ti(m) log ». 
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If we now let 


a ~ 1) eet 
(11) Hn) = È rn), 


we have, by (4) and (10), 


© #(d) log d = > a nnd E TA) Ta(n/a) log d + TH) og nt 


d|a {m 
= 3 (=D 1{(1/D Tim) logn +(1/04+1))T u(n) log »} 


= T(n) log ». 
Inverting this we obtain 
h(n) log n = 2, T1(n/d)u(d) log n/a 
din 


= logs 2 Ti(n/d)u(d) — 2 Tı(n/d)u(d) log d 


log nd 2 u(d) a u(w } 


7 i E a(o) log d ~ n(n) log n) 
= > p(d) log å, 


d\n 

where we have used (4) and the fact that >\j,u(d) =0 form >1. Now 
it is easily verified that —> .,u(d) log d takes the value log p if 
n=p' and the value 0 if n is not a prime power.‘ Hence we have 

1/⁄t iin = pF, 
(12) wn) = (eee Pe 

0 if n is not a prime power, 
which is formula (2). 

We can combine (6) and (12) to obtain another formula. We first 

note that, from (9), we have 


T(n) = zi > Tlr) -e Tilt,) D>) Tilrem) Tatr} 
(13) dia TL + fy d Tapi oren a 
= $, T,(d)T-(5/d), OSznS1. 
d\n 


‘If = = p'm and p does not divide m we have — > a.u(d) logd = 
—Sslmdorier u (87) log (37) = — Date {u(8) log 8+-u(8p) log (3p) } = lus) log 8 
—p(8) log (8p)} =log p> ajmu(8) and this has the value 0 if m>1, log p if #=1. 
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We let a 
j(s) = 2 2 (— 1)"1(1/n) T») 
= Ti(m) — (3/2)Ts(m) + (11/6)Ts(n) — (25/12) Ti(m) 
+ (137/60)Ts(n) =, 
and have, by (13), 


(14) 


Ome > X (= DO) MDT lo /o 


=E E Cy eawra-wyr(a/a 


djs i=l ptrmligzl 
> zi È (= DC/AT A SE iT (n/a) 


= 2 h(d) f(m/d), 


` where we have used (11) and (6). Then by (6) and (12) we have 
j(n) = 2 (1/#)n(m/p‘) 


(— 1)*1/t¢ — 1) if n = plan: ++ qe, t > 1, 


(15) f if ø is divisible by the squares of two distinct primes, 
(— 1)*s if n = qie qa 


In quite a similar way we can prove 


k(n) = X1} È (1/vu) Ti(m) 
; lmt? r+; y el 
= Ta(n) — T(n) + (11/2)Ti(#) — (5/6)T (#5) 
+ (137/180) T”) — -- - 

0 if n has more than two distinct prime factors, 

2/tu if n = p'g*, 

t—1 

2L (1/v(t — »)) if w= pt 

pæ | 

Brun notes that }*_,Ti(n)= m}, > Palin) =) aim/p}, 

Som T3(n) =) eai m/w}, and so on, where {x} denotes the num- 
ber of integers not less than 2 and not greater than x. Summing (2) 
he then has 


(16) 
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is ie ial yy ee 
(17) m Í p 


HUDE {m/w} =, 


2, P t 


This formula can be used to determine k(n) =H(n)—H(n—1) and 
hence, by (2), it gives a method (although impractical) of determining 
whether ø is a prime power. A similar thing can be done with each 
of our formulas. For example from (14) we have 


Tn) = > sn) = {m} — (3/2) 2 {m/s} 


+ (11/6) E [m/e]. 


2, Pek 


Then j(m) = J(m) — J(m—1), with the aid of (15), determines the num- 
ber of prime factors of » if n is not divisible by the squares of more 
than one prime. As a numerical example consider »=6. We have 


J(6) = {6} — (3/2)[{3} + {2}] = 1/2, 
J(5) = {5} — (3/2){5/2} = 5/2, | 
3(6) = (1/2) — (8/2) = — 2, 


and hence 6 has two distinct prime factors, each entering to the first 
power. 
Brun also points out that from (2) we have 


H(m) = > h(n) = >> (1/8)x(m/9. 
town 1 bon | 
The other formulas do not lead to such simple results but (16) gives 
K(m) = È k(n) = 2) 2, O/w)r( (m/p). 
Am] mmli p” 


If (10) is put into exponential form it can be stated in a more in- 
teresting way. From (10) we have 


1j (1) 
[ar jin —_ | I] are | ; 
din; dptn 


The left member can be obtained by writing » in all possible ways 
as a product of / factors greater than 1, multiplying them together, 
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and taking the /th root. The right member can be obtained by writing 
all proper divisors of # in all possible ways as products of }— 1 factors 
greater than 1, multiplying them all together, and taking the (}—1)th 
root. Our result is that these two numbers are equal. Thus for n = 24, 
}=3 we have 


+ 


[(2-2 6)(2-6 2)(6 2-2)(2-3-4)(2-4-3)(3-2-4)(3-4-2) 
(4-2-3)(4-3-2)]/3 = 26.33, 
[(2-2) & (2-3)(3-2) X (2-4) (4:2) X (4-334) X (6+ 2) (2-6) |Y = 29. 33, 


UNIVERSITY OF WASHINGTON 


ON THE FOURIER DEVELOPMENTS OF A CERTAIN 
CLASS OF THETA QUOTIENTS 


M. A. BASOCO 


1. Introduction. In this paper we shall be concerned with the func- 
tions ¢%(s) defined by the relation 


(1) ba(s) {= log 04(3, D} = {eee T genas, 


where a(s, q) is a Jacobi theta function and k is a positive integer. 
In the first place, we shall derive the Fourier developments which 
represent these functions in a certain strip of the complex plane; 
it will be seen that the Fourier coefficients of $2(s) depend on those 
of $3(s),s=1, 2,3, - - - , k—1, through a recurrence relation of order 
k. Secondly, these developments, in conjunction with certain obvious 
identities, yield, through the method of paraphrase, some general 
arithmetical formulae of a type first given by Liouville.! Indeed, we 
recover, in a simple manner, some results given without proof by 
Liouville, which were later proved by Bell? through the use of some- 
what complex identities involving a certain set of doubly periodic 
functions of the second kind. One of these results has recently been 
proved in a strictly elementary, but very ingenious way, by Uspen- 
sky.? Finally, we indicate some applications of these formulae to the 
derivation of a certain type of arithmetic and algebraic identities. 


2. The functions ¢3(s). It should be pointed out that the case k=1, 
is implicit in §§47 and 48 of Jacobi’s Fundamenia nova.‘ Likewise, the 
case k=2, has been obtained by G. D. Nichols! through the use of 
certain results due.to the present writer. The following is a direct 
derivation of the necessary procedure for the general case; it depends 
on a straightforward application of contour integration and the the- 
ory of residues. It is convenient to treat the two functions ¢§(s) and 





Presented to the Society, November 28, 1942; recełved by the editors June 29, 
1942. 

1 J, Math. Pures Appl. (2) vol. 3 (1858) et seq. See, for erample, vol. 3 p. 247 (H). 

2 Trans, Amer, Math. Soc. vol. 22 (1921) p. 215 formula (xiv ^. 

2 J, V. Uspenaky and M. A. Heaslet, Elementary number theory, New York, 1939. 
See chap. 13 p. 462 formula (R). 

4 Jacobi, Gesasemelis Werks, vol. 1 p. 187. 

s G. D. Nichols, Tôhoku Math. J. vol. 40 (1935) pp. 252-258. 

$s M. A. Basoco, Bull. Amer. Math. Soc. vol. 38 (1932) pp. 560-568. 


299 


300 M. A. BASOCO [April 


#i(s) separately; from the results for these functions we may obtain 
the corresponding ones for e =2, 3 by merely replacing s by s+7/2. 

It follows from the properties of the theta functions’ and Fourier's 
theorem for analytic functions that 


oO dwa n ae Soe < 5G) 
where, 
(3) Pagal ees 


—r/2 


To evaluate this integral, consider the contour integral [od}(z)e**"*ds, 
the contour C being the boundary of the parallelogram with vertices 
at s= £7r/2 and s=+27/2-+27/2. Cauchy’s theorem applied to this 
integral leads without difficulty to the recurrence relation 


(4) en “re. (— 29 AS? = UR, q= exp sir, 


where Cz, is the binomial coefficient $!/j!(k —j)! and R is the residue 
of the integrand at the pole of order k with affix s= 47/2. 

We thus obtain, on placing k =1, 2, 3 and computing the necessary 
residues, the following expressions for the coefficients in the expan- 
sions of $5(s), for the values of k indicated: 








(a) AS 0; 7 = — E = — ; n = 0, 
(b) a sA a e n0 Ag= ay pS Oe 
(1—gt)! 1— sE 
Ta cu e ea 
ð 1—= g 
249” 


Tug { (203 -+ ón -+ 3)q** 


+ (18 — 4n%)q?* + (20? — 6n + 3)}. 
With respect to the function ġi(s) the process used in the preceding 
must be modified slightly on account of the presence of a singularity 


(pole of order k) at the origin. Define the function y® (s) to be of 
the form 


T See Whittaker and Watson, Moders analysis, chap. 21. 
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(5) yi (3) = (8) — T (8), 

where T®™ (z) is a suitable function of sin s and cos g, having the period 
x and such that the principal part of its Laurent expansion about the 
origin coincides with that of ¢*(z). The function y®(s) is, therefore, 
analytic along the real axis. It is found that, for the cases considered 
(that is, for k=1, 2, 3), the functions T™ (s) are of the form: 


T(z) = cot s; TS (g) = cot? s;T(s) = (14+ 0] / /dy) cot z + cot? z. 


We may now write 


ie G ) — LB mis eS, if ji ig odd, 


yi (s ) = B + 2 B G ae eo ), if & is even. 


These expansions are valid in the strip defined by the inequalities 
— (rr) <4 (8) <4(wr). In either case, we have, 
CB) jy aad y 


(6) B® = (ifs) [os ee: 


—# {2 
The value of B® can be obtained from the relation 


(à) (1) 


(7) pesas Aa lim yi (8) 
na i 


To calculate the integral in (6), consider the contour integral 
Sab (zje-™ds where C is the boundary of the parallelogram with 
vertices at g=t+2/2 and g= +r/2—(2s4+1)rrT/2, where s is an 
arbitrary positive integer. This contour contains precisely s poles of 
the function ¥(s), these being located at the points with affixes 
g=—rxr,r=1,2,3,+-+-+,s. On account of the properties of the func- 
tions involved we may pass to the limit as s tends to infinity, thus 
obtaining l 


p aS R 
a=] 
where R. is the residue of ¥‘)(s)e-?** at the poles of order k, 


g= —STT. 
It is found in this manner that 


ea oa 
(a) BP = 0; B? = —# 
1 = gi 





nÆ 
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ng?” (2) 8q?* ång?" 
’ ‘oS = ? 
(1 = gn)? 1 ree g" 











(e) By =8>) n Æ 0. 


Sai 1 — g*™ 





G D et s AS 
’ ry, i— q™ 
8g?" 


{nigin — (2m? — 6n — 6)q?* + (n? — 6n + 6)}, 


(1-4) 
n * 0. 


On substituting the values of the coefficients given in (a), -- -, (Ð, 
into (2) and (5) and transforming the resulting series into an arith- 
metical form, we find the following: 

(I) ols) = 4 Doar Di sin 2s}, ree iy ae ee eee 

(II) ¢a(s) = cota L 2 ain 2ée}, 

(OD) als) = = tans +43 ot E (> D sin 2ds}, 

(IV) ¢a(s) = 42 (— 1)*q*{ È sin 2is}, 
(V)  ¢o(s) = 2> Teln) +8 2 {Y (r — À cos 2i}, 

(VD ¢1(s) = cot s + 8E a tl) + 8 Da {E (25 — d) cos 2ds}, 


p(s) = tan s+ 8 Ig hGH) 
Di — 8}, qi > (- 2) “(28 — d) cos 2ds}, 
(s) 


© (VIED ¢i(s) = 22 (— 1)"g"o(n) + 8 2 (— 1)"¢°{ E (r — 4) cos 2ts}, 


(IX) gols) = (81 /81)do(s) — 4 2g E (Gr — Gtr + 2f) sin 2s}, 
(=) 


ils) = cot s + cot s + (8/" /8/)di(s) 
— 8 $ g7{ > (d° — 6d3 + 68°) sin 2ds}, 


(n) 
$1(s) = —tans— tan s+ (Hi /37 Jels) 


2 Doe d cao andes), 
{n} 


(X) 


(XT) 


Cd 


1943] CLASS OF THETA QUOTIENTS 303 


da(s) = (OY ' /81 )oa(s) 
= 4 = 1 223 Be a ” 9 : 
— D (= tg {E Br — ofr + 24) sin 2s}, 
0 JH) = -1F 2D hn). 
(a) 


In these expansions, the notation is as usual: The inner sigma refers 
to the divisors d, 6, t, r of the positive integer n, r being odd, and 


co(n) = p(n) — ti (») 


where, 


¥i(m) = sum of the divisors of » whose conjugates are odd, 
ti (n) = sum of the odd divisors of n, and z 
f(s) = sum of all the divisors of n. 


3. Paraphrases. The obvious identities 


(8) b(t) -de(z) = ġ.(2), a = 0, 1, 2, 3, 


in conjunction with the expansions (I) to (VIII) of the preceding sec- 
tion yield, through the method of paraphrase,’ the following arith- 
metical theorems: 


THEOREM (a). Let F(x) be an even, single-valued function which is 
well defined for all integral values of the argument including sero, bui is 
otherwise arbstrary; lei n be any postisve integer. Then, 


2 (FE r) FE +r} = 2, (r= HÍFA — F(0)}, 


() 
where (k) and (1) refer to the following partitions of n in possisve integers: 
(h) ne Pr’ 4r”, D #s= dk, T, T’, T” odd. 


This is the arithmetical equivalent of (8) with a == 0. It is of interest 
to note that a strictly elementary proof of this theorem has recently 
been given by Uspensky.? 


THEOREM (8). Let F(x) and the integer n be as in Theorem (a). Then, 


> {Fe — d'h) — Fi’ +49} 
g = {ti(m) — tola) }F(0) + 2 (28 — d — 1)F(d) 
2) 


—2 È {F0 + F(2) + F(3) +- +F- 1)} 
(P 


8 Æ. T. Bell, Trans. Amer. Math. Soc. vol. 22 (1921) pp. 1-30; 198-219, 
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where (4), (f) refer to the following partitions of n in positive integers: 
(D) n = d5 + a3", (Gj) n = dè. 


taln) represents the number of positive integral divisors of n, whale [1(n) 
represents their sum. 


This theorem was first given by Liouville,” who stated it without 
giving a proof; it is conjectured that he obtained this as well as other 
similar results through the aid of the theory of elliptic functions. At 
any rate, this theorem was later rediscovered by Bell (loc. cit.) as a 
special case of a more general result derived from one of the addition 
theorems of the theta functions and involving a certain set of doubly 
periodic functions of the second kind. We have obtained this result 
as the equivalent of the identity (8) with a=1. 


THEOREM (y). Let F(x), n, and the partitions (¢) and (f) be as in the 
precedsng theorem. Then, 
>, (— 1) +e {P(g — d") — F(a’ + d'n) } 


ts) 


= {fi(m) — t(s) }F(O) — > (— 1)4(28 — d + LFA) 


(3) 


+25 {F() — F2) + F(3) — +--+ + (-— 1)F(d — 1)}. 
(3) 


This theorem is the arithmetical equivalent of identity (8) with 
a=2. It is, however, not essentially distinct from Theorem (8); for 
either theorem may be obtained from the other by replacing F(x) by 
(—1)*F(x). Finally it should be noted that the case a = 3 merely yields 
the result stated in Theorem (a). 

As might be expected, those theorems analogous to the preceding 
which may be deduced from identities involving the functions #3(s) 
are considerably more complicated; it will perhaps suffice, in the 
present instance, to state merely the following two results by way of 
samples. 


THEOREM (8). Let G(x) be an odd, single-valued funcion, which ts 
well defined for all integral values of the argument, but is otherwise arbs- 
trary; let n be any positiive integer. Then, 


42, (Gi —a+4)+Gith-&)4+Ga tha — h) — Gl tats) } 
(1) 
= 245° {filmy >> G(ts)} — DO Gr — óir + 28+ 160), 
(3) (h) 


* Liouville, loc. cit. 
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where (+), (7) and (ky refer to the folowing partitions of n in possisoe 
iniegers: 


(4) n = hri + bata + trr Tiu Ta, Ta GH odd, 
(7) n= 2m + fs ts = bara, 73 odd, 
(k) m= |r, r odd. 


This theorem is the arithmetical equivalent of the otherwise appar- 
ently trivial identity: 


$0(z) ols) -Go(s) = $o(s). 


THEOREM (€). Let F(x), n, and the parititons (4) and (j) be as tn 
Theorem (B). Then, 


69, d'(a” — 28’) {F(d’ +d’) + Fd’ — d'h} 
(+) € r~t 
= (nbn) — HMO) + 2D O-H)4 LTA} 
+ >> (d? — 6d*3 + 648? — d)F(d). 


(3) 
This theorem results on paraphrasing the identity: 


= He) S360 
aoe 361(3) g, $18). 


4. An application. If in Theorem (a) we place F(x) =x, the follow- 
ing may be deduced 


w1 ` 
(9) 42 vi(A)¥i(m — k) = piln) — nyila), 


A owe 1 


where ¥,(#) =sum of the rth powers of the divisors of n whose con- 
jugates are odd. In particular, if » is a prime p, we obtain 


> Wa(BWa(p — A) = (p — DG? — 1). 


It also follows from (9) and the easily verified relationships: 





œw 4" : e w pir” w 
2a TRT Lalo) : 2 rue ae 2 valn) ; 


ve) n?(1 -+ i™) E di o 
2 Goey 7 2, mbr(n) 
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that, 
“o ex" 2 w nir’ nir” 
å. = 
E D T er 
(10) 
on n???” 
7 me] (1 ad qan)a 


Again, if in Theorem (8) we place F(x) =x?, we deduce 
a—l 
(11) | 12D ratala — k) = Stala) — (6m — 1ra), 
kæ | 
which in turn implies the following development, 


aD f È ZEN = D S) = (6n = Dean 


Am] 


Finally, in Theorem (6) place G(x) =x to deduce 
24 D7 51(m1)¥i(tm) = 2ya(m) — (6m — 1)ya(m) + Sati (n), 


(13) 
n = 2% + %3, 71, g> 0, 


This result may be interpreted so as to yield the following relation: 


qi} (Eo 














< on = er < #1 + 27") 2" 
= — 6), ———————— 
(t4) Lag t L 2 (1 — p")? 
(2n — 1P rm! 
+ n — g1 1)3 l 


Results analogous to the preceding, but developed from an entirely 
different point of view, have been obtained by Glaisher.!® Here, such 
results appear as very special consequences of the general theorems 
stated in §3. It is clear, of course, that similar results may be obtained 
through the full use of the expansions here given. 


TEHE UNIVERSITY OF NEBRASKA 


» J. W. L. Glaisher, Messenger of Mathematics nos. 166, 169 (1885). 


THE BETTI GROUPS OF THE PRODUCT OF 
TWO NORMAL SPACES 


C. E, CLARK 


1. Introduction. Let R; and R, be homeomorphic to open sets of 
normal spaces. Furthermore, let each of R, and R, contain infinitely . 
many points. For these spaces Alexandroff has defined inner Betti 
groups.! In this paper the inner Betti groups of the topological prod- 
uct R,® R, are studied. 

Let #°CB'(R,), where B” denotes the r-dimensional inner co- 
homology group with the integers as coefficient domain, and let 
i? Be(R:). To these two elements there corresponds an element 
ax ¥’CB (Rix Ry). All such elements with r+p=n generate a 
subgroup Bi(R: Ry) CB*(Ri X Rs). We characterize this subgroup 
(Theorem 3). In addition, we characterize the factor-group 
B3(RiX Rs) = B*( Ri X Ry) /Bi(RiX Ra) (Theorem 4). In doing so we 
show that if @*CB*(R,) is of order #0, and if °C B*(Rs) is of 
order 2" 0, then to these two elements there corresponds an ele- 
ment (8°, @*) EBI" THR X Ra). 

To prove these results we employ Alexandroff’s second definition 
of the inner Betti groups which uses barycentric subdivisions of cov- 
erings.? Furthermore, Freudenthal’s simplicial division of the product 
of two simplexes is used.? 


2. The groups B3(K*xK« mod C**), ¢=1, 2. In this section we 
state without proof some facts about products of complexes which are 
consequences of [3]. Let K* and K"! be finite complexes with subcom- 
plexes C* and C", respectively. Let B” denote the n-dimensional inte- 
gral cohomology group. To #"C B'(K* mod C*) and wE B*(K* mod C°) 
there corresponds the product of. these cohomology classes 
u Xu EB (KXK mod C**). We define BU(K*XK* mod C**) to 
be the subgroup of B*(K*x K= mod C**) generated by—we could 
say consisting of—all u" Xue with r-+p =n. Let e" and æ be the orders 
of #" and u”, respectively, with the understanding.that e=0 when y is 
free. Let (a, b) denote the greatest common divisor of a and b with 
the understanding that (a, 0) =a. 


Received by the editors July 2, 1942. 

1 See [1, 7.2] (Numbers in brackets refer to references at end of paper), 
2 See [1, 9.22 and 9.4]. 

1 See [2]. 
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THEOREM 1. A complete set of relations for the generators u™ Xu’ of 
1(K*xXK* mod C*#*) ss given by 


(1) (e7, e) (u X we) = 0 
and 
(2) E pwit Dam, = D palu X #5) 


where the p's and q's are integers. 


We define B3(K'XK“ mod C**)—B*(K*xXK* mod C**)/Bi 
(K*x Ke mod C**). This factor-group will be characterized in a way 
suitable for our later discussion. 

Let u*CB'(K* mod C*) be of order e*£0 and #°GB*(K* mod C*) 
be of order e*+0. Throughout the paper the superscripts s and a 
will be used only for elements of order different from 0, while super- 
scripts r and p indicate that no restriction is made on the orders 
of the elements. We shall associate with «* and u" an element 
(ut, u) CBS" '(K*xK* mod C**). To do so let s*€u', fri =ets* 
where the dot denotes the coboundary operator, s° Eu", and ft e's". 
For any cocycle s let H(s) denote the cohomology class with s€ H(z). 
We define 





(3) a} —— gt x poy E ue, e) 


(e*, e") 
. We can show that (#*, «*) is independent of the choice of 3’s and f's. 

THEOREM 2. The cosets (u', u°), sto—lon, generate BY(K*xXK* 
mod C**), and a complete set of relations for these generators consists of 
(4) (6*, e) (w, w) = 0 
and 

ae es mm EAO e) 
6) (Lobe, pe e 
(m*, m") ai 

where we consider only those sums 9 pius and > prus with the following 
properties: the p's are integers, and the orders m* and m" of > piu 


and > pju; are the least common multiples of the orders of the terms 
piu, t= 1, 2, oo , and pju, j=l, 2, oS , respectively. 


(si, w) 


3. Coverings and projections. We first associate with cofinal sys- 
tems of coverings‘ of R, and Ry a cofinal system for R; X Ry (our cover- 


‘See [1, 3.5]. 
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ings are finite and consist of open sets). With Alexandroff we say that 
a covering is multiplicative’ if the intersection of any two sets ọf the 
covering is also a set of the covering. Let {Q*} and {Qe} be cofinal 
systems of multiplicative coverings of Rı and Rs, respectively. Let 
Qa = QIX Qs, Let OF follow O*¢ if both @ follows Q* and @& fol- 
lows Qe“, It is easily seen that { Rsa} is a cofinal system of multiplica- 
tive coverings of Ri x Rs. 

If Œ follows Q¢, let S® be the canonical projection? of Q into Qs; 
that is, if M'E 2, then SM? is the smallest open set of Q* such that 
MDS M’. Similarly we have the canonical projection $ of @ into 
Q- if OF follows Qe, With these two projections we shall associate the 
canonical projection S® of Q into Q**. Let WERP and MEW. It 
is easily seen that 


(6) - SU x w= Siu’ x stm’. 


By the barycentric subdivision of a covering’ is meant that sub- 
complex of the nerve of the covering made up of the simplexes whose 
vertices are associated with decreasing sequences of open sets of the 
covering. Let K*, K", and K* be the barycentric subdivisions of Q*, 
Qs, and 0**. We shall show that K*¢ is a simplicial subdivision of 
KKK. 

First, let the r-simplex # of K* be associated with the following 
sets of Qs: 


(7) MD DM. 
Similarly, let # of K* be associated with 


(8) MD- DM, 
Corresponding to these two simplexes there is a set of (r+p)-sim- 
plexes of K** in (1-1)-correspondence with the sequences 


(9) MeX MSD: DMEXMIDMXMID::- DMX 


where ket, J2j, and k+i/=s+j+1. But Freudenthal has shown’ 
that this set of simplexes forms a simplicial division of #' X#. Further- 
more, the cells : X# determined by (9) form a cell complex that is 
isomorphic with KXK“. 


s See [1, 9.2]. 
6 See |1, 9.3]. 
T See [1, 9.22]. 
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Each of the complexes K*, K*, and K*¢ has a special subcomplex? 
Cs, C*, and C** made up of the simplexes all of whose vertices are 
associated with open sets whose closures are not bicompact. We shall 
show that C*xK*+K*xC-CC*, Indeed, suppose the closure of 
each set of (7) is not bicompact. Then the closure of each set of any 
sequence of (9) is not bicompact (because the continuous image of a 
bicompact set is bicompact, and a factor of a product of two sets is 
a continuous image of the product). The same argument holds for a 
simplex of C*, and the above inclusion holds. 

Next suppose #’ is not in C*. This means that M*, the closure of 
the final term of (7), is bicompact. Also suppose # is not in C*. This 
means that M7, from (8), is bicompact. Since the product of the 
closures of two sets is the closure of the product, and since the prod- 
uct of two bicompact sets is bicompact, the last term of (9) has a 
bicompact closure. This means that "X # is not in C**, This with the 
above inclusion means that CX K*+K*xC* = C**, We have proved 
this lemma. 


Lema. The complex K** ts a stmplicsal diviston of K*X K+, and 
C*« is the dsotston of C°XK*+K*XC*. 


The canonical projections S%, $, and SM determine the usual 
homomorphic mappings ø, o$, and p% of the chains of K’ mod C*, 
and so on, into the chains of K* mod C*, and so on.!° We shall show 
that 


(10) peal? X E) = paf X pad 
In (7) replace the superscript a by b and let the resulting sequence 
denote the open sets associated with #’. In the same way we replace 


a by B in (8) and (9) to obtain sequences associated with # and 
XP. From (6) and (9) we see that the left side of (10) is associated 


with the sequences StM$* SEMED ---. But these sequences are as- 
sociated with p's X pff because ptf is associated with SMD -- - 
and pff is associated with S°MsD---. 


The canonical projections S, S$, and S%, determine the usual 
homomorphic mappings o$, og, and of of the chains of K* mod C", 
and so on, into the chains of K* mod C*, and so on.’* From (10) we 


have , 

(11) om(f Xf) = osf X oaf- 

Furthermore, these o’s determine homomorphic mappings 7 of 
* See (1, 9.1]. 


See [1, 2.2]. 
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B*(K* mod C*) into B*(K* mod C*), xg of B*(K* mod C9) into 
B*(K mod C*), and in view of the lemma rh of B*(K* X K* mod a. 
into B*(K*< K’ mod C¥).!! From (11) we ia 


(12) m tt x u) =a X Tsi. 


4. The inner Betti groups of RiXR;. Let B*(R:), BY Ra), and 
B*(RıX Ra) be the inner Betti groups defined in $1. Let @°CB'(R)) 
be of order 2, and #EB’(Rı) be of order #. We shall define 
aX a CBrt+(R, XR). Let ua and w*C a where a and a are in- 
dices of coverings. From (12) we have xri(u™ xu") =ru" Xxgu™. 
Hence we can define 


(13) . ure < wer C gx 


and determine a bundle independent of the choice of coverings. 
A consequence of (2) is 


(14) > 2 X Eqa, = D pga X a. 


It is possible to find coverings with indices b and 8 so that u™ 
and w are of order @ and @, respectively, (indeed, 2" is in the zero 
bundle, and any cohomology class of the zero bundle can be pro- 
jected into a zero cohomology class; furthermore, «™ cannot be of 
order less than 4). This with (1) gives 


(15) (a, a) (B" X G”) = 0. 


Let Bi(Ri X Rs) be the subgroup of B*(RıX Rs) generated by the 
bundles (13) with r+-p =n. 


THEOREM 3. Relations (14) and (15) are a complete set for the gen- 
erators (13) of BI(Ri XR). 


Proor. Let the finite sum DP XH = 0, rtp=n, but rand p can 
vary from term to term. For some coverings with indices a and a we 
have > p.,(u"*x<ue*) = 0. Theorem 1 proves that this latter relation 
is a consequence of (1) and (2). Hence the original relation is a con- 
sequence of (14) and (15) q.e.d. 

Equation (12) shows that wgBi(K*xK* mod C**)CBT(K*xKé 
mod C™). Hence there is a natural homomorphism Mẹ of 
By(K*xX Ke mod C**) into B3(K**K? mod C¥). This natural 
homomorphism is defined as follows. If ¢@*n** is the coset of 
By(K*xXK* mod C*s) that contains the cohomology class #** 
€B*(K*xK* mod C**), then 


u See [1, 2.33]. 
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(16) Lue © =o mgt 
We shall show that U¥0$.= 0%. Indeed, using (16) and the fact that 
Era ore, we have Mpteuse agers =p mergu = phase 
= TM ptus proving the equality in question. We have shown 
that [B3(K*XK mod C*); I$] is a spectrum. Let the direct limit 
of this spectrum be denoted by B§(Ri X Ra). 

Let #CB(R,) and @°€B*(R:) have orders #0 and é +0. 
We shall associate with these two bundles an element (#*, 8°) 
EBI HRX Rs). Consider a cohomology class of the coset (u**, 4°), 
uted, UIER", ut of order #, and u*? of order 2. In view of (3) 
this cohomology class contains a cocycle which may be written 


1 
(2*, æ) 





(17) Gee x this 
with 1s = ages, g**Cy**, and similar relations with superscript oc. 


We have 


1 s ia a s—ia * 
( e (af Xo) 





(18) oag(17) = 


because of (11) and the fact that the operation of forming cobound- 
ary commutes with of.!? But (of f*~*)' = %o%s" with the same rela- 
tion for superscript o. Hence (18) is in a cohomology class of the 
coset (riu, tau”). Letting H(s) still denote the cohomology class 
that contains the cocycle s, we have using these results and (16) that 

w(t, a") = Te (17) = pa A(17) = p18) = (riu", rau™). 
Hence we have a unique bundle (48°, 8°) C BI HRX Ry) defined by 


(19) (n't, ut) E (8°, R°). 
From (4) we obtain 
(20) (2, &)(a", a) = 0. 


Furthermore, let the sums > pig and ) pfa satisfy the conditions 
on the sums in (5). From (5) we have a relation which we label (21). 
The relation (21) is obtained from (5) by replacing each u by &. 


THEOREM 4. The elements (@', R°), s+o—1=n, generate BZ(Ri XR), 
and relations (20) and (21) are a complete sei for these generators. 


Theorem 4 is a consequence of Theorem 2 and the definition of 


3 See [1, Theorem 2.221]. 
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B3(RiXR:) as a direct limit. The proof is similar to the proof of 
Theorem 3. 


THEOREM 5. We have B%(R,X Ri) = B"(R: X Rs) /Bt(Ri XR). 


Proor. It follows from (16) that there is a homomorphic mapping 
of B*(RiX Rs) upon B3(RiX R).4 The kernel of this homomorphism 
consists of the bundles of B*(RıX Rı) which contain elements of the 
groups Bi(K**K* mod C**).4 From (12) and (18) we see that this 
kernel is precisely B7(R: XR). 


X 
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ON THE AVERAGE NUMBER OF REAL ROOTS OF A 
RANDOM ALGEBRAIC EQUATION 


M. KAC 
1. Introduction. Consider the algebraic equation 
(1) Xo + Xir + Xi + -o + Xni = 0, 
where the X's are independent random variables assuming real values 
only, and denote by VY, =N(Xo, -- +, Xa) the number of real roots 
of (1). We want to determine the mean value (mathematical expecta- 


tion =m.e.) of N. when all X’s have the same normal distribution 


with density 

(2) eath, 

This problem was treated by Littlewood and Offord! who also con- 
sidered the cases when the X’s are uniformly distributed in (—1, 1) 


or assume only the values +1 and —1 with equal probabilities. Little- 
wood and Offord obtain in each case the estimate 


m.e. {Nx} S 25(lg n)? + 12 Ign, # 2 2000. 


In our case of normally distributed X’s we shall be able to prove the 
exact formula 


o wi E june [1 — s[e — 29/(1 — a) p 
Iag 

and then obtain the asymptotic relation 

(4) m.e. {Na} ~ (2/r) lg # 

and the estimate 

(5) m.e. {Na} S (2/x) lg n + 14/r, "22. 


In case the X’s are not normally distributed (but all have the same 
distribution with standard deviation 1) one can still prove (4). The 
necessary limiting processes can then be carried out by using the 
central limit theorem of the calculus of probability and, as one may 
expect, the computations will be quite lengthy. On the other hand 
they will contribute relatively little to the general picture and, what 


Presented to the Society, September 10, 1942; received by the editors July 2, 1942. 
1 J. London Math. Soc. vol. 13 (1938) pp. 288-295. No proofs are given in this 
paper, and the present author was unable to find them anywhere in print. 
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is worse, they may darken it by technicalities. We shall therefore as- 
sume in what follows that the X’s are normally distributed with 
density given by formula (2). 


2. A formula for the number of real roots. Let f(x) be a continuous 
function in (— œ, œ) having a continuous first derivative f'(x) and 
only a finite number of turning points in each finite interval. 

Let ¥.(x) be 1 if —e<x<e and 0 otherwise. We then have the 
following lemma. 


Lexma 1. If nether a nor b ts a sero of f(x), then for sufficiently 
small e's 


> 
(1/26) Í VD) a) | dx 


is equal to the number of seros of f(x) inside the interval (a, b). (Multiple 
roots are counted only once.)* 


We first notice that the set E. of those x’s for which y,(f(x)) =1 
ig an open set and is therefore a sum of disjoint open intervals 
qh, Is, Is, oh 

We choose e small enough so that (a) no turning point of f(x) in 
(a, b) lies in the strip —e<y <e unless it happens to be at the same 
time a zero of f(x); (b) no J, includes either a or b. 

Let ti, Ix, - + -, In say, be totally contained in (a, b). Then, since 
it is easily seen that 


f Olde = 2 isisr, 
I, 


we have 


(1/2) | EDIO d= (1/2) Xf | ple) | de = + 


This proves Lemma 1. 
REMARK 1. An easy extension of the above reasoning gives for 
sufficiently small e's 


(1/26) f E) | f(z) | dz = number of zeros of f(x) inside (a, b) + n, 


where 7 =0, 1/2, 1 according as none, one or both of the numbers a, b 
are zeros of f(x). l 
REMARK 2. If f(x) is a polynomial then for sufficiently small e's ' 


3 If f(x) m0 we consider f(x) as not having any roots. 
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po 
1/2) f WADI da 


is equal to the number of real roots of f(x). This is a trivial conse- 
quence of Lemma 1. One might notice that the limits of integration 
are really finite since ¥.(/()) =0 for sufficiently large | x |. 

Remark 3. The choice of e in Remark 2 obviously depends on the 
coefficients of the polynomial. However, we can eliminate e by re- 
stating the result of Remark 2 in the form: 


FA , 
ma (1/29 f ¥.(f(x)) | (x) | dæ = number of real roots of f(x). 


If we put now 
fle) = Xet Xir Fat Xz, 


we get 
00 
(6) N, = lim (1/26 f VAFA) [7a | da. 


We shall need this lemma in what follows. 
Lemma 2. If f(x) is a polynomial of degree n—1, then for every «>0 


-+o 
1/2) f IO] dv 5 38 ~5. 


In this case the set E (see proof of Lemma 1) is a sum of at most 
2n—3 open intervals. Indeed, each J, contains either a real root of 
f(x) or a turning point and there are at most n— 1 real roots and at 
most #—2 turning points. 

The proof of Lemma 2 follows now from the obvious remark that 


f | f(z) | dz S 2em, +1) 15485 In —3, 
I; 


where m, is the number of turning points in J,. 


3. Interchange of two limiting processes. We now reduce the com- 
putation of m.e. {Na} to the computation of m.e. PEDI E } 
by means of this lemma. 


LEMMA 3. 


-Ho 
m.e. {N,} = lim (1/26) f m.e. CAGCONMEKE, |} de. 
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Random variables can be considered as measurable functions de- 
fined on a set Q with a completely additive Lebesgue measure. (The 
measure of Qis 1.) Mathematical expectation (m.e.) is nothing but a 
Lebesgue integral with respect to that measure. Both N, and 
¥.(f(x)) | f'(x)| are then measurable functions on Q and they can be 
represented symbolically as 


Nau) and g(s, p), 
x and e being real parameters. We also have 


m.e. {Wa} = J wd, 


m.e. { gx, u)} = f e u)dp, 


dy indicating that integration is being performed with respect to the 
Lebesgue measure in 2. We first notice that 


(7) m.e. {f- g.(2, uda} = fo m.e. { glz, u) } dx 


This follows from Fubini’s theorem if one notices that the integral 
with respect to dx is really an integral between finite limits (depend- 
ing, of course, on ¢ and u). Furthermore, by Lemma 2 for every e>0 


(1/28) | eds, nda < 3n = 5, 


and hence, by a well known theorem from Lebesgue’s theory, 


im f [0/2 f ee ndz i 
a [im (1/28) fe pdz! du. 


This when combined with (6) and (7) completes the proof of Lemma 3. 


4. A formula for m.e. {Ne L, In order to compute m.e. EAEE), PO 
we need the following lemma. 


LEMMA 4. If Ao, Al, °° t, Ogli Bo, Bi ete Bai are real numbers, 
Dat =a, 2 pi =P, 2 ab, =y and if A =af—y*>0, then the density of the 
joint disiribution of agpXo+ ++ + taniXe-1and BoXot - ++ +harXw1 
4s equal to 


318 E + OM. KAC Apel 
(1/xA'/*) exp { — (pu! — 2yuo -+ as") {A}. oo 
This fact is well known.? 
It also follows from well known facts that 


me. {Ys(aoXe+ +--+ aeiXe1)|BoXe+ +++ + BeiXeal} 
: -Ho : OO, i Pi 
= (1/rA+/”) f ys) | v| exp-{— (Bu? — 2yw + as*)/A) } dudo." S 


Let 


tr» - 
4 


en 
+ 


+o a Bee. 
[Lol exp {> Gut — 2ywo + ar) /A)}do = FH), 


E 
` then F(u) is a continuous function of « and we get 7 


lim (1/2e) m.e. fy (Z 0X1) | 28:x:| } 


= lim (1/2erA¥) Í F(u)du = F(0)/rAt8, 
eü —i = 


But m 
F(0) = f |o] exp{ — a/A}do = A/a 


and finally 
a A dim (1/29 me. {yE aX) EBX} = Aa. 
- If we now put œay=1, eee so, Qama], Bo=0, Bi=1, Py=2x, 
>, Ba-1=("—1)x*-?, we obtain by an elementary computation 
(= 1 


À xa 


It is easy to prove that A >0 for every real x and by combining the 
considerations of this section with Lemma 3 we obtain 


m.e. {Na} i 
(8) 1 f7 (at — prt 4 (a3 — 1a — aae 4 11/2 
w/o (x2 — Pa + x? att. + 233) 


ooo 


3 See for instance S, Bernstein, Sur Pextenston du thécrdeme limis du calcul des proba- 
_ dihtés aux sommes de quantids dépondantes, Math. Ann. vol. 97 (1927) pp. 2-59, in 
particular, chap. 3 (pp. 43-59), This chapter contains limit theorems by means of 
which one can handle the case of not normally distributed X's. Lemma 4 is but a 
` simple consequence of the main results of that chapter. 


` 
* 
-= eer 
’ 
, at 
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5. Estimates and the asymptotic formula. By an elementary trans- 
formation we get 


| ri Go 1/2 
me, (4) = =f SOP as, 
= where 

ax®—1(1 — x?) 

ae eal 


It fedd be mentioned that the value of the integrand at x=1 is 
(i 1/12)/3. We have 


1 — z" = (1— r) (1 + r+ +p. + 22") < dn(l — x) 
“and therefore 
` ha(x) > (1 + x)/2 
i 1— w(x) < [1 — 21 + 2)/2] [1 + 21 + 2/2] 
< 2 — 27°(1-+ 2). 


h,(z) = 


Using the mean value theorem we get 
2 — 271+ x)= (1 — x) [0 + (n — 1)0*7(1 + 0)] 
< (2s — 1)(1 — 2), o al< ' 


Finally, 

“1 — k(x) SA 2) < 2an aa, OS «<1. 
On the other hand 

CHE) JGa- sites. Osaa 


and we can write 


(1 — Ay(2)) un da 1 (Qn — 1)" 
o semen atl. 7 ok 
= (1/2) lg n + (1/2) lg (2 — 1/m) + 2(2 — 1/#)"? < (1/2) lg n + 3-5. 
Finally, 
(9) m.e. {W.} < (2/x) lg n + 14/r, a, es 


In order to obtain a lower estimate let e and 8 be arbitrary posave 
numbers less than 1. We have 





i 
t 
r 
Es 4 ù l * 
i * 
“he . i a8 ~ yt e . i 
r ` 
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ant a 





ne 2 1/2 ; 
| faeces! a (1 Ba(2)) © 
Pe f l l dz> f l ; A 
noas 0 ia 2 " yac? a pire 
But for O<xS1- nel lee 4 l a 3 f 
í | k(x) < sz"? S n(1 — - pHi l Re : 
, se S 


zd this last expression can be made smaller than e ud if ø is sufi- 
, ciently large. Hence, for sufficiently large s, — - 


2 1/3 1/2 
t (1 — k(x Ial T= : 
Í Uee is> f CES ae 
0 ie os a 1— x ; e om 
: P (P; PE - 
1/2 i Wake 

t , ` 1-8) (1-8 ..- j 

; > | = Lie a 


t 


Using (9) and the fact that « and 6 can be made arbitrarily amail we 
obtain the asymptotic formula 


(10) m.e. {Na} ~ (2/x) lg n. 


Let us add that it follows from (9) that the probability that ak -has 
more than o lg # real roots is less than 


2/xo + 14/xr0 lg n. 
This aE is not trivial only in case g >2/r. 


- 


ks 


6. Finel remarks. It is quite clear that the average number of real 
roots of (1) falling in the interval (a, b) is given by formula (8) if one 
replaces — © and +œ by a and b, respectively. The proof of this. 
statement does not differ from the one given above and one must only 
notice that the probability that either a or b is a root of (1) is 0. 

; One can also see almost immediately that if (a, b) does not con- 
“tain either 1 or —1 the average number of real roots of (1) falling 
within (a, b) is O(1). This means, roughly speaking, that most of the 
real roots of most of the equations cluster around 1 and —1. The 
problem of the exact determination of the average distribution of real 
roots of (1) on the real axis will, of course, depend on a more delicate 
treatment of the integral (8). It would also be interesting to’ know 
the higher moments of N.. The present line of attack would lead to > 
very complicated integrals, but it may be hoped that some other ap- 
. proach will, furnish more information about the distribution of the 
. number of real roots of equation (1). ee 
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SOME IMBEDDING THEOREMS AND CHARACTERIZATION 
PROBLEMS OF DISTANCE GEOMETRY 


L. M. BLUMENTHAL 


Introduction.’ The systematic development of abstract distance 
geometry was initiated by Menger’s Untersuchungen [6]! of 1928. - 
The field opened-up by these pioneering papers has been extensively 
cultivated during the past fourteen years with the result that not 
only have the boundaries of the subject been extended far beyond 
what was envisaged a decade and a half ago, but the territory gained 
has,been regained and consolidated by new methods that attain their 
objectives more easily. It is the purpose of this paper to present some 
of these consolidations (Part I) and extensions (Part II1)—at hand 
or in progress—and to point out a few promising regions for future 
exploration. 

PART I 


1. Preliminary definitions. A distance space, in its most general 
aspects, arises upon associating with each ordered pair p, q of ele- 
ments of a “point” set an element pq of a “distance” set, the associa- 
tion being conditioned only by certain very simple rules. If, in par- 
= ticular, the distance set is thè set of non-negative real numbers, 
Pq =qp, while pg =0 if and only if p =q, one obtains the class {£} of 
semimeiric spaces. A semimetric space is metric provided that for each 
three of its points p, q, r the triangle inequality pq +qr 2 pr is satisfied. 

We shall have frequent occasion to consider the determinant 


0 1 1 +--+ 1 
| iO pores pis 
D(p,, $i, tow: oy pı) = 1 papi QO -:> paps ’ 


t 3 
1 piepi Papae O 


formed for & points pı, Ppa, +--+, px Of a semimetric space. With its 
-use the triangle inequality takes the symmetric form D(p, q, r) SO. 
Two distance spaces (or subsets of the same distance space) are 


An address delivered before the Chicago meeting of the Society on April 17, | 
1942, by invitation of the Program Committee; received by the editors May 25, 1942. 
1 See references at end of paper. 
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called congruent or isometric provided there exists a one-to-one, dis- - 
tance-preserving correspondence between their points, and a dtstance 
geomeiry studies those properties of a distance space which are invari- 
ant under the group of congruences. 


2. Problems for euclidean subsets and spaces. It is observed that 
a semimetric space of m elements pi, Ps, © < +, P= is given by a matrix 
(p.p,) of non-negative real numbers—the mutual distances of the m 
points—which, in general, is subject only to the requirements of be- 


‘ing symmetric and having zeros along the principal diagonal. It is 


~~ 


clear that if such a distance matrix be formed for m points of a par- 
ticular space (for example, euclidgan) there is a marked decrease in 
the freedom with which the elements of the matrix may be selected. 
The distinctive character of the space is reflected in the structure (the 
inner relations) of this matrix, and it is natural to seek to classify and 
study distance spaces in terms of this structure.? The first problems 
to which these considerations gave rise were the following ones. 


THE EUCLIDEAN SUBSET PROBLEM. Whai ts the structure of the dis- 


_ tance matrix of a finste semsmeiric space which ts necessary and suffictent 


to insure the euclidean character of the metric? On whai fintie subseis 
(sf any) of an arbttrary semimeiric È 1s st necessary and sufficient to im- 
pose thts mairix structure in order that È may be congruently contained . 
in a euclidean space of a given demenston n 


‘THE EUCLIDEAN SPACE PROBLEM. Let & be any semimetric space. 
What are necessary and suffictent (meirsc) conditions for congruence of 
x with a euclidean space of given dimension? 


The first solutions of both of these problems were given by Men- 


_ger [6]. | 


It is important to observe that the subset problem is the more gen- 
eral one. Of the many solutions that have been given’ for the spate 
problem few advance the solution of the problem of congruent im- 
bedding. This seems due to the fact that in characterizing a space one 


2 There are many ways in which this structure may be described. As seen later, 
one may base the description upon (1) the signs of principal minors of D(pi, ° ° * pm) 
(Menger), (2) the character. of the quadratic form with determinant D (Morse), 
(3) the character of the quadratic form (1/2)2_7 (6,0; +2,b, — p,p) x, (Schoenberg), 
(4) the behavior of the family of functions exp(—)#), > positrve, defined over the 
space of m elements (E. H. Moore, Schoenberg), and so on. It would be useful to add 
to these means of interpreting the structure. ` 

3 It should be mentioned that this formulation of the euclidean subset problem is 
quite different from the original one. 


ll 
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‘imposes from the outset certain obvious necessary conditions that’ 
profoundly affect the type of theorem obtained. So far as imbeddabil- 
ity is concerned, such theorems give only stringent sufficient con- 
ditions. 

Thus Busemann has shown that a convex, externally convex, 
finitely compact metric space is congruent to a euclidean or hyper- 
bolic space provided the locus of points with equal distances from two 
distinct points contains with each distinct pair of its points each 
straight line through them.‘ This interesting result is, however, of 
little use in determining if an arbitrary semimetric space is congru- 
ently contained in a euclidean or hyperbolic space. 

On the other hand, a solution of the euclidean subset problem does 
advance the éolution of the space problem, for if subsets of E, are 
characterized metrically a characterization of E, itself is obtained by 
adjoining properties that distinguish , among its subsets. This is a 
euclidean rather than an abstract space problem. It should be mėn- 
tioned that a characterization of the #, by way of the subset -problem 
is quite likely to contain redundancies in the hypotheses, for it may 
` happen that some of the requirements which are essential for the im- 
bedding of arbitrary semimetric spaces in E, might be dispensed 
. with in the light of those adjoined conditions individualizing the E, 
among its subsets. We shall see an illustration of this later. 

Before turning to the solutions of the two problems posed above, 
we state here the general characterization problem. 


GENERAL CHARACTERIZATION PROBLEM. Let {A} be a given class of 
distance spaces and {A*} a given subclass of {A}. The subclass {A*} 
is. characterised metrically with respect to the class {A} when metric 
condiitons are obtained which are-necessary and suficient to insure that 
any space of {A} satisfying them be congruent with a member of {A*}. 


The problem of ssomeiric or congruent imbeddsng consists in de- 
termining whether a given space A be congruently contained in a 
given space A® (that is, congruent with a subset of A*). The congru- 
ence of the spaces L™ and /™ (1907), the isometric imbedding in 
Urysohn’s space U (or the space C of continuous functions on (0, 1)) 
of each separable metric space are examples. 


3. Solution of euclidean subset and space problems. The problem 
of congruent imbedding of £ in EF, is reduced to a “finite” one by 


‘ For definitions of convexity, external convexity, and so on, see the writer's Dis- 
tance geometries, University of Missouri Studies, vol. 13 (1938), which presents a 
survey of the development of abetract metrica. 
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showing that any semimeiric space is congruenily contained in En 
whenever cach n+3 of tts potnts are. This is described by saying that 
the EH, has congruence order n+3 with respect to the class of semi- 
metric spaces. In the following we give the imbedding theorems with 
weaker hypotheses than those originally imposed.’ 

~- The congruence order n+3 property of the E, is a consequence of 
the following easily proved theorem: 


THEOREM 3.1. A semimeiric È is congruenily contasned in E. 4f and 
only af there exists an snteger r, ran, such that (1) Z contains r+1 
points congruenily imbeddable in E, not in Ei, and (2) eack (r+3)- 
tuple of È containing this (r-+-1)-tuple is imbeddable in E,. Then E és 
congruently contained in E,, notin Ermi. 


This theorem differs principally from Menger’s congruence order 
theorem by not assuming that all (r+3)-tuples are imbeddable in &,, 
but only those that contain a selected set of r+1 points. It thus per- 
mits the presence of free (r-+3)-tuples; that is, sets of r-+3 points 
which are not assumed imbeddable in Æ. We shall meet with other ` 
instances of this kind of freedom later. Further, the proof of the 
property as formulated above dispenses with a separation into cases 
and an induction which feature Menger’s proof. 

The euclidean subset problem is then solved when conditions for 
(1) the imbedding of r-+1 points in Æ, not in #,_1, and (2) the im- 
bedding in E, of (r+3)-tuples containing such a set of r+1 points 
are obtained. Concerning (1) we have this statement: 


THEOREM 3.2. A semsmetrec (r-+1)-tuple pi, fs) + °°, Pryl 45 im- 
beddable in E, notin Er tf and only if 
sgn D(pi, $no Pos) = (— DY, k= 1,2, +> yf. 


This theorem was originally proved by Menger under the heavier 
assumptions that for each integer k (2 <k <r+1) and for each set of 
k of the r+1 points, sgn D(p,,, Pur tto Pa) =(—1)*. Menger later 
observed that as a consequence of a remark of M. Morse it suffices to 
require merely the non-vanishing of the determinants of every k- 
tuple (2SkSr+1) of the points and sen D(pi, pa, +++, Pugs) - 
wa(—1)4t! (k=1, 2, - , r) [5]. It turns out, however, that even 
the non-vanishing of these determinants need not be assumed.’ 


‘In a recent seminar course, the writer has completely revised Menger’s treatment 
of the euclidean problems and obtained simpler proofs and stronger theorems. This 
applies particularly to the difficult matter of quasi-congruence order. 

‘t This is implied also by Schoenberg’s quadratic form criterion, but we shall use 
these results to obtain Schoenberg's theorem. 


~ 
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COROLLARY. If pı, ps, +++, pr are congruenily contatned in Eri 
notin Ea, then the semimeiric (r+-1)-tuple pi, Pn > > +, Pes Dra 48 
tmbeddablein E,, notin Eri, 4f and only tf sgn D(p1, pa, + © +) Pr Pipa) 
=(—1)r, 


It is of interest that the inequality demanded of the determinant 
D of the r-+1 points is strong enough to force the selection of the r 
distances of pı from the remaining r points so that the r-tuples 
Putty Diep Pot ty Per Poor (= 1, 2,- +-+, 7) are euclidean. 
Turning to the imbedding of r+3 points, we have this theorem. - 


THEOREM 3.3. If 1, ©- -, peri are tmbeddable in E, not in Ermi, 
then the semsmetric (r-+3)-tuple Pi, ee otos Prot Pree, Pryt is smbeddable 
in En if and only sf | 


D(p1,° ++, Prat, Pets) = D(p1,-- +, Prats Pros) 
r Dpi, oe Prats Prot, Pris) == 0. 


The proof of this theorem follows familiar lines when it is estab- 
lished that Pu Ps, SOTER g Pr+i: Pris and Pi Pr, oo eg Prti» Pr+a are im- 
beddable in #,, notin E,_,. This is done in a lemma, and the euclidean 
subset problem is completely solved.” 


By despoiling D(po, pı, - - - , Pa) of its bordering, we have 
Do, Pi *: 1 Pr) oF (= 1) #1. 23] bry |, i, J Sey Seg k, 
where pu = (1/2) (bopi+ PoP} — pp). It follows at once from the pre- 
ceding theorems that a semimetric (n+1)-tuple po, Pu © **, Pa 18 


imbeddable in £, if and only if there exists an integer r, r <n, such. 
that for r+1 of the »+1 points, say po, Pu’, Pr | ba, | >0 
(¢,7=1,2,-++,&;kSr) while in case r<n, all (r-+1)st and (r+2)d 
order determinants | bal containing | Daa (4,7=1,2,---+,7) vanish. 
These are precisely the condsisons that the quadratsc form ame ET 
be positive definite of rank r, and we have the theorem of Schoenberg [10]. 
It is easy to see that this condition is equivalent to the form 
>t n0(PiPs)*%-x, being negatively definite of rank r on the hyperplane 
xotziı+ <- +x,=0, and this form of the condition has proved to 
be very useful. 

Turning again to the congruence order »+3 property of the £Z,, it 


1 We see that if pı, +>, $r are imbeddable in E,_;, not in Bs, then the semi- 
metric (r-+1)-tuple 1, ° °°, $n Prp is imbeddable in £, if and only if the sign of their 
determinant D is xof (—1)". An example shows this is no longer valid if the restriction 
that the r points be not imbeddable in E, is dropped; for if pg=qr—ps—1, pr=2, 
gs=3, rs (19), the triple p, q, r is imbeddable in Ey and D(p, q, r, 5) =0, but the 
four points are not congruently contained in a euclidean space. 
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is natural to inquire into the conditions that permit a reduction in 
the number #+3. That this number is in general the smallest integer 
k for which the imbedding of each k-tuple of a semimetric space im- 
plies the imbedding of the whole space in E. follows, as Menger has 
shown, from the existence for each integer s of semimetric spaces of 
n-+3 points which are not imbeddable in E, though each (#-+2)-tuple 
18. 

The construction of these so-called pseudo-£, (#+3)-tuples is 
readily described, but only in the case of pseudo-linear quadruples 
(n= 1) have distance relations characterizing such sets been obtained. 
These quadruples have the form pq=rs=a>0, graps=b>0, 
pr =qs =a +b, and D(p, g, r, 5) = —32 (product of the six distances). 
It would be of interest to find the value of D for a pseudo Es (n+3)- 
tuple. So far it has been shown only that its sign is (—1)*. 

It follows from the preceding remark that pseudo-F, sets of n+3 
points are not imbeddable in any euclidean (or Hilbert) space. 
Pseudo-linear quadruples are clearly imbeddable in a (convex) circle, 
but pseudo-planar quintuples are not imbeddable, so far as is known, 
in any singularity-free surface.’ Recently spaces were constructed by 
Pepper which contain congruently all pseudo-E, (n+3)-tuples [7]. 
They are obtained by appropriately metrizing the union of two n- 
spaces “joined” along a simplex. For »=2 a simpler kind of space 
suffices. This is obtained by metrizing convexly the set consisting of 
the union of three half-planes with a common axis. 

What of pseudo-E, sets of more than »+3 points? The most com- 
plicated part of the Zwetie Untersuchung is devoted to showing that no 
such sets exist; that is, 4f a semimetric space has more than n+3 potnts 
si is smbeddable in En whenever each n-+-2 of tts points has this property. 
This is described by saying that the E, has quast-congruence order 
n+2 with respect to the class of semimetric spaces. We shall return 
to this matter later. 

Having solved the euclidean subset problem, the characterization 
of the whole &, is obtained by adjoining properties distinguishing it 
from its subsets. This yielded the following theorem. 


THEOREM 3.4. A semimeiric space È 1s congruent to En 4f and only 
sf 2 45 complete, convex, externally convex, has each n-+-2 of its potnts 
smbeddable in E, and at least one (n-+1)-tuple not tmbeddable in Eni. 


With this the principal objectives of the Zwette Untersuchung are 
attained. The reader is referred to Distance geomeirtes for a discussion 


t The convex circle is the circle (circumference) with shorter arc metric. 
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of the results of W. A. Wilson who, attacking the space problem 
directly, obtained a characterization theorem in terms of the imbed- 
ding of quadruples instead of (n-+2)-tuples, as well as for the work 
of Aronszajn bearing upon the space problem.” By weakening Wil- 
son's four-point property to require merely that each quadruple con- 
taining a linear triple be imbeddable (weak four-point property) the 
writer allowed the existence of free quadruples. Very recently B. E. 
Gillam characterized the E, by showing that a complete, convex, 
externally convex metric space with the weak four-point property, 
which contains at least one quadruple with non-vanishing deter- 
minant D, while D vanishes for each five points of the space, ts 
logically equivalent to E, [4]. This was accomplished by proving all of 
Hilbert’s postulates for Æ, on the basis of the above assumptions, 
with lines, planes, betweenness and congruence appropriately de- 
fined. 
Parr II 


Foreword. As indicated in the introduction, this part of the paper 
is primarily concerned with extensions rather than consolidations. I 
propose to take up some recently established imbedding and char- 
acterization theorems, along with pertinent notions and concepts, and 
to raise certain questions suggested by them. No attempt is made to 
catalogue all of the new results; on the contrary, I limit myself to the 
discusion of the very few with which I have been connected. 


1. Concerning quasi-congruence order and free m-tuples. We have 
seen that one of the important metric properties of the E, is its pos- 
session of quasi-congruence order n+2 with respect to semimetric 
spaces; that is, any semimetric space bf more than #+3 distinct 
points is congruently contained in the E, whenever each n+2 of its 
points are. Several kinds of inquiries are suggested by this interesting 
concept. | 

(I). It has been observed in Part I that the requirement featuring 
the notion of congruence order »+3 (namely, that each (n+3)-tuple 
be imbeddable in #,) has been weakened by allowing the presence of 
free (n-+3)-tuples (that is, (#-+3)-tuples which are not assumed con- 
gruently imbeddable in Æ.) and the question arises whether a similar 
kind of weakening might be allowable here. Is the imbedding still 
valid if a certain number of the (»-+2)-tuples are free? If so, how 
many of the (n-+2)-tuples might be taken as free? i 

* It should be noted, however, that Wilson’s work is not entirely independent of 


the subset problem for it utilizes Menger’s theorem on the imbedding of #+1 points 
in Es. 3 
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In answering these questions it is first of all clear that it does not 
suffice to require merely that each (n+ 2)-tuple containing a selected 
set of n+ 1 independent points be imbeddable in E,—a type of weak- 
ening immediately suggested by what proved to be effective in the 
case of congruence order. If #=1, for example, this demands only 
that every triple containing a given-pair of distinct points be linear 
(that is, imbeddable in £,). That the linearity of a space does not fol- 
low from this demand is seen by considering the convex circle, which 
is not imbeddable in the E, though each of its triples containing a 
given pair of diametral points is linear. There is, however, an analogue 
of the previous type of weakening. It is given in the following the- 
orem. 


THEOREM 1.1. Let È be a semsmetric space of ai least n+4 dtsiinct 
potnis. È is congruenily coniatned in the En, not the Eni, sf and only sf 
(a) E contasns a set S of n+-2 distinct points of which at least one (n+ 1)- 
tuple is not embeddable in Ey_1, and (b) eack n42 points of Z with at 
least n points in common with S is imbeddable in En. 


Proor. Let pi, pa, -© + +, Patt, Paqa denote the points of S, with the 
first n+1 not imbeddable.in E,_:. Using (b) it follows that these 
n-+1 points are imbeddable in E.. If, now, pu pa >>, Pati, T, $18 
any (%-+3)-tuple of distinct points containing the independent n+1 
points, consider the +4 points formed by annexing the point pais. 
(The case where either 7 or s is p.41 causes no difficulty.) By (b) each 
n-+2 of these n+4 points is congruently contained in E, and hence, 
by the quasi-congruence order +2 property of E., the »-+-4 points 
are imbeddable in E,. Thus each (»+3)-tuple containing the inde- 
pendent (n+ 1)-tuple 1, 2, +--+, $a41 18 imbeddable in FE, and it 
follows that the whole space is congruently contained in F,. 

An example shows that this theorem is no longer valid if the as- 
sumption that at least one (#+1)-tuple of S be not imbeddable in 
. E,-1 18 not made, suppressing at the same time, of course, the re- 
quirement that 2 be not imbeddable in Z,_1. Let 1, ps, pa form a 
plane equilateral triple and label the in-center p, and ps. The semi- 
metric space 2 whose points are pa, pa Ps together with the points of 
the straight line joining pı and pa, with all distances euclidean except 
the distance pipa, which is defined to be the radius of the circumcircle 
of 1, fs, a, contains a subset S of four distinct points (pi, ps, x, F, 
where x, y are any two points of the line other than pı, pẹ) such that 
every four points of È with at least two points in common with S are 
imbeddable in the plane Ey. But the space Z is obviously not imbed- 
dable in Ea. i 
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A more striking way of lifting the demand that every (n+2)- 
tuple be imbeddable in Æ. is given by the following theorems. 


THEOREM 1.2. Let È be semimetric with at least n+k+4 distinct 
potnis. Then 2 ts tmbeddable in E, +f and only if È contains ai most k 
free (n+2)-iuples. i 


Proor. We shall show that each (#+-2)-tuple of X is congruently 
contained in Ew 

Let, then, pi, fa, +--+, Pars be a free (n+2)-tuple. Since there are 
at most & free (n-+2)-tuples and at least n+k+4 points in È it is 
readily seen that this (m-+2)-tuple is contained in an (#+5)-tuple 
which has this (#-+2)-tuple as its only free set of »+2 points. If 
fi, °° >, Pats is such an (#+5)-tuple, each of the three sets of n+4 
of these points obtained by omitting ps, Pasi, Pays in turn have 
all (#-+2)-tuples imbeddable in En, and hence the three (n+4)- 
tuples are themselves imbeddable in £,. It follows that the rank 
of the determinant D of the »+5 points is at most »+2, and so 
D(p,, Pace, Pa Partis Pats) =Q. 

Now each #+1 points of È are imbeddable in F,, for each (n+1)- 
tuple is contained in at least k+3 (m+2)-tuples and not all of these 
are free since, by hypothesis, X contains at most k free (#+2)-tuples. 
Thus, each »+1 of the points pı, pa, © - - , Pays is imbeddable in E. 
Since the determinant D of these n+2 points is zero, it follows that 
the points are imbeddable in E,, and the theorem is proved. 

The same kind of argument yields the next theorem. 


THEOREM 1.3. Let È be semsmeiric wiih power exceeding Xo. Then 
x 4s congruenily contained tn E, 4f and only sf È has at most No free. 
(n-+2)-tuples. 


(II). The literature contains only two proofs of the quasi-congru- 
ence order n+2 property of the Ea., both of which are quite lengthy. 
A direct elementary proof is desired. Since the property is easily 
formulated in terms of determinant or quadratic form theory, at- 
tempts have been made to establish the result purely algebraically. 
For »=1, not a trivial case, a very simple proof has been found by 
the writer, but in general such efforts have so far not been effective. 
Since the complex space K, does not have quasi-congruence order 4 
with respect to the class of complex distance spaces, a proof of the 
property for the E, must depend upon the reality of the field from 
which the distance elements are selected and hence is likely to be 
difficult. On the other hand, the writer has used algebraic methods to 
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materially shorten the two earlier proofs. The question is, it seems, 
still open. 

(III). It would be highly desirable to axiomatize the notion of 
quasi-congruence order or at least to express it in terms of more ele- 
mentary properties of the space. A start in this direction has been 
made by C. V. Robinson and the writer by showing that for complete, 
convex, externally convex meirsic spaces quast-congruence order three 
(wih respect to the class of semsmetric spaces) is equivalent to the absence 
of equilateral triples of distinct points. This was done by establishing 
the following very simple metric characterization of the line [3]. 


THEOREM 1.4. A complete, convex, externally convex meirtc space, 
wiih ai least two potnis, ts a sirasght line sf and only if it does not contain 
an equilateral irsple of dastsnct points. 


This theorem has as immediate corollaries characterizations of the 
line due to Lindenbaum and to Menger. 

More recently the writer showed that a line segment 4s characterized 
among all compact and convex metric spaces by the absence of equilateral 
traples. 

Quasi-congruence order n+2 readily implies the absence of equi- 
lateral (1-+2)-tuples, but not conversely. The half-line, for example, 
has neither equilateral triples nor quasi-congruence order three, and 
the K, has neither equilateral quadruples (with nonzero side) nor 
quasi-congruence order 4. Whats a large class of spaces for which the 
two noitons are logically equsvalent? 

In this connection, I would like to raise the question of interpreting 
topologtcaHy the absence of equilateral &-tuples. Biedermann has 
shown that a connected metric space in which each triple is linear 
(that is, a space strongly without equilateral triples) is, homeo- 
morphic with a line, a ray, or a segment. It was in fact this result 
that motivated Menger’s characterization of euclidean subsets. 
(Menger showed that the homeomorphism of Biedermann is actually 
a congruence.) . 

If, now, one supposes merely that a connected metric space is 
without equilateral triples, what topological properties of the space 
ensue? Is a metric Peano conisnuum without equilateral triples an arc? 
If this is indeed the case (and I conjecture that it is) a topological 
property is given an elegant metric characterization.!® Such problems 
are part of a general program which seeks to determine what topologs- 


1¢ The wnter has now established this conjecture. See New characerisations of seg- 
ments and arcs, Proc. Nat. Acad. Sci. U. S. A. vol. 29 (1943) pp. 107-109. 
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cal properites a space musi possess in order that st may be homeomorphic 
- toa space with given metric properties. ‘ 


2. Congruence indices. Increasing study of characterization prob- 
lems has yielded results that the concepts of congruence and quasi- 
congruence orders are inadequate to describe. To meet this situation 
the notion of relative congruence indices was formulated [1]: 

Let T and T* be two given spaces and {A} a given class of spaces. The 
space T has I'*-relattve congruence indices (n, k) with respect to the class 
{A provided any space A of the class with more than n+k distinct 
potnis is smbeddable in T whenever each n of its points (not necessarily 
disisnci) ts embeddable in T*. 

The space I is called I’-catalyise of indices (n, k) with respect to 
{A} since it (in general) facilitates the desired reaction of imbedding 
A in I’ without participating in the result, for A is not necessarily im- 
beddable in T*. If T=T* the indices (n, k) are called congruence in- 
dices of T with respect to the class {A}. 

It is easy to see that congruence and quasi-congruence ender cor- 
respond to congruence indices (R, 0) and (k, 1), respectively, and that 
if T has I'*-relative congruence indices (, k), then T has I'*-relative 
indices (’, k’) if nSn’ and »+kSn’-+R’, the class of comparison 
spaces being fixed. We order these indices lexicographically, and call 
those indices (s, k) “best” which are not preceded by any indices 
(n’, k’). It is important to observe that this ordering is sof that of 
logical implication, for with respect to the latter criterion the indices 
do not form an ordered set. Thus a two-dimensional spherical cap of 
radius less than ar/2 has, with respect to the class of all semimetric 
spaces, congruence indices (4, 2) and also indices (5, 0), but neither 
set logically implies the other. 

Keeping the comparison class of spaces fixed, let the best congru- 
ence indices of a space T be (#, k), with (n’, k’) the best I*-relative 
congruence indices. The space I is strongly or weakly catalytic ac- 
cording as n’<*# or #’=n, k’<k, respectively. In case the indices 
(n', k) are no better than (n, k), T* is formaly catalytic, while if 
n'<n and k' <k, T* is perfectly catalytic. An open hemisphere of 
Sı., for example, is a strongly catalytic space for S:,,, since by its 
use the best congruence indices (5, 0) of Ss, with respect to semi- 
metric spaces are bettered by the hemisphere-relative congruence in- 
dices (4, 2). In fact, it has been shown that the S,,,“ has T*-relative 
congruence indices (n+2, n) with respect to all semimetric spaces, 

u Sur denotes the =-dimensional surface of a sphere of radius r in Ea,:, with 
geodesic (shorter great circle arc) metric. 
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where I denotes an open (n-dimensional) hemisphere of the 5,,,. 

It is worth noting that pseudo-euclidean spaces fall under the no- 
tion of catalytic spaces. Clearly every subset of a catalytic space is 
catalytic (with tbe same indices) but the interest lies in enlarging 
rather than depleting these spaces, and the problem of finding satu- 
rated catalytic spaces of given indices arises. 

The writer recently proposed the problems of finding the best con- 
gruence indices of the (closed) n-dimensional hemisphere and of small 
n-dimensional spherical caps with respect to (1) the class of semi- 
metric spaces and (2) the set of all subsets of the containing S,,-. 
The second inquiry led to posing the following question: for what 
integer k does the interseciton of each k members of a famsly of convex 
subsets of the n-dimensional spherical surface Sa. imply the extstence of 
a common poini for the famiy? 

In his Missouri dissertation, C. V. Robinson investigated these 
_ problems [9]. He showed that the’best congruence indices of the n- 
dimensional hemisphere with respect to semimetric spaces are 
(2n+-1, 1). Even with respect to subsets of the containing S,,, these | 
indices cannot be bettered. It follows that any subset S of S,,, is 
coverable by a hemi-S,,, provided S contains more than 2n-+-2 dis- 
tinct points and each 2m-+1 of its points is coverable by the hemi- 
ik 

Of particular interest is the plane analogue of a cap theorem to the 
effect that a circular disc will cover a plane set P if and only if each 
three points of P are coverable by the disc. This behavior of the 
circular disc is all the more striking when contrasted with that of 
other convex subsets of the plane such as the square or elliptical disc. 
For nesther of these figures does any such integer k exist; for example, 
for any integer & however large there are plane sets not coverable by 
a square (elliptical) disc even though each & points of the set are so 
coverable. The same is true for any portion of the plane bounded by 
a broken-line curve. The possession of indices (3, 0) with respect to 
subsets of the plane has been made the basis p a characterization of 
the circular disc [8]. 


THEOREM 2.1. The circular disc ts the only connected, simply con- 
necied domain (closure of a bounded open set) of the plane with congru- 
ence indices (3, 0) with respect to plane sets. 


It would be highly desirable to make an exhaustive classification: of 
plane sets according to their congruence indices with respect to sub- 
sets of the plane. The problems involved seem quite difficult and only 
the beginnings of a systematic investigation have been made. With 
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respect to the class of linear subsets we have a partial enumeration 
of linear sets with fixed congruence orders (finite, hyperfinite, and- 
transfinite)." Investigations aimed at completing these results and 
developing a similar theory for plane subsets are now in progress. 

In this connection interest is attached to a new type of problem 
recently considered which | illustrate here for the simplest case. It is 
easily seen that corresponding to each integer k there exists a bounded 
and closed subset of E, with best (finite) congruence order exceeding 
k. Thus if P is an arbitrary bounded and closed linear set, one may 
not assert that any linear set Q is imbeddable in P whenever each & of 
its points are, even for & arbitrarily large. Note that, as is usual in 
imbedding theorems, the condition “every k points of Q are imbed- 
dable in P” is a unilateral one. Suppose, on the other hand, it is also 
assumed that every k potnis of P are tmbeddable in Q. Then one easily 
proves that P and Q are congruent when k=4; that is, +f P and Q are 
linear seis with P or Q bounded and closed, then P = Q sf and only tf each 
four points of P are imbeddable in Q and each four posnts of Q are smbed- 
dable in P. This bilateral type of condition gives rise to several new 
problems and causes the notion of congruence order (based upon uni- 
lateral conditions) to be viewed in a somewhat different light. 

In answering the question raised concerning intersections of convex 
subsets of Sa, the following theorems were obtained. 


THEOREM 2.2. If each n+k+2 members of a famsly of convex sub- 
seis of the sphere S, „ sntersect, and 4f one member contains no St. 
(OSkSxn), then there ts a posnt common to all. 


THEOREM 2.3. A family of more than 2n-+2 convex subsets of Sa, has 
a common poini if each 2n4 1 of them intersect. 


Additional theorems are obtained when the diameters of the con- 
vex subsets ‘are subject to certain restrictions. 


u A space X has hyperfinite congruence order with respect to a class of spaces 
{A} if and only if each member of the clase is imbeddable in Z whenever each of its 
finite subsets are. Thus hyperfinite congruence order is intermediate between finite 
and transfinite congruence orders. Each self-compact linear set has hyperfinite con- 
gruence order with respect to semimetric spaces; examples have been given of linear 
seta with hyperfinite and no finite congruence order, and transfinite but not hyper- 
finite congruence order. The complement of a finite or denumerable linear set has best 
congruence order c (the power of the continuum). These notions were introduced in 
the Missouri dissertation of C. V. Robinson. 

13 A subset of S,,, is convex provided it is a product of hemispheres. This definition 
rules out the whole S,,, and includes a pair of diametral points. Thus from Theorem 
2.2 it follows that a family of convex subsets of Sa,- has a common point whenever 
each 2%-+2 of them intersect. 
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Intersection theorems for convex subsets of E, were obtained by 
Helly. Due to the variety of results such problems on the sphere 
turn out to be more interesting than their analogues in euclidean 
spaces. In contrast, for example, to the Helly theorem in Es which 
states that any family of convex subsets has a non-empty product 
whenever each three members of the family intersect, it is found that 
a family of convex subsets of S, have a common point if each six 
have or (if the family has more than six members) if each five have, 
or (if one member of the family contains no diametral point-pairs) if 
each four have. If each of the convex subsets has spherical diameter 
less than 2rr/3 it suffices for each three of the sets to have a common 
point. It is clear how these results may be translated into “covering” 
theorems for spherical caps. 


3. &supplementation and elliptic space. If 2 is semimetric with 
finite diameter d, denote the set of unordered pairs of its elements by 
S, and let S= Si+ S3, S:-S;=0, be any decomposition of S?into two 
mutually exclusive subsets. Corresponding to such a decomposition, 
a real, non-negative function F(x) is defined: 


F(x) = F, x= $9; ($, q) E Si 
F(x) = 8 — x, x= $q; (~,9) E Sa, 


where ô is a fixed real number not less than d. Transforming metri- 
cally the space 2 by this function F yields a space which is in general 
not semimetric.“ Nor does it necessarily become semimetric upon 
identification of those points p, g (and only those) with pg*= F(pq) 
=, for such an identification is justified (keeping to'a single-valued 
metric) if and only if for each element r of the space pr*=qr". 

If, however, >d, such an identification does convert the trans- 
formed space into a semimetric one whose point set may, on account 
of the identification, differ from that of £. We denote such a space 
by 2* and refer to it as a é-supplement of È (more precisely, the 
éy-supplement of È). We write 2*—sup,2 when there is no need to 
specify the function F. 

An important example of a 6-supplement is obtained by taking the 


M A space F(Z) which arises from = by replacing the metric pg of Z by F(a), 
where F is a real, single-valued, non-negative function defined for every x= pg, 
p, VEZ, is called the metric transform of 2 by F. A study of metric transforms was 
begun by the writer in 1934 (Ergebnisse eines der Mathematischen Kolloquiums, Wien, 
no. 7, pp. 8-10). Metric transforms of euclidean spaces into subsets of Hilbert space 
have been extensively investigated by Schoenberg and von Neumann (1938, 1942). 
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n-dimensional convex spherical surface Sa, as X, and transforming it 
metrically by the function F. 


F(x) = g, == $q; $q S rr/2, 


D F(z) = ar — x, z = pq; pq > qrr/2. 


(Here ô =d.) The resulting semimetric space is the n-dimensional el- 
liptic space E., with space constant r. 

In work still in progress, the notion of é-supplementation is made 
the basis for characterizing subsets of ©, among all semimetric 
spaces [2]. Elliptic space differs profoundly (both metrically and 
topologically) from all spaces heretofore treated and these differences 
make the older methods either inapplicable or extremely tedious. 
Fundamental in our work is the following theorem. 


THEOREM 3.1. A semsmetric È ts congruenily contained in En s sf 
and only if (i) no dsstance in E exceeds xr/2 and (ii) there exists at least 
one funciton F such that the 3-supplemeni of È is tmbeddable congru- 
ently in S,,,, where 6=-r. 


Proor. Let 2 be congruently contained in E... Then evidently 
pqssxr/2 for each pair p, q of elements of 2 Denoting the metric 
transform of S,,- by the function F defined in (f) by sup.-S,,7, we 
have €,,-=s8up.r5.,,- Evidently 


subset €,,, = subset(sup,, Sar) = 8UPrr (subset Sar): 


and hence there exists a sup(subset En.) which is a subset of Sa.. 
Since, now, È is congruently contained in €,,,, there is a subset of 
E.. congruent with È, and, by the above, a supplement of this sub- 
set is a subset of Sa,- Thus, a supplement of È is imbeddable in S,,, 
and the necessity is proved. 

On the other hand suppose that È is semimetric with distances not 
exceeding xr/2 and that some rr-supplement of È is congruently con- 
tained in S,,,. Denote any such supplement by sup Z. Then there 
exists a subset S4, of Sa, Buch that sup È is congruent with Sh.. Now 
BUPrrSa r = subset E., and hence sup,,(sup £) is congruently con- 
tained in E r» 

The proof is complete when it is shown that for every sup È, 
sup.r(sup £) is identical with X. To this end, denote distances in sup 2 
by d(p, q) and in sup,,(sup 2) by d.(p, q). The same argument shows 
that the two pointsets and the two distance-sets are identical, for 
let p=q in Z. Then pq=0. If d(p, g) =0, then delb, g) =0, while if 
dlp, q)=-xr, then d,,(p, g)=0. Hence p=q in È implies p=g in 


336 ' L. M. BLUMENTHAL [May 


8üUPer(sUup 4). Finally, if p and q are distinct points of Z, tben 0< pq 
Sxr/2. If d(p, q) =pq then, since pgSrr/2, dwp, q) =pq>0; while 
if d(p, g) =ar—pg2nr/2, then d,,(p, g) =xrr — (xr — pg) =pq>0, and 
the theorem is proved. 

- By virtue of this theorem, imbedding in €,,, is referred to imbed- 
ding xr-supplements of semimetric spaces in Sa,» In any such supple- 
ment the dibtance pq of two points of È is either unchanged or re- 
placed by xr—pgq, and hence cos (dlp, q)/r) differs from cos (pq/r) at 
most in sign. Applying known imbedding theorems for the Sa., we 
have the following theorem. 


THEOREM 3.2. A semimeiric m-iuple pi, Ha, + ` * , pu ts tmbeddable 
in En. if and only if (i) 0<p.p,Sar/2 (i, f= 1, 2,---, m; ij) and 
(ii) there existis an m-rowed symmeirtc square matrix e= (6), y= +1, 
€,,=1 (¢,7=1,2,-+-,m) such that the determinant | ex Cos (pip,/r)| 
(4,j=1,2,---,m) has rank not exceeding n-+1, wiih a nonvanishing 
principal manors positive. 


A determinant (symmetric) satisfying the condition (ii) of the 
theorem is said to have positive crank not exceeding n-+1. 

Now it is easy to show that each separable semimetric space is con- 
gruently contained in €,,, whenever each of its finite subsets has this 
property, and hence we have obtained necessary and sufficient condi- 
tions for the imbedding of any separable semimetric space in a given 
n-dimensional elliptic space. It is desirable, however, to establish 
reduction theorems which express the imbedding in terms of the con- 
gruent mapping of subsets of a fixed number of points. Such theorems 
hinge upon the following query. 


QUERY. What ts the smallest integer k such that the determinant 
| cos (pip,/r)| ($, j=1, 2,---, m) has positive crank not exceeding 
nti whenever each of sts principal minors of order k has positive 
é-rank not exceeding n-+-1? 


It is conjectured that k=n-+3, but eo far tats has been proved only 
for n=1.4 Thus any separable semimetric space is imbeddable in 
€,, if and only if each four of its points have this property. This can 
be established in other ways, and without the hypothesis of separabil- 
ity. But for »>1, the algebraic method discussed here appears to be 
the only feasible approach. The above conjecture means (if verified) 


u Examples show that k is not less than #-+3. 
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that E., has (like euclidean, hyperbolic and spherical spaces of n- 
dimensions) congruence order »+3. It would be interesting if the 
different topological properties of Ea, would be made manifest by a 
difference in the congruence order. 


4. Concluding remarks. In conclusion it should be observed that 
this paper has been concerned with completely global imbeddings and 
characterizations though interesting results in which local properties 
are assumed have also been obtained. A completely local type of the- 
orem is one characterizing the line segment among all arcs of a metric 
ptolemaic space by the vanishing of the metrically defined Menger 
curvature at each point, while Gauss surfaces have been characterized 
among all compact and convex metric spaces by the existence at each 
point of a metrically defined surface curvature. A different (“mixed”) 
type of imbedding theorem is expressed in terms of the local property 
of imbedding neighborhoods in #, together with the global condition 
that each #+3 points be congruently contained in some euclidean 
space. 

It has not been possible to present here any of the applications 
of metric imbedding theorems to other domains. Metric methods have 
already been successfully applied to many parts of analysis and alge- 
bra as well as to geometry, and there is reason to believe that con- 
tinued cultivation of this field will abundantly increase both the num- 
ber and the importance of these applications. 
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THE FEBRUARY MEETING IN NEW YORK 


The three hundred ninety-fourth meeting of the American Mathe- 
matical Society was held at Columbia University on Saturday, Febru- ` 
ary 27, 1943. The attendance was approximately two hundred includ- _ 
ing the following one hundred sixty-seven members of the Society: 


C. F. Adler, R. L. Anderson, T. W. Anderson, R. G. Archibald, L. A. Arolan, F. E. 
Baker, S. F. Barber, M. F. Becker, E. G. Begle, Stefan Bergman, Felix Bernstein, 
G. D. Birkhoff, Gertrude Blanch, W. M. Bond, C. B. Boyer, H. W. Brinkmann, A. B. 
Brown, Hobart Bushey, J. H Bushey, S. S. Cairns, R. H. Cameron, M. D. Clement, 
L. M. Comer, T. F. Cope, Richard Courant, J. E Crawford, H. B. Curry, M. D, 
Darkow, J. A. Daum, Norman Davids, A. S. Day, Jesse Douglas, Arnold Dresden, 
Nelson Dunford, J. E. Eaton, M. L. Elveback, Paul Erdos, J. M. Feld, W. K, Feller, 
A. D. Fialkow, Edward Fleisher, W. B. Fite, Tomlinson Fort, R. M. Foster, A. H. 
Fox, G. A. Foyle, Hans Fried, Orrin Frink, D. L. Fuller, R. E. Fullerton, H. P. 
Geiringer, B. H. Gere, David Gilbarg, B. P. Gill, A. M. Gleason, M. C. Gray, H. J. 
Greenberg, C. C. Grove, Laura Guggenbuhl, Margaret Gurney, F. C. Hall, N. A. 
Hall, H. K. Hammer, Gerald Harrison, K. E. Hazard, Olaf Helmer, Einar Hille, 
T. R. Holicroft, A. P. Holló, M. W. Hopkins, Harold Hotelling, S. E. Hotelling, 
E. M. Hull, Witold Hurewicz, W. H. Ingram, Nathan Jacobson, R. A. Johnson, H. A. 
Jordan, William Karush, Edward Kasner, S. C. Kleene, J. R. Kline, E. A. Knobe- 
lauch, B. O. Koopman, Mark Kormes, Arthur Korn, M. E. Ladue, Solomon Lefschetz, 
Marguerite Lehr, B. A. Lengyel, D. C. Lewis, Marie Litzinger, E. R. Lorch, Lee 
Lorch, A. N. Lowan, N. H. McCoy, R. S. McKee, C C. MacDuffee, H. B. Mann, 
C. W. Mathews, A. E. Meder, Karl Menger, E. C. Molina, L. W. Miller, H. L. 
Mintzer, R. E. von Mises, A. K. Mitchell, Deane Montgomery, Parry Moon, Richard 
Morris, E. J. Moulton, F. J. Murray, C. A. Nelson, Otto Neugebauer, E. N. Nilson, 
C. O. Oakley, A. F. O'Neill, Oystein Ore, J. C. Oxtoby, E. L. Post, A. L. Putnam, L. L. 
Rauch, Moses Richardson, R. G. D. Richardson, C. E. Rickart, J. F. Ritt, E, K. 
Ritter, P. C. Rosenbloom, Raphael Salem, Arthur Sard, Henry Scheffé, I. J. Schoen- 
berg, Alberta Schuettler, I. E Segal, Seymour Sherman, Max Shiffman, James Singer, 
P. A. Smith, D. E. Spencer, V. E. Spencer, E. R. Stabler, W. J. Strange, W. C. Strodt, 
M. M. Sullivan, J. D. Tamarkin, Peter Treuenfels, A. W. Tucker, J. W. Tukey, D.F. 
Votaw, L. I. Wade, Abraham Wald, G. L. Walker, Wolfgang Wasow, Warren Weaver, 
André Weil, Louis Weisner, Hermann Weyl, George Whaples, A. P. Wheeler, D. V. 
Widder, V. A. Widder, John Williamson, H. P. Wirth, Jacob Wolfowitz, Alexander 
Wundheiler, E. H. Zarantonello, Antoni Zygmund. 


The meeting opened at 10 A.M. in two sections, one for papers in 
Applied Mathematics, Professor J. W. Tukey presiding, and one for 
papers in Analysis, Vice President C. C. MacDuffee presiding. At the 
general session immediately following these sections, Professor Deane 
Montgomery gave an address entitled Transformation groups and 
spheres. This address had been originally scheduled for the 1942 An- 
nual Meeting which was cancelled because of transportation difficul- 
ties. Vice President J. D. Tamarkin presided at this session. 

The afternoan program began at 2 p.m. with a general session at 
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which Professor Nathan Jacobson gave an address entitled Some 
topics in the theory of semi-lsnear transformations. At the close of this 
address, the presiding officer, Vice President C. C. MacDuffee, asked 
all to rise in memory of two well known mathematicians who had 
died recently, E. R. Hedrick and David Hilbert. 

At 3:15 p.m. there were two sections, one for papers in Algebra 
and one for papers in Geometry and Statistics. Professors E. R. 
Lorch and E. J. Moulton were the presiding officers. 

The Council met at 12:30 p.m. in the Men’s Tagay Club of 
Columbia University. 

The Secretary announced the election of the lovne fourteen 

persons to membership in the Society: 


Mr. Louis Fein, Earlham College, Earlham, Ind.; 

Professor Fred George Fender, Rutgers University; 

Mr. N. Knoll Hersh, Tulane University; 

Mr. Clarence Thomas Hill, Ponca City, Okla. ; 

Professor Carl Holtom, Purdue University; 

Mr. Morris E. Levenson, Cooper Umon, New York, N. Y.; 
Mr. Robert Theodore Luginbuhl, University of Pennsylvania; 
Professor Glen Treat Miller, Purdue University; 

Professor Joseph Edward Moston, Knox College; 

Mr. Kenneth Holden Murphy, West Virginia University; 

Mr. Frederick Valentine Pohle, College of Engineering, New York University; 
Mr. Edward John Specht, Washington University; 

Mr. Allen Frederick Strehler, Ohio State University; 

Mr. Joseph Simon Vigder, University of Saskatchewan. 


It was reported that the following had been elected as nominees on 
the Institutional Memberships of the institutions indicated: 


University of California: Messrs. Henry Ludwig Alder, Mark W. Eudey, and Herbert 
Federer, Misses Evelyn Fix and Mildred Lucille Gerini, Messrs. Eric Leo Leh- 
mann and Robert Russell, 

Cornell University: Mesers. Clifford D. Firestone and Alfred Milton Peiser. 

Harvard University: Mesers. Richard F. Arens, Robert Creighton Buck, Lindley 
James Burton, Milton Frank Chauner, Carl Cohen, and James Bruce Crabtree, 
Miss Ellen Elizabeth Fedder, Messrs. Jaime Lifshitz, Roger Conant Lyndon, and 
Pesi Rustom Masani, Dr. Eduardo Hector Zarantonelb. 

Johns Hopkins University: Mrs. Ruth Bari. 

University of Kentucky: Miss Elsie Temple Church. 

Lehigh University: Messrs. James Levert Howell and Charles Miesse. 

Northwestern University: Mr. Richard Lence, Miss Mary Ellen Patno. 

Pennsylvania State College: Mr. Israel Harold Rose, Mrs. Alice Margaret Crawford 


Thorpe. 
University of Toronto: Mesars. William James Robert Crosby and Bernard ‘Noonan. 
Wayne University: Miss Jane Cronin. ~ 
University of Wisconsin: Messrs. Richard V. Andree and Wulf Gotz. 
Yale University: Mr. John George Pocock. 
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The following appointments by the President were reported: as 
auditors of the Society’s books for 1943, Professors Samuel Borofsky 
and A. E. Meder, Jr.; as Chairman of the Committee on Places of 
Meetings for the period 1943-1945, Professor W. B. Carver; asa mem- 
ber of the Committee on Places of Meetings for 1943, Professor C. R. 
Adams; as a member of the Committee on the Award of the Bécher 
Prize, Professor Emil Artin; as Committee on Arrangements for the 
1943 Summer Meeting at Rutgers University, Professors Richard 
Morris (Chairman), T. R. Hollcroft, B. W. Jones, A. E. Meder, Jr., 
C. A.-Nelson, and E. P. Starke; as members of the War Policy Com- 
mittee (joint committee with the Mathematical Association of 
America), Professors M. H. Stone (Chairman), W. D. Cairns, G. C. 
Evans, L. M. Graves, Marston Morse, Dr. Warren Weaver, and Pro- 
fessor G. T. Whyburn; as members of a subcommittee of the War 
Policy Committee, to conduct a bureau of -available teachers of 
mathematics for wartime needs, Professors W. D. Cairns, Arnold 
Dresden, and J. R. Kline; as Committee on Nomination of Officers 
and Members of the Council for 1944, Professors E. W. Chittenden 
(Chairman), E. T. Bell, Saunders MacLane, R. L. Moore, and Dean 
R. G. D. Richardson. 

The Secretary reported that the following had been chosen as the 
voting representatives of editorial committees on the Council tor the 
year 1943: Bulletin—Dean Tomlinson Fort; Transactions—Profes- 
sor Einar Hille; Colloquium—-FProfessor G. T..Whyburn; American 
Journal of Mathematica—Professor Hermann Weyl; Mathematical 
Reviews—Professor Otto Neugebauer. He also reported that Pro- 
fessor G. T. Whyburn had been selected Chairman of the Colloquium 
Editorial Committee for 1943. 

The Council voted to cancel the meeting scheduled for June 16- 
17, 1943, at Oregon State College, in connection with the meetings 
of the Pacific Division of the American Association for the Advance- 
ment of Science. 

The Council approved September 11-13 as the dates for the 1943 
Summer Meeting at Rutgers University. 

The Council adopted the following resolution on the death of 
Professor E. R. Hedrick: 


The Council of the American Mathematical Society records its deep sense of loes 


in the death on February 3, 1943, of Earle Raymond Hedrick. As an active member ` 


of the Society during four decades of its unprecedented growth and development, he 
made contributions which were great in number and varied in character. He gave 
abundantly of his time, thought, and energy to the Society and served it in the official 
capacities of Council member, Trustee, Vice President, President, and Editor-in- 
Chief of the Bulletin. Through membership on many important committees, both 
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within the Society and outside of it, he labored unceasingly toward the advancement 
of the interests and prestige of mathematics at all levels. His activities in the Mathe- 
matical Association of America, The National Council of Teachers of Mathematics, 
and in numerous engineering and other scientific societies were extensive and out- 
standing to a degree hard to comprehend in view of his heavy involvement in Society 
and other responsibilities. Professor Hedrick had a rare combination of broad inter- 
ests, outstanding skill at logical and thorough analysis, good judgment, and ability 
to work effectively with other people. These characteristics invariably singled him out 
and placed him in a position of leadership. 


The Secretary presented a report from President Stone, Chairman 
of the War Policy Committee, which had its first meeting in Philadel- 
phia on February 21, 1943. Members of the Committee and officers of 
the Society and Association are maintaining effective contacts with 
various government agencies, with a view to initiating and accelerat- - 
ing actions which make the best use of mathematically trained and 
qualified personnel under the Army and the Navy Specialized Train- 
ing Programs and in research connected with the war. The Committee 
has recommended that every effort should be made to continue 
scientific meetings, including those arranged on a national scale. 

Titles and cross references to the abstracts of the papers read follow 
below. Papers whose abstract numbers are followed by the letter ¢ 
were read by title. Papers numbered 1 to 5 were read in the section 
for Applied Mathematics, papers 6 to 11 in the section for Analysis, 
papers 12 to 16 in the section for Algebra, and papers 17 to 22 in the 
section for Geometry and Statistics; papers 23 to 35 were read by 
title. Paper 9 was read by Professor Cameron, paper 14 by Dr. Lengyel, 
paper 19 by Professor Kasner. Mr. Ettlinger was introduced by Pro- 
fessor R. L. Moore, and Dr. Schwerdtfeger by Dr. Peter Scherk. 

1. H. J. Greenberg: A pplication of a summabtlity method in solning 
boundary value problems. (Abstract 49-3-118.) 

2. Hilda P. Geiringer: New convergence cases for tteratton methods 
applied to linear equations. (Abstract 49-1-62.) 

3. Arthur Korn: On vibrational vortices. (Abstract 49-1-67.) 

4, Stefan Bergman: A formula for the stream function in compres- 
sthle fluid flow. (Abstract 49-3-116.) 

5. A. H. Fox: Integral representation of the flow of a compressible 
flutd around a cylinder. II. (Abstract 49-5-156.) 

6. Wolfgang Wasow: On a boundary layer problem for a certain 
linear partial differential equation. (Abstract 49-1-50.) 

7. C. E. Rickart: Decomposttion of addtitve set functions. (Abstract 
49-1-99,) 

8. W.C. Strodt: Analytic solutions of nonlinear difference equations. 
Preliminary report. (Abstract 49-1-45.) 
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9. R. H. Cameron and W. T. Martin: An expression for the solution 
of a class of nonlinear integral equations. (Abstract 49-3-110.) 

10. N. A. Hall: Confluence of the basic hypergeomeiric series. (Ab- 
stract 49-1-31.) 

11. Raphael Salem: Sets of uniqueness and sets of R PA (Ab- 
stract 49-3-114.) 

12. Gerald Harrison: The structure of algebratc pa Preliminary 
report. (Abstract 49-1-4.) 

-13. Alexander Wundheiler: An algebraic definition of afine space. 
(Abstract 49-1-20.) 

14. Saunders MacLane and B. A. Lengyel: Imegral invariants of 
a tensor under ihe symmetry operaitons of the 32 crystal classes.Prelimi- 
nary report. (Abstract 49-1-8.) 

15. André Weil: Differentiation in algebraic number-fields. (Abstract 
49-1-19.) 

16. Olaf Helmer: An extensson of the elementary divisor theorem. 
(Abstract 49-1-5.) 

17. Mary E. Ladue: Conformal geomeiry of horn angles of higher 
order. (Abstract 49-1-74.) 

18. Henry Scheffé: On solutions of the Behrens- Fisher problem, based 
on the t-dssirsbuison. (Abstract 49-3-121.) 

19. Edward Kasner and John DeCicco: Generalised dynamical tra- 
jectorses in space. (Abstract 49-3-120.) 

20. W. K. Feller: On the general form of the so-called law of the tter- 
ated logarsthm. (Abstract 49-1-87.) 

21. Domina E. Spencer: The tensor representaiton of the figures of 
Study’s “Geometrie der Dynamen.” (Abstract 49-1-79.) 

22. Jesse Douglas: Potni transformatsons and isothermal families of 
curves. II. (Abstract 49-5-160.) 

23. E. F. Beckenbach: On conjugate harmontc funcitons. (Abstract 
49-3-109-2.) 

24. Joseph Bowden: The quaternary permuiahon funchon and a gen- 
eraltsation of Newton's binomial theorem and Vandermonde's permuta- 
tion theorem. (Abstract 49-3-104-2.) 

25. Nathaniel Coburn: Boundary value problems in plane plasticHy. 
Preliminary report. (Abstract 49-3-117-z.) 

26. L. L. Dines: On linear combinations of quadraitc forms. (Ab- 
stract 49-3-105-#.) 

27. M. G. Ettlinger: On ruci continuous curves. (Abstract 
49-3-122-4.) 

28. W. K. Feller: On a probability limiit theorem of H. Cramér. 
(Abstract 49-1-86-4.) 
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29. K. O. Friedrichs: On nonlinear vibrations of third order. (Ab- 
stract 49-1-61-2.) 
30. O. G. Harrold: A decomposition theorem for certain compacta. 
(Abstract 49-3-123-t.) 
31. Einar Hille and Gabor Szegö: Remarks on ergodic theorems. 
(Abstract 49-5-138-?.) 
32. Fritz John: Instabshsty of certain nonlinear vibrations. (Abstract 
49-1-65-t.) 
. 33. H. Schwerdtfeger: Identsises between skew-symmetric matrices. 
(Abstract 49-3-106-2.) 
34. Gabor Szegd: On the oscillation of diferential transforms. IV. 
Jacobi polynomials. (Abstract 49-3-115-2.) f 
35. J. W. T. Youngs: On the additivity j the Lebesgue area. (Ab- 
stract 49-1-56-#.) 
T. R. HOLLCROFT, 
A ssoctate Secretary 


EARLE RAYMOND HEDRICK—IN MEMORIAM 


On the morning of February 3, 1943, the announcement was made 
from the Rhode Island Hospital at Providence that Dr. Hedrick had 
just died. He had been a patient with an infected lung since early 
in November. ` 

When he retired from the office of Provost and the Vice President 
of the University of California at Los Angeles he accepted a position 
as Visiting Professor of Mathematics at Brown University, and had 
just begun hbis duties there when he was stricken. The shock to the 
University can- well be understood; it was felt throughout the 
academic world. 

It is fitting that we pause to meditate on the life and work of this 
remarkable man. 

Earle Raymond Hedrick was born at Union City, Indiana, Sep- 
tember 27, 1876 of Dutch and German ancertry (Hetrig was the 
earlier spelling). The family migrated to Pennsylvania about 1670. 

The principal biographical facts are given adequately in the Semit- 
ceniennial history of the American Mathematical Socsety, 1888-1938, 
with biographies and bibliographies of the past presidents, by Professor 
R. C. Archibald, for 21 years librarian of the Society. This volume 
contains a complete list of his mathematical writings to that time, 
and much of the history of his contribution to the development of 
mathematics in America. The following statements are taken from it. 

When the late Frank Nelson Cole retired from his various offices 
in the Society in 1921 an opportunity was afforded to make numerous 
fundamental changes in the organization and administration of the 
Society. 

Hedrick was appointed editor-in-chief of the BULLETIN. This office 
he held until his appointment to that of Provost and Vice President 
of the University of California at Los Angeles in 1937. It was a period 
of unparalleled mathematical development in America, and with it 
were evolved many details in arrangement, style of type, etc., that 
have contributed in no smal! degree to the usefulness of the periodical, 
such as the listings of New Publications, and differentiating in the 
contents of odd and even numbers. In this process the size of each 
volume was practically doubled. 

Simultaneously with this development in the make-up of the 
BULLETIN the standard for the acceptance of material became neces- 
sarily high, and the effective presentation of the complex material 
notable. All this required an enormous amount of personal attention 
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to detail. The total effects of these efforts on the place and the tone 
of mathematics in America can hardly be overestimated. 

In appreciation of this service the Council of the American Mathe- 
matical Society directed that volume 44 (1938) of the BULLETIN be 
dedicated to him. The frontispiece of the volume bears his portrait. 

From his earliest years’ Dr. Hedrick always showed a keen interest 
in teaching mathematics from the preparatory school to the graduate 
school. His translation of Goursat’s Cours d'analyse and (in collabo- 
ration with the late C. A. Noble) of the first third of Klein’s Elemen- 
tarmathematsk vom hóheren Standpunkte aus rendered great service 
to students and college teachers. In 1916 the Mathematical Associ- 
ation of America was founded and Hedrick was elected as its first 
president. 

The effort to improve the quality of teaching was always in the 
foreground during his professorship at the University of Missouri. 
A notable contribution is the Series of Mathematical Texts, about 
forty volumes, of which he was general editor. In addition to second- 
ary school and elementary college texts, this series includes several 
important works of a more advanced nature. 

His interest in mechanics early resulted (1909) in the publication 
(with the late O. D. Kellogg) of the Applecattons of the calculus to 
mechanics which proved to be a particularly useful book for those 
teaching calculus to engineers. Besides his own contributions, he has 
also been editor of 34 volumes by various authors in the notable 
Engineering Science Series. Moreover, for five years he was secretary 
of Section A of A.A.A.S. 

His services as administrative officer of the Uniwesity of California 
at Los Angeles will be fittingly treated on another occasion. 

During the last year he was active in the affairs of the School of 
Mechanics at Brown University. 

In all his numerous and exacting duties, each performed with great 
patience and consumate skill, the main characteristic of this man was 
his consideration of human attributes. He was always interested, he 
was always sympathetic and he was always helpful. Probably no one 
has put a deeper imprint on the development of numerous lines men- 
tioned here than he. 

VIRGIL SNYDER 


BOOK REVIEWS 


Methods of correlation analysts. By Mordecai Ezekiel. 2d edition. New 
York, Wiley, 1941. 19+531 pp. $5.00. 


The first edition of this well known work appeared in 1930 and 
had a marked influence upon the users of correlation theory in this 
country. Before its appearance attention had been centered upon the 
calculation of correlation coefficients to many decimal places with too 
much reliance upon probable errors and too much faith in Blakeman’s 
tests. Ezekiel’s book emphasized the regression side of correlation 
with particular stress on nonlinear regression functions. The use of 
free hand fitting of regression curves in simple and mùltiple correla- 
. tion is clearly and quite completely discussed. As a result of the 
simplicity of explanations and the careful description of calculation 
procedures, it soon became one of the most important books in the 
field of correlation. 

The difference between the two editions is a survey of the history 
of the advances in correlation theory during the intervening decade. 
As stated in the preface of the second edition these major changes 
have been “first, in the interpretation of the meaning of standard 
errors and, second in the application of logical limitations to the flexi- 
bility of graphic curves. Other significant developments have been in 
the perfection of new and speedier methods of estimating the reliabil- 
ity of an individual estimate or forecast.” Remaining portions of the 
subject matter are left practically the same. 

In general these changes are well made. Treatment of the reliability 
of an individual forecast is given in Chapter 19. Probability state- 
ments arising in the interpretations of standard errors have been cor- 
rectly made, but the author did not introduce the terminology of 
“confidence interval” and “fiducial limits.” This would be advisable. 
In discussing logical limitations of graphic curves it is carefully noted 
that extrapolation is based on these logical considerations rather than | 
the statistical analysis. Samples give most reliable information for the’ 
ranges of the variables included in the sample. 

Since the general features of the first edition are so well known, it 
seems most important to mention here some of the detail in the new 
edition where particular comment is pertinent. 

The method of identifying classes by open class limits is superior 
to the one used. For example (p. 5)'change the notation from 22.5- 
25.4 bushels to 23-25 bushels. The latter form gives the lowest and 
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highest values included in the class and indicates the accuracy of the 
measurements. 

On p. 10 the text states “Most of the reports come at about the 
middle values and then thin out to both ends (that is, the distribution 
approximates normality). In such cases the standard deviation gives 
a measure of the range within which a definite proportion of the cases 
will be included.” This is followed by a statement of the common area 
values for the normal curve of error. The author should explain that 
these area values are only approximate for non-normal! distributions 
which satisfy the given conditions, and that normality requires a par- 
ticular functional relationship, not merely a graphic similarity. 

On p. 156 the following statement appears, “Since the index of 
determination is simply #,, it is 71.0 per cent.” According to the 
definition given it should be .710. 

In another discussion involving the coefficient of determination 
(p. 159) the following statement is made. “Since the coefficient is a 
ratio, it is a “pure number,” that is, it is an arbitrary mathematical 
measure, whose values fall within a certain limited range, and it can 
be compared only with other constants like itself, derived from simi- 
lar problems.” The arithmetic mean is a ratio, and it depends on unit! 
Furthermore not all ratios are arbitrary! The meaning of the quota- 
tion is vague. The point in question is an important one, and a clear 
explanation should be given. 

On pp. 160-162 the author discusses the interpretation of the 
three types of measure of correlation; regression coefficient, correla- 
tion coefficient, and standard error of estimate. He states that the 
most accurate estimate of values of the dependent variable made from 
the regression equation calculated from a sample will be made from 
that sample for which S,, the standard error of estimate, is the small- 
est. The accuracy of an estimate of y should be interpreted with 
” reference to the importance of a unit change in y. In a sample with 
small variation in the dependent variable two situations may be con- 
sidered: (a) a small variation may be important in case the population 
itself has small variation, or (b) the dependent variable has been so 
controlled in sampling that the variation is materially biased more 
than the usual sampling bias. It is well known that sampling under 
case (b) tends to lower the correlation coefficient and thus to make 
the whole correlation analysis unreliable. In case (a) it is clear that 
Sy must be interpreted in relation to ep The factor (1 —r*)}/? measures 
the improvement in estimation of y due to the use of regression, and 
the smaller the value of r, disregarding sign, the smaller is the amount 
of information supplied by the regression. 
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In introducing linear multiple regression (p. 164) it should be 

«pointed out that the form of the equation assumes the relationship 

between the variables to be additive. The discussion given might lead 
the reader to believe that the linear equation includes all cases. 

Statisticians interested in factor analysis will question the recom- 
mendation that not more than ten, usually five, variables be used in a 
study. 

To obtain such quantities as J X Y and >_X® it should be men- 
tioned that the extensions as made in the text are not needed. An ex- _ 
planation of the use of a calculating machine to shorten the work 
might well be given in the text at an early point. 

One rather general criticism of the book should be made. There is 
throughout the tendency to over-correct calculated constants and to 
over-refine tests of significance. More care should be taken to explain 
the fact that experimental data frequently do not justify the use of 
many of these refinements. To an untrained reader they may imply 
an accuracy of analysis not actually presant. In some cases the sig- 
nificance tests suggested are actually incorrect, as for example the use 
of the standard error of the coefficient of multiple correlation. 

In spite of the above criticisms the reviewer considers this book still 
to be the best in its field. i 

E. L. WELKER 


Finite dimensional vector spaces. By Paul R. Halmos. (Annals of 
Mathematics Studies, no. 7.) Princeton University Press, 1942. 
5+196 pp. 


In this book the author presents the topics covered usually in an 
introductory course in algebra (matrices, linear equations, linear 
transformations, and so on) from the point of view of a modern 
analyst interested in general vector spaces. 

The ever-growing interest in Hilbert and more general linear spaces 
makes the appearance of the book very timely, especially since it 
furnishes an excellent introduction to the subject certainly within the 
grasp of a first-year graduate student or even a good senior or junior. 

The topics are treated in such a manner as to make future generali- . 
zations look both natural and suggestive. This sometimes is done at 
the expense of the shortness of exposition. Some theorems, as the au- 
thor himself confesses, could be proved in fewer lines. He prefers, 
however, longer ee that admit a generalization to shorter ones 
that do not. 

The reviewer finds himself i in complete agreement with this method 
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of presentation, since in the long run it is more economical as far as 
“economy of thought” is concerned. 

Ths book is divided into three chapters: Chapter I, Spaces, Chap- 
ter II, Transformations, and Chapter III, Orthogonality. There are 
also three appendices: on the classical canonical form, on the direct 
products, and on Hilbert space. This last appendix is just a short pre- 
view of what the reader will get into when he takes up further study. 

‘The chapters are divided into sections, and this division was done 
with great care and didactical skill. The headings of the sections indi- 
cate by themselves the impressive variety of topics treated. These 
range from the relatively familiar ones like linear dependence (§§4, 5), 
linear manifolds (§9), or proper values of Hermitean and unitary 
transformations (§62), to those that are of a definitely less familiar 
and more difficult character like reflexivity of finite dimensional 
spaces (§15), polar decomposition (§67), or the ergodic theorem for 
unitary transformations (§76). 

However, the reviewer doubts whether this book could be used 
successfully in a course on matrices and linear equations. The pres- 
entation is definitely that of an analyst and the “algebraic” point of 
view is purposely avoided. The author states in the preface that his 
purpose is “... to emphasize the simple geometric notions common 
to many parts of mathematics, and to do it in a language which gives 
away the trade secrets and tells the students what is in the back of the 
minds of people proving theorems about integral equations and 
Banach spaces.” 

The reviewer thinks that the author succeeded admirably in this 
respect. 

MARK KAC 


The non-singular cubic surfaces. By B. Segre. Oxford, The Clarendon 
Press, 1942. 11+180 pp. 63 figures. $4.50. 


The extensive literature on the cubic surface would hardly justify 
further additions unless such additions contributed a novel approach. 
The novelty of the approach in the case of the volume under review 
justifies its inclusion. 

A non-singular cubic surface F and a triad of planes not belonging 
to a pencil form a pencil the surfaces of which remain non-singular in 
all the intermediate positions from F to the triad of planes. Under 
these circumstances the lines on the surface are always distinct and 
preserve their incidence relations, thus giving rise to the group. 

_ The book is divided into four chapters devoted to (1) the discussion 
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of the lines and the configurations formed by them, (2) the group, 
(3) the properties of the surface under the restriction that it shall be 
- real, with all possibilities of real and imaginary lines, the latter oc- 


'. curring in pairs, (4) the exceptional cases of the pentahedroid. 


In the limiting triad of planes, intersecting by pairs in three lines, 
_. each of which meets F in three points, the 27 lines are represented by 
_> joining these points in pairs. Consider a symbol abc, one of which one 
ig zero, and each of the others may be 1 or 2, or 3, independently of 
each other. The numerical value and the position of each letter in the 
symbol has meaning. Consider the points 1, 2, 3 on each line rn, rs, rs in 
which two planes of the triad iritersect. The position of a refers to 
points on fı and so on. Thus, the symbol 012 is the (image) line hav- 
ing no point on fı, having point 1 on line r, and the point 2 on rs. Two 
lines abc and a’b’c’ intersect when and only when these symbole 
have one and only one element as a=a’, or b=b’, or c=’ alike. The 
configuration of the lines of F can now be expressed in terms of sim- 
ple combinatorial relations in these symbols and expressed graphically 
in axonometric projection. Thus, the following theorems are samples. 
They are immediate consequences of the symbolism. 

Every line meets ten others. 

Given a line r, and any two others, skew to'it and to each other; 
then three other lines can be found having similar relations among 
themselves, but each new line meeting all the lines of the first group. 

Given any line r, there are five others skew to it and to each other. 

The properties of the double sixes and of the tritangent planes fol- 
~ low at once. A plane through a line r meets F in a conic which meets r 
in two points of an involution, the double points of which on the three 
lines of-any tangent plane lie by threes on the sides of a complete 
quadrilateral. 

The second chapter discusses the group of the 27 lines from the 
property that incident relations are preserved. It is shown to have six 
independent generators, directly suggested from the graphical repre- 
sentation. It contains a conjugate set of 36 involutorial operations, 
called o-transformations, each of which interchanges the conjugate 
lines of two complementary sextuples and leaves unaltered the re- 
maining 15. The 15 pairs of parabolic points of the 15 lines of F resi- 
dual to a double six are conjugate with respect to a Schur quadric of 
the double six. The six pairs of parabolic points of the lines of any two 
complementary triplets lie on a space quartic curve of the first kind. 

The third chapter—on real non-singular cubic surfaces—is the 
main theme discussed in the book; it contains about two-thirds of 
the entire volume. Consider the pencil F+A¢é =0, wherein ¢ is a nodal 
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cubic. The six lines of F through the node replace the 12 lines of a 
double six; the incidence relations of the remaining 15 are those of F. 
The classification of surfaces F into four distinct types, according to 
the number of pairs of conjugate imaginary lines, and the addition of 
one more type with 12 pairs of conjugate imaginary lines, now pro- 
ceeds as in the Schläfli enumeration, supplemented by topological 
consideration of the space [19] of all cubic surfaces and the primal 
representing the discriminant of the surface. It is shown that these 
five types comprise all possible forms of non-singular real cubic sur- 
faces. Each of these types is then considered in more detail, the 
graphical representation being applied to each, with special devices 
for representing the imaginary lines of the first and second kind. Ex- 
pressed in this way, the configurations become obvious; the various 
kinds of double sixes are immediately. apparent. The groups of the 
various types are considered further, featuring the differences be- 
tween right-hand and left-hand lines as determined by the sequence 
of parabolic planes and the planes of composite residual section, as the 
plane turns about the line. This study is then applied to the configura- 
tions of the real sextuples of lines of each type, and finally to the 
topology of real cubic surfaces in connection with the real lines. With 
this preparation the form of the parabolic curve on each type is deter- 
mined. 

The last chapter is analytic. It is devoted to the Sylvester penta- 
hedron and to those cubic surfaces invariant under homographic 
transformations. The general cubic surfaces can be expressed by an 
equation involving five cubes of linear forms in one and only one way. 
The only non-singular cubic surfaces for which there is a point V 
such that all their sections by planes through V have the same 
modulus are the cyclic surfaces having V as center. Conversely, all 
the plane sections of the non-conical cyclic cubic surfaces are equian- 
harmonic. A real cubic surface with 27 distinct real lines has always 
a well determined Sylvester pentahedron, consisting of 5 distinct real 
planes, no four of which are dependent. 

Three short appendices appear at the end of the book, devoted 
respectively to the degeneration of a cubic surface into a plane and a 
quadric, the degeneration of a non-singular cubic primal of [4] into 
three primes, and on singular surfaces of a pencil of cubic surfaces. 

The press-work is of the expected excellence of the Clarendon Press. 
The 63 figures are particularly good. The volume is strikingly free of 
typographical errors. 

l VIRGIL SNYDER 


‘NOTES 


A copy of G. N. Watson’s Theory of Bessel’s Functions is urgently 
needed in connection with important war research. Anyone who has a 
copy he would be willing to sell, or to lend for the duration, is re- 
quested to communicate with Dr. Warren Weaver, Chief of the 
Applied Mathematics Panel, National Defense Research Committee, 
Room 5500, 49 West 49th Street, New York, N. Y. 


Nature 1eports a tercentenary celebration of Isaac Newton in 
Great Britain in January. Professor Max Born of the University of 
Edinburgh was chairman of the celebration and the program included 
an address by Professor E. T. Whittaker. 


The Association for Symbolic Logic has announced the election of 
the following officers for the year 1943: President, Professor C. H. 
Langford; Vice President, Professor C. A. Baylis; Secretary-Treas- 
urer, Miss Helen C. Brodie; Members of Executive Committee, Pro- 
fessor Arnold Dresden and Professor F. B. Fitch; Member of Council, 
Dr. A. M. Turing. 


The 1942 Lamme Medal of the American Institute of Electrical 
Engineers has been awarded to Dr. Joseph Slepian of the Westing- 
house Electric and Manufacturing Company. 


Dr. H. G. Barone has been appointed to an assistant professorship 
at Pennsylvania State College. 


Dr. H. F. Bright has been appointed to an assistant seen 
at Denison University. 


Professor Emeritus W. D. Cairns of Oberlin Cilike has been ap- . 
pointed visiting professor of mathematics at the University of New 
Mexico. 


Dr. Nancy Cole of Sweet Briar College is visiting assistant pro- 
fessor at Kenyon College. 


Dr. D. W. Hall of Brown University has been appointed to an 
assistant professorship at the University of Maryland. 


Dr. J. F. Heyda of Michigan State College has been appointed to 
an assistant professorship at Denison University. 


Associate Professor R. C. Hildner of Mt. Union College has been 
appointed to an assistant professorship At the College of Wooster. 
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Assistant Professor R. N. Johanson of Bradley Polytechnic Insti- 
tute has been appointed to an assistant professorship at Hamilton 
College. 


Assistant Professor E. M. Justin of the Case School of Applied 
Science is on leave of absence and is at the University of California 


Dr. Joseph Lehner of Cornell University has accepted a position 
with the Kellex Corporation of New York City. 


Professor E. J. Moulton of Northwestern University is on leave of 
absence, and Professor H. T. Davis is acting head of the department 
of mathematics. 


Assistant Professor W. H. Myers of San Jose State College has 
been appointed acting head of the department of mathematics. 


Mr. N. D. Nelson of the University of Wisconsin has been ap- 
pointed to an assistant professorship at Amherst College. 


Dr. E. A. Nordhaus of the University of Wisconsin at Milwaukee 
has been appointed to an assistant professorship at Michigan State 
College. 


The following appointments to instructorships are announced: 
Allegheny College: Mr. R. E. Smith; Brown University: Mr. D. A. 
Jonah, Mr. P. C. Rosenbloom; University of Chicago: Mr. H. L. 
Meyer. Cornell University: Mr. F. W. Dittman; Denison University: 
Mr. Paul Cramer, Mr. A. C. Moeller, Mr. Robert Sutton, Miss Elaine 
Van Aken, Mr. Z. A. Wilson; Hamilton College: Dr. V. O. McBrien, 
Mr. Fritz Steinhardt; Illinois Institute of Technology: Dr. Edward 
Helly; University of North Carolina: Mrs. F. D. Jacobson, Mr. J. G. 
McAllister, Mr. E. P. Pearce, Mr. C. A. Phillips, Dr. C. M. Smith, 
Mr. C. B. Toxey; Pennsylvania State College: Dr. Helen B. Owens, 
Mr. G. B. Snyder, Mrs. Alice C. Thorpe; University of Rochester: 
Mr. Frederick Bagemihl; Rutgers University: Mr. J. N. B. Livingood. 


The death of Professor David Hilbert of Göttingen University has 
been reported. He was eighty-one years old. 


Dr. W. A. Granville died February 4, 1943, at the age of 79 years. 
He had been a member of the Society from 1897-1934. 


Miss Lilian Hackney of Marshall College died February 4, 1943. 
She had been a member of the Society since 1923. 


Professor H. F. Minssefi, chairman of the department of mathe- 
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matics and vice president of San Jose State College, died February 7, 
1943. 


Professor H. H. Mitchell of the University of Pennsylvania died 
March 13, 1943. He had been a member of the Society since 1909. 


Professor Emeritus L. M. Passano of Massachusetts Institute of 
Technology died January 30, 1943. 


Assistant Professor N.S. Risley of Fenn College died December 30, 
1942. 


The death of Mr. Oscar Schmiedel has been reported. He had been 
a member of the Society since 1892. 


Professor M. H. Tyler of Rhode Island State College died Decem- 
ber 16, 1942. 


Professor J. J. Westemeier of Dowling College, Des Moines, Iowa, 
died February 1, 1943. 


The following seventy-five doctorates, with mathematics or mathe- 
matical physics as a major subject, were conferred during 1942 in 
universities in the United States and Canada; the major subject is 
mathematics unless otherwise specified. The university, month in 
which degree was conferred, minor subject (other than mathematics), 
and the title of the dissertation are given in each case if available. 


Claire F. Adler, New York University, June, minor in physics, 
An isoperimetric problem with an tnequalsty. 


B. H. Arnold, Princeton, June, Rings of operators on vector spaces. 


S. P. Avann, California Institute of Technology, June, minor in 
physics, I. Theory of the t- and o-functtons in semst-modular lattices. 
IT. Lattice automorphisms. 


Sister Saint Augustine Ball, Catholic, November, minor in educa- 
tion, Power funcisons and disiribuiton functions related io “Student's 
test.” 


J. C. Bell, Illinois, October, minors in astronomy and physics, 
An extenston of the parallelism of Clifird. 

T. A. Botts, Virginia, June, Suffictent conditions for generalized- 
curve problems in the caiculus of variations. 


H. K. Brown, Michigan, May, The resolution of boundary value 
problems by means of the finste Fourser transformahon, 
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H. E. Burns, Northwestern, June, Linear operators expressed as 
Green's functions wth spectal applscatson to the elastic plaie problem. 


W. Z. Chien, Toronto, December, minor in civil engineering, The 
sntrinssc theory of elasisc shells and plates. 
D. E. Christie, Princeton, June, Net homotopy for compacta. 


Paul Civin, Duke, May, minor in physics, Two-to-one mappings of 
mantfolds. 


W. G. Clark, Kentucky, June, On generalised quaternton algebras 
and universal Hermsisan forms. 


I. S. Cohen, Johns Hopkins, May, The structure and «deal theory of 
local rings. 


L. L. Cronvich, Wisconsin, June, Deformation of naturally twisted 
compound beams. 


W. F. Eberlein, Harvard, June, Closure, convextiy, and linearity in 
Banach spaces. 


W. C. G. Fraser, Toronto, June, The factorial transform. 


Louis Garfin, Iowa, May, A comparative study of the underlying 
principles of certain pension schemes for a staff of employees with special 
reference to teachers and public employees. 

T. S. George, Duke, May, minor in physics, Concerning the equs- 
librium point of the Green's function for an n-dimensional spherical 
annulus. 

H. F. Gingerich, Illinois, June, minor in phyrics, Generalised fields 
and Desargues configuratsons. 


Caspar Goffman, Ohio State, June, On the converses of certain theo- 
rems on the symmetric structure of sets and functions. 


Saul Gorn, Columbia, May, Homomorphisms and modular func- 
tonals. 

R. W. Hamming, Illinois, June, minor in physics, Some problems in 
the boundary value theory of linear differential equations. 


C. A. Hayes, California (Berkeley), May, Boundary value problems 
for ellapisc systems of linear parisal differential equations. 


L. B. Hedge, Brown, May, I. Moment problem for a bounded region. 
Il. Transformations of multiple Fourier sertes. 
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R. G. Helsel, Ohio State, August, A le application of 
integral means. 


Edwin Hewitt, Harvard, June, A problem of set-theoretic topology. 


Carl Holtom, Chicago, September, Permanent configurations in the 
n-body problem. 


Robert Hooke, Princeton, January, Linear p-adic groups and their 
Lie algebras. 


R. P. Isaacs, Columbia, June, A fintte difference function theory. 
G. K. Kalisch, Chicago, June, On spectal Jordan algebras. ' 


Samuel Kaplan, Michigan, May, Homologies in meiric separable . 
spaces. 

William Karush, Chicago, June, Isopertmetric problems and index 
theorems in the calculus of vartaitons. 

P. J. Kelly, Wisconsin, June, On isometric transformatsons. 

D. E. Kibbey, Illinois, February, minor in physics, Boundary values 
of analytic functions. | 

Mary E. Ladue, Columbia, June, The conformal geometry of horn 
angles of higher order. 


P. A. Lagerstrom, Princeton, June, Measure and integral in par- 
tally ordered spaces. 


J. A. Larrivee, Catholic, May, minor in physics, Effect of the — 


singularsites of a ratsional curve on the symmeirsc correspondence deier- 
mined by residuals on tangents. 


Howard Levi, Columbia, May, On the structure of diferential poly- 
nomials and on thesr theory of ideats. 


J. V. Lewis, California (Berkeley), October, The extstence of solu- 
tions to Lagrange problems for multiple tntegrats. 


L. H. Loomis, Harvard, February, Some studtes on stmply-connected 
Riemann surfaces: I. The problem of imbedding. II. Mapping on the 
boundary for two-classes of surfaces. 


R. R. R. Luckey, Cornell, June, Certain applications of Fourter 
integrals. 

V. O. McBrien, Catholic, May, minor in physics, On some systems 
of orthopolar and Kantor lines related to a quadrangle. 
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G. W. Mackey, Harvard, June, The subspaces of the conjugate of 
an abstract linear space. 


Murray Mannos, Harvard, June, Vector lattices of finite dimension. 


N.S. Mendelsohn, Toronto, June, A group-theoretic charactertsatton 
of the general projectwe collaneaison group. 

C. F. Meyer, George Washington, June, The theory of the moitton 
and capture of free electrons in crystal dtelectric medta. 

Josephine M. Mitchell, Bryn Mawr, June, On double Sturm- 
Liouville series. 

Vladimir Morkovin, Wisconsin, June, On the defle tton of antsotropsc 
thin plates. 

F. G. Myers, Virginia, June, On suffictency conditions for the problem 
of Lagrange. 

Anne F. O'Neill, Radcliffe, June, Contributions to the theory of 
ae svates s 

C. R. Phelps, Harvard. June, A homogeneous algebra with lamsted 
assoctahoity. 

E. J. Pinney, California Institute of Technology, June, minor in 
physics, Calculus of variations in absiract spaces and related topics. 


Harry Pollard, Harvard, February, Studses on the Stieltjes trans- 
form. 


A. L. Putnam, Harvard, June, Integral domains complete in a 
valuation. 


S. E. Rauch, Stanford, June, minor in physics, Mapping properties 
of the second arsthmetic mean of the geometric series. 

D. L. Robb, Catholic, May, minor in physics, Spectal cases of the 
symmeiric correspondence C, and their relaisons to the general Ca. 

Sister Mary de Pazzi Rochford, Notre Dame, May, Integrabslsty 
condshons without dtifferentiabslity assumpitons. 

J. D. Rommel, Kentucky, August, On conservative transformations 
of functions of two variables. 


R. D. Schafer, Chicago, June, Alternatsve algebras over an arbtirary 
freld. 
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Robert Schatten, Columbia, December, On the direct product of 
Banach spaces. 


C. W. Seekins, California Institute of Technology, June, minor in 
physics, Lattice multiplications and residuations. 


H. L. Shih, Harvard, February, Mappings of a 2-mansfold into a 
space. 


R. D. Specht, Wisconsin, June, Secondary effects in the simple bend- 
ing of ellsptecal beams. 


Domina E. Spencer, Massachusetts Institute of Technology, June, 
minor in electrical engineering, A tensor interpretation of Study's 
“Geometrie der Dynamen.” 


Zenon Szatrowski, Northwestern, September, minor in economics, 
Solutions of some tntegro-dsfferentsal equatsons. 


H. S. Thurston, Wisconsin, June, The P-adtc numbers of Hensel. 


R. H. Tripp, lowa State, March, minors in physics and theoretical 
and applied mechanics, Statscal equilibrium of skew and sector shaped 
plates. 


Alice E. Turner, Chicago, September, Singularities of space curves. 


Bernard Vinograde, Michigan, May, Split rings and thetr repre- 
sentatton theory. 


G. L. Walker, Cornell, February, Dsrect product and Lorents 
matrices. 


W. R. Wasow, New York University, June, minor in physics, On 
boundary layer problems tn the theory of ordinary dtfferenttal equations. 


P. A. White, Virginia, June, r-regular convergence spaces. 


J. E. Wilkins, Chicago, December, Multiple integral problems in 
parameirsc form in the calculus of variations. 


Jacob Wolfowitz, New York University, June, minor in physics, 
Additive parititon funcitons and a class of statisitcal hypotheses. 


G. S. Young, Texas, June, Concerning the outer boundarses of certain 
connected domasns. 


The following doctorates were conferred in 1941, but were not in- 
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pp. 346-352). 

J. A. Daum, Nebraska, August, minor in physics, Basic kyper- 
geometric series. 

C. H. Frick, North Carolina, June, The development of formulas for 
columns wtih varying moment of inerisa and end condtisons. 


D. C. May, Princeton, October, An integral formula for analyisc 
functtons of k varsables with some applicatsons. 


A. H. Stone, Princeton, October, Conneciedness and coherence. 


ABSTRACTS OF PAPERS 


SUBMITTED FOR PRESENTATION TO THE SOCIETY 


The following papers have been submitted to the Secretary and the 
Associate Secretaries of the Society for presentation at meetings of 
the Society. They are numbered serially throughout this volume. 
Cross references to them in the reports of the meetings will give the 
number of this volume, the number of the issue, and the serial number 
of the abstract. 


ALGEBRA AND THEORY OF NUMBERS 


125. A. T. Brauer: On the non-existence of odd perfect numbers of- 
form Cas dobar mat: 

If an odd perfect number exists, it must have the form # = p%gPig®s . -. q where 
$, Qi, 9s, °° , Qe are primes and pam li (mod 4). This was proved by Euler. Sylvester 
obtained estimates for $, in particular (24, and i27 if ny0 (mod 3). Recently, it 
was shown by R. Steuerwald (Sitzungsberichte der Bayerischen Akademie der 
Wissenschaften 1937) that the case pı = p= --- mgm 1 is impossible, and by H. J. 
Kanold (J. Reine Angew. Math. vol. 183 (1941)) that the same is true foc 
B, = Bye +++ mB, 2, Moreover Kanold proved that # is not perfect if the greatest 
common divisor d of 26:-+-1, 26:-+1,--+, 26;-+1 is divisible by 9, 15, 21, or 33, and 
some similar results, All these results deal with the case d> 1, In this paper it 18 proved 
that no odd number of form #fgiga <- - 9.19, exists; here d= 1. For the proof some 
theorems of T. Nagell on Diophantine equations are used (Norsk Matematisk Fore- 
nings Skrifter 1921). (Received March 24, 1943.) 


126. R. P. Dilworth: Lattices with unique complements. 


For some time an outstanding problem in lattice theory has been the following: 
Is every lattice having unique complements a Boolean algebra? It is shown here 
that the statement is mof true. Indeed the following counter theorem is proved: Every 
lattice is a sublattice of a lattice with unique complements. (Received March 20, 
1943.) 


127. J. E. Eaton: A Galots theory for diferential fields. 


Let A be an algebraically transcendental extension of the partial differential field T, 
and consider all isomorphisms of A leaving T invariant. These isomorphisms may be 
grouped into a finite number of disjoint sets {m,} = 9 which, with a suitably defined 
multiplication, is a multigroup called the Galois multigroup of A over T. There is a 
1-1 correspondence between the subfields of A containing T and the submultigroups 
of M such that if AE2H, then H is the Galois multigroup of A over A and M//H (the 
multiplicative system of the double coset decomposition of IR with respect to H) is 
the Galois multigroup of A over T. These results are dn extension of the work of 
H. W. Raudenbush (Hypertranscendenial extensions of partsal deferential fields, Bull. 
Amer, Math. Soc. vol. 40, (1934) pp. 714-720) and E. R. Kolchin (Extensions of 
dif erenhal fields, I, Ann. of Math. vol. 43 (1942) pp. 724-729). (Received March 25, 
1943.) 
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128. D. H. Lehmer: On Ramanujan's numerical function t(n). 


Ramanujan's numerical functionr(s) may be defined by $ r(a) 1 = fr(1 —x)*] 5, 
Among several unsolved questions about r(x) is the so-called Ramanujan hypothesis 
to the effect that if p is a prime |+(b) a <2, which Ramanujan verified for primes 
~<30. The present writer, in attempting to disprove this important hypothesis, has 
examined all primes ~<300, as well as p =571, and finds that in all these 47 cases the 
hypothesis holds true. It nearly fails for p=—103 when 1(103) -103-1¥4=—_ —1.918---. 
In connection with this hypothesis Rankin proved in 1939 that asx—-&, x8) agern 
tends to a limit represented by a certain double integral extended over the funda- 
mental region of the full modular group. In this paper a practical method is devised 
for evaluating this Integral whose value is found to be .0320047918814 ---+. Various 
congruence and divisibility properties of r(#) are also discussed. For example r(m) is 
composite foc 1 <#<7921. (Received March 26, 1943.) 


129. A. E. Ross: Positive quaternary quadratic forms representing 
all integers with at most k exceptions. 


In this paper it is shown that there are a finite number of classes of positive 
quaternary quadratic forms which represent all integers with at moet & exceptions. 
The determinants of such forms have an upper bound By.depending on k. This is a 
generalization of the results of Ramanujan (Proc. Cambridge Philos. Soc. vol. 19 
(1917) pp. 11-21), Rosa (Proc. Nat. Acad. Sci. U.S.A. vol. 18 (1932) p. 607) and 
Halmos (Bull. Amer. Math. Soc. vol. 44 (1938) pp. 141-144). Roes gives By= 112 for 
the classic case and Halmos’ results imply that Bı 2,240 in the classic case. (Received 
March 26, 1943.) 


130. L. I. Wade (National Research Fellow): Transcendence prop- 
ertses of the Carliiz y-functton. 


The paper is concerned with quantities transcendental over the field GF(p*, x). 
For the Carlitz ¥-function (L. Carlitz, Duke Math. J. vol. 1 (1935) pp. 137-168) and 
its inverse A(#) the following theorem is proved. If 8 is algebraic (over GF(p*, x)) and 
irrational and if as€0 is algebraic, then ¥(§A(a)) is transcendental over GF(p*, x). 
In a sense this is an analogue of Hilbert’s seventh problem for the transcendence of 
af m die over the rational number field. (Received March 26, 1943.) 


ANALYSIS 


131. L. W. Cohen: On linear equations in Holbert space. 


If the rows of the infinite matrix A=||a,,|| are points in Hilbert space and 
an'a are the m-rowed determinants with elements in A, it is shown that 
det Ags. Begs ety Dongs ei Gh mb11. where Ay... Bureta are m-rowed 
minors of A, B respectively. The senes is summed over all combinations of integers 
Jiu * +, fa and converges absolutely. This identity is used to establish sufficient con- 
ditions in order that the linear system represented by Ax = y havea solution in Hilbert 
space for all y in that space. (Received March 24, 1943.) 


132. R. J. Duffin: Some representations for Fourier transforms. ° 


Let +(x) be an arbitrary function and let f(x) and g(x) be defined by the series: 
Flex) 20, (—1)*((2e—1)/x)/x, glez) =}, (—1)"4(2/(2n—1))/(2#—1). Then if 


” 


£ e 
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cmxl/3/2U3, g(x) is the Fourier sine transform of f(x). The purpose of this paper is to 
give several conditions for the validity of these formulas. (Received March 26, 1943.) 


133. F. A. Ficken: Note on the existence of scalar products in normed 
linear spaces. j 


CTE E F T AEE AIEE E E T E 


nition of a scalar product, it is necessary and sufficient that, whenever a and b are 
real scalars and A and B are vectors, | A| =| B] shall imply (a): aea e 
The necessity of this condition is easily verified. To establish its sufficiency (a) is used 
to prove, for any vectors A and B, that ($): | A+B |!+|4 —B|1=2| 4 |142| B|? 
The sufficiency (and necessity) of condition (§) for the existence of a scalar product 
was established by J. von Neumann and P. Jordan (Ann. of Math. vol. 36 (1935) 
pp. 719-723). (Received March 29, 1943.) 


134. F. A. Ficken: On two cretersa for convextty in a symmetric Ban- 
ack space. 

hie E EE EIE NOIE tl ed E adds eee 
has been shown by Moskovitz and Dines (Duke Math. J. vol. 5 (1939) pp. 520-534; 
Bull. Amer. Math. Soc. vol. 46 (1940) pp. 482-489) that: If a set E is closed and has 
interior points, then E is convex if and only if E has a supporting plane at each point 
of a set which is everywhere dense in its frontier £’. In their work a supporting plane 
is required to contain a point of Æ, and hence can exist only at points of E’ which 
belong to E. Dropping this requirement, their results are used to obtain slightly 


- stronger conclusions without assuming E to be closed. Another criterion, established 


by Jessen for Euclidean #-space (cf. Math. Rev. vol. 2 (1941), p. 261) requires the 
presence, for each point of the complement of E, of a unique nearest point on the 
closure of E, By generalizing the familiar geometric transformation of inversion, this 
criterion is established for the convexity of a compact set, or of any set if Z has the 
property that each bounded subset is compact. (Received March 29, 1943.) 


135. P. R. Halmos: Approximation theortes for measure preserving 


| transformahons. 


Three topologies (called neighborhood, aien; and metric) are introduced into 
the set G of all (1, 1) measure preserving transformations of a finite measure space 
onto itself. The first two of these are the analogues of the strong and the uniform 
topologies, S EE a a eee 
third is defined by the distance function d(S, T) =m {x|Sxy»éTzx}. It is proved that 
the uniform and the metric topologies are identical; in both the neighborhood 
and the metric topologies G becomes a complete topological group. The central 
results in both cases assert that arbitrary measure preserving transformations may 
be approximated by transformations with comperatively simple properties (for 
example, by transformations of finite period). It follows from these approximation 
theorems that the adage according to which ‘in general a measure preserving trans- 
formation is ergodic” is true in the neighborhood topology (that is, the set of ‘ergodic 
transformations is a residual Gj) and false in the metric topology (that is, the set of 
ergodic transformations is nowhere dense). (Received March 2, 1943.) 


136. R. W. Hamming: The asymptotic location of the roots of ex- 
ponental sums having polynomial exponents. 


SA 
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This paper considers the asymptotic location of the zeros “of f(s) => tP, (2) 
exp Q,(s), where P,(s) and Q;(s) are polynomials in s. An inequality concerning certain 
regions covering the zeros is also given. (Received March 1, 1943.) 


137. R. G. Helsel and Tibor Radó: The transformation of double 
integrals. 

Radó and Reichelderfer have established, for certain wide classes of continuous 
transformations in the plane, extremely general topological transformation formulas 
for double integrals. The purpose of the present paper is to show that their results 
imply all of the results on the transformation of double integrals in the literature of 
which the authors are aware. Particular attention is given to the work that W. H. 
Young has done on the transformation of double integrals. The paper also contains 
new results on approximation by integral means. (Received February 19, 1943.) 


138. Einar Hille and Gabor Szegé: Remarks on ergodic theorems. 


Ergodic theorems are considered from the point of view of classical theory of sum- 
mability. In particular, Abelian and Taubenan theorems give relations between the 
existence of (A)-lim T* and (C, k)-lim T™ in a given topology. A detailed study is 
made of the transformation T= Ta = I — Ua where U,f is the fractional integral of f of 
order a. Here the resolvent has an isolated essential singular point at A™1, but 
(A)-lim Tz=0 for 0<a<2 in the strong (but not in the uniform) topology of 
(0, 1) as well as almost everywhere. For 0 <a<1 even lim Tg=0 and for a=1, 
(C, k)-lim Ty =0 for k>1/2. (Received February 27, 1943.) 


139. H. K. Hughes: On a theorem of Newsom. 


A theorem proved by Newsom (Amer. J. Math. vol. 60 (1938) pp. 561-572) 
furnishes an expression from which ıt is often possible to obtain the asymptotic ex- 
' pansions for large values of |s| of the integral function f(s) => %_,e(#)s* (radius of 
convergence = ©), the series being regarded as given. It is assumed that the function 
g(w), where w=x-++4y, 1s single-valued and analytic in the finite w plane, and is less 
in abeolute value than a constant multiple of 6**|y|, k being a positive integer. The 
present paper considers the situation when g(w) has a singularity in the finite plane, 
while the inequality remains satisfied for sufficiently large values of |w|. The result 
is that a certain loop integral must be subtracted from the expression obtained by 
Newsom. A method of obtaining the asymptotic expansion of the loop integral is 
indicated. (Received March 25, 1943 ) 


140. H. D. Huskey: Contributions to the problem of Gedcze. 


Consider a continuous surface S: s = f(x, +) where f(x, y) is continuous on the unit 
square J: OS251, OS991. The area of such a surface is given by A(S) «greatest 
lower bound lim inf A (Pa) where Pa: s™p,(z, Y), Pax, vy) f(x, y) uniformly on J, 
and the greatest lower bound is taken with respect to all such sequences of polyhedra 
(not necessarily inscribed). Let A*(S) denote the value obtained in the preceding 
definition if the polyhedra are required to be inscribed. The problem of Geocze asks: 
When is A(S) = A*(S)? The author has used integral means and results on conver- 
gence in area (Radó and Reichelderfer, Convergence in lengik and convergence in area, 
Duke Math. J. vol 9 (1942) pp. 527-565) to obtain two different proofs that A(S) 
= A*(S) if f(x, y) is absolutely continuous in the sense of Tonelli. (Received February 
19, 1943.) 
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141. D. H. Hyers: A note on the Michal differential in Banach 
spaces. ; 

In this note an example is given which shows that the Michal M-differential (Proc. 
Nat. Acad. Sci. U.S.A. vol. 24 (1938) pp. 340-342 and Bull. Amer. Math. Soc. vol. 45 
(1939) pp. 529-563) is more general than the Fréchet differential in Banach spaces. 
(Received March 27, 1943.) 


142. R. E. Lane: The values of continued fractions and their com- 
pulaiton. 


This paper gives a method of computing the differences between the values of 
successive approximants to a continued fraction and shows how it is often possible 
to find the maximum possible absolute value of the difference between the value of © 
the sth approximant and the value of the continued fraction, The principal result, ` 
the two-circle theorem, gives a necessary and sufficient condition on x for a certain 
linear fractional transformation, v=4,(w), to carry |«—c| S|c| into some portion of 
|o—d| s|d|. The Worpitzky circle, the Paydon-Scott-Wall parabolas, and various 
other element-regions for continued fractions arise as special cases. Among the other 
applications of the two-circle theorem is a simple proof that if the elements of a con- 
tinued fraction lie in a certain parabola, the approximants lie in the inner loop of a 
certain limacon. A generalization of this result is given. (Received March 27, 1943.) 


143. L. H. Loomis: Spherical volume as a coordinate-free basis for 
Lebesgue measure theory. 


The formula for the volume of a sphere is deduced in metric spaces having certain 
homogeneity properties in common with Euclidean spaces. The fundamental proper- 
ties of spherical volume are established, and the whole of classical measure theory 
which does not concern a specific dimension number is then immediately available. 
The development of Lebesgue measure theory is thus freed from the background of a 
coordinate representation as the sth power (in the sense of Cartesian product) of the 
real number system. (Received March 15, 1943.) 


144, Glynn Owens: A boundary value problem for an ordinary non- 
linear diferential equaiton of the second order. 


The uniqueness and existence in the infinite region I[0gx< œ | of the solution of 
the boundary value problem (A): d4y/dx*—(x, y)y a(x, y), 9(0) =0, lime. ¥(x) =0, 
is to be demonstrated in this paper. A fundamental assumption will be that f(x,y) 
is positively and uniformly bounded away from zero, and it is necessary to assume 
that the parameter à is positive and sufficiently great. In the first section of the paper 
the uniqueness and existence of the solution of a certain linear equation is considered. 
In addition certain bounds for the solution are derived which are valid respectively 
in the region J and in a suitable neighborhood of infinity. The principal result, namely 
the treatment of problem (A), is dealt with in section two. There, by linearizing the 
problem (A), subjecting the coefficients of (A) to certain conditions, such as Lipschitz 
requirements and the existence of certain integrals taken over the region J, it is 
proved, with the aid of the results of section one, that the method of successive 
approximations used gives a sequence of functions which converge uniformly in T to 
the desired solution of (A). (Received March 24, 1943.) 
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145. George Pólya: Inequalities for the area of the ellipsoid. 


Let E= E(a, b, c) denote the area of the ellipsoid with semiaxes a, b, c. Let >, m, » 
satisfy the conditions à za 27 20, Atu -+r =2. Define Piw = Pige(G, b, c) = 4r? ee /6; 
the sum bas 6 terms, obtained from ab"? by performing all possible permutations of 
a, b, c. Consider linear’ combinations P—hPygtkh’Pypyt+:>>, assume that 
k0, k >00,- andk+k’+--+- =1; the number of the terms is finite, 21. Now P 
is just as E, a continuous function of a, b, c for a20, 620, c0, positive for a>0, 
b>0, c>0, homogeneous of degree 2, symmetric in a, b, c, and it has the same value 
as E for ambewc (for spheres). The problem is to find all linear combinations P 
“comparable” with E (see G. H. Hardy, J. E. Littlewood, and G. Pélya, Imaqualsites, 
p. 5). A complete solution is given an essential part of which can be stated thus: 
The inequalities E>Piis E< (Pa, eet- Pi.1,0)/2 hold for 6>0, b>0, c>0 and are the | 
| best of their kind. The linear combination (64P1,1,0—2Ps,0,0—-27 Panna) /35 is not 
a P, because it has negative coefficients; but it gives a remarkably good numerical 
approximation to Æ if the ellipsoid is not very different from a sphere. (Received 
- March 26, 1943.) 


146. Robert Schatten: On certain properties of crossnorms. 


For two Banach spaces K;, Ea, a Banach space E, QE: is constructed with a croes- 
nonn N. With E: Eha, there is considered the associate Banach space E: Q Es with a 
norm Ñ, associate with N. Similarly Ñ is defined in X, Q Xs. N is minimal if W*=W 
implies N* zN. N is reflexive if N= N. N has an “associate property” if for a certain 
N*, N* = N. It is shown that minimal and reflexive norms and those having an asoci- 
ate property are identical. The existence of a least crosanorm is proved, and that the 
associate with every crossnorm is also a crossnorm. It is also shown that a uniformly 
convex crossnorm sets up the relation .@E,~= E: Ès, if and only if it is minimal. 
Let k denote a natural number, The values of a crossnorm for all expressions of rank 
at most $ do not necessarily determine the crossenorm. Finally “semi-self-aseociate” 
crossnorms are constructed. In particular, when Ei, Es denote two Hilbert spaces, for 
every natural $, minimal crosenorms S, are constructed, such that Sy—S, and 
Ss=S,=S for all expressions of rank at most k, where 5 denotes the self-ansociate 
crosasnorm for Hilbert spaces constructed by F, J. Murray and J. von Neumann (Ann. 
of Math. (2) vol. 37 (1936) pp. 118-125). (Received February 16, 1943.) 


147. W. S. Snyder: A note on the intertority of real functions. Pre- 
liminary report. 

Let F be a continuous real-valued function defined on a space X. Let A be the 
set of points of X where F has a local maximum and let B denote the set of points 
of X where F has a local minimum. If X is locally connected then the function 
(transformation) F is interior at pC X if and only if pC X-—(A+B). If X has a 
countable basis then F(A -+B) is countable. These results togethér constitute an ex- 
tension of a theorem of Whyburn (Bull. Amer. Math. Soc. vol. 48 (1942) pp. 942- 
945). (Received March 25, 1943.) 


148. Otto Szász: On some eens summaltlity methods and 
Gibbs phenomenon. 


In this peper certain summability methods of trigonometric type are discussed in 
relation to Cesàro summability. Applied to Fourier series they lead to new formulae 
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for the determination of the jump at a point, and toa generalized Gibbs phenomenon. 
In particular, the Fourier series of an integrable function f(#) presents a Gibbs 
phenomenon at 090, whenever for some / 540, (1/a) ff a era as 640. (Re- 
ceived March 1, 1943.) 


149. A. E. Taylor: Banach spaces of functtons represeniable by 
Cauchy's integral formula. 


Let I[¢; s] denote Cauchy's integral (254)7!/o(t)(¢—s)"4dt, the integration ex- 
tended over |:| =1 in the counterclockwise sense. Let E?” be the class of functions 
J(s) representable when |s] <1 by f(z)=I[¢; s], where $(#) is an arbitrary function 
of class L?” on lel =Í, Let G” denote the class of functions representable in the same 
way when [s| >i, Let H?” denote the class of functions f(s) analytic when |s] <i, and 
such that the mean value of | f(re“#)| » on |s| =r is bounded when r<1. It is assumed 
that p>1. The author proves that E” and H?” are identical, and that f(s) is in G” if 
and only if it is analytic when [s] >1, zero at infinity, and such that the mean value 
of |f(ra)| » on |s| =r is bounded when r>1. Any function F(¢) of class L? on |t| =1 
is representable uniquely in the form f(#)+-¢(¢), almost everywhere on la] mÍ, where — 
JEE” and g—G». I[F; s] is equal to f(s) if A <1, and to —g(s) if |s| >1. E?” and G? 
are, in a natural sense, complex Banach spaces equivalent to complementary closed 
linear manifolds M and N, respectively, in Dr. The form of linear functionals on E? 
is determined, and it is proved that (Z*)* is isomorphic with E+, where p-!+q74 =1. 
A sequence { fa(s) } in E” converges weakly to f(s) if and only if fa(s)—f(s), fs <i, 
and the mean value of | fa(re“)| ? on |s| =r is bounded uniformly as to # and r, r<1. 
(Received February 23, 1943.) 





150. W. J. Thron: Twin convergence regions for continued fractons. 


Two regions B, and B, in the complex number plane are called twin convergence 
regions for the continued fraction 1-+K(bs/1) if the conditions ba GB, and by 1GB 
(for all #21) insure its convergence. It is shown that the regions sE By, if |s| SM; 
sGB,,if|s—t| 2 M+eand|s++4| = M-+<«,are twin convergence regions for every arbi- 
trary small «>0 and every positive M< 1. Another family of twin convergence regions 
is formed by sets By and Bi, if both sets are closed and bounded and if s=x++4yG By, 
if ax —-b<y<ax+5; and sC Bi, if ax—1+38<y<axr-+1—). The number a here can 
be an arbitrary real number and b any number 0<b<1. Concerning the bestness of 
these results the following theorem has been proved. Two regions B, and B, can be 
twin convergence regions only if for every sE B, the four points s+4, s—+#, —s-++4, 
—s —f are not interior points of Bı. These results contain and improve certain earlier 
results by Leighton and Wali (Amer. J. Math. vol. 38 (1936) ), Paydon and Wall 
(Duke Math. J. vol. 9 (1942) ) and Leighton and Thron (Duke Math. J. vol. 9 
(1942) ). (Received March ft, 1943.) 


151. S. M. Ulam: Theory of the operation of product of sets. II. Pre- 
liminary report. 

A projective algebra is a Boolean algebra of sets contained in a direct product E* 
of a vet E with itself and closed with respect to the operations of projection of a set 
into the component sets E (considered as a subset of E”) and the direct product of 
# sets of the algebra contained in E. A systematic investigation of structures of 
projective algebras and the properties of projective isomorphisms is undertaken. The 
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cases of infinite projective algebras generated from a finite number of elements by the 
Boolean operations and the operation of direct product and projection, and the ques- 


. tion of existénce of finite bases in the above sense for countable algebras are studied. 


Particular Boolean algebras studied in connection with these ideas include: the 
algebra of all sets of integers modulo finite sets, the algebra of sets of integers modulo 
the sets of density 0, the algebra of finite sums of dyadic intervals on (0, 1), the 
algebra of Borel sets modulo sets of measure 0. (Received March 25, 1943.) 


152. F. A. Valentine: A Lipschsis condsiton preserving extension for 
a vector funciton. 


The function f(x) mapping a set S in the #-dimensional Euclidean space &, into a 
set S’ in Es, and satisfying the condition | f(x) —f(m)| SK| nnl on S, can be ex- 
tended to any set TZD S so as to preserve the Lipschitz condition. This is a generaliza- 
tion of a previous result given by the author for the plane (see Bull. Amer. Math. 
Soc. vol. 49 (1943) p. 100). This extension is a consequence of the following fact: 
Consider in E, a set of hyperspheres which have a point in common. Move these 
hyperpsheres to new positions in E., subject to the condition that the distance be- 
tween any pair of centers is not increased. Then all the hyperspheres in the new 


` positions will still have a point in common. This is first proved for *-++1 hyperspheres. 


~ 


A theorem of Helly is used to proceed from a set containing »-+1 hyperspheres to an 
arbitrary set. Corresponding theorems are obtained for the surface of an n-dimensional 
hyperhemisphere and for a Hilbert space. (Received March 17, 1943.) 


153. H. S. Wall and Marion D. Wetzel: Contributions to the analyitc 
theory of J-fractions. Preliminary report. 


The authors develop the theory of the class of J-fractions 1/(bh +s) —at/(da-ts) 
—ar(by+s)—--+, Gyxt0, all of whose approximants f,(s) satisfy the condition: 
S[fe(s)|<0 for $(s)>0. These J-fractions are completely characterized by the 
condition: >5?_1 9 (8,)x8—> 77 Va, etr41:20, p1, 2,3,---, for all real x, Hence 
they include the classical J-fractions (S$ (b,) = (a) 0) and also those discussed in a 
recent paper of Hellinger and Wall (Ann. of Math. vol. 44 (1943) pp. 103-127) where 
¥(b,) 20, Y(a,) 0. It is shown that all the poles of f,(s) lie in the lower half-plene 
(s) 30 and there exists a nondecreasing function ¢,(w), 05¢,(¥) <1, such that 
Se(s) =f" dey(u)/(s-+); therefore the sequence {fp(s)} is uniformly bounded for 
¥(z) 28>0 and contains an infinite subsequence converging uniformly on the interior 
of the upper half-plane to an integral of the same form, The older theories, including 
asymptotic properties and the moment problem, are extended to this general class of 
J-fractions, (Received March 26, 1943.) 


154. Alexander Weinstein: Diferential equations with general bound- 
ary condttions. 

The following . problem, discussed in this paper, is a typical example of a new 
kind of differential eigenvalue problems. Let fı, f:,--°, £m be a basis of a linear 
manifold L, of functions defined on the boundary C of a domain S. It is required 
to find the eigenvalues of the partial differential equation Ax+As=—0 with the 
boundary conditions: # is orthogonal to all elements of La and du/da is an element 
of La. Other examples of the same kind have been introduced by the author in 
previous papers. The corresponding problems for ordinary differential equations are 
connected with the classical theory. (Received March 23, 1943.) | 
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APPLIED MATHEMATICS 


155. H. R. Branson: On the difference equation of a general quanium 
mechanical problem. 


The problems of quantum mechanics may be derived from the classical functions 
either in the g-language or the p-language. In the ¢-language F(g, p) = F(q, bs—10/8q); 
in the p-language F(q, p) = F(—ks—a/ap, p). With certain types of potential function, 
the p-language leads to difference equations. Because of the great popularity of 
quantum mechanics the expreasion of a general problem in difference equations may 
‘aid in “the creation of a usable mathematics of the discrete”. The usual equation in 
one dimension is H(q, p)y = Ey where H(q, p) =(1/2m)p'+V(q) The equation be- 
comes in the planguage (1/2m)p + V(—h18/dp)y = Ey. Limiting potentials V(g) 
to those which may be expanded in Fourier series, it follows that: V(—Ai-10/ap)y 
wD yng Guy (P+ keh) + by (p —kh) |. With some obvious simplification, the general 
difference equation for this type of one dimensional quantum mechanical problem _ 
may be written in the form yo CP tkk) =0, wherein all C, are constants except 
Cem (p2/2m-+ae-+h,—E). Some examples and extensions are discussed. (Received 
March 25, 1943.} 


156. A. H. Fox: Integral representaiton of the flow of a compressible 
Siusd around a cylinder. II. 


The method outlined in Part Ì (Bull. Amer. Math. Soc. abstract 49-1-60) is applied 
for values of g=0 and g=1/2 to the flow of a perfect gas around a circular obstacle. 
The nature of the variations in the boundary of the flow are discussed, and the effect 
of compressibility on the pressure is considered. (Received February 22, 1943.) 


157. J. F. Harding and Isaac Opatowski: An approximate formula 
for the Legendre elliptic integral of the second ksnd. 


By means of ultraspherical polynomials E = f7"(1—k! sin? ¢)“%dq is expanded in 
Eom (1-+k’)> ank, where k’ = (i—k)¥2, k= (1—k)/(1+h"). By a suitable change of 
the series ) a,k, the formula E= (x/4)(1+%')[0.75+0.18754!+ (4—#)—]+is ob- 
tained, where 0S eS1—(61x/192) =0.00189 --+, which is a simpler and a closer 
approximation than the formulas of G. A. Grunberg (Applied Mathematics and 
Mechanics vol. 1 (1933) pp. 61-69) or those given by J. Thomae (Formeln und Saiss 
aus dem Gelbtete der ellipschen Funkhonen, Leiprig, 1905, p. 29) or by W. Laska 
(Sammlung von Formeln, pp. 501-502). (Received March 26, 1943.) 


158. Wilfred Kaplan and Max Dresden: Topology of the molecular 
N-body problem. 


The N molecules of a gas are considered as mase-particles exerting forces on each 
other derived from a potential of the form ar*—br-™, x >m>0, a>0, b>0. The 
force is thus highly repulsive for small r and weakly attractive for large r. The energy 
integral: Total Kinetic Energy plus Total Potential Energy =Const.mC is then 
interpreted as restricting the trajectories of the system, in the corresponding 6N- 
dimensional phase space, to a (6N—1)-diumensional hypersurface M(C). It is shown 
that for C20, M(C) has the topological structure of a (6N—1)-sphere, minus certain 
(6N —4)-spheres corresponding to collisions. For —8<C<0, where 8 is a certain ex- 
plicitly known function of a, b, #, m (not of N), M(C) is homeomorphic to the. topo- 


t 
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logical product of a (3N—1)-sphere and a 3N-sphere, minus certain (6N —4)-dimen- 
sional loci corresponding to collislons. For Cig ~8 the structure of M(C) has yet to be 
determined. It is planned to correlate the critical values C=0 and C= —8 with the 
physically known transition temperatures such as the critical temperature. (Received 


March 23, 1943.) 


159. Isaac Opatowski: An explictt formula for the refractive index in 
electron optics. 


The refractive index a is expressed in electron optics (W. Glaser, Zeitschrift fur 
Physik vol. 81 (1933) pp. 647-686) in terms of the electrostatic potential V, the 
magnetic vector potential A and the unit vector a, which is defined as tangent to the 
electron trajectory. Since s is not known a priori and is a function of V and A, the 
elimination of a from the expression of p is of advantage. This is done in the paper 
for a very ample class of fields in which a momentum integral of the equations of 
motion exists (Bull. Amer. Math. Soc. vol. 46 (1940) p. 887 and Journal of Mathe- 
matics and Physics vol. 20 (1941) pp. 418-424). (Received March 26, 1943.) 


GEOMETRY 


160. Jesse Douglas: Posni transformations and tsothermal families of 
curves. II. 


This paper is a continuation of one with the same title (see Bull. Amer. Math. 
Soc, abstract 49-1-71). Its new feature is the principal use of synthetic rather than 
analytic methods. The problem is referred to the investigation of certain properties of 
a hexagonal web. (Received February 27, 1943.) 


161. Jacques Dutka: Transversalsty in higher space. 


In this paper, a geometric criterion for transversality developed by Kasner in his 
paper Trassversalty in space of three dimensions (Trans. Amer. Math. Soc. vol. 30 
(1928) pp. 447-452) is generalized for s-dimensional Euclidean space. It is shown 
here that a necessary and sufficient condition for a given correspondence between a 
lineal element and a hypersurface element to be a transversality is thet a certain 
induced correlation be a polarity. A principle of transference connecting simple and 
(s—1)-fold integrals in the calculus of variations when they produce equivalent 
transversalities is established. The result obtained is applied to the theory of in- 
finitesimal contact transformations from which are derived analytic tests equivalent 
to the above-mentioned geometric criterion. Actual examples of transversalities in 
addition to the well known condition of orthogonality are also given. (Received 
March 25, 1943.) 


162. Jacques Hadamard: On fracitonal steraiton and connected 
questions. 

The author presents some results communicated to him by two younger geometers 
on fractional iteration and permutable transformations in one variable. This subject 
is connected with group theory or, more precisely, with Cartan’s conception of 
geodesics in a group-space. (Received March 27, 1943.) 
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163. T. R. Hollcroft: Plane curve systems with distinct nodes and 
cusps and of negative virtual dimenston. 


In this paper a system C of plane curves is defined by plane sections of a tangent 
cone of species r—2 from an Smu to a nonsingular, irreducible primal V,. of order 
yin Sn The only singularities of C are distinct nodes and cuspe. The system C has a 
negative virtual dimension for certain limiting values of r and ». The above has been 
presented to the Society (Bull. Amer. Math. Soc. abstract 44-11-412). At that time, 
- the system C had not been proved irreducible. The irreducibility of C has been estab- 
lished, These systems are at present the only plane curve systems known to exist of 
negative virtual dimension with no other singularities than distinct nodes and cusps. 
(Received March 26, 1943.) 


164. Edward Kasner and John DeCicco: Generalised transformation 
theory of ssothermat families. 


Kasner has proved that the complete group of lineal-element transformations 
which send every isothermal family of curves into an isothermal family is the product 
of the conformal group by the non-contact group U=s, V =y, @=a6-+h(u)-+k(r). 
(Note that (x, 9) are the minimal coordinates of the point and @ is the inclination.) 
Further generalizations have been given by the authors to first order field-element 
transformations and curvature-element transformations (Proc. Nat. Acad. Sci. U.S.A. 
vol, 27 (1941) pp. 406-412, vol. 28 (1942) pp. 52-55 and pp. 328-338). In this paper, 
the authors determine all sth order field-element to lineal-element transforma- 
tions which preserve the isothermal character. Denote fa=8%8/3w", tym 0@/av4, 
Sap = 8746 /8u"de for a, p=1, 2, -< - , #. Any transformation of our set must be of the 
form U=¢(s, ta, Sas), VF =C, Sap, t8), Omab (Sag) A(t, ra, Sap) HRC, Sap, t8), or this 
type followed by a reflection in the X-axis. Finally it is shown that the total set of all 
ath order differential-element to lineal-element transformations preserving the class of 
all isothermal! families is exactly the Kasner group. (Received March 23, 1943.) 


165. Edward Kasner and John DeCicco: The congruence of element- 
sertes associated with a polygentc function. 


The derivative y =—dw/ds of the polygenic function w with respect to s induces a 
correspondence T between the lineal-elements (x, y, 8) of the s-plane and the points 
y=~a-+48 of the yplane. This associated transformation T carries the œ! elements 
at a point in the s-plane into a circle (the Kasner circle) in the y-plane. However, a 
point in the y-plane does not correspond to a single element but to a series of elements. 
Therefore, in general, there exists a congruence (%23) of series in the s-plane which by 
T is converted into the set of œ? points in the y-plane. Kasner has already deter- 
mined those polygenic functions for which the associated ©% series are all unions. 
In that event, the unions are all circles passing through a fixed point (Bull. Amer. 
Math. Soc. vol. 44 (1938) pp. 726-732). In this paper, a complete analytic character- 
ization of the congruence of element-series associated with any polygenic function Is 
given. One geometric property is that, if the tangent turbines of the «1 serles which 
pass through a given point s are constructed at s, the centers of these turbines will 
describe a conic section. (March 23, 1943.) 


166. J. E. Wilkins: A special class of surfaces in projectwwe differ- 
ential geometry. 
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It is known that the asymptotic osculating quadrics at a point of a curve on a 
surface coincide if and only if the curve is tangent to a curve of Darboux and the 
surface satisfies the relation (1) Apt yet, This paper investigates the properties of 
surfaces which satisfy this relation indentically. In particular coincidence surfaces 
possess all of these properties. There exist, however, surfaces satisfying the relation 
(1) which are not coincidence surfaces. A necessary and sufficient condition that a 
surface which satisfies (1) be also a cubic surface is given and used to prove that there 
is, in the sense of projective equivalence, only one cubic coincidence surface. (Received 
March 11, 1943.) é 


LOGIC AND*- FOUNDATIONS 


` 167. B. A. Bernstein: Postulate sets for Boolean rings. 


The author gives nine sets of postulates for Boolean rings in terms of ring opere- 
tions. Each set is independent, and remains independent when a unit-element postu- 
late is added. (Received March 25, 1943.) 


168. Max Zorn: Informal note on the second undersvabsisty theorem. 


` The content of this note may be condensed into one question: In which sense does 
a formula like (Ex) (Form (x) & Bew (x)), which from the formalist point of view has 
no independent meaning, “represent” the consistency of a formalism in the sense of 
Hilbert? The answer to this question is expected from those who insist that the 
underivability of such formulae constitutes evidence in support of the opinion that 
finitary consistency proofs of the type which so far have been employed by the Hilbert 
school probably cannot be found for the arithmetic formalism or Principia Maike- 
malica. (Received March 27, 1943.) 


STATISTICS AND PROBABILITY 


169. Leon Alaoglu: Harmonic analysts of stochastic processes. Pre- 
liminary report. 2 


If Q is a differential stochastic process of elements s(t) which are complex- - 
valued functions of a real variable $ such that the distribution function of- 
the variable o”(s(i+-&) —s(#)) is independent of @ (@ real) and if the expectations 
F(t) = fols() —s(0)| 4P, m) = fa(s(t)—s(0))dP exist, the first being bounded and 
the second vanishing, then the Fourier transform of the function s(¢) exists for 
almost all s and defines a stationary stochastic process. (Received March 26, 1943.) 


TOPOLOGY 
170. B. H. Arnold: On decompostitons of T, spaces. 


Several authors (Banach, Théorie des Optrations Liméatres, p. 170; Eilenberg, Ann. 
of Math. vol. 43 (1942) pp. 568-579; Eidelheit, Studia Mathematica vol. 9 (1940) 
pp. 97-105) have proved theorems of the form: The “structure” of a certain class of 
transformations defined on a suitable space A to a fixed suitable space B determines 
the space A. In the present paper the author proves an analogous result which is 
valid for a very wide class of spaces A, but at the expense of allowing B to become 
variable. If two 7; spaces, A, A’ are such that the ordered system M of the upper 
semicontinuous decompositions of A is isomorphic to that of A’, then A and A’ are 
homeomorphic. Separation, connectedness, and compactness properties of the space 
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A are expressed in terms of order properties of M and a procedure is given which — 
allows A to be constructed from M, again arag paly order properties of M. (Received 
March 6, 1943.) 


171. D. G. Bourgin: On a quasi linear operation. 


Let E be a linear topological space which is convex (though this last restriction 
can be weakened). The operators referred to below are on a subset of E to E, satisfy 
Ular +a) «a, T(z) +U (y) for a 20, attage1, and are continuous. A typical 
~ result is that uf @ induces an automorphism of the convex bicompact set KCE then 
the relation @¢=(¥¢-+-y)/2 where ¥(K) =K implies y ==, An incidental result is 
that under certain fairly general conditions'U may be extended to U’ on the closed 
linear extension of the original domain and then satisfies U’(ax-+-by) =a U’ (x)+50'(y) 
+(a+5—1)0’(6) and is merely a translation plus a linear transformation. (Received 
March 26, 1943.) 


172. R. H. Fox: Natural systems of homomorphisms. Preliminary 
` report. 


Let Ppp denote the kth homotopy group of a complex Y, Puas the Ath homotopy 
group of the #-dimensional skeleton X, and Py, the kth homotopy group of ¥ mod X. 
— Qispi Qisa and Qu denote the corresponding continuous homology groups with 

coeficients. The groups Pa, Qu, together with the natural homomorphisms 
rer” of Pa into Pai, 7 =r of Qu into Qam, and km ha of Pa into Qu constitute the 
natural system of Y,‘ X. The nucleus of fa is the image of ra4i,and kr=rhk, These two 
simple facts lead to the following theorem: If F is simply connected and acyclic 
in the dimensions less than or equal to »—2, then every #-cycle is spherical. Other 
consequences are a generalization of a theorem of S, Eilenberg (Bull. Amer. Math. 
Soc. vol. 47 (1941) p. 432) and the recent theorem of H. Hopf (Comment. Math. 
Helv. vol. 14 (1942) p. 257). (Received March 25, 1943.) 


173. R. C. James: Orthogonalsty in normed linear topological spaces. 
~ The purpose of this paper is to investigate certain possible definitions of ortho- 
gonality in normed linear topological spaces, properties possessed by elements 
orthogonal in each sense, and conditions that each type of orthogonality have certain 
common and desirable properties. These properties are: (1) If x is orthogonal to 
y(xLy), then yx; (2) if Ly, then axi by for all a and b; (3) if xLy and zs, then 
fe for oe a and b; (4) for any elementa x and y there exists e number a such 
that x. (ax-+-y). The three definitions of orthogonality which are used are: (1) x Ly if 
lz- We ‘@ «Ly if |+ =le] (3) = Ly if |[z+oyl] zll] for all a. 
All three types of orthogonality have the fourth property, while it is shown that if 
orthogonality of either of the first two definitions has all four properties the norm 
can be defined by a bilinear and symmetric inner product. All three definitions are 
equivalent and have all four properties when the norm is given by such an inner 
product. (Received March 12, 1943.) 


174. Tibor Radó: On continuous path-surfaces of sero area. 


Let S: xm x(u, v), y= y(x, v), s =s(%, 0), (x, CO: 0Ru51, 0391, bea continu- 
ous peth-surface. Let [S] denote the point-set in (x, y, s) space that corresponds to 
Q by means of the equations of St The Lebesgue area A(S) of S is not determined by 
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[S], but rather by the manner in which [S] is described while (x, v») describes Q. In | 
fact, simple examples, due to Gedcze, show that A(S) may equal zero even though 
[S] is a solid cube. Gedcze derived various necessary and sufficient conditions for 
A(S)=0. The purpose of this paper is to establish further conditions of this type. The 
methods used are essentially topological. (Received February 19, 1943.) 


175. G. E. Schweigert: Fixed elements and periodic types for homeo- 
morphasms on semt-localy-connected continua. 


Let S be a semi-locally-connected continuum and T(S)=S a homeomorphism. 
If NS is an invariant node then there exists in S another invariant cyclic element 
E s4 N. This leads to equivalence of five properties of Ayres and Whyburn (cf. Why- 
burn, Analytic topology, Amer. Math. Soc. Colloquium Publications vol. 28, 1942, 
chap. 12, Theorems 4.21-4.5); pointwise almost periodicity is disregarded, second 
property “localized” to invariant A-set. Componentwise periodicity means, for every 
true invariant A-set A, each component of S—A has finite period. In order that 
T(S) =S be elementwise periodic on cyclic elements of complement of end points of 
Sit is necessary and sufficient that one of the following conditions holds: (a) T is com- 
ponentwise periodic, and for every positive integer #, T” has one of five properties 
above, (b) T is componentwise periodic and each T*-invariant A-set A, with no points 
of A on true cyclic element of S—A, admits a contracting T*-approximation at 4, 
‘that is, for every A-set C with AC Int C there is a third 7*-invariant A-set B such 
that ACInt BCC; (c) Theorem (4.7), chap. 12, holds. Part (b) is applied to give 
a certain continuous orbit decomposition. (Reseed February 27, 1943.) 


176. G. E. Schweigert: Minimal A-sets, infinite orbits, and fixed ele- 
menis. 


If E is a cyclic element of a semi-locally-connected continuum S with infinite pe- 
riod relative to the homeomorphism T(S) =S and B is the least invariant A -set which 
contains the orbit of E, then B = C(A, D)+0, where 0 is the closure of the orbit of a 
cyclic chain C(E, Y) with C(E, Y)-C(4, D)= Y and A and D are the invariant 
cyclic elements of B determining the cyclic chain C(A, D). If A D, then A and D 
are fixed end points of C(A, D); if A = D,then C(4, D) = Y is an unique invariant cyclic 
element called center of rotation. If E = Y,then B=C(A, D). As a corollary it is suff- 
cient to get the Ayres’ property (Whyburn, Analytic topology, Amer. Math. Soc. 
Colloquium Publications vol. 28, 1942, chap. 12, Theorem 4.5) to assume C(E, T(E)) 
contains an invariant element in (and only in) case E hasan infinite orbit. If T(S) =S 
is elementwise periodic on all cyclic elements except the end points of S, the least in- 
variant A-set M containing the infinite orbit of an end point p of S has an unique in- 
variant element, and the dendritic form of the cyclic element hyperspace of M is 
similar to the dyadic tree. (Received February 27, 1943.) 


177. J. W.T. Youngs: On parametric representations of surfaces. IT. 


A representation is a continuous transformation R(A)=B from the 2-sphere A toa 
set B in 3-space. R(A)=—L(M(A)), where M(A)=—Z is monotone and L(Z)=B is 
light. Z is imbedded in 3-space so that R is of degree 1 on each true cyclic element 
of Z. Two representations R, and Ry are Ft equivalent if the Fréchet distance between 
them is zero and the homeomorphisms of the definition are of degree +1. They tre 
K+ equivalent if there is a homeomorphiam H (Z) = Z4 such that Li(2,) = Z(H (2:)) 
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and H is of degree +1 on each true cyclic element of Z4. F~ and K- equivalence are 
defined similarly. R: is Fréchet equivalent to R4 if R; is either F* or F- equivalent 
to Rs, and similarly for K equivalence. Various relations between these definitions are 
investigated. Applications to the theory of area are made on the basis of the fact 
that F equivalence is the same as K equivalence. A general method for obtaining 
smooth representations is developed. The content of the paper is examined from the 
point of view of the u-length of Morse. (Received March 26, 1943.) - 
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ON- SEQUENCES OF POLYNOMIALS AND THE 
DISTRIBUTION OF THEIR ZEROS. 


OTTO 8ZASZ 


The first results on this subject are due to Laguerre (1882); they 
were generalized to a remarkable degree by Pólya and in a joint paper 
by Lindwart and Pólya. I quote the following theorems [2].: 


THEOREM 1. If a sequence of polynomials 
(1) P.s) = 1+ De = J0 - sn) 
converges uniformly in a circle |s| <R, and if for some integer k 
(2) 2 u< M, M independent of n, 


then the sequence (1) converges uniformiy in every fintte domain to an 
entire funciton F(s) which ts the product of a function of genus at most 
k—1 and of ev", y a constant. 


THEOREM 2. If the sequence (1) converges uniformly in a circle 
| s| <R, and tf the roots s,, le in the half-plane Rz 20 for each n, then 
ihe sequence (1) converges unsformly tn every finite domasn to an entire 
Junction F(z) which ¢s at most of genus 2, and the roots z, of F(s) satisfy 


Dil | < o. 


While in Theorem 1 the assumption of uniform convergence could 
be replaced by convergence at infinitely many points with a finite limit 
' point and by boundedness of the sequences: | Cat prey A 1 5 
n=1,2,---, the deduction of Theorem 2 required uniform conver- 
gence in |s| <R. We give here a new proof for Theorem 2 with a 
weaker hypothesis assuming instead of uniform convergence only con- 
vergence at infinitely many points in some finite domain and bound- 
edness of the sequences |cu:|, |cax|. We further generalize the 
assumption on the location of the zeros (following a similar remark 
of Weisner [5]), assuming only that the zeros of P,(s) lie in a half- 
plane containing the origin on its boundary, but otherwise varying 
with ø. Finally we extend the results to certain sequences of entire 
functions. 

Presented to the Society, April 3, 1942; recetved by the editors July 14, 1942. 

1 Numbers in brackets refer to the bibliography at the end of this paper. 
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LEMMA 1. Given n complex numbers &, b, -> <, En, which he ina 
half-plane: Re”, 20 for some 6. Suppose further 
2 3 S a, ae? 
1 1 


(3) Sb; 











then 
>>| & |? S 20% + 3. 
1 


For a similar statement see [4, vol. 1, p. 90, problem 37]. For the 
proof let first 6=0, £, =,-+40,, so that 4,20; it then follows that 


| Des (x«)'s a. 
Also from (3) 


hence 


Sesbte, Dla = Ewet S26 +5. 


In the general case let $, = e*n, then Rn, 20, [>on = IDE, 
Dr er DDH Sb, and from the previous result 


Diele Dle S 2h. 
LEMMA 2. For any complex s 
|(1—s)e*| se jo |s| Sr. 
Elementary calculus yields easily this inequality. 





Sa, 











‘ty 


LEMMA 3. If a polynomial 


cs 


fo 


P(s) = >> or, : Co #4 0, Ca = O, 
0 
has ali tis roots in a half-plane Res 20, then 
[POL | gol exp (+ + 


+(e] )) for |s| Sr. 
Let | 


P(s) = oT (1 ~ =), PG) P(- 8) = all(t = =) 


’ 
2 
a, 








C1 
fo 











: = A r` - i Rs - ate 
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7 z. Im 5 ~ - ae a A 
3 i í wa 4s ` D £ = 4 y eg m 
so that EO AE ee ae : er 
v d r? A E a, i 
i . 1 > x = - : e 3 1 À g t` z 
(4) : — o>, se oTa E 
a FO ; A 


The numbers 1/s, =&, lie in the half- plane Re~“s 20, hence Lemma 11’ 
and (4) yield 
(5) ` 2 


Now 


Cs 














Co |- 


1 
r 
P(s) = co exp (- z9. 5 (1 S =) m 


(- 


and using Lemma 2 we have 


2N) for |s| Sr. 
Ce 


This proves Lemma 3. An immediate consequence is the following 
-theorem: 





[PEL | «| exp (r| 
Co 








cıl? 
3;/—| +2 
Ce 





THEOREM I. Given a sequence of polynomials 
(6) `- Pas) = È, cuss, m= Ma TO, Cao £ Ù, Com 0; 
punt) ; 
suppose that the roots of P,(s) he ina half-plane Re**s 20, and suppose 
that for some constants Mo, M1, g Sign os 
(7). O<aoS| cro] San |a| Sa, | as| Sa1< o, for an. 
Then the sequence (6) ts umformly bounded in any circle |s| <r; in fact 
l m 
~ (8) ` | Pa(s) | sam(a ti T) 
-a ae ao 
The roots Za, ¥=1,2,*-°,mof P,(s) wanes the inequality 
: 2 
- ™ 1 2 
. (9) > — s (= +=), 
- æl [sal 7 a Qo 
This inequality follows from (5) and (7). 


Another way of getting Theqrem I is by applying a . theorem of ` 
Hermite and Biehler [4, vol. 1, p. 88, problem 25]. | 
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Using well known results (see for example [3, pp. 21-30] or Vitali’s 
convergence theorem), it follows from Theorem I that every subse- 
quence of (6) contains a subsequence convergent everywhere, and 
uniformly in every circle |s| <r. Thus the sequence (6Y has either one 
or several limit functions F(s), and F(s) is an entire function of the 
form (cp. (8) and (9)) 


(10) F(z) = erem] ] (1 E ~) etl, 3 Tal 


In particular F(s) is unique if the sequence (6) converges at infinitely 
many points with a finite limit point. A necessary and sufficient con- 
dition for this case is (see for a similar situation [1, §§1 and 2]) that 
each of the limits | 


(11) l lim Cas = €, y= 0, Í, 2233 ’ 


J a 


< w 


exists. In this case (7) can be replaced by co »0. For (11) we can write: 


lim P? (0) = rle, r= 0,1,2,5 


r~e 


exists. It then follows from our result that the limits 
lim PP) =P” 0), PED TOR sit, 
s 


exist uniformly in any finite domain. 
_ An immediate corollary of our result is this theorem. 


THEOREM II. If a formal power series 3 c,2” has infinitely many 
partial sums s,(3) =) tc,2", such that the roots of s,(s) lie in a kalf- 
plane Re“=3 20, then the power series represents an entire function of 
the form (10).? 


A linear transformation enables us to shift the role of the point s=0 
in our results to any point gs, in the plane. Thus let w= 8 — zo, 
P,(s) =P,(w+s,) =Q,(w). If the roots of P,(s) lie in a half-plane 
Re'"=(g—s 9) 20, then the roots of Q,(w) lie in a half-plane Re“*w 2 0. 
If further 


(1.2) lim PE (s0) = ylc,(zo) exists for all y, and co(3) æ 0, 


then 


3 In this connection I refer to a paper by E. Benz, Uber hneare, verschichbungs- 
trons Filuktional operaiionsn und dis Nulstellen panser Funktionen, Comment. Math. 
Helv. vol. 7 (1935) pp. 243-289, which was pointed out to me by the referee. 
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i 7) 
lim Q,” (0) = rlg(za). 
Pon 


We thus get this theorem: 


THEOREM III. If the sequence of polynomials (6) is such that the 
roots of P,(s) lie in a half-plane Re4*(z—20) 2&0, if moreover (a) either. 
(12) holds, or (b) 0<BoS | Pa(so)| SBi, | PX (e0)| SBa | Px’ (80)| SP for 
some constants Bo, Bi, and for all n and lims.oPs(s) existis at infinitely 
many points tn a finste domatn, then P,(s) converges unsformly in every 
Jinste domatn to an entire function of the form (10). 


Instead of polynomials we may consider more generally primitive 
entire functions of genus 0, thus 


bazi 1 > 
(13) Fa(s) = È Gus" = co II (i = >), DPA 


| sx] 
a=1,2,3,-- 
Theorem I remains true if we replace P, by Fa, assuming accordingly 


that the roots of F,(s) lie in a half-plane Re“*z 20 and that (7) holds. 
To prove this we note that 











1 3 i 1 
Cal = — Cmo Dd, > — Cao, —— = 2CaoCat — Cals 
7 Sar pP 
hence 
z% —2 1 1 
D SEES Doe ae be ae 
» a0 ; ag as 


. Lemma 1 evidently applies to absolutely convergent series, and yields 


pahat +28, 


qo 


The corresponding extension of Lemma 3 yields 


ay a: } 
| F,(s) | S coexp 4r— + 3r? A for |z] Sr; 
Œo 


0 o 


thus the sequence (13) is uniformly boundèd in a given circle |z| sr. 
The rest of the argument is the same as in the case of polynomials. 

A similar reasoning holds for a more general class of entire func- 
tions. We assume that F,(s) is of the form 
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(14) ° Fy(s) = 2 as = cme” TT (1 — se, 


where Re“*z,,20, 23 | Bar| 3< o. We assume furthermore that the 
series 9 „(Re "»s3!) =f, converges and that 8. <£ for all #. Assum- 
ing (7) we shall prove that the sequence (14) is uniformly bounded 
in any circle |s| <r. 

We have 


Fa 
2) = Ya + x 


F,(s) S a -3 


Fé! (Fa) AO — FG) D 


d (s ai y 











and, putting s=0, 


2 3 = 
Cal ™ CaoYas 26n0Cn2 — Cal © — Cao > Zar. 


Now from (7) 
< (2)+ 2—; 
mp Aa 


furthermore putting e~“«sy'=u,,+40,,, we have te 20, and (as in 
Lemma 1) 


2 | s» 


DESS Ta 





ens Joh ea 2 230 ter — ERE” e 


d 


a1 at 
< 26+ (2) 4 2—- 
Mo Mo 


Thus, using Lemma 2, we have 





| Fa(s) | <a ep dert (2+2 E =) al for |s| <r, 


which proves our assertion. 


If we assume that Ss m, converges, and pai Ya = — En, then 
the assumption on the ĝ,„ is superfluous. 
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UNIVERSITY OF CINCINNATI 


A NOTE ON SEPARATION AXIOMS AND THEIR 
APPLICATION IN THE THEORY OF A LOCALLY 
CONNECTED TOPOLOGICAL SPACE 


J. W. T. YOUNGS 


In a recent paper [1]! G. E. Albert and the author attempt a com- 
prehensive study of a locally connected (1.8) topological space from 
the point of view of Peano space theory [2]. Cyclic elements are de- 
fined (2.15) and are themselves found to be locally connected and 
topological (2.29). Moreover, it is shown that under proper and very 
natural topologization (3.3) the class of all cyclic elements (the hyper- 
space) becomes a locally connected topological space (3.3 and 3.8). 
In fact, this hyperspace has no nondegenerate? cyclic elements (3.17). 

For the purposes of this note it is the concept of a hereditary class 
of spaces which is important (4.1). A subclass 3 of the class X of all 
locally connected topological spaces is hereditary if, whenever X is 
a space of the class J£: (1) each true cyclic element (2.15) of X is a 
member of #; and (2) the hyperspace X, is in 3. (It should be re- ’ 
membered that the first condition is the one required of a-class for 
it to be cyclicly reducible in the classical Peano space theory.) 

The problem is to define small hereditary classes (4.1). In fact, 
though there is a smallest hereditary class, an intrinsic definition of 
it is lacking (4.2-4.5). 

In this connection the main results are that: (1) the class of all 
locally connected T>-spaces is a hereditary class (4.10); (2) the class 
of all locally connected T)-spaces is not a hereditary class (4.1). 

It is the purpose of this note: (1) to define, by means of a separa- 
tion axiom, a new hereditary class; (2) to place this separation axiom 


Presented to the Society, September 10, 1942; received by the editors August 3, 
1942. 

1 Numbers in brackets refer to the bibliography; numbers in parentheses to ap- 
propriate paragraphs in [1]. 

1 A set is degenerate if it is vacuous or contains but a single point. 
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in the spectrum of available separation axioms; (3) to point out the 
fitting character of the axiom from the point of view of Peano space 
theory. 

First the axiom: 


T: If x-y = 0, then £-9 ts degenerate.’ 


-(The reader is reminded that in a topological space the closure of 
a point may contain many points.) 


ToEOREM. The class of all locally connected T-s paces ts hereditary. 


PROOF. Suppose that X is such a space. It is clear that any true 
cyclic element M of X is a T-space. That M is locally connected has 
been shown elsewhere (2.29). 

Consider the hyperspace X, consisting of the totality of cyclic ele- 
ments of X. Let & and ņ be any two distinct points of X,.* 

(1) Suppose that 7—1(£) is nondegenerate. (For a definition of the 
transformation T (X) =X, see 3.2.) Then there is a true cyclic element 
M such that T-!() =k(M), (2.14). 

From the definition of the topologization (3.2) and the fact that M 
is a Closed inverse set, it follows that 7(M) is closed. Moreover, 
ECT(M), therefore EC7T(M), and T'Ẹ CM. 

If M-7— (ny) =0, let S be the component of X — M which contains 
T—(n). The existence of S is doubtful only in case J7-1(n) is nonde- 
generate. But then T—/(n) is contained in some true cyclic element 
and so lies in a component S of X—M (2.29 and 2.15). Now 
T(n) CS=S+F(S), and this is an inverse set (3.10 and 3.11). 
Therefore, #CT(S), and T3) CS. Hence, THE- 4) =T) Ta) 
CM-5= F(S) which is degenerate (2.15). Therefore Ẹ- 3 is degenerate. 

If M-7-(n)+0, then 7—1(n)=yCM—A(M) (2.12 and 2.15). 
Hence y is a cut point of the space, and as such J=y (2.2). There- 
fore 7=7 and E 4=£-7 is certainly degenerate. 

(2) A similar argument applies in the event T~'(n) is nondegen- 
erate. 

(3) If 71(£) =x and T—!(n) =y, then £ and 3 are inverse sets (4.9) 
and so T(2) and T(J) are closed in X,. Hence these sets contain & 
and ñ, respectively; moreover, J~1()C# and T~1(4)C¥. Therefore 
T(E.) =T-1()-T-1(q) C2-9 which is degenerate because X ts a 


1 The reader who is unfamiliar with [1] can still follow the spirit of the argument, 
if he is acquainted with [2], by thinking of X as a Peano space. In case T-*(E) is 
degenerate think of it as a cut point or an end point. If it is nondegenerate, think of 
- it as a true cyclic element less all the cut points of X. As for the topologization in Xa, 
a set is open if and only if its inverse under T is open in X. 
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T-space. This implies —-q is degenerate, and the proof is complete 
on observing that X, is locally conhected and topological (3.3 and 
3.8). 
The separation axioms mentioned in the course of this note may be 

tabulated as follows: 

To: x-9+24-y is degenerate. 

T : # is degenerate. 
If x-y=0, then 

Ti: ¥:-9+2-y=0. 

Tı: #-9=0 (alternate form). 


THEOREM. A Ti-space is a T-space; a T-space ts a Ty-space. 


The proof is left as an entertaining exercise for the reader. An im- 
mediate consequence is that the J-axiom might very well have at- 
tached to the letter T as a subscript any positive number less than 
one. 

In conclusion it might be interesting to note that the 7-axiom fits 
the phenomenon of Peano space theory relative to intersections of 
cyclic elements. The theorem that two cyclic elements which have 
more than one point in common are tdeniscal has as its counterpart 
the statement that two points whose closures have more than one poini 
$m common are identical. 
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PURDUE UNIVERSITY 


INTERSECTIONS OF CONTRACTIBLE POLYHEDRA 
EDWARD G. BEGLE! 


Let the finite polyhedron C be expressed as a sum of two polyhedra, 
A and B. Using the Mayer-Vietoris formula, it is easy to prove the 
following two propositions: 


(1) If ACVB, the tntersechton of A and B, 4s acyclic,’ then C ts acyclic 
sf and only sf both A and B are acych. 
(2) If A, B, and C are all acyclic, so ts AC\B. 


Aronszajn and Borsuk have shown’ that proposition (1) is also true 
if acyclic is replaced “by contractible.‘ They left open the question as 
to whether or not this is true for proposition (2). We show by means 
of an example that it is not true. The example is constructed as 
follows: | 

Let P be a Poincaré sphere, that is, a 3-dimensional polyhedron 
with the homology groups of a 3-sphere and with a non-vanishing 
fundamental group. Let K be the polyhedron obtained by removing 
an open 3-simplex from P. It is easy to see that K is acyclic and that 
its fundamental group is the same as that of P, so that K is not con- 
tractible. l 

Let C be the join’ of K with two points, q and g’. Denote the join 
of K with q by A, and the join of K with g’ by B. Let C= AUB the 
sum of A and B. Then AQB =K. It is clear that A can be continu- 
ously deformed into the point q, and B into g’, so both these poly- 
hedra are contractible. Hence it remains to show only that C is 
contractible. By proposition (1), C is acyclic. Hurewicz has shown‘ 
that if the fundamental group of an acyclic polyhedron vanishes, 


Presented to the Society, April 18, 1942; received by the editors July 2, 1942. 

1 National Research Fellow. 

2 A polyhedron is seid to be acyclic if all its homology groups vanish foe all co- 
efficient groups. 

3 N. Aronszajn, and K. Borsuk, Sur la somme et le produti combinatotre des retracts 
absolus, Fund. Math. vol. 18 (1932) pp. 193-197. 

4 A set is said to be contractible if it can be deformed over itself into a point. 
A contractible polyhedron is acyclic. 

š The join of two sets, X and Y, is the collection of line segments joining each 
point of X with each point of Y and disjoint except for their common end points. 
If X and Y are polyhedra, so is their join. 

t W. Hurewicz, Betirdge sur Topologies der Deformattonen, Neder. Akad. Wet- 
ensch, vol, 38 (1935) pp. 521-528, Theorem IV. 


386 


CONTRACTIBLE POLYHEDRA 387 


then the polyhedron is contractible. Therefore we are reduced to 
showing that the fundamental group of C is trivial. Let the origin 
for this group be chosen in K. Using the fact that C is a polyhedron, 
it is easy to see that each closed path in C is homotopic fo a sum of 
closed paths, each one entirely in A or in B. But both A and B are 
contractible, so each of these paths is homotopic to a port which 
completes the proof.’ 

Remarks. 1.3 The dimension of the polyhedron C is 4, but a similar 
example can be constructed for which the dimension is 3, This follows 
from the fact that K can be retracted by deformation into a part, K’, 
of its 2-dimensional skeleton. Using K’ in place of K in the above con- 
struction, the resulting polyhedron will be of dimension 3. 

II. By the usual method of condensation of singularities, compact 
metric spaces A’ and B’ can be constructed such that A’, B’, and 
AUB’ are all locally contractible,’ while A’(7\B’ is not. However, it 
is relatively easy to prove the generalization of proposition (2) to the 
case of locally acyclic compact metric spaces. 


UnNIverstry oF MICHIGAN 


1 Cf. §52 of H. Seifert and W. Threlfall, Lehrbuch der Topologies, Leipzig, 1934. 

t This remark is due to S, Eilenberg. 

* A space is said to be locally contractible at a point p if each neighborhood U 
of # contains a neighborhood V of p such that Y can be deformed inside U intoa point. 
The space is locally contractible if it is locally contractible at each point. The defini- 
tion of a locally acyclic space is entirely analogous. 


ON LINEAR COMBINATIONS OF QUADRATIC FORMS 
LLOYD L. DINES ta 


The characteristics of linear combinations > A,Q:(x) of á given set 
of real quadratic forms 


(1) Qa) = > auts, i=1,2,-+-,m, 
L;i 
have been considered in several recent papers.! 
One of the theorems in my earlier paper may be stated as follows: 


A necessary and suffictent condsiton that there exsst a linear combsna- 
hion >_d,0,(x) which ts positive definite ts that there exist no set of points 
ac! = (x1, G, ns , X) 7 (0, a -, 0) G=1, ay a 42) such that 


(2) >, Bz) = 0, += 1, ye et » Mh 
j=) 


the coeffictents u, beting positive. 


Shortly after the publication of this paper, Fritz John kindly called 
my attention to the fact that a closely related result is contained in 
an earlier paper of his.? 

Certainly John’s paper contains essentially the “sufficiency” half 
of the theorem quoted above. Furthermore it introduces a very in- 
teresting suggestion in noting that the validity of relations (2) implies 
the existence of a quadratic form 


B(x) ra D buti zi 


š,i=1 


which is definite or semi-definite, and such that 


Se ot 
>, awbu = 0, $= 1,2,-°-°,m™. 
h, lowe] 

Presented to the Society, February 27, 1943; received by the editors August 31, 
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This condition, unlike those occurring in other treatments of the 
problem, focuses attention on the coefficients of the given forms. Be- 
cause of its purely algebraic character and its possible usefulness in 
applications it seems worthy of further study, and that is the purpose 
of the present note. In Theorem I there is an analysis of possibilities 
in terms of this relationship, and in Theorem II there is an equiva- 
lent statement from a different and possibly interesting point of view. 


1. Orthogonality of quadratic forms as to their coefficients. The 
bilinear form consisting of the sum of products of copseaponeing co- 
efficients of two quadratic forms 


Q(z) u >, Gritti B(x) = 2 bat Xe Zt, Gy: = Ou, bar = On, 


k, iml k, i=l 


will be denoted by (Q-B). That is? 


(Q-B) = 2, arbi 
b, i= 

Obviously (Q-B)=(B-Q); and for a set of forms such as those in 
(1), (0\.0,-B) =J (Q. B). Also it may be easily verified that 
(Q-B) is invariant under the group of orthogonal transformations 
ON Xi, %4, * + * , Xe. 

If the two quadratic forms Q(x) and B(x) satisfy the relation 
(Q B)=0 they will be said to be orthogonal as to coefficients (or 
c-orthogonal).* 


Relative to a given Se of real quadratic forms (1), we now state 


THeorem I. (a) A necessary and suficient condstion that there extst 
a definite linear combination X A,Q; is that every quadratic form c-or- 
thogonal to all the Q, be indefinite. 

(b) A necessary and sufficient condition that every lanear combination 
S"n,0, be indefinite is that there exist a definite quadratic form c-orthog- 
onal to all the Q.. 

(c) A necessary and sufficient condttion that there exist a sems-definsie ` 


3 M, R. Hestenes his kindly called attention to the fact that this function of the 
coefficients of two forms was used by L, Fejér in a paper entitled Uber dis Eindouhgheit 
der Losung der lincaren partisllen Dafferentialgleichung swesicr Ordnung, Math. Zeit. 
vol. 1 (1918) pp. 70-73 Fejé obtained a theorem which may be stated in our notation 
as follows: If Q(x) and B(x) are both non-negaties, then (Q- B) 20. 

4 However, to avoid bothersome trivialities, we shall assume that an assertion 
(Q:B)=0Q implies per se that each of the forms QB has at least one nonzero coefh- 
cient. In the same spirit, the notation > 4,0, implies per se that at least one M is 
different {rom zero. 
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(but no definite) linear combination X A,Q; is that there exist a semi- 
definite (but no definite) quadratic form c-orthogonat to all the Q:. 


2. Proof of Theorem I(a): In view of the theorem quoted’ in our 
introduction, the validity of I(a) is an immediate consequence of the 
following lemma. 


LEIMA. A necessary and suffictent condition that the quadratic forms 
(1) admst relations (2) is that there extst a definite (or semi-definite) 
form B(x) such that 


(3) (Q,-B) = 0, $= Í, Ryne , M. 


The first half of this lemma is due to John, asis the following neat 
proof of it. 
- Suppose there exist relations (2). These may be written 


X u D ousisi = 0, i= 1,2,- , Mm, 
h, ll 
or 
Sa ük’ -ba = 0 where bsi = E asst 
r k, iml 


Hence the quadratic form B(x) with coefficients b4: is c-orthogonal 
to every Q,(x). 
Furthermore the form B(x) is definite or semi-definite, since 


B(x) = >; batet = S (5 2 usaia) Xit, > Dal > 2 ha) . 
ces E, me] 

Conversely, suppose there is a definite (or semi-definite) form B 
satisfying (3). From the ac ds of definiteness, it can be ex- 
pressed in the form ` 


B(x) = = baitit; = me} >> aiza) 


where the coefficients af are suitably chosen constants aad the u, are 
positive constants. Hence 

= 3 f 
bau = D> poa. 
fom 1 s 


And in view of (3) 
> an) uoaa, i=l, 2m, 
Š j} gmi 


and equivalently 


x 
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f B i j j 
>) u; D>) Gerona; = 0, 4=1,2,---,m, 
pol k, iml 


whence follows (2) with xj =a. 


3. Proof of Theorem I(b). This proof is facilitated by the following 
corollary. 


COROLLARY OF I(a). If two quadraisc forms are c-orthogonal and one 
as definsie, then the other 45 sndejfinsis. 


The suffictency part of I(b) follows immediately. For if a definite 
form B is c-orthogonal to every Q; it is c-orthogonal to every linear 
combination >A,Q,, and hence by the corollary every such linear 
combination is indefinite. 

To prove the necessity part of I(b), we assume that every linear 
combination >A,Q,(x) changes sign. On account of the homogeneity 
property Q(tx) =#Q(x), we are indeed justified in assuming that every 
such linear combination changes sign as x varies on the unit hyper- 
sphere ||x||=1 in the -dimensional x-space. 

The set of points M, with coordinates represented by 


Wer: (Qi(2), Q(z), sea On(x)), || | = 1, 


in m-dimensional space is closed and bounded. Hence, in view of our 
assumption, its convex extension C(Mu) contains the origin of that 
m-dimensional space as an smner point.’ This origin can therefore be 
the centroid of positive masses at a suitably chosen finite and truly 
m-dimensional subset of points® 


Dea: (Q1( 2”), Qala), -+ o, Qula) P=Hl onr 
To the finite set Dt, we arbitrarily adjoin the set of # points 

Ws: (Q(x, Qar), -r Qul) fHl2,-++.m, 

where each #-partite number x/= (xj, xj, » -+ , x3) has all zero com- 


ponents with the exception that aj =1. 

The set NaM +D is a truly m-dimensional finite set, and its 
convex extension contains the origin as an inner point. Hence this 
origin can be the centroid of positive masses at aH" points of I; 
and the analytic expression of this fact leads to the system of rela- 
tions 

t! Cf. Dines, Convex extension and lincar equakties, Bull. Amer. Math. Soc. vol. 42 
(1936) p. 357 Theorem 3. 


t Ibid. p. 358. 
T Ibid. p. 358 Theorem 4. 
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(4) 2 IREI a 2 Q(x”) = 0, t= 1,2,- 
` j=l pl 


where each u, and y, is positive. 

Applying to the relations (4) precisely the same type of argument 
as was applied to relations (2) in proving the lemma of §2, we arrive ° 
at the existence of a quadratic form B(x) which is c-orthogonal to all 
the Q., which has the formal expression 


n r a 2 
X B(x) = > E3 T D> 2 an) 
pol pmi b1 


and is therefore certainly definite. This completes the proof of I(b). 


4. Proof of Theorem I(c). This follows almost immediately from 
I(a) and I(b). First suppose there is a >_\,0, which is semi-definite, 
but none which is definite. Then by I(b) there is no definite form 
c-orthogonal to all Q;, and so by I(a) there must be one which is semi- 
definite. 

Conversely, suppose there exists a semi-definite (but no definite) 
form c-orthogonal to all the Q,. Then by I{a) there exists no definite 
linear combination > °A,Q;, and hence by I(b) there must exist a semi- 


definite -A,Q,. 


5. The system of equations (0,-_B)=0. The substance of Theorem I 
can be equivalently expressed in terms of the system of equations 


(5) (Q.B) = 0, t= 1, 2 <8 got, 


where the Q; are given quadratic forms and B is a quadratic form re- 
stricted by the system of equations. 


THEOREM II. The system of equations (5) 

(a) can admst only indefinite soluttons B sf the Q, admit a definite 
lenear combination, 

(b) admits a definite solution B tf every linear combination of the Q, 
ts indefinste, 

(c) admits a semi-defintie (but no definite) solution B sf the Q, admit 
a sems-definsie (but no defintie) linear combination. 


It will be noted that the system certainly admits some solution B 
except in the case where there exists a definite linear combination of 
the Q,. In this latter case there may be indefinite solutions or no solu- 
tion as illustrated in the following two examples. 

EXAMPLE 1. The two forms 
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Qi = 2zi — ta, Os = Tı — 2% 

admit the definite linear combination Q:—Q,=x*-+24, and the cor- 


responding system (5) admits the indefinite solution B =x,4x. 
EXAMPLE 2. The three forms 


2 2 2 3 
Qi = 2%, — Ta, Os = ti — 223, Qs = 212, 


admit the definite linear combination Qı—Q1ı— Q= x2 —xua +23, but 
the corresponding system (5) admits no solution form B. 
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NOTE ON A CONJECTURE DUE TO EULER 
E. T. BELL 


Euler’s conjecture (1772) that 


a & tad 
n CES tasr, 


where # is an integer greater than 3 and 2<4¿<n7, has no solution in 
rational numbers xı ---, x;, x all different from zero, is still un- 
settled even in its first case, n=4, ¢=3. It may therefore be of some 
interest to note a solution of this equation for any n >3 and any #>1 
in terms of (irrational) algebraic numbers, which can be made alge- 
braic integers by suitable choice of a homogeneity parameter, all dif- 
ferent from zero, all the numbers being polynomials in numbers of 
degree 2d, where 4452n—5-+(—1)*. If solutions differing only by 
a parameter are not considered distinct, there are at least d‘~* sets 
of solutions x1, °°, £e x. 
The solutions described are 


Tı = #, Xa = ft, xe=(ltr)---(Q+trieds; 
t, = Ti-p(1 + Tij) (1 + Figa) sista (1 + Ti1)%, J == 3, RAT ay t, 


where # is a parameter and the r's are any roots, the same or different, 
of any factor F,(r), irreducible in the field of rational numbers, of 


m1 


f(r) = $ (n, yr, 


wl 
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where (#, s) is the binomial coefficient n!/s!(m—s)!. For, (r0), 
f(r) =0 implies (1+r)*=1+r*; whence the verification is immediate 
on successive reduction of x{-+29, <itag-+x3, xit -e +a. The re- 
marks on d and the number of sets of solutions then follow since 
‘f(r) =0 is a reciprocal equation, and F,(r) has no multiple roots. 
With ymr+r—', the first seven F,(r) are 


n= 4: 29+ 3; 


m= 9: yt; 

n= 6: 6y?-+ 15y+4+ 8; 

n= 7: yl; 

n= 8: 4y? + 14y?+ 16y + 7; 
n= 9: 3y? + Oy? + 10y + 5; 


m= 10: 10t + 459? + 80y? + 75y + 32. 
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SET-COORDINATES FOR LATTICES! 
ALAN D. CAMPBELL 


“On p. 26 of Garrett Birkhoff's Lattice theory (Amer. Math. Soc. Col- 
loquium Publications, vol. 25, 1939) we find the following theorem. 


THEOREM 2.12. Any partially ordered system has a one-one represen- 
laiton by seis which preserves tncluston and meets. 


In the proof of the above theorem each element of the partially 
ordered system is represented by its “normal hull.” We shall call this 
the regular representation. 


DEFINITION 1. By a representation by seis of th the elements of a lattice 
L we mean any one-one representation by sets which preserves incluston 
and carries meets into set-products. 


The above-mentioned regular representation is by no means the 
most economical. The following illustration bears out this point by 
using ten elements instead of the twenty-eight required by the regular 
representation. 

ILLUSTRATION 1, In the following manner we can represent the lat- 
tice in Figure 5 on p. 49 of Birkhoff (loc. cit.) by suitable set-coordi- 
nates (using sets of integers): 

O=( ), n= (1), n= (2), n= (3), 

d,=(1, 2), da= (1, 3), da= (2, 3), 

a,=(1, 2, 4), a=(1, 3, 5), d=(1, 2, 3), ag=(2, 3, 6), 

xı=(1, 2, 4, 7), m=(1, 3, 5, Dea, 2, 3, 4), &= (1, 2, 3, 5), 

&= (1, 2, 3, 6), x= (2, 3, 6, 9), 
bld, 2, 3, 4, 7), b= (1,2, 3, 5, 8), 
c=(1, 2, 3, 4, 5, 6), y=(1, 2, 3, 6, 9), 
e,=(1, 2,3, 4,5, 6, 7), a= (1, 2,3, 4,5, 6, 8), a= (1, 2, 3, 4, 5, 6, 9), 
us=(1, 2, 3, 4, 5, 6, 7, 8), m= (1, 2, 3,4, 5, 6,7, 9), w= (1, 2,3, 

4, 5, 6, 8, 9), 

T=(1, 2, 3, 4, 5, 6, 7, 8, 9). 

We remark that only nine elements dhe integers 1, 2, 3, 4, 5, 6, 7, 
8, 9) together with certain of the “sums” of these integers are neces- 
sary to represent this lattice (instead of the twenty-eight elements in | 
the given Hasee diagram required in the regular representation). 


Fi 


Received by the editors July 25, 1942. 
1 The author wishes to express his gratitude to Professor Garrett Birkhoff for his 
advice and interest in the preparation of this paper. 
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DEFINITION 2. Ly a stmtle join in a latisce L we mean ihe join of a 
colecison y of elements in L sf thts join goes by every represeniation by 
seis snio the sum of the sets correspondsng to the elements of y. 


ILLUSTRATION 2. Let a general finite lattice L have join-irreducible 
elements (or atoms) Gi, as, © ** , Ga. We define the set-coordinate of 
any xEL ag the set of integers + such that a, Sx. Suppose that an 
atom 2 has above it a chain of two elements that are not joins of 
atoms, we can label these elements (2, »+1) and (2, #+1, n+2). 
If the atoms 3, 4, and 5 have a common simple join (that is also the 
join of each of the pairs 3, 4 and 3, 5 and 4, 5), then the lattice has no 
elements (3, 4), (3, 5), and (4, 5) but has an element (3, 4, 5). 

We define the representation of Illustration 2 as the economical 
representation of Z, to contrast it with the regular representation. 
It is an unsolved problem whether or not the economical representa- 
tion actually involves the fewest possible points as set-coordinates. 

Note the fact (compare Birkhoff, loc. cit., p. 26) that there exists 
no one-one representation of a lattice L by sets which carries all meets 
of elements into set-products and also all joins into set-unions, unless 
L is distributive. Also there exist representations of the elements of L 
by sets which preserve inclusion without sending meets into set-prod- 
ucts or joins into set-unions. 

We shall denote the product (intersection) of two sets x and y 
by x-y, the union (sum) of two sets x and y by (x, y), and the fact 
that a set z includes a set w by s2w. We shall denote the empty set 
by 0. If two sets u and v have no intersection except the empty set, 
we shall say that u and v have the product 0 (in algebraic form 
u-v=0). If the element « of L corresponds to the set-product x y, 
we write this fact as u=x-y or u«—>x-y. By the expression x —y we 
` mean the set x diminished by the part of the set y that is included 
in x. If x>y we shall say that x is “over” y and that y is “under” x. 
- The least upper bound (or join) of any collection æ of elements in 
a lattice L may include elements which are not in æ, nor under? a, 
nor simple joins of elements in æ, nor simple joing of elements under a. 
Let 8 denote the set of all such elements. In this case we cannot 
represent the join of the elements of a by the sum of the sets corre- 
sponding to these elements in any representation of L by sets. If in 
such a representation of L by sets we denote by @ the sum of the sets 
corresponding to the elements of the collection @ in L (and similarly 
for p), we shall put 8 —&=a, (hence we have a a,=0), and then we 
have the following theorem. 


2 By “under a” we mean having a as a set of upper bounds, see Definition 2. 


~ 
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THEOREM 1. Suppose we have a representation of the elements of a 
lattice L by sets. Then the meet of a collection a of elements of L wihi be 
represented by the product of the sets of the set-unton & which correspond 
- to the elements of the collection a. The join of the elements of a wth be 
represented by the set (a, Ga) where the sei G.=B8 —& and where the sei- 
union B corresponds to the totality B of elements in L that are included 
in the join of a and yet are not in a, nor under a, nor are they simple 
joins of elements under a. 


Proor. The part of the proof that concerns the meet of æ follows 
directly from the fact that our representation by sets carries meets 
into set-products. The part of the proof that concerns the join of a 
follows from the uniqueness of the join of a, plus the uniqueness of 
the set (a, a.), plus the fact that the set (œ, Ga) is the least upper 
bound of the sets @ and £, and plus the fact that our representation 
of elements of L by sets is one-one and preserves inclusion. 


DEFINITION 3. By set-coordinates of the elements of any latttce L in 
any representanon of L by sets we mean the sets corresponding to these 
elements. . 


If tUy=(x, ¥, Gs,y) then from the paragraph on joins we see that - 
Ge,y=Gy,s, also that a,,,=0 if y Sx. Moreover as,,=0 if and only if 
x\/y contains no g, that have neither x nor y as an upper bound 
and that are not simple joins of elements under x and y. The 
relation xU(yUs)=(@Uy)Us=xUyUs implies the relation 
(x, Y, 8, Gys Gerus) =(%, Y, 3, Gay, Gawus) =(%, Y, X, Oey,s) because 
x (ys) (x, Y, 2, Gys Gesus) and (xUy)Use-— (a, Y, 3, Geur 
Gays) and xUyUs-— (x, y, 5, Gey.) 

Now we shall prove gome more theorems that will be of use in+ 
applying these set-coordinates to the study of lattices. 


THEOREM 2. For any three elemenis x, y, and s of L we have (sn sel- 
coordinates) X-Qy, s ÈGa-y,s-s 


Proor. From the latter part of Corollary 1 on p. 22 of Birkhoff 
(loc. cit:) we see that for any such x, y, s of L we have xf\(yUs) 
z (xy) (xs). In set-coordinates this inequality becomes 
x (Y, Z, Gye) = (2°, X2, L'O) È (2Y, XB, Go-y,s-s) OF briefly x-ay,, 
tt POES ` 


THEOREM 3. The lattice L is a modular lattice sf and only sf forx2s 
in L and for y any other element of L we have x-dy.c=Ga-y,e (4% sel- 
coordinates). 
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Proor. On p. 34 of Birkhoff (loc. cit.) we find that for L to be 
modular we must have (for x 2s and for y any other element in L) the 
equality tO (yvUs) = (aM y)Us. In set-coordinates this equality be- 
comes x:(y, Z, Gy.) =(x-y, X8, %-Gy,s) =(X-Y, Z, Ga-y,s) Or finally 
(since x28) X Gy4=Ge-y,s 


THEOREM 4. The lattice L is a dssirtbutive latitce tf and only sf for y 
and s any two elements of L we have a,,,=0 (în set-coordinates). 


Proor. On p. 74 of Birkhoff (loc. cit.) we find that one necessary 
and sufficient condition for L to be a distributive lattice is that for 
all x, y, and z in L we have «f\(yUs) = (Oy) (ts). In set- 
coordinates this condition is x-(y, 8, Gy.) =(x-y, 4°83, XGy,s) 
m (XY, £°8, Gs.y,a-s) for all x, y, and Z, or X-Gy,c=Ge-y,e-s OF finally 
(since x, y and s are arbitrary elements of L) we have a,,,=0 for all 
yand sin L. 

We note that Theorem 4 asserts that a lattice is distributive if and 
only if every join is a simple join, and that a lattice is distributive if 
and only if the economical representation is join-true. 

ILLUSTRATION 3. We can start in a general lattice from any set of 
“independent” elements and proceed as in Illustration 2 and thus ob- 
tain the part of the lattice “above” these independent elements. 

ILLUSTRATION 4. The general complemented distributive lattice 
with # atoms can readily be represented as follows. Here every join , 


is a simple join. The atoms are 1, 2,---:, n. Above the atoms are 
the elements (1, 2), (1, 3), +--+, (#—1, n). Above these elements are 
(1, 2, 3), -+ -, and so forth up to J=(1, 2,3,- , n). 


SYRACUSE UNIVERSITY 


ON NON-CUT SETS OF LOCALLY CONNECTED CONTINUA 
W. M. KINCAID 


W. L. Ayres! and H. M. Gehman? have proved independently that 
if a locally connected continuum S contains a non-cut point p, there 
exists an arbitrarily small region R containing p and such that S—R 
is connected. Our paper is concerned we certain generalizations of 
this theorem. 

We shall consider a space S which is a locally connected continuum 
and contains a closed set P such that S—P is connected. We show 
that under these hypotheses P can be enclosed in an open set R, the ` 
sum of a finite number of regions, whose complement is a locally 
connected continuum. We show further that if there exists a family 
of sets ff no element of which separates S— P, then there exist two 
open sets R and R’ (with RDR’>P) of the above type and having 
the property that no element of. §§ contained in S— R separates 
S—R’. When the elements of § are single points, it is possible to 
choose R’ =R; but this is not possible in the more general case. 

We close by showing that if S is not separated by any element of § 
plus any set of n points, and if Q is the sum of # sets of sufficiently 
small diameter and having sufficiently great mutual distances, then 
the set S— Q has at most one component whose diameter is greater 
thana preassigned positive quantity, and this component is not sepa- 
rated by any element of § at a sufficiently great distance from Q. 

We recall some well known results.’ 

Let M be a locally connected continuum. Then: 

(1) M is a metric space having property S4 

(2) M is the sum of a finite number of arbstrarily smal connected 


Presented to the Society September 10, 1942; received by the editors July 31, 1942. 

1 See W. L. Ayres, On continua which are dssconnacted by the omission of a poini 
and some relaied problems, Monatshefte fur Mathematik und Physik vol. 36 (1929) 
pp. 135-147. The theorem quoted here corresponds to Theorem 2 p, 149. 

2 See H. M. Gehman, Concerning certain types of nom-cul poinis, with an application 
fo continuous curves, Proc. Nat. Acad. Sci. U.S.A. vol. 14 (1928) pp. 431-433. Theorem 
4 p. 432 is essentially that quoted here. 

3 See G. T. Whyburn, Analytic topology, Amer. Math. Soc. Colloquium Publica- 
tions, vol. 28 (1942) p. 20 ff. 

1 A set is said to have property $ if for any «>0 it can be expressed as the sum of a 
finite number of connected sets of diameter lese than « The property was first intro- 
duced by W. Sierpinski in his paper Sur ums condition pour qu'un contine soil une 

courbes jordantennc, Fund. Math. vol. 1 (1920) pp. 44-60. 
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subsets each having property S. Furthermore these subsets may be chosen 
esther as open sets or as closed sets. 

(3) If NCM and N has property S, then any set No such that 
NCN LCN is locally connected. 

From the preceding results follows: 


Lemma 1. If N is any subset of a locally connected continuum M 
and V ts any 6-netghborhood of N, then there extsts an open set U that 
contains N, has property S, and is such that U is the sum of a finite 
number of locahy connected conitnua contained in V. 


It may clearly be supposed that every component of U contains 
a point of N. 

Throughout this paper we shall deal with a compact metric space S, 
which we suppose to be a locally connected continuum. We denote 
by 8(A) the diameter of any set A, and by V,(A) the e neighborhood 
of A. l 

We shall require the following lemma, which was pointed out to 
the author by Dr. D. W. Hall. Its proof follows directly from the 
definitions involved. 


LEMMA 2. Let M be any locally connected subcontinuum of S. Then 
sf T 4s the sum of any set of components of S— M, the set K=S—T isa 
; locally connected continuum. 


Using methods very similar to those of Ayres! and Gehman,? we 
obtain the following generalization of their theorem. 


THEOREM 1. Let P be any closed set such that S — P is connected. Then 
for any €>0 there extsis an open set R such that (1) PCRCV.(P), 
(2) the set Rts the sum of a finite number of regions, each of which inter- 
sects P, and (3) S—R ts a locally connected continuum. 


Proor. Let Ri= Vi(P) and Re=Vy(P), where 0<8'<8Se. Then, 
since S is locally connected, at most a finite number of compo- 


nents of S—Rs intersect S— Ry; let these be Ki, Kn © e, Ku and 
choose p,€EK,(Rı— Ra) forts=1, +--+, n. Since P is closed, S—P isa 
region, and we can find arcs pip, C (S—P) for #=1, 2,---, n; thus 


we construct the connected set C=) t (K. +p. 

Taking d =p(P, C), we conclude from Lemma 1 that there exists a 
locally connected continuum V contained in Ve(C) and therefore dis- 
joint with P. Now let R be the sum of all components of S— V that 
contain points of P. It follows from the local connectivity of S that 
R is open. To prove the theorem, we must show that R satisfies the 
conditions (1), (2), and (3). 
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Obviously PCR. On the other hand, RC(S-V)C(S—-QCR 
C V.(P). Thus R satisfies (1). 

To see that (2) holds, we note that p(P, S—R)>0, because R is 
open. It follows from Lemma 1 that there exists an open set-Ry, the 
sum of a finite number of regions, such that PCR,CR. We see that 
R is likewise the sum of a finite number of regions, each of which 
intersects P, for every component of R contains a point of P and thus 
a component of Rx. 

Applying Lemma 2 with M= V and T=R shows that S—R isa 
locally connected continuum. Consequently R satisfies (3), and the 
- proof is complete. 

The following example shows that Theorem { loses its validity if 
the requirement that P be closed is dropped. 

ExamMpLe. Take for S the closed rectangle in the xy-plane bounded 
by the lines x = +2, y= +1. Divide the rectangle into four rectangles 
by drawing the lines x =0, x= +1. Denote by P’ the set consisting of 
the two end rectangles (open or closed), the segment x =0, — 1 Sy <1, 
and the curve y=sin(1/x), —1Sx1; thus P’ is connected but not 
locally connected. We see that Theorem 1 does not hold for P=S—P’, 
for no set having the properties of R can be found corresponding to 
ée<il. 


THEOREM 2. Let P be any closed set such that S— P ts connecied, and 
suppose that X is a family of subsets of S such that S—(P+(Q) ts con- 
nected for each QER. Then, given e>0, there exist open sets Rand R’, 
each of which is the sum of a finite number of regions intersecting P, such 
ihat (1) PCR’CRCV,(P), (2) the sels S—R and S—R’ are locally 
connected continua, and (3) if QES and OCS- R), then S—(R' +Q) 
ts connected. 


Proor. We first select an open set RDP which has the same prop- 
erties as the R of Theorem 1. Next we choose another open set R, DP, 
having the same properties as R, and such that R CR. Then all com- 
ponents of R— R; have limit points in both S—R and Rj, since S— Ri 
is connected and R is the sum of a finite number of regions, each in- 
tersecting P and in one of which any component of R—R, must lie. 
_It follows from the local connectivity of S that the number of such 
components is finite. 

Now, if any two components of R—R; lie in some component C of 
R— P, we connect them by a simple arc in C; this is possible because 
C is a region. We define V; as the sum of S—R, and all such arcs. 

Clearly Vi is connected. Moreover, if QE and QC(S—R), then 

— Q is connected. For suppose that x and y are points of Vı— Q. 
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Then Q cannot separate x from R—R, in V;. This is obvious if 
xC RV; if xG(Vi—R), we see (since R— R; separates x from S— V, 
in S) that Q cannot separate x from R— R; in V; without separating 
them in S, contrary to hypothesis. Thus there exists a component X 
- of R—R, such that x and X lie in the same component of Vı— Q. 
Similarly, there exists a component Y of R—R, such that y and Y 
lie in the same component of Vı— Q. 

If X and Y are in the same component of R—FP, there exists an arc 
in RV; connecting X and F. On the other hand, if X and F lie in 
different components of R— P, they must lie in the same component 
of Vı— Q. For suppose that X CAB, where A is a component of R—P 
-and B is a component of Vi—Q. Then A is closed in R—P, while B 
is closed in V;—Q. Thus the sets (4+B)Ri:=AR, and A+B—R 
= B—R are closed in S—(P+Q). From the construction of Vi we 
see that 4(R—R,) CB(R—R)), and it follows that (4 +B)(R — R) is 
closed in S—(P+Q). Hence 4 +B, being the sum of three sets closed 
in S—(P+(Q), is closed in S—(P+Q). Now suppose YCA +B. Then 
we can find another set A’+B’> Y of the same form as, and disjoint 
with, A+B. In this way it follows that S—(P+Q) is the sum of a 
finite number of disjoint sets closed in S—(P+(Q), which is impossible 
since S—(P+(Q) is connected. Thus X and Y, and therefore x and y, 
lie in the same component of Vı— Q. 

By Lemma 1, there exists a locally connected continuum V’ con- 
taining Vi and disjoint with P. We denote by R’ the sum of all com- 
ponents of S— V’ that contain points of P. It follows from Lemmas 1 
and 2, asin the proof of Theorem 1, that R’ is the sum of a finite num- 
ber of regions and that S—R’ isa locally connected continuum. More- 
over, if QE and OC(S—R), we conclude, since (S—~R)— VCR, 
that S—(R’-+(Q) is connected. This completes the proof. 

The question naturally arises whether, under the hypotheses of 
Theorem 2, it is possible to find a single open set T containing P and 
playing the parts of both R and R’ in that theorem. The following 
example shows that such a set T cannot in general be found. 

EXAMPLE. Take for S the plane set consisting of two line seg- 
ments, Gop and dep, together with a sequence of parallel lines 
Gobo, Gibi, Gabs, +--+, where Go, Gi, ds,- ++ and bo, bi, ba, +++ are 
sequences of points, converging monotonically to p, on the lines ap 
and bop, ee We denote by Cy me midpoint of the segment 
a,b, for n=O, 1, 2, 

Now, take for P ihe. point p and for 5 the family of all pairs of 
points of S not separating S—p. Let R be any region containing p 
(but disjoint with abı). Then there exists a greatest integer n21 
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for which Gaba C (S— R). It follows that the pair of points (¢,+a,_1) 
separates S—R. However, the set S—(p+c¢,+a4,_1) is connected; 
hence (c,+a,_1) Cf. Thus R cannot be taken as T. 

However, the stronger conclusion can be drawn when # is a family 
of single points, as we now show. 


THEOREM 3. Let P be any closed set such that S—P 4s connected. 
Suppose F is a set such that S— (P +q) is connected for gC F. Then for 
any €>0 there extsis an open set ROP, contained in V.(P) and con- 
ststing of a finitis number of reptons, such that S—R ts a locally con- 
nected continuum and S—(R-+4q) is connected for EF. 


Proor. By Theorem 2, there exist open sets R; and Rs, each con- 
‘sisting of a finite number of regions, such that (1) PCR:CRiC V.(P), 
(2) the sets S— R, and S— R; are locally connected continua, and 
(3) S—(Rs+¢q) is connected for qE F(S— Ri). We write V2=S> R3. 

Now, for yE VaR, F we define K, as the set consisting of y plus the, 
component of Va—y containing S—R,. Then we let 

V= J| kK, R=S-V= }, (S—K,). 
» SVR y E VRF 

For any y E VaR, F, the set S— K, is the sum of a finite number of 
regions. For suppose x€ (S— K,). Since S—y is a region, there exists 
an arc xrC(S—y) for all rÆ Rs. If there exists a point +,CK, on xr, 
there exists a first such point x, since K, is closed. The arc xx, is 
not contained in V+, since x and x lie in different components of 
Va—y; thus there exists a point x€ (S— Vs) = Ry on xx3. In any case, 
therefore, there exists in S—K, an arc joining x to some point of Rs. 
It follows that S—K, is the sum of a finite number of regions, each 
containing at least one component of Ry. Since this is true for alt 
yGV3R.F, the same must be true of R. 

The set V is an A-set* in Vs. For suppose otherwise. Then, since V 
is closed, there exists an arc xqgy in Vs spanning V. Since g¢ V, there 
exists a point sC V3RiF such that gE K,. But x-+yCXK,. Therefore z 
must separate both x and y from q in V}, which is impossible. Since 
V is an A-set, it is a locally connected continuum. 

Moreover, V has no cut points in F. For let xE VY, yEV, and 
g& VF. If qE(V— R), there exists an arc xyC (Va—q), because q is 
not a cut point of the locally connected continuum V3; since V is an 
A-set in V3, the arc xyC(V—q). If EVR, we have x-+yCK, and 
hence there exists an arc xyC(K,—g); again xyC(V—q)- 


t See Kuratowski and Whyburn, Sur les Aémenis cycliqnues et leurs applications, 
Fund. Math. vol. 16 (1930) pp. 305-331. 
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We have now shown that R is the sum of a finite number of regions, 
that S—R is a locally connected continuum, and that S—(R+4q) is 
connected for any qE F. Thus the proof is complete. 


THEOREM 4. Suppose thai no m potnis separate S, and that Q ts a 
family of sets such that S—(O+)_™..p,) és connected for any QES and 
any m potnts pi, Pa, > ++, Pma Of S. Then corresponding to any «>0 
there exssts a number 8>0 such that sf Pi, Pa, --+, Pa are m seis con- 
tatned tn S, each of diameter less than 6, while p(P,, P) >2e for 
OSiSj Sm, the sei S—)_™ .P, has at most one component K of diameter 
greater than «c, and (if K existis) K—(Q 4s connected for every QC for 
which p(Q, >" ,P,) >e. 


Proor. Let V be the family of sets having as elements all sets 
of the type 0+0:, where QC and Qı is any set of at most m—1 
points. Then if FEF, the set S—(F+ ) is connected for every 
PES. 

Using Theorem 2, we obtain for every point xC.S two regions Vs 
and W,, each of diameter less than e, such that rE V.C W.z, while 
the sets S—V, and S—W, are locally connected continua, and 
S—(F+V;) is connected if FE§™ and FC(S—W,). We then choose 
a third region U.D such that V C Va. By the Heine-Borel theorem, 
there exists a finite subfamily {Ui,---, U,,} of the family { U.} 
such that S=) 4, U.. In each set U, (¢=1, 2,---, m1) we choose 
a point x; for which U,,=U, and define V,=V,,, W= Wn. Let 
Ôi = Min ay pees, Ri plU, Ś— Vi). 

Now denote by §® the family of sets having as elements all sets 
of the type Q+Q:, where QE fF and Q, is any set of at most m—2 
points, and fori=1, 2,---, m define §® as the largest sybfamily 
of §® all of whose elements are contained in S— W,. Then if FER, 
we see that (S— V,)—(F+)) is connected for every pE(S— W,). 

Applying Theorem 2 to the locally connected continuum S— V., 
we obtain for every point xC(S— W,) @=1, - ++, m) three regions 
U» Viz, and W,,, each of diameter less than e, in the locally con- 
nected continuum S—V;, such that CUCU w.C VC Wie and 
S—(V, +V) is a locally connected continuum, while (S—V,) 
—(F+Y,,) is connected if FER” and FC(S—W,.). Writing 


Ti = E [p(2, W) & ¢], += 1,2,---,m, 
we see that if CG T, the set W is contained in the interior of S— W; 
and is therefore a region in S. It follows by the Heine-Borel theorem 


that the family of regions { Uir} (for all xC7,) contains a finite sub- 
family {Un, Us >- +, Umo} such that 
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og (1) 


T.C > Ui C(S — WO, CN Bae We 
po 


We write for simplicity m= maxiut,...,., [m(¢)], and by making - 
repetitions if necessary we obtain nı families, each containing na re- 
gions and ee the above properties. Regions V,; and W,, are then 


selected for #=1,:+--, nu j=1,->-, mas in the preceding case. 
We let 
bs = min PlU sz 5 me Fid. 
i=l,- +e mjm, 


We proceed by induction as follows. Suppose that for some k <m 
we have found three sets of regions {Uar -nts { Vann and 
Wiren (where s,=1, 2,---,,; 7=1,2,--+-+, $), having the 
following properties: 

(1) Un Vict OC Wii 

(2) 8(Wa --) <€; 

(3) S—) $ Vu... is a locally connected continuum; 

(4) | Pr GR) D Gree 4 (S— via 11 Sead 


where 


| Oe ee E [o(z, Wac) ze for j= 1,2,---,8 — 1]; 


(5) if (O43 0% y'¢.) C (S$ Wa...i), where QEF and ES for 
i=1, 2,---, m—k, then the set (S—)LLVi,..6,)— (4) ETa) 
is connected. 

In order to take the next step, we define § +t” as the family of 
sets having as elements all sets of the type 0+Qii1, where QC § and 
Ori: is any set of at most m—(&+1) points. Then we denote by 
ae (,=1, 2,-°-,,j;j7=1, 2,---, $) the largest subfamily of 
+D all of whose elements are contained in SD Warts: It 
follows from (5) that (S—)0.,Vi,....,)—(F+ ) is connected for all 
Pe ke and pE(S—) FW... 

Applying Theorem 2 to the ieliy connected continuum 
S— 2. Vu...1, we obtain for any point x€ (S—} J_,W,,...4,) three 
regions Un -csm Va- and Wiy...4,8, each of diameter less than e, 
in the locally connected continuum Sy Far- «sy, 8uch that 


T = U reo C. Us. “4,3 C. E T Parima 


and S-F a Vay m Vata is a locally connected continuum, 
while (S-P Fy Va oo) —(F+Vu.--0) is connected if FERET?, 
and FC(S—W,, .-«). Then, defining 7,,...,, as in (4), we see as 
before that U,,....,2 is a region in S; using the Heine-Borel theorem, 
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we deduce the existence of a finite family of regions { Uraia] 


(im =1, 2e., nayi) such that 
5 a 7 
/ T R Glee paa ~ 2a 
14 +™ l jmi ; 


Selecting families of regions rad and {W,,...4,,,} as before, 
we obtain three sets of regions for which (1}-(5) hold with & replaced’. 
by &+1. 


We carry out this construction for k=1, 2,- -, m, and let 
i = min Givi Se Ved). Aen 
iml. "aR Suet, „k 


We shall now show that the theorem holds with ô= mingu,....= de 
Consider any family of sets { Py, Pye, Pa)? satisfying the condi- 
tions of the theprem. Since S=} 7, U, there exists a positive in- 
teger 4:3, such that PU „0; then since (P1) <S ô, we have 
PC Va. Since p(Pi, Ps) > 2e, it is clear that P:CT,,, and hence there 
exists a positive integer f S% such that P,U,,,,~0; it follows that 


PC Viz, Now suppose that for j=1, 2,::, k<m there exist 
numbers $, Sn, such that P,CV,,..4,. Since p(P;, Pays) >2e for 
j=1, +- , k, we see that PayiCT,,...s,; thus Papi Us,...05:,54,7%0 for 


SOME tapi SAs whence PaO Vi,..-s¢,4, Proceeding in this way, 
we find positive integers 4;Sn, such that P,CVj,...., for j=1, 2, 

m. 

We conclude from property (5) above that S—>_™,V,,...4; i8 con- 
nected, and hence must be contained in a single component K of 
S- fP.. Any other component of S—_ iP, must therefore be 
contained in one of the regions V,,...,,; thus the diameter of such a 
component must be less than e. 

Finally, suppose that QE and p(Q, >-™,P,)>e. Then by (2) 

“above, OC(S—DiRLWi,..4,)3 by (5), (S-Di Vi,---4,--Q) is. con- 
nected. It follows that K —Q is connected. 

REMARK. If no n (>m) points separate S, we may take as the 
family of all sets of »—m points; then, under the above hypotheses, 
the component K of S—P (where P=) %,P,) is not separated by any 
set of n—m points qh, Ga, °° * , Gam BUCh that pÒ rg, P) >€. 
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NEW PROOFS OF THE THEOREMS OF BELTRAMI 
AND KASNER ON LINEAR FAMILIES 


JOHN DECICCO 


_ 1, Introduction. We submit here new proofs, from a uniform point 

of view, of the theorems of Beltrami and Kasner on linear families of 
curves. Beltrami’s result is that a surface S may be mapped upon a 
plane x so that its geodesics correspond to straight lines if and only 
if S is of constant gaussian curvature [1].' Kasner’s result states 
that a complete system of isogonal trajectories of a simple [that is, l 
one-parameter) family of curves F is linear if and only if F is iso- 
thermal [2]. We shall also deduce from our work another theorem of 
Kasner stating that a surface S can possess exactly «? isothermal 
families of geodesics (maximum possibility) if and only if S is of con- 
stant gaussian curvature [3]. ` 


2. Velocity systems. For the development of our proofs, it is found 
necessary to Consider certain classes of œ? curves, namely, velocity 
systems, natural families, isogonal systems, To and T families. In 
Kasner’s study of dynamical trajectories [4], an important class of 
œ? curves was encountered which he termed veloctty systems. In 
minimal coordinates (u=x-+4y, v =x —ty), any such system is defined 
by a second order differential equation of the form 


(1) v= oc — de’), 


where c and d are arbitrary functions of. (u, v). 

Special types of velocity systems are natural families and isogonal 
systems. Any natural family is a velocity system for which c,=d,, 
whereas any isogonal system is a velocity system for which c, = —d,. 

A system of œ? curves is both natural and isogonal if and only if 
it is the complete set of isogonal trajectories of an isothermal family. 
Such set is called a conformal rectilinear wex? and is denoted by To. 
Any family of this type is conformally equivalent to the œ? straight 
lines of the plane. A system I’, is a velocity system for which c,=d, 
=Q. 

Presented to the Society, October 31, 1942; received by the editors August 5, 1942. 

1 The numbers in brackets refer to the references at the end of the paper. 

*The set of œ? integral curves of any differential equation of second order 
y’ m F(x, y, y) has been termed a mer by Kasner, The transformation theory of I's 
systems has been developed by Kasner and DeCicco, Transformation theory of tsogonal 
trajectories of tsothermal families, Proc. Nat. Acad, Sci. U.S.A. 1942. ` f 
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3. The T families.? Any set of œ? curves which is conformally 
equivalent to the set of œ? circles orthogonal to a fixed proper circle 
(or a fixed straight line) is called a T family. A I’) system may be 
considered as the limiting case of a I family by letting the radius of 
the fixed circle approach zero. The T families are special SER of 
velocity systems. 


THEOREM 1. A velocity system represents a T famiy +f and only if 
the funcitons c and d with c,>*0 and d0 saissfy any one of the three 
equivalent sysiems of parisal differential equations of second order 


(2 1) Cus Oly, Cas = dcs; 
(2.2) dus = dde, duu = Chu; 
(2 .3) Cs = du, Cus e= CL, des T dL». 


The last set of equations shows that every T family is a natural 
` family. But of course not every natural family is a T family. 


TREOREM 2. A T family (sncluding I's) ts a veloctty system which 
coniasns exactly © isothermal famsies. 


A velocity system may contain exactly 3, «1, one, or no iso- 
thermal families. There are no other possibilities. 


4. Proof of Kasner’s linear characterization of isothermal families. 
We shall now state and prove Kasner’s first theorem. A proof em- 
ploying a complicated theorem on general linear families due to Lie 
and R. Liouville, has, been given elsewhere [2], but we shall prove it, 
beginning with basic principles. The result holds for the plane or any. 
surface. 


THEOREM 3. A simple (that ts, one-parameter) famsly of curves ts 
isothermal if and only sf the complete set of sts ssogonal trajectortes ts a 
lincar system. 

Under any point transformation 
(3) U = (u, 1), y = y(u, ?), 
with jacobian J =¢ġ.Ys—ġẹyu*0, the œ? straight lines in the (U, V)- 


3 It has been proved by Kasner that the only systems of œ3 circles which are 
given by second order differential equations of the cubic type y” m Ay*-+-By?+Cy’ 
-+-D, where A, B, C, D, are functions of (x, y), are the T and Is families. For additional 
properties of T and I, families see Kasner and DeCicco, Geometry of velocity systems, 
Bull, Amer. Math. Soc. vola. 48-49 (1942-1943). 
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plane correspond to the œ? curves in the (w, v)-plane given by the 
differential equation of second order 


(4) Jo!’ = Av + Bo? + Cr + D, 


1 


where 


A= hers = bees; D= Pune Ei uY uur 
i (5) B = (dees on, buts) “| 2(Pus¥’» ae dus): 
C= (duals oa Yuu) + 2 (burl « S dubur). 


Now if (4) represents a velocity system, we must have Á = D=0, 
We assume first both d, and d, not zero, and find 


(6) y = aluje + b(s), yw = a(o) + BCD). 
By substituting the first value of ¥ into B and J, and then sub- 


stituting the second value of into C and J, we find that our functions 
c and d defining the velocity system (1) are given by 


Duu 2pully $s» 2sty 


Pu asp + By Ps Ou + by 


The equations (6) show that ¢=(8—6)/(a—a). Substituting this 
value of @ into (7), we find that any linear velocity system must be 
given by 





_ 
meem tee eniie 
— bd 


(7) c 


7 ual — b) + bus(a — a) E 2(auBy — ede) 


(8) > a4(8 =, b) -+ bula — a) a,(B = b) -+ (a z a) 
as lB E b) + Becta Es a) 2(GuB, T atyb.) 


A MN <i | Shige NN inte 


a(S — b) + B,(a — a) au(B — b) + bala — a) 


Differentiating c with respect to v and d with respect to u, and per- 
forming certain additions and subtractions, we find 


3(Geubs — auban) [alB — D) + Bxl — a] 
[o.(8 — b) + bula — a)}? 
ae, q dy = Bites An) losl — b) + bala — a)l 
[a.(8 ~ b) + B.(a — a) ]’ 


Now impose the condition c, = —d, for isogonal systems. The addi- 
tion of the preceding equations shows that 


Cs + 2d a Cte 
(9) 


heels — Qy Gundy — üubuu 


. 


(10) 
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Assuming that the numerators of both of these fractions are not 
zero, the second order partial derivative with respect to # and v of 
the logarithm of this equation leads to the same equation but with 
the sign of one fraction changed. The addition and subtraction of this 
new equation and (10) prove that the numerators must be zero. This 
contradiction leads us to the fact that the numerators of both frac- 
tions in (10) must be zero. 

Since the numerators of (10) are zero, it follows from (9) that 
c,y=d,=0. Therefore the only possible linear isogonal systems are the 
To families. That these are linear follows from the definition of To 
systems. This completes the proof of Kasner’s theorem in the gen- 

-eral case. See §6 for special case. 


5. The linear natural families. Next we shall state and prove the 
following result. (This could also be deduced from Beltrami’s theorem 
but our purpose here is to obtain it independently.) 


THEOREM 4. A naiural family of curves 4s linear sf and only tf il 4s 
aTorTs Jamiy. 


By Theorem 3, we already know that a I‘) family is a linear natural 
family. Hence we can exclude this case, and we may assume that at 
least one of the first factors in the right-hand members of equations 
(9) is not zero. 

By this last remark, it is found by taking the logarithmic deriva- 
tive of the first of equations (9) with respect to v and of the second 
with respect to u that 


(11) Cos + 2du, = d(c, + 2d,), 2Cus + duu = C(2c, + dy). 


Note that if either one of the first factors on the right-hand members 
of equations (9) is zero, the functions c and d must still satisfy the 
equations (11). 

Now imposing the condition c,=d, for a natural family, it is found 
‘by (11) and Theorem 1 that our linear natural family must be a T 
family. Since I and Teo systems are linear natural, it is seen that 
Theorem 4 is proved in the general case. See §6 for special case. 


6. Proofs of Theorems 3 and 4 in the special cases. We shall prove 
our theorems for the case where ¢,=0 and ¢,%£0. The other case 
where @,=0 and ġ,* 0 is of course similar. For our special case, it is 
seen that in order that the differential equation (4) be a velocity sys- 
tem, the function y must be given by 


(12) y = alo) + f(r). 


—_ 
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The functions c and d defining the velocity system are then 
= Pauw ; 2a = erp + Divs 





$u ax + Be asp + Bs 


Differentiating the first with respect to v and the second with re- 
spect to #, we find 


(14) a _ 2h a(esh» T asBer) 


(13) C 


f da z Pularba = ABe) f 
(ag + 8,)? (ap + 8a” 


The condition c,=—d, for an isogonal system, or the condition 
cy=4d, for a natural system shows that in either case we must have 
c,=d, =0. Therefore in our special case it is found that the only pos- 
sible linear isogonal or linear natural systems are the Ip families. This 
completes the proof of both Theorems 3 and 4 in the special cases. 


7. Kasner’s characterization of surfaces of constant curvature by 
isothermal families. Before proceeding with the proof of Kasner’s 
second theorem, it is necessary to discuss some preliminary material. 
A natural family is a conformal image upon a plane of the geodesics of 
a general surface S. If x=const. and y=const. represent an isother- 
mal net on S, the metric ds for S is given by 


(15) ° dst = 28 dude, 
The natural family is then a velocity system for which 
(16) C= ha; d = M. 


The gaussian curvature G of S is G= —e™™ws. 
Now we state and prove the following result. 


THROREM 5. The conformal map of the geodesics of a surface S upon 
a plane ts a I or To famiy tf and only if S is of constant gausstan 
curvature. It ss a l famiy if and only tf S is developable. 


The proof of this result is easily obtained by eliminating c and d 
from equations (2.3) and (16) and deducing from these two new equa- 
tions that G must be constant. Of course, S is developable if and only 
if A is a harmonic function, and therefore if and only if a conformal 
image upon a plane of its geodesics is a Io family. 

Now we shall state and prove Kasner’s characterization of surfaces 
of constant curvature by isothermal families. l 


THEOREM 6. A surface S can possess exachy œ? isothermal families 
of geodesics tf and only if S is of constant gaussian curvature. 
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For let a surface S possess exactly œ? isothermal families of geo- 
desics. Our surface S can be mapped upon a plane so that its geodesics 
are represented by a natural family which contains exactly œ? igo- 
thermal families. By Theorem 2, the natural family must bea T or To 
system. From Theorem 5, we see that S must be of constant gaussian 
curvature. 

The converse may be proved by the reversal of the argument of 
the preceding paragraph. Thus Theorem 6 is completely proved. 

Kasner showed that the surfaces can be classified into three dis- 
tinct types with respect to the number of isothermal families of geo- 
desics: (1) the surfaces of constant curvature—exactly œt; (2) the 
surfaces applicable to surfaces of revolution but of variable curva- 
ature—exactly one, and (3) the surfaces not applicable to surfaces of 
revolution—none. 


8. Beltrami’s theorem. We shall now show how Beltrami’s theorem 
may be deduced from our preceding work. 


THEOREM 7. A surface S may be mapped upon a plane so thai tts 
geodesics correspond to stratght lines sf and only if S is of constant 
gaussian curvature. 


Let a surface S be mapped upon a plane r by a point transforma- 
tion T; so that its geodesics correspond to straight lines. Now there 
exists a conformal transformation T, of S upon ~ so that the geo- 
desics are represented by a natural family. Therefore the product 
TT! carries the natural family into straight lines. By Theorem 4, 
the natural family must bea T or Ie system. Therefore by Theorem 5, 
our surface S must be of constant gaussian curvature. 

Conversely, by the reversal of the steps involved in the preceding 
argument, it may be shown that a surface of constant curvature may 
be mapped upon a plane r so that its geodesics correspond to straight 
lines. This completes the proof of Beltrami’s Theorem 7. 
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THE PELL EQUATION IN QUADRATIC FIELDS 


IVAN NIVEN 
Consider the equation 


(1) . as Bi yn? = 1, 


where y is a given integer of a quadratic field F, and integral solu- 
tions £, 7 are sought in F. It has been shown! that equation (1) has 
an infinite number of solutions if and only if y is not totally negative 
when Fis a real field, and y is not the square of an integer of F when 
F is imaginary. We now obtain the following result: 

Let y be such that equatton (1) has an infinite number of solutions. 
If Fis a real field tt is possible to find a solutson Ẹ, m of (1) so that every 
solution ts given by the equations 
(2) E= {(& + A m)* + E — 9 *} /2 E E ee 

= {(& +m) — (& — Ym) *} 2y, i l 
if and only sf y is not a totally possitve non-square integer of F. If F 

is tmaginary ti is always posssble to find a soLaiaN £1, 7. so that a 
solutions are piven by (2). 

The latter result is known to hold for the Pell equation in the ra- 
tional field. The expression y/? is ambiguous, but no confusion will 
arise provided it consistently has the same value (we shall specify its 
value in certain cases). We consider the four sets +£, +7 to bea 
single solution, so that equations (2) give “every solution” in the 
sense that one of the four is present for some value of n. 

Case 1. F real, y postive bui not totally positos. It will be con- 
venient to consider y'/2, £ and 7 positive. We now show that there is 
but a finite number of solutions of (1) with — bounded, say < N. For 
suppose we have an infinitude of solutions „ 7, with &.<N for 
t= 1, 2,3,- -. Taking conjugates in equation (1) we would have 


3 3 
t,— yi, = 1, 
and since —7 is positive, this implies that §,31 for +=1, 2, 3, - 
But it is not possible to have an infinite set of real quadratic integers 
which, along with their conjugates, are bounded. 


Presented to the Society, November 28, 1942; received by the editors August 8, 
1942. 

1 Quadratic dtophantine equations in the rahonal and quadratic fields, Trans. Amer. 
Math. Soc. vol. 52 (1942) p. 2 Theorem 4. We refer to this paper as (Q). 
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Hence there exists a least &, say &, among the positive solutions 
of (1); the corresponding 7, say m, is also a least value. Thus we have, 
among the +727, a minimum value £,-+y/"m; it is unique, since 
otherwise y1? would be an element of F, contrary to hypothesis. Now 
any solution $, n must correspond to a rational integer n such that 


(Er + ym)" SE yy < (By a 
Multiplying by (&—y/"n)" we have 
1 S (E+ 7%) (6 — m) < fs H m 


The central term is of the form f+ y! m, & and m being integers 
of F. On multiplying this central term by $s— y! ?m we see that $s, ™m 
is a solution of (1); also neither & nor m is negative. But since 
iHi? is the least with positive ¢ and 7, we must have &=1, 
m2 =0 and hence 


E + yy = (Ei + r)". 


This implies equations (2). 
Case 2. F real, y negative bui not totally negative. All solutions of (1) 
are obtained by taking conjugates of solutions of 


(3) p = yn = 1, 


so the problem reduces to Case 1. The particular solution &, 7 can 
be obtained in this case by taking the conjugate of the least positive 
solution of (3). 

Case 3. F real, y a perfect square in F (and hence totaly possisve). 
Let y =a?, where æ is a positive integer in F. We prove that there is 
only a finite number of positive solutions of (1) with €+ayn bounded. 
Any solution gives us two integers of the field E+an and &—an, with 
product unity. But two integers of a real quadratic field have this 
property only if one is the conjugate, or the negative of the conjugate, 
of the other. Hence we can write E+an=p, E-—an=+). Taking $, 7 
and a positive we have p>1 and 1>|/ >0. But there is only a finite 
number of integers p which exceed 1, are bounded, and possess the 
property pp= +1. Thus among the infinitude of solutions of (1) there 
exists one having §+an a minimum. It is unique; for if &+em 
=f+an, with, say, &>&and m<m, then not both &, qı and &, m 
can satisfy (1). Hence we proceed as in Case 1 to derive all solutions 
from this unique smallest one. 

Case 4. F real, y totally postive but not a perfect square in F. We 
shall show that (1) has infinitefy many solutions with § bounded. 
In Lemma 2 in §3 of (Q) it is proved that if y is positive but not 
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totally positive there are infinitely many solutions of (1); we shall 
make direct use of this proof. 

Note first that the infinitude of solutions obtained are such that ¢ 
is bounded. To prove this, we observe that the integer p introduced 
in connection with the infinite series (10) in (Q) is bounded, as also 
is its conjugate; this is seen from inequality (9) and the argument fol- 


lowing. And since Ẹ is obtained in (15) by dividing £, — Yn. by p. 


we can obtain ¢ by multiplying ¢,£,—74,7. by the reciprocal of J, ` 


both of which are bounded: the first because of (8), and the second | 


because the reciprocal of p does not exceed p, which is bounded. In- 
stead of obtaining the infinitude of solutions as suggested in (Q) (see 
the sentence immediately preceding Lemma 3), we can get them by 
compounding the first pair in (11) with all subsequent pairs, and thus 
¢ is bounded for all resulting solutions. 

Next we note that the proof of Lemma 2 in (Q) is valid if y isa 
totally positive non-square integer of F. Two remarks should be made 
in explanation: after inequality (9) the argument used to show that 
the left side of (7) cannot be zero needs a slight alteration; the result 
follows from the fact that y'/?, or 6, cannot be an element of F, by 
hypothesis; also the inequality just preceding (10) must be changed 
since 7 is now positive; the essential idea, that £?—q? is bounded 
is still correct. 

Thus the proof of Lemma 2 of (Q) can be used to obtain the result 
that our present equation (1) has infinitely many solutions with £ 
bounded, y being coun positive but not a square. But Ẹ and # are 
solutions of - 

3 — yi’ üj 1, 
+ also being totally positive but not a square; interchanging £, 7 and Y 
with their conjugates we have the result that our equation (1) has 
infinitely many solutions with bounded. 

Now if there were some least positive solution &, 91, we could pro- 
ceed as in Case 1 and derive all solutions from it by equations (2). 
But $ in equations (2) is bounded for only a finite number of values 
of n. Thus we cannot obtain all solutions by such a scheme. 


af 


Case 5. F imaginary, y not a perfect square in F. We first show that, 


except for trivial solutions +1, 0, we cannot have | E+ yy = 1, For 
otherwise | £—y1/%q| =1, and the inequality 


(4) . Lèl S G/D | + A] + (1/2) |E — w] 


would give us | El $1, yielding only a trivial solution. Hence for con- 
venience we can choose the sign of $ (or 7) so that 
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Erral erui 
Next we show that two essentially different solutions n 7, and 
fs, a cannot be such that 
| i + m| = | Ea + m|. p 

For if this were the case we would have another solution 3, 73 defined 
by ; 

fs = fits — yuna, m = Sina — Emi 
It would follow that 

|i + m| =| a — nl lat = 1, 


and by the argument above, &=+1 and 3=0. These imply that 
&=+&, mo tm. 

Now | Ep y?n] is less than any given positive value N>1 for but 
a finite number of solutions of (1); for by (4) if | E+] is bounded 
‘80 ig El , and this cannot be bounded for an infinite set of integers 
of an imaginary quadratic field. Hence there exists a unique non- 
trivial solution of (1) having | +y'%y| a minimum, and we can pro- 
ceed as in Case 1. 


PURDUE UNIVERSITY 


FIELD CONCENTRATION NEAR CIRCULAR CONDUCTORS 
H. PORITSKY 


1. Introduction. The problem considered in this note is the cal- 
culation of the maximum fidld concentration which obtains in the 
field shown in Figure 1a. Here the semicircles represent the upper 
half of an infinite row of cylindrical metallic conductors at a constant 
potential, the conductors touching each other. There is a potential. 
difference between these and the upper plane surface, and it is re- 
quired to calculate the resulting field concentration which obtains at 


Fic. fa 


the semicircular conductors. The maximum electric gradient will ob- 
vigusly occur at the midpoints between the points of contact with the 
adjacent conductors. 

It is assumed that the plane surface representing the other electrode” 
is sufficiently far away so that the field is quite uniform near it and 
the field concentration is not affected by the distance between the 
circular wires ard the plane surface. In fact, throughout the following 
it will be supposed that this plane is at infinity. 

The above problem is of interest in the construction of electric 
cable where a row of circular wires is often arranged around a circular 
cylindrical surface and a potential difference maintained between the 
ions and an outer circular sheath concentric with the axis of the cyl- 
inder and external to the wires. To the first approximation the field 
concentration factor which obtains in Figure 1a may be carried over 
to the case of a cable by first assuming that the surface made up 
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of the semicircles is replaced by a tangent cylinder, calculating the 
resulting electric gradient at this surface, and then multiplying it by 
the field concentration factor derived from the plane case. 


2. Solutions by means of the modular function. The method em- 
ployed in this note utilizes the modular function, X(r), and is based 
upon the fact that the function just mentioned maps the shaded re- 
gion of Figure 1b in the r-plane upon the shaded region of the A-plane 


T-plane 


ae 0 Cr=1 
Fic. 1b 


shown in Figure ic (see Burkhardt, EWipttsche Funktionen, Berlin, 
1920, p. 259). Thus the rather complicated boundary consisting 
partly of circles and partly of straight lines is now replaced by rec- 
tilinear boundaries only. Therefore the solution of the problem can 
be carried out very simply. The analytic expression for w in terms 
of À is given below. 

It will be noticed that the r-plane is simply related to the original 
s-plane. In fact, this relation is given by 


(1) z = (x/2)r. 


If the region to the left of the pure imaginary axis of Figure 1b, 
and forming the mirror image of the shaded region, is added to the 
latter, the combined region which is bounded by the complete semi- 
circle from r=—1 to r=1 and two vertical lines through 7r=1, 


f 
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r= —1 goes into a half-plane in Figure ic, namely the half-plane tó 
the left of the vertical axis through A == 1/2. Since the flux lines in 
Figure 2 all meetthe circular boundary normally, it follows that the 
corresponding flux lines of Figure 1c will all cross the vertical straight 
line through A=1/2 normally. In Figure 1b the flux lines go off to 
infinity; in Figure 1c they must converge toward the origin E, which 





E(A=0) 
Fic, ic 





CA=—1) 


point corresponds to the infinite region of Figure 1b, at least for 
ways of recession to infinity in the direction of the pure imaginary 
axis in the r-plane. This means that the flux lines in Figure 1c are 
simply due to positive and negative point charges placed, respec- 
tively, at the origin \}0 and at the point \=1, which is its negative 
image in the vertical line through A=1/2 (that is, through A of 
Figure 1c). Therefore one might at once express the flux function in 
terms of à as follows: 


A- 1 
(2) w = (1/2) ar 


The factor 1/2 is due to the fact that r flux lines are supposed to 
converge toward the origin \=0, since x flux lines receded to infinity 
in the original s-plane for each period strip. 


3. Expansions in powers of g. The expression for the modular func- 
tion is given by l 
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16g(1 + ght + ght+---)4 
(see Burkhardt, loc. cit. p. 253), where g is given by 
(4) q= ert, 


It will be recalled that this modular function is of interest in con- 
nection with transformation of periods of an elliptic function and that 
the expression obtained for it, namely equation (3) above, can be 
derived from the #-functions, being in fact equal to 


_ 8:0) 
(0) ' 


the #’s are periodic functions of interest in the theory of elliptic func- 
tions and involve as a parameter the quantity q, though this has not 
been indicated in the notation of the right-hand side of (5). q itself 
is given by (4) where r is the ratio of the two periods of the elliptic 
function in question. This connection of the function A(7) with elliptic 
` functions is not utilized in the following, and is mentioned here only 
in passing. The only essential feature is the fact that the function A(r) 
defined by (3) and (4) maps the shaded region of Figure 1b upon that 
of Figure ic, and yields a simple expression for w (equation (2)). 

To proceed with the calculation of the field it is now necessary to 
evaluate the expression of the derivative dw/ds whose absolute value 
gives the field strength at any point. This derivative will be evaluated 
as a product of four distinct derivatives as follows: 


dw dw dd dg dr 


` (3) =r) = 


(5) d(r) 


(6) 


It is clear from (3) that it is easier to differentiate the logarithm of À 
rather than A itself; hence we shall utilize this derivative: 
dlogh 1a 1 bgt 2-3e+--- 
qq dg ç q CE A a ata 
a 1-2¢ + 2-3¢+.--- | 
i es i ee ha oe” 


Again, from (4) follows i 


(8) dq/dr = wie! = rig 
while (1) and (2) yield 
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(9) l ds/dr = 2/x, 
D Raa EE 
A 2a rAd 


Substituting from (7)-(10) into (6) there results 
dw -| 1 | d(log>) | 2 
ds 2tA+1 4X dg 

. £-2gi-2 4 2.39234... 
(11) = | | E +4 i et i OE 
1+ gi? + gt + ow ste 
e qg +4 tP | 
fe dye 2g ot a e 

The values of the various variables corresponding to the point A of 

Figure 1b’are 

r=% à= 1/2, q= e = 1074M = 043214, 

Substituting in (11) and taking absolute values, there results 








A—1 


aw 
-< = 2[1 -+- .0149 — .3184 | = 1.3952. 
g 





This leads to the field concentration factor 1.3952. 

The above served to check the field concentration factor 1.4 which 
was frst obtained by means of a free-hand flux plot of this field shown 
in Figure 2. 
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ON THE SIEVE METHOD OF VIGGO BRUN 
R. D. JAMES 


1. Introduction. Numerous improvements have been made in the 
the sieve method since the appearance of Brun’s work.! Rademacher,? 
Estermann, and, more recently, Buchstab* have introduced new 
ideas and so obtained more precise results. If their work is examined 
it will be seen that the various estimates which they use can all be 
made to depend on the single estimate 


(1.1) >, (log p)/p = log x + O(1), 


Pas 


the summation eee over all primes p Sx. 
In a previous paper it was shown that Rademacher’s results could 
be extended to any infinite set of primes for which the estimate 


(1.2) 2 (log p)/p = r log x + O(1) 


applies. Here, and subsequently, the dash indicates that the summa- 
tion extends over all the primes of a given infinite set which do not 
exceed x, and r is a given real number such that 0 <r 451. 

In this paper it will be shown that Buchstab’s results can be simi- 
- larly extended. Application will be made to primes in arithmetic 
progression since the set of all primes pek (mod &) with (h, k)=1 
satisfies (1.2) with r =1/ġ(k). 


2. Preliminary lemmas. It is well known’ that from (1.1) it follows 
that 


>, 1/p = log log x + C + O(1/log =) 
Pa 
and 


II (1 — (2/p)) = D/log? z + O(1/log? 2), 
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where C a D are constants. These two estimates form the basis of 
Rademacher’s results. 
In precisely the same way it follows from (1.2) that 


(2.1) >,’ 1/p = r log log z + C(r) + O(1/log x) 
PAZ 
and 
(2.2) IT’ (1 — (2/p)) = D(r)/log” z + O(1/log™*! a), 
Pas 


where C(r) and D({r) depend only on r. Another result which Buchstab 
uses (Lemma 3 of the first paper referred to) and which also follows 
from (1.1) is 


>  1/{pllog z — log p)*} 


alts pca 
= (1/log? x) { log (v — 1) — log (u — 1) 
+ u/(u — 1) — 2/0 — 1)} + O(1/log’ 3), 


where u and v are real numbers such that 2 Su <v. 
This may also be written in the form 


2, — 1/{ p(log z — log 9)%} 


alts ac zl’ 


(2.3) 


(2 4) wl 
= (1/log? af (z + 1)s-%ds + O(1/log? x) 
which may be generalized. 


The proof of (2.4) is made in the usual way by partial summation. 
An outline of the proof follows. Let 


R(2) = 2) (log p)/p 
so that by (1.1) a 

R(x) = log z + r(x), 
where r(x) = O(1) and, in particular r(1) = 0. Then the left side of (2.4) 
is equal to 

>, {R(s) — R(n — 1)}/ {log n(log z— log n)?} 
(2.5) = > {log n — log (n — 1)}/{log #(log x — log »)?} 
+ >> {[r(m) — rís — 1)}/ {log n(log z — log 1)*}, 

where the summation range is rY? Sn <x, Since 


log # — log (n — 1) = 1/n + O(1/#), 
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the first sum will be 
(2.6) >, 1/{n log n(log x — log n)?} 


plus an error term. The sum (2.6), in turn, is given by 
als f 
Í 1/ {t log i(log x — log #)?} di 
si” i 


plus an error term. The substitution log t= (log x)/(s+1) transforms 
this integral into the integral in (2.4). The proof is then completed 
by showing that the second sum in (2.5) and the various error terms 
are all O(1/log? x). 

The generalized form of (2.4) is given in the following lemma. 


Lemma 1. Let s be any positive real number and let u and v be postive 
real numbers such that 1 Su Sv sf 2s<1, 1<u <r if 2s&1. 
Then 
dD’ = 1/{pdog z — log p)*} 


allt pe gifs A 
= (r/log™ ) f (z + 1) ts tds + O(1/log*t! x). 
w—l 


The proof is omitted since it follows that given for (2.4) but uses 
(1.2) instead of (1.1). 


3. The first theorem. Next, following Rademacher and Buchstab, ’ 
we define a function Pu(x; y, 7) = P(x; 4,7; A, a; Pi, Gu 6,). Let À anda 
be given positive integers and let pı, © + > , ps be the primes not divid- 
ing A and less than y of a given infinite set of primes for which 
(1.2) holds. Let w denote a given set of non-negative integers 
Gi, bitet 3 Gn, ba; a,.<pi, ba <p, with a,~},, +=1,---, & Then 
P(x; y, r) is defined as the number of integers » which satisfy the 
conditions 


HS &, # = a (mod A), 
(n — a(n — 6,) 4 0 (mod #,), peleri k, 
Since Pu(x; y, r)=Pu(x; x, r) for yèx we may allow y to be infinite 
and consider an infinite set of integers ai, bi. 


It follows as in Rademacher’s paper that if p, is the largest prime 
of the given set Jess than x!/7 then 


Palæ; 4/7, r) = Pela; pari, r) > Ex/A — R, 


(3.1) 


where 
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E= fı -2 2 0/29} 


Igas š 
TA 2 (4/pabs) 41 2 D7 «i/o + 
iseQa 154581 iges b 
and 
k2k2:--2k = i, 
= (2k + 1)(2k + 1)?- +- (2k, + 1)% 


From (2.1) and (2.2) it follows that for every «>0 there exists a 
number wy = wo(e) such that for all w2 w, we have 


S 1/p <r log (m+), . 
Il’ (1 — (2/4) > (m + 9, pore ee 


We now define three positive numbers k, B, and B’ which depend onr. 
Thus 


h= dte Bex (22/17)"e— e Bl = (26/23)""¥ — «e, 


(3.2) 


where ¢ is an arbitrarily small positive number. Buchstab uses these 
numbers with r={ in the proofs of his first two lemmas which corre- 
spond to our Theorem 1. 

Following Buchstab we choose ki =k where p, is the largest prime 
of the given set less than x!/7; for ¿22 we choose k, so that py, is the 
largest prime in the given set less than x/734"", The process is con- 
tinued until we come to a where p», is the least prime in the 
given set for which pe <woSps,,. For t++1<sSn we choose 
Pa, = Prr 

We denote by E, (0=1, 2, - + - , n) the sum formed by taking from 
E only those terms for which the subscripts on the p’s exceed kepi. 


We then write 
t+] 


E,= >. Ey, 


tamed} 
where 


p (#) .(i—#) 
>> Eos, 


and S-” ig the (¢—s)th elementary symmetric function of 
2/ Pm, m = koa + 1, Rept 2+ ++ hee 
It follows ag in the papers of Rademacher and Buchstab that for 
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v2 2 we have 
(3.3) E,= EP, — ,, 


where 


P, = IT’ (1 m (2/2.)) 
bei 1S by 
and 


b E aa i 
(#) CERIN 
$, ii D E,W 
Een 


For y = 1 we have 
(3.4) Es PSs 
and hence using (3.3) and (3:4) 


R=E,>P,---P(1—Pi St — Pi Pe Ss 


3.5 a a, ee 
( ) sP Py Py paik, 
From (3.2) and the values for B and & it follows that 
SP =2 YY 1/p. < 2r log (B+ à = 2 log (22/17), 
ran 
SO a2 YY! 1/pa< 2r log (k + 6) = 2log 6” = 1/2. 
i rower, : 
Similarly from (3.2) we obtain à 
Py’ < (22/17)*, Py <e” 


These numerical results are exactly the inequalities used by Buchstab 
to estimate the value of E from (3.5). We may therefore use his cal- 
culations and conclude that 


Pol; 2/7, r) > 0.98(cz/log"" x) + O(x/log**** x) + O(x') 
where 
c = clr) = y*D(r)/A, 
ò = {3 + 24/B(h — 1)}/y. 
Similarly it can be shown that 
- Palæ; 2/7, r) < 1.016(cx/log*” x) + O(lz/log™t! x) + O(x*’) 


where 


(3.6) 


8’ = {2 + 24/B'(k — 1)}/7. 


” 
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If we now choose y =y(r) so that 6 and 8’ are each less than í we ob- 
tain this theorem. - 


THEOREM 1. We have 
P(x; 2/7, r) > 0.98 (cz/log x) + O(2/log**+ g), 
Pelax; 2/7, 7) < 1.016(cx/log** x) + O(x/log?**! x) 
independently of the set w of integers a., bi. 


4, The second theorem. Corresponding to Buchstab’s Theorems 1 
and 2 we have this theorem. 


THEOREM 2. Suppose thai for fixed r there exist functions f,(a) and 
Fila) having a finite number of finie disconitnusttes in the respective 
ranges 0SaSB,, OSaS Bs, where B, and By are cerlatn constants such 
that |B,—Bs| S1. Suppose further that the inequalities 
Poa; 2/4, r) > fi (a) (x/log* x) + O(x/log*** x), 

Pi (x; 2/4, r) < Fala) (z/log™ x) + O(x/log* x») 
hold independently of w. Then the functions fi4i(a) and Fiya) defined 
by 

f(a) = fka), Fla) ro F(a), 0Sak< i; 


fina) = max fio, f8) — ar fo Plays + tetas , 


lSasf S&B; 


(4.1) 


Ho 
Fi4i(a) = min ÍFa), Fa) a ar f fa) + Diistas} i 
g-—1 
l 1SaS86S8 B;; 
also satisfy the inequalities (4.1). 


Buchstab’s proof for the case r=1 proceeds as follows. The differ- 
ence between P.(x; Pais, 1) and P.(x; pa, 1) is the number of integers 
n of the form 


Gr + mp or bit mpe m=O0,1,2,-°--, 
which satisfy the conditions (3.1) fort=1,2,---,k—1. This is the 
same as the number of integers m which satisfy the conditions 

m S (2 — Gs)/dn, a, + mp, m a (mod A), 
(m — a.)(m — b,) wh 0 (mod 9,), P24, 2k 4, 
plus the number of integers which satisfy a similar set of conditions 
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with a, replaced by bx. Hence we have 
P(t Parr, 1) = Pala; ps, 1) — Poil (a — Gr)/ph; Da 1) 
— Pa((x — ba)/pr; Pu, 1). 


Now, P.,(x/ps; ġa, 1) counts at most one more integer than 
< Py ((x—as)/Pe; Ps, 1), 80 that we have the recursion formula 


Pols; Peps, 1) = Palë; pr 1) — Pol E/ bri pa, 1) 
— Pu, (0/ pe; Pr; 1) T Hb 


where 0 <ua S2. Suppose that p;, - - - , pa are the primes of the given 
set between x!/f and x*; that is, 


Por < DP Sp, << py < eS pay. 


(4.2) 


By repeated application of (4.2) we obtain 
Palæ; os, 1) = Pola; 26,1) — $ Pua/pei Pa 1) 


4.3 
oo — >) Pat(2/ pei pa 1) + DO ke 


where > pu, = O(x!/*), The two sums on the right side of (4.3) are each 
divided into partial sums defined by 


qli mt) < p< ali tL) 
where l 

u =a — 1 +48 — a)/n, 
and # is an integer such that cı log x Sn Sc log x. 

For a typical partial sum 7; we use (4.1) and obtain 
T, S Filin) >, x/{ p(log x — log p)?} 
- + O(x/log 2) 2) 1/{ p(log z — log p)*}. 

By Lemma 1 with s=1, u—1=—x,, r—1=,,, this becomes 


T, S F(s) (2/log? 2) Í ™ (z + 1)s*ds 


trti 
towed f EETA 
Then we have i 


wl wit 8—1 
> Falta) (s + 1)sds = f _F(s)(s + 1)s’ds + O(1/log x). 


Wy 
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Putting these results together we find that 


AI 
Pelz; 2s, 1) > (2/log? x) TO — 2f F(s)(s + naas} : 


+ O(x/log? =) ! 


which means that 
pI 
fala) =A) -2f POEH tetas 


will serve as a new function in (4.1). 

The result for Fula) is obtained in exactly the same way. The 
proof of Theorem 2 is the same except that we use Lemma 1 with 
s =r instead of s=1. 

Since OS Py(x; re, r) SPelx; x7, r) for 0Sa <y it follows from 
Theorem 1 that we may take 


0 for OSa<y, 
fo(a) = : 
0.98: for a= y; 
Fola) = 1.016 for OSaSy. 


Then, using Theorem 2 we compute successively F(a), fila); 
Fy(a), - + -. A numerical example to illustrate the process is given 
in $6. 

5. A generalization of the second theorem. Let us consider a given 
infinite set of primes for which ; 


(5.1) 2" (log p)/p = s log x + O(1), s>r, 


holds and an infinite subset of this set for which (1.2) is satisfied. We 
define a function P.(«; g, s; y, r) similar to Pelz; y, r). Let pu +++, P» 
be the primes of the given set not dividing A and not exceeding z for 
which (5.1) holds; let pais, -- >, pı be the primes of the subset not 
dividing A, greater than s and not greater than y for which (1.2) holds. 
Let w denote a given set of non- a integers G1, bi; - ++ ; arbi; 
á, <piu b, <p: with a;%b,,4=1, - , 4. Then Pa(x;8,S;y,r)is Pr 
as the number of integers _ sates the conditions 


n = a (mod A); (ms — a;)(n — b.) # 0 (mod p,), tal 2h 


THEOREM 3. Suppose that for fixed r, s, A there exist functions g(a), 
Gala) which have a finite number of fintie discontinuities in the range 
OSaSA. Suppose further that the tnequalsises 
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Pals, x4, s; e, r) > g(a) (x/log* x) + O(x/log*** 2), 
Palæ; 2/4, s; dis, r) < Gi(a)(2/log™ x) + O(x/log***' x), 
OSasdA, 


hold independently of w. Then the functions guila) and Gela) defined 
by 
fmia) = gha), Griila) = Gila), OSa<i, 


tuala) = max gda), a6) — 2r f GDE + Dinas}, 


- (5.2) 


fi ; 
Ganla) = min fea, Gu) — arf g.(s)(2 + Dieter 


OSaSA, 


are also functtons satisfying (5.2). 


The method of proof is again that given by Buchstab but we use 
Lemma 1 instead of (2.4). 

Since Py (x; 2/4, s; 2/4, r) is the same as the function P.(x; x14, $) 
first used, it is clear from Theorem 1 that for A =Y we may take 


0 for OSa<y, 
gola) = i 
0.98¢ for a= y, 
Gola) = 1.0166 for 0SaSy, 


where c = ¢(s) is now given by 
c = y™*D(s)/A 
instead of (3.6). 


6. Some numerical results. An interesting question is that of de- 
termining how small r must be in order that there should exist in- 
tegers n Sx, n=a (mod A) for which 


(6.1) (n — a;)(s — b,) 4 0 (mod £;) 


for every p, belonging to the given infinite set satisfying (1.2). Clearly, 
(6.1) holds if p, >x so that we have to determine values of r for which 
Po(x;x,7r)>0. 

We shall show that this is true for all sufficiently large x when 
r=1/5. For this value of r we find that 


hk = 3.49, B = 3.62, B’ = 1.84, y = 3.78. 
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Then by Theorems 1 and 2 with 
fo(3.78) = 0.98c,  Fa(3.78) = 1.016¢ 


we have 
2.78 
fill) = fo(3.78) — (2/5)Fa(3.78) f s-2/8(g + 1)" tds, 
0 
It is easy to show that 


Í Ag 4 1)-isds < 2.36 
0 
and hence 
fi(1) > c(1/5) {0.98 — (0.4)(1.016)(2.36)} > 0. 


It follows that P.(«;, 1/5) >0 for all sufficiently large x. 

A deeper problem is that of determining the greatest value of r for 
which P.(x; x, r) >0 independently of w. All that wè have been able* 
to prove so far, however, is what we have just shown, namely that 
r2=1/5. 

As a simple numerical example of the use of Theorem 3 we take 
r=1/2,s=1. Here we can improve Theorem 1 by using the results 
in Buchstab’s second paper. From them it follows that we may take 


m l 0 for 0Sa<7, 
a) a 

j 43.34b for a=71, 
Gola) = 56.235 for 0OSaS7, 


where b=0.-4161 : ++. Then using Theorem 3 with r =1/2, s=1 we 
find successively 


G1(6) = 50.750, £1(6) z 32.39b, Ga(5) = 47 .94b, 
and finally 


' 
ga(4) = g:(6) — ous) f (s + 1)sds > 0. 


We have thus shown that P(x; xY", 1;x!/4, 1/2) >0 for all sufficiently 
large x independently of w. 

Suppose now that we take the set of all odd primes as our set with 
s=1 and the set of all primes congruent to 3 (mod 4) as the subset 
with 7 =1/ġ(4)=1/2. Since the function P. does not decrease if we 
remove the restriction 4,6; we may choose 
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a, = 0, b, = x (mod 4,), 0 Sb, <Ê, 
x = 2 (mod 4), am, A = 4, 


Then Py(x; 21/7, 1; x14, 1/2) counts the number of integers n Sx such 
that 


n {a 1 (mod 4), n(n — x) 94 0 (mod 9,) 


where pi, - ++, paare the primes 3,5, +-:-uptox’, and pau, - ++, 21 
are the primes from x"/7 to x1/4 which are congruent to 3 (mod 4). It 
follows that neither » nor x—n is divisible by any prime up to «17 
nor by any prime congruent to 3 (mod 4) up to x4, 

Now let M and N be the number of primes congruent to 1 and 3 
(mod 4), respectively, which divide #, prime factors of multiplicity m 
counting m times. Each prime of the first set exceeds x” and each 
prime of the second exceeds x'/*, Since nx the product of primes 
dividing n cannot exceed x. Hence we have 


(6.2) M/T+ N/4 <1. 


Furthermore, smi (mod 4) and so N must be even. The only pos- 
sible integral solutions of (6.2) are then ” 


N = Q, M S6; 
NSR M s3. 


Since x 2 (mod 4) the same reasoning applies tox —n. We have thus 
shown that every sufficiently large integer x m2 (mod 4) is the sum of 
two integers which either have at most six prime factors all congruent 
to 1 (mod 4) or else have exactly two prime factors congruent to 
3 (mod 4) and at most three congruent to 1 (mod 4). 

It seems likely that a slight improvement in the method of proof 
would lead to the elimination of the second possibility, but at present 
there are still difficulties to be overcome. 


UNIVERSITY OF SASKATCHEWAN 


NOTES ON THE BERTINI INVOLUTION 
ETHEL I. MOODY! 
1. Introduction. Given a pencil of plane cubic curves 
(1) ~ w(x) + pw’(x) = 0 
with the vertices of the reference triangle among its base points. Ar- 
ranged as to (0, 0, 1) the equations may be written 
3 

w(x) = Trk + Titr + ths, 

w/(z) = rui + a + ud, 
with 

#1 = hti + latr M = Gi Ti t H Ta, 


bzi + bitit + biza +44 , 


Hi 
Ms = tita + Catia, “i, 
and a,,a,,0,,5/,¢,,c/ generic constants. 
A point y of the plane fixes the curve of the pencil (1) passing 
through it, hence 
(2) w(x) w/(y) — w'(x)w(y) = 0, 
which may be written in the form 
Wala) = aa(Arai + Aar) + a(Biti + Basita + Basa) 
+ Cizzi + Citite = 0 


in which A;=a,w’(y)—a, w(y), and similarly for B; and C;. The tan- 
gent to W(x) =0 at (0, 0, 1) is 


(4) Aix, + Aya, = 0, 
which meets the curve again at R=(n, fa, r3), 


Received by the editors August 31, 1942. 

1 Miss Moody, Ph.D. Cornell University, an instructor in mathematics at Penn- 
sylvania State College, was killed in an automobile accident April 11, 1941. I bad sug- 
gested that she compare my cumbersome method of derivation of the equations of 
this transformation (Amer. J, Math. vol. 33 (1911) pp. 327-336) with that of employ- 
ing a pencil of cubic curves, The following notes were found among her posthumous 
papers gent me recently. The equations of the Bertini involution are simpler than 
those previously known, and other properties found may be extended by others. 

VIRGIL SNYDER 
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(5) pr, = Agri, pry = — Aare, pry = ÅA yi, 
wherein 

ri = BiA; — ByArAs + ByAyy, ri = ACi — ACn. 
As \:u describes the pencil (3), the locus of R is 
(6) ya(z) = 2141+ mA: = 0, 


a quartic curve having a triple point at (0, 0, 1) and. passing simply 
through the remaining base points. It is completely fixed by these 
conditions. 


2. The Bertini involution. The locus R meets every curve of the 
pencil (3) in one point apart from base points. The line Ry meets 
W(x) =0 in a third point y’. It is proposed to study the involutorial 
transformation y~y’. 

The point y’ is associated with the points y and R by equations of 
the form y =}ly-++ mr. 

Substitute y’ for x in W3(x) =0. Since W3(y) =0 and W;(r) =0, the 
equation in /:m is linear. After various manipulations, it is found that 
y.(y) appears as a cubic factor, and the equations of the transforma- 
tion may be written in the form 


yi = bay) [Asde(y) + Bar! Inu 
yi = vol y) Aly) + Biri lon 
ys = Pel yibe(y)Ce. 
‘A subscript applied to a bracket indicates that the quantity enclosed 
has the subscript as a factor and that the factor has been removed. 
Cs(y) = AlB: + (mbt — af bs) yyt] 
a [Ay — (afb, — mbi): yayin lAs F Biysln 
+ (abi — abi )BayıYn 
ely) = AiCat Yil), 
¥0(9) = Axi + YCily). 


These expressions have no common factor and are all in terms of 
the coefficients in Ws(y). From the forms of the equations it follows 
at once that the transformation is of order 17. The point (0, 0, 1) is 
not a fundamental point. It is a fixed point of the transformation. The 
other base points of the pencil enter symmetrically. Ws(y) = 0 is the 
principal curve for (1, 0, 0) and de(y) = 0 for (0, 1, 0). 
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From the forms of the equations of these principal curves it is seen - 
that each has a triple point at the fundamental point to which it be- 
longs, and a double point at each of the other seven. There are no 
other fundamental points, hence 


CC: 8P, Pwpe PP k i 
It is the general Bertini involution. 


3. Fixed points of Bıy. From the method of defining y’ it follows 
that every cubic curve of the pencil is transformed itself from the 
central involution from its associated point R. 

From R can be drawn four tangents to W3(y)=0 apart from the 
one at R. But one of these touches the curve at (0, 0, 1), as R de- 
scribes y(x) =0. The locus of the other points of tangency is obtdined 
by eliminating \:u from (1) and the polar conic of R as to W3(y) =0. 
By using the same procedure to affect reductions, the equation of 
the locus is found to be 


(7) K(x) = y) [Arya + Biyileg — ¥0(¥) [Maiy + Bays], = 0. 


It is of order 9, has each base point of | Wily) | except (0, 0, 1) to 
multiplicity 3, and no other multiple points. It is of genus 4. Although 
(0, 0, 1) is a fixed point, its coordinates do not satisfy K(x) =0.? 

It is at once confirmed that at the points (1, 0, 0) and (0, 1, 0) the 
curve K(x) =0 has the same tangents as Yey) =0, ds(y) =0, respective- 
ly. Since these points have no particular role in the determining equa- 
tions, we infer that K(y) =0 has the same tangents at each base point 
as the principal curve of that point. 


4. Particular pencils. Suppose all the curves of the pencil (1) have 
a common tangent at (0, 0, 1). This requires that a second base point 
approaches (0, 0, 1) in the direction of the fixed tangent. The curve 
vi(x) =0 now consists of the fixed tangent and the cubic curve of the 
pencil having a double point at (0, 0, 1). The transformation reduces 
to the general Geiser involution having the other seven base points 
of the pencil as fundamental points. 


Circe TP, P, ~ pa: PHP k i, 

Ke: 1P}. 
Conversely, given any seven points in the plane: if the Geiser in- 
volution .be determined and its points of invariant points be con- 


3 In Hudson, Cremona transformations, p. 127, it is erroneously stated that (0, 0, 1) 
is triple on K(x) = {), 4 
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structed, a tangent to K=0 has the role of the remaining (adja- 
cent) base points of the pencil of cubics belonging to the point on K. 

Further particularizations of the Bertini involution are thus re- 
duced to special cases of the Geiser type.* 


5. Product of two Bertini involutions. Returning to the general 
case, consider the sequences of two Bertini involutions, first 7, with 
the base point (0, 0, 1) of the pencil, followed by 7: with (0, 1, 0) 
as the special vertex. 

By T; 


Ciı~Cir: 8P., t 3, 
By T: 
i p” | : 
Cir: 8P ~C: P s P31 P, t 7 2, 3. 
This transformation is not periodic. Its inverse is the product of the 
same components taken in inverse order. 


6. Components of the curve of fixed points of 7;7; and 737 . Con- 
sider the (x) =0 belonging to T, and that belonging to 73. These two 
curves meet in three points Q, apart from base points. Since from 
QO, the operations T; and T; are identical, it follows that the product 
of the two involutions leaves every point of the cubie of the pencil 
determined by Q; fixed, hence: 

The product of T, and T, leaves three cubics of the sind potni by 
porni invariant. 

7. Product of three 7. By direct application of the formula we ob- 
tain T3737; 

Cy Cua: Pi Pa Ps OP, , ix 1,2, 3, 

Py wpn: PiPsPi6Py 

Py~pu: PiP; POP, 

Py~pis: PIPPP., 

P, ~pis: PiP3P3P.5P, j1, 23,4 
If 73737, be calculated, its characteristic and that of its inverse are 
found to be identical hence: 

The product of three different Beriini tnvoluttons associated with the 


same pencst of cubic curves ts tnvolutorsal. 
PENNSYLVANIA STATE COLLEGE 


3? V. Snyder, Confugais line congruences contained in a bundle of quadric surfaces, 
Trans. Amer. Math. Soc. vol. 11 (1911) pp. 371-387. 


A NOTE ON APPROXIMATION BY 
RATIONAL FUNCTIONS 


H. KOBER 


The theory of the approximation by rational functions on point 
sets E of the s-plane (s =x++y) has been summarized by J. L. Walsh! 
who himself has proved a great number of important theorems some 
of which are fundamental. The results concern both the case when E 
is bounded and when £ extends to infinity. 

In the present note a L,-theory (0<p< œ) will be given for the 
following point sets extending to infinity: 

A. The real axis — œ <x < wo, y=0. 

B. The half-plane — œ <x< œ, 0<y<o, 

The only poles of the approximating functions are to lie at pre- 
assigned points whose number will be required to be as small as pos- 
sible.2 We shall make use of the theory of the class ©, the funda- 
mental results of which are due to E. Hille and J. D. Tamarkin; 
©, is the set of functions F(s) which, for 0<y< œ, are regular and 
satisfy the inequality 


flre+ iy) [rds S M? or | F(s) | < M 


for 0<p< œ% or p= œ, respectively, where M depends on F and p 
only. By | f(x+ty) | » we denote 


w 1/p 
(f | f(x + iy) jaz) or San | æ + iy) | 


for 0<p< œ or p= œ, respectively, and by @ and 8 two arbitrarily 
fixed points in the upper or lower half-plane, respectively. We obtain 
the following results :* 


THEOREM 1. Le 0<p< œ and F(HEL,— œ, œ), letc be an integer 
greater than b~! and r,(s) = (œ —s)*(s—p) -7 [k=0, +1, £2,- ]. 


Received by the editors June 26, 1942. 

! Interpolation and approximation by raional functions in the complex domain, 
Amer. Math. Soc. Colloquium Publications, vol. 20, 1935. 

* Compere Walsh, loc. cit., for example, approximation by polynomials. 

7 Fund. Math. vol. 25 (1935) pp. 329-352, 1 Sp < œ. For 0<p<1 see T. Kawata, 
Jap. J. Math. vol. 13 (1936) pp. 421-430, 

‘ The case p= œ of each of the results is a special case of Theorem 16, J. L. Walsh, 
chap. 2. 
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7 


Then there are fintie linear combinations Sals) of the ry(s) such that 
| F —s.|,> = (f iroa — Salt) pa) =o as n> oo, 


THEOREM 2. (a) Let 0<p< œ and FH EL, (— œ, Œœ). A necessary 
and suficient condition for the existence of rational functions s,(s) such 
that their only poles lte in a single point of the lower half-plane and that | 
| F(4) — sp (i) | p 0 as n— œ is that F(t) is equivalent to the limit-functton 
of an element F(z) of Dy. 

(b) When the latter condttion is satisfied then there are rational func- 
tons s,(z), with thetr only poles at s=8, such thal, uniformly in the 
half-plane0 <y< œ, 


| F(z + ty) — s(a + iy) |p — 0 as noo, 


By a well known result’ concerning §,, 2(b) is a consequence of 2(a). 

We start with giving explicit approximating functions in some spe- 
cial cases of problem (A), taking B= &. 

THEOREM 1’. Let F()}EL:i(— œ, ~) or FHCL,(—~, œ), or let 
F(t) be continuous everywhere, including infinity.’ Let c=2, 1, 0 for 
p=1,2, æ% n and lei 








m E =) ra 
Sa (3) = 2 rad gs EET = f F(#) ———_—_ Spee 
Then . 
Wo = ri 3 s, KEETE 
N 
| Eoo LTT 2 sn(¥) |, 








respecisvely, tends to sero as N—> œ. When F(t) ts continuous everywhere, 
including infinity, and of bounded variation sn (— œ, œ) then the s,(#) 
converge to F(t) unsformly in (— œ, œ). 


It will suffice to take a=1, the general case being deduced from 
this one by the substitution ¢=Rt(a) +t Ila). Let F(#) ELa(— œ, ~,), 
t=tan (1/2)8 [-rse sr], and f(#) =2(1+e)-'F(tan 8/2). Then 
F(#t)€I4(— ©, ©) implies that f4) Cla(—7, x), and vice versa. Now 

§ Since salt) E Lp, we have sa(s)E Dy, F(s) —sa(s) Cy, and we can apply the Hille- 
Tamarkin Theorem 2.1 (iii), part 2, loc. cit. 


* A function F(t) is said to be continuous at infinity when its limits, as ¿>+ ©, 
both exist and are finite and equal. © 
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the Fourier seriés > )b,e™, belonging to f(#), converges to f(#) in the 
mean square over (—x, x). We have e” = (¢—#)(¢+47—}, (1/2) (i+e*) 
=4(¢+)—!; taking a, =b., we arrive finally at the required result. In 
a similar way we prove the remaining assertions of the theorem. 
We note’ that the sequence { (25r) -æ — Zz) a Hia] 
[n=0, +1, +2, -+ ] is a complete orthogonal and normal system 
with respect to L,(— œ, œ) [i <p< æ]. 

To prove Theorem 1, we have to show that, given «>0, there is a 
finite linear combination s,(s) of the r,(s) such that | Fé) —s, (8) | os 
We can find a positive number b and a function f(#) such that f(#) 
is zero for |t| 2b and continuous for —bS#Sb, and that 


- , 7 (e/2)* for p>t 
JIPO -1 pass, be ta ai tae gant 


The function g(é) = (¢—§8)(#) is continuous everywhere, including in- 
finity. From results of Walsh? we deduce the existence of functions 


n — gN D 
o,(s) = È on 7 n= Q, 1,2,- } 
se 


Ia B 


| 2(4) 0, (2) | 0 as n—> ©, Taking s,(s) = (g—8)~‘on(s), we have 


[0 ~ 01 =| OEP seo - olf 7, 





— $ Toa 
The right side tends to zero as n— œ. Therefore, for some n, we have 
lf) —s.()|3<8, | FC) —s.(#)|2< ? which completes the proof. 

To prove Theorem 2(a), we need some lemmas. 


Lemma 1.° Let p(w) belong to the Riess class H, [0<p< œ ], that 
ts to say, let p(w) be regular for | w | <1 and satisfy the inequalsiy 


lera, = ( IMEZ paa) SM, Here. 


where M is independenti of r.° Then there are polynomials P,(w) 
- [n=1, 2, - - - ] such that olr) — P.r), 0 as no, unsformly 
for 0<rsSil. 


1 Cf, H. Kober, a forthcoming paper in Quart. J. Math. Oxford Ser. 1943. 

$s Walsh, loc, cit. chap. 2, Theorem 16. It can also be deduced from Theorem 1’ 
of this paper. 

*For p= co the result holds if and only if ¢(c#) is continuous for —r g2 Sr. 
Cf. Walsh, loc. cit., and Trans. Amer. Math. Soc. vol. 26 (1924) pp. 155—170. 

10 F, Riesz, Math. Zeit. vol. 18 (1923) pp. 87-95. 
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By well known properties of the class H,, it will suffice to take 
r=1. Let o(w) => a.w". Since, for any fixed R [0<R<1] and uni- 
formly with respect tod [—x $0 Sx], the series > a,R%e™ converges 
to ¢(Re™), the result can be deduced by means of the well known 
equation ||@(e%) —y(re*)||, 0 [r—1]. 


LEMMA 2, Lebw=a(s—s)(s+s)—). The funciton F(z) belongs to 9, sf, 
and only tf, the iii (1+w)-*/*9(w) belongs to H,, where p(w) 
= F(s). 


Hille and Tamarkin have proved" that the condition p(w) CH, is 
necessary. To define the function (1-+w)~?/*, we cut the wplane 
along the negative real axis from w= —1 to w=—o. When F(s) 
belongs to ©, then its limit function F(t) [y-0, x=é] belongs 
to L,(—~©, œ), therefore (1+6%)~%/*9(e%) to L,(—x, T). Let 
y(w) = (1-+-w)-?/*9(w), and 0<q¢<p/3. By Hélder’s theorem, we have 


finete ( "ieee" ris)” 


The right side is uniformly bounded for 0<r<1. Hence p(w) CH,; 
its limit-function y(e*), however, belongs to L,(—7x, r); hence! 
¥(w) GA,. Conversely, let ¥(w) CH,. From a result due to R. M. 
Gabriel? we deduce that | 


ucla év| < af | ye) |7dð, 


where C is any circle strictly interior to the unit circle T [|w| =1]. 
‘By Fatou’s theorem, this inequality holds when C is a circle touch- 
ing [ from within at w=—1. Finally, by the transformation 
w = (i — s)($ +2), we deduce that | F(x +iy)|,S arrive) ||» 
[0<y< œ% ] which proves the lemma. In a similar way we can show 
that when F(s)CG, and FEL,(—~, ~) [0<p?S ~] then 
F(t) E Qe. 


- Lexma 3. Let 0<p L ~, let f,(s) CG, [n=1, 2,--- ], and let f, (1) 
be the limst-funciton of f,(s). Let F(t) be defined tn (— œ, œ) and 
| FO) —fa(é) om asn—o, Then F(t) is equivalent to the lamst-funchon 
of an element f(s) of Dp. 


u Loc, cit. Lemma 2.5. 

u V. Smirnoff, C. R. Acad. Sci. Paris vol. 188 (1929) pp. 131-133. A. Zygmund, 
Trigonomatrical series, Warsaw, 1935, 7 56(iv). 

u J, London Math. Soc. voL 5 (1930) pp. 129-131. Cf. Hille-Tamarkin, Lemmas 
2.1 and 2.5. 
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The proof for0<p< © is entirely different from that for 1 sps, 
given in a former paper.“ Let 0<p<1 and p>0, and let ġ(23) EC Qs. 
Then, for pSy< œ, we have | b(s) | < ((1/2yrp) "? COIP Since 
[O —fa()|,0 [m>n— J, taking $(s) —fa(s)—fal(s) we can de- 
duce that the sequence f(s) } converges to an analytic function f(s), 
uniformly for — © <x< 0, p <y < œ. Since there is a constant K, a 
dependent of n, such that | ROP SK, we have | f.(xt+iy)|,SK 
and we can deduce that Reese SK for any positive y. Hente 
f(is)}€H, We are left to show that f(ġ, the limit-function 
of f(s), is equivalent to F(t) in (— œ, œ). Given «>0, we have 

(falx) —fr(x)|%<e/12 for m2N, aay N in a suitable way, and 
fu(xt+ty) fre); S e/6 for0<y3$8=8(e, N). Hence 


| falz + =f aero j 
+ | fa(x) — fla) (3 +| f(z + iy) ala |} S €/3 


form2 N, 0<y <S ô, since the first term on the right side is not greater 
than the second term. Given M>0, we have 


m M 
in | (2) — fala) |rdx S f I+ iy) — falz + iy) [pdx 


+| f(x-+ iy) — Ka |} | fale + iy) — ț fala) l3. 


The right side is smaller than e for m2 mo(¢), as we see fixing a suit- 
able value for y. Consequently f(x) = F(x) almost everywhere in any 
finite interval (— M, M) and, therefore, in (— ©, œ). With a slight 
alteration, the proof holds for isp<o. 

By the lemma, the necessity of the condition in Theorem 2(a) is 
evident. For s.(#) belongs to L,(— ©, œ), therefore s,(z) to $,. To 
prove its sufficiency, we take first 1 <p < ©. By Theorem 1, there are 
rational functions R,(s) such that their only poles lie at s = F; and s=£ 
and that | F(#)—R;,(é) |; p70 as no, Taking R,(s) =5,(8) +0,(s), 
where the rational functions s, and o, vanish at infinity and have no 
poles other than at s= or s=f, respectively, we have s,(s)CQ,, 
on(8)<— Oy. Denoting by $f the Hilbert operator 


~ {dt 
graf 


we have | fl ,»SC,|f|»,, OF =i F(x) and Ss.—4s,(x), Go. = —t0,(x).4 


1 H, Kober, Bull. Amer. Math. Soc. vol. 48 (1942) pp. 421-427. 
18 This can be shown by means of the inequality (73), M. Plancherel and G. Polya, 
Comment. Math. Helv. vol. 10 (1937-1938) pp. 110-163. 


t 
eet 
„2 
» 
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“Hence > | 
.2| FQ) sali) |, = | # + GF — GR. + ORa) |> 
s|F—R,|,+|S@-R8)|,5 (C,+|F-R,|, 
which tends to zero as n>. Hence | F(é) —s,(8) | 90 as NO, 
Let now 0<pSiand F(z) € ġ,, let 8 = —+, s =4(1 —w)(1+w) tand . 


p(w) = F(s). Given e>0, from the Lemmas 2 and 1 we infer the exist- 
ence of a polynomial P(s) such that 


[| olen + yale — Peo) [rao < o/4. 


where }=tand#/2, Let b be an integer, p-!<bS1i1+ p71. Then the ra- 
tional function x(s) = (28)*(¢-+s)7P (s—s)(s +s)~"} has no singular- 
ity except at s=—#. Since x(NGL,(—~, œ), we have BOJF 
=C<o, Now the function (1 tet) te can be approximated by 
polynomials Qu(e*) [m=1, 2,---], uniformly for ~r S0 S7. 
Hence, for some m, we have 


file = =) = w (= ~\ Fat < e2 


Thus | F(t) —x()Qn{ (¢—-2) (§+4)-1} | »<e/?, This completes the proof 
which, slightly altered, holds for 1 <p £2. 

For p=1, 2, ©, we obtain explicit approximating functions by 
Theorem 1’ and by the lemma: 


Let isp @ and F(s)CQ,, let a be an integer and a=0 for p=1, 
G22 for p= œ, a21 otherwise; then 


Hence 





F() — (1 4+ ap = it < «/2, 





} 8 
Í "FO a = 0 forn = 0, 1, 2,- 
4° aay 
THEOREM 2’, lapaz, 1, or œ% and cml, 2, or 0, teia let 
F(2) €G, and F(t), the ema Funch oh of F(s), 7 continuous earn 
including infinsly when p= œ. Let s,(s) ue defined by 


ig e A o ann Lee 


to, (s — p) ewer? (s — B)*** Lp = œ 





~~t a 
Pea r -_ g“ - 
bl ” + = 
Sh 
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2 or ap TAa ca Ta ar 


= fet 
Then, unsformly for OSy< œ, | F(x-+4y) en | 10 GS HO, 
Applying Theorem 2’ to the components of g(s) =(1/2)s(1—s) 


_,. PC1/2)s)x-*/2(s),4 where t(s) is the Riemann zeta-function and 


g—™4(1—2s), we can deduce the following corollary: 


LetO0Sa<0,g=4(1—a), r=i(1 +a), le 
Hd y, erts, ' bb = ae +(i- 0/2) f o*/49’(n) do; 
ne) í 1 


(= ee 
kl 





19) = x Co es 


(—1) 


3 wols ‘(log.s)/2 — (4/2) 1S” (log 1)/2} ds, 


ea) E 


converges to g(s) untformly for — œ <x < œ, —a Sy Sa, while si does 
not conserge whenever ly] >a. 





The series takes a simple form for a =0 (critical line). 
THe UNIVERSITY, 
EDGBASTON, BIRMINGHAM, ENGLAND l 


In fact to the function n(s—ia)EQ,, where g(s)=a(s)+g:(—8), p(s) 
om ((1 +08) /16) fo {0H ~1 pood — (1/4) — (68/4) (91) 1}. 


A 


A REMARK ON ALGEBRAS OF MATRICES 
WINSTON M. SCOTT 


1. Introduction. Let X denote a matrix algebra, with unit element, 
over an algebraically closed field K. We shall assume that & is in re- 


- duced form, that is, that A is exhibited with only zeros above the 


main diagonal, with irreducible constituents of A in the main di- 
agonal, and that X is expressible as the direct sum of its radical and a 
semisimple subalgebra which latter has nonzero components only in 
the irreducible constituents of Ñ: 

Gn 
Cau Ga: 
(1) A = 21 31 


Cu Cis pan Ci: 


the €,; denoting irreducible constituents; further A=A%A*+N where N 
is the radical of A and 


A ae eae Cn 
gy maf OTT gee a 
Ca Ga- O 0 O +++ Qu 


As a part of A, G, forms an additive group or module of matrices 
upon which X, itself considered as a module, is homomorphically 
mapped. We shall consider €,, as a matrix module with A as both left 
and right operator system. For a matrix A of A, we shall use the 


notation (,;(A), @S4,4=1, 2,---, #), to denote the parts of A, 
Cu(4) > =.=- 0 
Cy(A) Cul) -> 

o aa |M Cul) 


Cald) o j ees Cul) 
Let B be any element of A, and let B* be the component of B in the 
semisimple subalgebra A*. We define B as a left and as a right oper- 
ator of C,,(A) by the relations below, using o to distinguish this 
operation from ordinary matrix multiplication 
Received by the editors June 15, 1942. 
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B oC,,(A) = Cal B)-C, (4) = C.;(B*A), 
C, (4) oB= CifA) "C 3(B) = C,{AB*). 


We shall indicate that a matrix module has A as both right and left 
operator system by calling the module an (A, X) module. Under (4), 
@., is a simple (A, X) module. Moreover, each @,, is either a 0-part 
or there exist elements in A such that the corresponding Cı; have any 
arbitrary components from K. We shall call the €,, simple parts of 9L! 


(4) 


2. The basic theorem. Professor R. Brauer, in a recent paper, has 
proved a theorem which has a great many applications and among 
other things includes the Jordan-Holder Theorem as a special case. 


BASIC THEOREM. Let G and H be two groups, wiih finite compossiion 
lengths, for both of which a piven set 0 is the operator set. Let 


G=G).0G6,0G:) ::: DG, = (1) 
be a composstson series of G, and 
H = H DH DHD. DH, = (1) 


be a compositson series of H. If 0 is a homomorphism which maps H 
upon a normal subgroup H* of G, H*CG, then one can choose complete 
residue systems P, of G,ı (mod G,) and Q, of Hei (mod H,), 
(o=1,2,-°+,r;o=1,2,---+,5), such thai 

(a) either 0 maps Q, on a P, in a (1—1) manner and G,1/G, 
= HT, 1/H,, or 0 maps QO, on 1, and 

(b) each P, ts the image of at most one Q,,. 

Here, in our application of the basic theorem, H will be mapped 


on the whole group G and, consequently, statement (b) of the theorem 
may be sharpened to “Fach P, ts the image of exacily one Qe.” . 


3. An application of the basic theorem. We shall first prove: 
THEOREM 1. A compostiton sertes 
A= % O85%5D::- D Ae 


of a matrix algebra A considered as an (A, A) module is also a composi- 
iton series of X considered as an (A*, A*) module where VW ts considered 
as the direct sum of A*, a semisimple subalgebra, and Nt, the radical of A. 


1 For a further study of simple parts, see W. M. Scott, On mairix algebras over an 
algebraically closed field, Ann. of Math. vol. 43 (1942) pp 147-161. 

3 R. Brauer, On sets of matrices with cosfictents in a division ring, Trans. Amer. 
Math. Soc. vol. 49 (1941) pp. 502-548. 
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Proor. In 4,1/%, we consider all residue classes (A‘*))). Select 
the classes different from (0) which have representatives belonging 
to a highest power of the radical Jt, say N’. These together with the 
(0) class form an admissible subgroup with elements of Y as operators 
on both left and right (that is, as (A, X) operators), for if we have 
(40-)) such that A“-» belongs to N”, then 


A(AC-D)B = (4AB) 


has the representative 4A‘)B which is contained in N”. Then this 
admissible subgroup must coincide with the whole factor group 
W1/A, since A/A, is simple. We can conclude, then, that every 
class in W,1/A; has a representative which belongs to Jt. 
Now let (A) be a class with A‘) belonging to Ne. We have 
that for NEN 
N(AHD) = (NAD) 


has a representative in Jt-+!, But we have selected all classes different 
from (0) belonging to a highest power which was N”. Then the class 
(NA) must be the 0-class. Therefore, we have that for 4 EÑ, 
AmA*+N, ATCU*, and NEN, 


A(ACD) = (4-ACHD) 
ma (A*A + N-A) 
ee (A*.A 1) 
= AMA), 


and our theorem is proved. 

Now considering the simple part @,, as an (A*, A*) module (as we 
may, since A*C W), we have that A—+C,,(A) is an (A*, A*) homo- 
morphism so that by our basic theorem €,, is (A*, A*) isomorphic toa 
composition factor group of A. But the operators of the system A on . 
@,; and on the factor group are equivalent by (4) and Theorem 1 to 
operators of the system A*. From this we have that ©,, is also (X, W) 
isomorphic to the composition factor group. 

Thus we have, by the basic theorem, a proof of the following theo- 
rem. 


THEOREM 2.4 A nonsero simple pari E; of A is (A, X) isomorphic to 
a composiison factor group of X itself considered as an (A, A) module. 
WASHINGTON, D. C. 


? For a definition of belonging to as used here, see C. Nesbitt, On the regular repre- 
seniaitons of algebras, Ann. of Math. vol. 39 (1938) pp. 634—658. 
í For a direct proof of this theorem, see W. M. Scott, op-cit. 


THE DISTRIBUTION OF INTEGERS REPRESENTED 
BY BINARY QUADRATIC FORMS 


GORDON PALL 
R. D. James! has proved the following theorem: 


THEOREM 1. Let B(x) denote the number of possisve integers mSx 
which can be represented by postive, primitive, binary quadratic forms 
of a piven negaisve discriminant d, but are prime to d. Then 
(1) B(x) = bx/(log x)! + O(2/log x), 


where b +s the positive constant piven by 
(2) rb TT (1 — 1/¢) TI (1 — 1/9) | we 
¢ p|a m=] 


Here q runs over all prsmes such ihat (d| q) = —1; p denotes any prime 
greater than or equal to 2; and (d| n) is the Kronecker symbol. 


We shall deduce from his result an asymptotic formula with the 
restriction that m be prime to d removed. 

First, let p be a prime dividing d but not satisfying 
(3) p>2 and #*|d, or p=2 and d = 0 or 4 (mod 16). 
Then pn is represented by p. p. b. q. forms of discriminant d if and 
only if # is likewise represented.? Hence if pS (log x)? then the 
number of represented integers less than or equal to x of the form 
pm with m prime to d, is 


be/p" o( 2/9" ji baj o( LA 
(log z/p°) "° (log x/p")/ (log x)? log x] 
since (log xp™)-Y?— (log x)~"?=O((log p7)/(log x)*/*). Also, if 
H> (log x), 
(bx/(log x)¥*)(1/p* + 1/p +--+) = O(x/(log z)). 
Hence the number of positive integers less than or equal to x, repre- 


sented by p.p.b.q. forms of discriminant d, and prime to d except 
that they need not be prime to p, is given by 

Presented to the Society, September 10, 1942; received by the editors August 4, 
1942, 


1 R. D. James, Amer. J. Math. vol. 60 (1938) pp. 737-744. 
1G, Pall, Math. Zeit. vol. 36 (1933) pp. 321-343, p. 331. 
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bx 
—— (LA 1p + + 1/ptt +++) + Ole/log 2). 
(log z)? 

Thus each prime p dividing d but not satisfying (3) can be removed 
from the set of primes excluded in m, by replacing b by b/(1~—1/p). 
We recall that? 

(4) Di (d| n)a = 2wh(d)/(w(— d)™), 

where A(d) is the number of p.p.b.q. classes of discriminant d, and 
w=2, except that w=4 if d= —4, w=6 if d= —3. Hence the number 
of positive integers less than or equal to x which can be represented 


by p.p.b.q. forms of discriminant d, and which have no prime factor 
p satisfying (3), is 


box/(log x)/* + O(x/log 2), 


where 


bo = (2h(d)/w(— DA TI (1 — 1/q') 
‘IT @-1/s) IT (—- 1/2)". 


pear. (3) pid, not (3) 

Second let p satisfy (3). Then‘ pm is not represented by p.p.b.q. 
forms of discriminant d if pjm; and pm is represented by such forms 
if and only if m is represented by p.p.b.q. forms of discriminant 
d,=d/p?. If bı is the value of bp corresponding to d,, then from (5), 


(5) 


b, = by if d;/p? is an integer = 0 or 1 mod 4, 
(6) =b(1-p%)" if(a|p)=—1, 
= 6,{(1 — ~")-" otherwise. l 


Hence if d = ptd’, where Z1 and p*/d’, we can remove p from the 
set of excluded primes by replacing bex/(log x)? by (box/(log x)! ?) 
(1-H -ee HEIA), where =1/(1—1/p) if @’| p) ¥ —1, 
A=1/(1—1/p*) if (d’| p) = —1; hence by multiplying bo by _ 


1 + pote l 
E Wp, 
1— p? 1— p 
Thus we have finally this theorem: 
THEOREM 2. The number C(x) of postive integers n Sx whtch can be 


3 See, for example, Landau, Vorlesungen ubar Zahlentheorie, vol. 2, p. 152. 
4G, Pall, Amer. J. Math. vol. 57 (1935) pp. 789-799, formula (9). 





if (d’|p) = — 1. 
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represented by TEA primitive, binary quadratic. forms of a given 
negative discriminant d is piven by 

l cx/(log x)? + O(a/log x), 

where c is the positive constant defined by 

(7) =i Carl Gage), 


Pmt. (3) 
where in the last product d= pd’, where p*}d’, kZ 1, and (d'| p) = —1. 
Example. If d= —3, . 


3 3 1 put tum 3(8) 2-1 
= 3 a-(3/2), » a=|[(i-q), 


€ 
= a/ (2(3)"", c = .64 approximately. 
Ifd = —12, 0 = (1/(12)")] Jisa (1/2) - (3/2) = 9ex/ (32(3)"*) ; 
and by (7), c?==0§(16/9) =a/(2(3)¥2). Hence c'is the same for d = —12 
as for d= —3. This agrees with the fact that x7+-3y? represents ex- 
actly the same numbers as x?+xy-+y?, 


McGrit UNIVERSITY 


THE BETTI GROUPS OF SYMMETRIC AND 
i CYCLIC PRODUCTS 


C. E. CLARK 


1. Introduction. Consider a finite complex K and a group of permu- 
tations of n elements G= {Gi}, A=1,---, N. To define the product 
k* of K wth respect to G, n=2, 3, +--+ , we consider an ordered set of 
n complexes Ky, ---,K, each homeomorphic to K; here as through- 
out the paper we do not distinguish between a complex and a geo- 
metric realization of the complex. A point p of the topological product 
K*=K,xX +--+ XK, can be represented by the sequence of points 


Piret, Pay PEK Each function Gp), \=1,---, N, gives a 
homeomorphism of K* upon itself. We identify each point pEK* 
with all its transforms G(p),\=1,---, N. The resulting continuous 


image of K” is k*, If G is the symmetric group or the cyclic group of 
permutations of n elements, the product &* is called the x-fold sym- 
metric product or the n-fold cyclic product of K, respectively. 

In this paper we study the integral cohomology groups of k*. Our 
Theorem 1 gives a convenient method for calculating these groups 
when G is given. The method is used to construct the cohomology 
groups when G is either symmetric or cyclic. 

The method of this paper differs from that of the earlier papers ` 
[3] and [5] of the references at the end of this paper in the following 
way. All treatments consider Richardson's simplicial transformation 
A of K" upon &*. But Richardson and Walker use A to determine a 
transformation of cycles of K* into cycles of &*, while this paper 
considers the natural transformation of cocycles of k* into cocycles 
of K”. The earlier correspondence of cycles is not (1-1), but the 
present correspondence of cocycles is (1-1). This fact enables us to 
get new results. 


2. The general theorem. By definition &* is obtained by identifying 
points of K*. This identification gives a continuous transformation 
A of K” upon &*. Richardson has shown! that K* and k* can be sub- 
divided into simplicial complexes and the simplexes of these com- 


plexes so oriented that A is simplicial, G is simplicial, A=1,---, NÑ, 
and for any oriented simplex x of K* 
(1) Az = AGs, ya ee ae 


Received by the editors September 2, 1942. 
1 See [3, §5]. 
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Henceforth K* and &* shall denote these subdivisions. 
We say that a chain F of K” is invariant under G if F(x) = F(G)x), 
A=™=1,---, N, for all simplexes x of K” with the same dimension as F. 
Let f be a chain of &*, and let of be the chain of K* defined by 


of(x) =f(Ax). 


THEOREM 1. The transformaiston o gives a (1-1) correspondence be- 
tween the cocycles of k* and the cocycles of K* invariant under G, and a 
cocycle of k* cobounds tf and only sf sts corresponding invariant cocycle 
of K” cobounds an invariant chain. 


Proor. To show that of is invariant we have using (1) that 
of (x) =f(Ax) =f(AG x) =of(Gx). 

Next we show that any invariant chain F can be written of. Indeed, 
because of (1) and the fact that F is invariant we can define a chain f 
of k* by the equation f(Ax) = F(x). Then of (x) =f(Ax) = F(x). 

Since AK” covers &*, it follows that ø is (1-1) between chains of 
k* and invariant chains of K*. To complete the proof of Theorem 1 it 
is sufficient to show that f =s implies (of) =ø, and conversely; the 
dot denotes the coboundary operator. It is well known that f =s im- 
plies (of) =o. Suppose (of) =0os. Then s(Ax) =o2(x) = (of) (x) 
= of(x) =f (Ax). 

3. The topological product K”. In this section we state some prop- 
erties of K* which can be derived when #>2 in the same way that 
they have been derived when n=2,4 Let 


(2) Zi 3a fh i=l hje lha, 


form a basis for the integral chains of K* of all dimensions; further- 
more, let (2) be such that the Z, generate the cocycles that are inde- 
pendent of coboundaries, the Z, and z, generate the cocycles, and 


(3) f, = 685 j=Hi,--::,J, 
are a complete set of coboundary relations for the cocycles of (2).§ 
Corresponding to any set of non-negative integers ai,-°*-, Gr, 
bi,--+, by, Gy +++, ey with Xa, +} b, +} c =n we have a chain 
A mA (m, Gz, bue, bJ, Cy > ee, cy) defined as follows, Let 
(4) ti, e., Fa 


3 This theorem resembles [4, p. 22, line 15]. 

3 See, for example, [2, chap. IV, $]. 

í See, for example, [2] or [1]. l 

š See [1, p. 304, §7], which includes a justification of the (1-1)-correspondencs 
between the s’s and f's of (2). 


452 C. E. CLARK [Tune 


be the sequence of elements of (2) with Z, in the first a; places, Za in 
the next a, places, zı in the b, places following the a; elements equal 
to Zr, fiin the cı places following the by elements equal to gz, and soon. 
Then A =(4: +--+ Xx,). If we denote the dimensions of Z, and 2; 
by r; and s, respectively, we see from (3) that the dimension of f; 
is s,—1. Hence the dimension of A is X a.r, +) bs; +9 c (s,—1). 

Let S= {S}, A=1,---, nl, be the symmetric group of permuta- 
tions on » elements. We can apply S, to the sequence (4) and obtain 
the sequence which we denote by y1,---, ya. We define S {A} 
= (yX +--+ Xy,). Then a basis for the chains of K* is given by the 
distinct chains of the set S,{A},\=1,---, nl, all A. 

To obtain a basis for the cocycles of all dimensions we con- 
sider 81™3i(a1,---, Gr, butea, bs) =A(Gi, +++, Gr, b+ ++, by), 
Sa: +>5b,=n. Also we consider B:—4/e, >.c;>1, where e is the 
greatest common divisor of all the e¢,’s that are associated by (3) with 
the f,’s that correspond to the nonzero c,’3 of A; the division of A 
by e can be shown to be always possible. Then a basis for the cocycles 
of K” is given by the distinct chains of the set S,{8:} and S\{ Ba}. 
A=1,---, nl all Bi and Ba 4 


4. The integral cohomology groups of the n-fold symmetric prod- 
uct. We can consider the group S as the group G of §$1 and 2. Then 
any S determines a simplicial map of K* into itself. Under this 
simplicial map the chain A is mapped into a chain which we denote 
by S4. From [3] we obtain the formula 


(5) SA = (— 1)45 {4} 


where d is determined as follows. If S, interchanges two elements 
and leaves the other #»—2 invariant, then d is the product of the 
dimensions of the two elements of (4) that are interchanged by Sy. 
Since any Sy is a product of permutations of the type just considered, 
the rule just stated determines d for any Sy). 

We next determine the chains of K* that are invariant under 5S. 
First consider an A with at least one of its a; b; or c; having the 
properties that it is greater than one and that the Z: s,, or f; with 
which it is associated is of odd dimension. Then (5) implies that there 
is an S such that S4 = —A. This implies that any cocycle invariant 
under Sis linearly independent of A and indeed of S4, A=1,°°°, a. 
. Next assume that no a,, b,, or cy of A has the properties just con- 

sidered. Then there are w=a,la,l---O)---cil---+ values of A for 
which S4 =A. From this fact and the fact that the 5,4 are elements 
of a basis (because of (5) and the fact that the Sy {A } form a basis), 
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we see that Sasad, N=1,-+--, nl, is divisible by x but by no integer 
greater than x. Finally, we infer that a basis for the chains of K* in- 
variant under S is given by the distinct chains of the set (1/x)) 5,4, 
N= 1i,---, øl, where A ranges over all A any of whose factors Z: 8;, 
and f, is of even dimension if the corresponding a,, b; or c, is greater 
than 1. 

In the same way we deduce from the facts of §3 that a basis for the. 
cocycles invariant under S is given as stated in Theorem 2 below. 

We next find the coboundaries of chains invariant under S that 
are linearly dependent on (1/r)> ,5\21. Suppose for Bı we have 
6,0. Then 3; is a product of # cocycles at least one of which is £. 
Replace the first 3, in this product by fi, fı =e. Let D denote the 
resulting chain. Then D’ = (b/r)} SD, \=1,---, nl, is invariant 
under S$ and is not a proper multiple of any other invariant chain. 
Since (21X -> Xz,) =} ut (1X KX ++ Ke) i=1, -mt 
and since (SF) =S, F, we have D’ = + (b:6:/7)> 5,81. This implies 
that (dei, ©- , bye7)(1/4)>.»5,81 cobounds a chain invariant under 
S; here as elsewhere we understand that the greatest common divisor 
of zero and a positive integer is that integer. Furthermore, examina- 
' tion of our basis for the chains invariant under S shows that multiples 
of this coboundary are the only multiples of 8; that can be linearly 
dependent upon a coboundary of a chain invariant under S. 

The definition of Bs implies that (¢/x)> ,S:3s, A=1,---, nl, co- 
bounds a chain invariant under S. Furthermore, multiples of this 
coboundary are the only multiples of (1/7))_»5\3: that are depend- 
ent on coboundaries of chains invariant under S. We have proved 
this theorem. 


THEOREM 2. A basis for the cocycles of K* invariant under S1s given 
by the distinct chains of the set (1/x)>.,S\B1 and (1/x)>\S,Be, 
A=1,--+, m!, where Bi and Bs range over all 3: and Ba any of whose 
factors Z, s,, and f, has even dimenston tf the associated a, b,, or C, 4s 
greater than 1; furthermore, the cocycles invariant under S that cobound 
chains of K* invariant under, S are generated by (bies, >» >, bjes) 
(1/1)? a8: and (6/1) Sa. 


5. The integral cohomology groups of the n-fold cyclic product. 
Let C= Ce) ual,- --, n, denote the group of the cyclic permuta- 
tions of # elements, where Ci is the permutation that replaces each 
element except the first by its predecessor, and C% is the uth power 
of Cl. Let B=q[xiX --- Xx,| denote the chain (41X +--+: Xx, 
XxX +++ KxyX +--+) of Kt. Furthermore, whenever a chain of 
K?‘ is written in this notation, it is understood that g is maximal. 
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As in §4 we can consider CB and C {B}. These chains satisfy (5). 
In particular, C2,B=8C2,{B}, where ô= —1 if q is even and > ?r; is 
odd, r, =dimension of x,, and ĝ=1 if either g is odd or Sr, is even. 
. This implies >°,C2,B=0, u=1,---, pq, if q is even and È ?r, is odd, 
and the same sum is divisible by q if q is odd or È ?r; is even. 

A basis for the chains of K* invariant under C is given by the dis- 
tinct chains of the set (1/g)>.,C2B, p=1,:--, n, pq=n, q odd or 
$ 3r, even, where the x, range over the elements of the basis (2). 

Let 2,=(1/@)>_,CZB, q odd or È }r, even, where the factors of B 
contain no f;. If the factors of Z, contain no s, then Z is linearly 
independent of coboundaries. Suppose the first factor xı of B is x, 
and f =e. Let E be the chain of K* defined by E=(fiXx4X --- 
Xp XX +- XXX +--+ KeyX--+ +). We have that £’ 
=> „CE, w=1,---, », is a chain invariant under C. Further- 
more, Æ’ is not divisible by-any integer different from +1. We com- 
pute E’ =e? „C*B =e Z. Let e be the greatest common divisor of 
all the ¢,’s that are associated by (3) with the g,'s that occur among 
the factors of B. We conclude that eg Z, is a coboundary. 

Let Za = (1/eq)>.CZB, u=1,:--, n, q odd or Yri even, where the 
factors of B contain at least two f,'s (possibly equal), and e is the 
greatest common divisor of the e,'s associated with the f,’3 among 
these factors. In counting the factors of B we count each factor the 
number of times it is repeated due to the symmetry of B. We can 
prove this theorem. 


THEOREM 3. A basis for the cocycles of K* invariant under C is 
piven by the distinct chains Z, and Za; furthermore, the cocycles of K” 
tnvartant under C that cobound chains invariant under C are generated 
by Eg Zi and eta. i 
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GROUPS TRANSITIVE ON THE n-DIMENSIONAL TORUS 
DEANE MONTGOMERY! AND HANS SAMELSON | 


In this note we denote by G a compact connected Lie group. We. 
shall be interested in the situation where G acts as a topological 
transformation group? on a space E. Such a.group is called effective 
' if the identity is the only element of G which leaves every point of E 
fixed. If G is transitive on Æ, that is, for any two points x and y of E 
there is an element g of G such that g(x)=y, then £ is called a 
homogeneous space or a coset space of G. Our purpose is to prove the 
following theorem: 


THEOREM. If a compact connected Lie group G ts transite and 
effective on a space E homeomorphsc with an n-dimensional torus (topo- 
logical product of n circles), then G 4s tsomorphic with the n-dimenstonal 
toral group T, (direct product of n circle groups) and no element of G 
except the identity leaves any point of E fixed. 


We use a method of proof which has some similarity to a method 
we have used in studying groups transitive on spheres.? 

Let H’ be a compact, connected, simply connected Lie group, let 
T, be an /}-dimensional toral group, and let N be a finite normal sub- 
group of the direct product A’ XT) such that G is continuously iso- 
morphic to the factor-group (H’XT))/N.4 Let H' go into H by the 
homomorphism obtained by factoring with respect to Ñ and let Tı go 
into K. The group K is also an /-dimensional toral group, and A and 
K are subgroups of G which span G or generate G. The elements of H 
commute with the elements of K, in fact K is a central subgroup of G. 

Let x be an arbitrarily chosen point of E and let H,, Ks, and G, be, 
respectively, the subgroups of H, K, and G which leave x fixed. Let 
K” be the subgroup of K consisting of those elements k such that 
k(x) is in the orbit H(x). The orbit K*(x) is the intersection of 
H(x) and K(x). It can be seen that if y=g(x) then K,=gK,g7! and 
Ay, =gH,g™. Since K is a central subgroup we see that K,=K,. 

Presented to the Society, September 10, 1942; received by the editors September 
17, 1942 
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*For the theory of topological groups and Lie groups needed see Pontrjagin, 
Topological groups, Princeton 1939. For definitions and results concerning topological 
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Because G is transitive the last remark shows us that every ele- 
ment of K, leaves every point of E fixed, and this together with the 
fact that G is effective implies that K, contains only the identity 

element. The orbit K(x) is therefore homeomorphic to K and con- 
sequently i, the dimension of K, must be less than or equal to s, the 
dimension of E. 

We denote by (S) the one-dimensional homology group with 
rational coefficients of the space S. If a compact connected Lie group 
is mapped in the natural way on one of its orbits (namely by consider- 
ing the orbit as a coset space of the group) then the one-dimensional 
homology group of the group manifold is mapped onto the one- 
dimensional homology group of the orbit. This follows from the fact 
that the mapping can be carried out in two steps, the first being a 
fibering of the group with respect to a connected subgroup, and the 
second being a finite covering. In both steps the one-dimensional 
homology groups (with rational coefficients) are mapped onto the 
one-dimensional homology groups of the respective spaces. 

We now apply the above remark to the group G and the orbit £. 
The homology group &:(£) is an n-dimensional vector space, that 
is the first Betti number of # is ». Therefore the first Betti number 
of G is at least n, and from this we see that the first Betti number of 
A’ XT; must be at least n. However the first Betti number of A’ XT; 
is / and we see that / is greater than or equal to #.. 

The above results show that } equals n. It follows that the orbit 
K(x) is the whole of E which means that K is transitive on E. We 
` see therefore that K*(x) =H (x). Since K*(x) is homeomorphic to K” 
and since H(x) is connected it follows that K” is connected. There- 
fore K” as a connected subgroup of a toral group must itself be a toral 
group of some dimension greater than zero or it must contain only the 
identity element. But from the fact that 3i(f) =0 it follows that 
Kıl H (x)|=0. Hence %,(K*)=0 and K* contains only the identity 
element, and H(x) =x. The point x was chosen arbitrarily so that the 
equation H(x) =x holds for every x in E. Because G is effective this 
means that H contains only the identity element and a G=K 
which proves the theorem. 

The same proof applies if instead of assuming that E is an »-dimen- 
sional torus we merely assume that it is an n-dimensional space the 
frst Betti number of which is n. It then follows in view of the above 
proof that E is a torus. If we drop the assumption that G is effective 
the “effective group” will be a toral group of dimension # as before. 
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ON NON-DENUMERABLE GRAPHS 
P. ERDOS AND 8. KAKUTANI 


The present paper consists of two parts. In Part 1 we prove a theo- 
rem on the decomposition of a complete graph. This result is then 
applied in Part 2 to show that the continuum hypothesis is equivalent 
to the possibility of decomposing the set of all real numbers into a 
countable number of summands each consisting of rationally inde- 
pendent numbers. 


PART 1 


A graph G is complete if every pair of points of G is connected by 
one and only one segment. G is called a tree if it does not contain any 
closed polygon. 


THEOREM 1. A complete graph of cardinal number m (thai is, the 
cardinal number of the verisces 4s m) can be split up into a countable 
number of trees sf and only if mS). 


Proor. We shall first prove that every complete graph of power N, 
can be split up into the countable sum of trees.! Let G be a com- 
plete graph of cardinal number &;. Let {xe}, æ <ur, be any well 
ordered set of power &:. We may assume that G is represented by a 
system of segments (xq, Xs), a < <an. For any 8 <w; arrange the set 
of all æ < into a sequence Qs, n=1, 2,--+-, and let G, be the set 
of all segments (£a, xs) such that a =ag,s. It is clear that G=\/$_jG, 
and that for each G,, for every 8 <a, there exists one and only one a 
such that (ze, xs) GG, and a<f. From this last fact it is clear that 
G, does not contain any closed polygon. 

Conversely, let us assume that a complete graph G of cardinal num- 
ber m is split up into a countable number of trees T,; G=\Ufluil,. 
We shall prove that m SN. We can again assume that G is repre- 
sented by a system of segments (Xa, xs), a<B<o, where {xa}, œa <e, 
is a well ordered set of cardinal number m. 

We shall first decompose each T, into four parts 7,,,,4=1, 2, 3, 4, 
such that Ta and 7, satisfy the condition: 

(1) Any two consecutive segments of the graphs T, and Ta, are of 
the form: (£a, xa), (£a, £7), & <B, a<y, Bey. And Ta,» Tas satisfy: 

(2) Any two consecutive segments of the graphs are of the form: 
(xp, Xa), (Xy, Xa), B <A, Y <a, By. 


Received by the editors September 18, 1942. 
: This result was also obtained by J. Tukey, oral communication. 
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For this purpose, let Ta =T be a decomposition of each T into 
its components 7’. -The number of components TẸ is not neces- 
sarily countable. Let x® be an arbitrary point in each T®, called the 
origin of T®. A segment (xa, xs), a <B, of TY is of Oth degree of the 
first kind if x, =x and is of Oth degree, of the second kind if x» =x". 
Assume that the segments of degree 0, 1, - - +, m—1 of the first and 
second kind are already defined in 7%’. Then a segment (xa, Xa), 
a<f, of T® is of the mth degree, of the first kind if x. is one of the 
end points of a segment of degree m—1 and if (xa, xg) is not of degree 
at most m—1. The segments of degree m of the second kind are analo- 
gously defined. In this way it is possible to define a degree of first or 
second kind for every segment of T®’. Let TO), be the set of all seg- 
ments of TA of degree m of the first kind, and let TQ. be the set of 
all segments of T® of degree m and of second kind. It is clear that 
i and rT satisfy conditions (1) and (2), respectively. If we put 


Tai = CRU, Taa = GO aa a, 


Ta = Un. Ta = E ERT eee 
then Ta =U; Ta a is a required decomposition. The conditions (1) 
and (2) are satisfied by 7,1, Taa and 7,,3, Taa respectively, since the 
summands on the right-hand side are disjoint. 

Thus we have obtained a decomposition of T into a countable num- 
ber of parts Ta u, #=1,2-+-++;4=1, 2, 3, 4. We observe that from 
(1) and (2) follows (3) and (4), respectively: 

(3) For any a<q@, there exists at most one 8 <a such that (xz, Xa) 
belongs to the graph. 

(4) For any a<@ there exists at most one >a, B<q, such that 
(£a, Xs) belongs to the graph. 

Let us now put 


T = erai U Wer a, 
T” = TT U S E as 


Then T’ and T” clearly satisfy the following conditions: 

(5) For any a<¢ the set of all 8 <a such that (xs, x.) belongs to the 
graph is countable. 

(6) For any a <¢ the set of all 8 >a, 8 <¢ such that (xa, xa) belongs 
to the graph is countable. 

From this it easily follows.by the same argument ‘as in W. Sier- 
pinski? that the cardinal number. m of all points xa, a <¢, is at most Ni. 


1 W. Sierpinski, Hypothese du continu, Proposition P,, p. 9. 
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Similarly we can prove that the complete graph of power N, is the 
sum of N, trees, but not the sum of less than N,_1 trees. We can 
put the following problem: Is the complete graph of power Ñ, the 
sum of less than N, such graphs which do not contain a quadrilat- 
eral? We cannot answer this question, unless we assume the general- 
ized hypothesis of the continuum, in which case the answer is 
negative. It can be shown that the complete graph of power 2* is- 
the sum of m graphs, which do not contain even closed polygons,’ 
but that the complete graph of power greater than 2* is not the sum 
of m graphs which do not contain triangles.‘ 


PART 2 


THEOREM 2. The continuum hypothesis is equivalent to the following 
propostiton : 

(P) The set of al real numbers can be decomposed snio a countable 
number of subsets, each constsisng only of rationally independent num- 
bers. 


Proor. We shall first prove that the continuum hypothesis im- 
plies proposition (P). Let &, æ <an, be a Hamel basis for the set R 
of all real numbers, well ordered in a transfinite sequence of type wi; 
that is, the & are rationally independent, and every real number 
x( 0) can be uniquely expressed in the following form: 


7 
A 


(2.1) La = X Titan a < ag Ss Say < wy, 


p.j 


where the r; are rational numbers different from 0, and n is a positive 


integer. 

For any finite system of rational numbers fı, fe, *'**, Ta let 
Rar- -ra De the set of all xCR which are expressed in the form` 
(2.1). Then 
(232) R PE (0) U Vara EY Reras ate 


ig a decomposition of the set R into the set (0).consisting of 0 alone 
and a countable number of sets RS, ... ra, Where Ucrsry,- + osre) 
means the union for all possible ordered systems ri, fes, +-+, fa of 
rational numbers. Consequently in order to prove our theorem it suf- 
fices to prove it for all the Rasra -eera . 

For each ordinal number a, œ <an, let R&,,,...,,, be the subset of 
Rimase r. consisting of all real numbers x, such that a, =a,(x) =a. 


3 K. Godel, oral communication. 
1 P Erdte, On graphs and nets, to appear in Revista, Matematicas y Fisica Teorica, 
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Then since a.<a,.< +++ <a,™a, each R®,,.....,, ig a countable 
set. Let us arrange the set R®,,....,-, into a sequence {x n., ram} 
m=1,2,---,-and let us put Sr .re -ram = E a adc. ala]. 
Clearly as (x) a, (y) forany x,y E Sr, tam xy, and Reig e+ te 
= EON ©.. fam 

We shall prove that each S,,,7,,---,r,,.8 Consists only of rationally 
independent numbers. In fact, if we have 


h 
(2.3) Dy Pits = 0 
{i=} 


where x. E Srur, ram tl,- , k; xx (=j), and p, is an in- 
teger different from 0, for ¢=1, +--+, k, then there would exist an 
integer to for which a* =a,(x,,) >aa(x,) for all #344. Hence, in the 
expansion (2.1) of all the z;,4=1, - +--+, the term £ would appear 
only once, which is clearly impossible because of (2:3). Thus we have 
proved that the continuum hypothesis implies the proposition (P). 

Conversely, let us assume that the proposition (P) is true. We shall 
prove the continuum hypothesis from it. We shall prove this by show- 
ing that, under the assumption (P) the complete graph of power 2Me 
is the sum of a countable number of trees (see Theorem 1). 

Let R=U%._,M, be a decomposition of the set of all real numbers 
into a countable sum of sets each consisting of rationally independent 
numbers. At least one of the M, must have power 2#+, (This follows 
from a well known theorem of J. König.) We may assume that Mı 
has power 28., Let G be the complete graph of cardinal number 2¥+, 
We may assume that G is represented by a system of segments (x, y), 
x, yCMi,x<+y. Let G, be a subgraph of G, consisting of all those seg- 
ments (x, y), x <y for which y—x€ Ma. Clearly G=\/9_,G,. We shall 
prove that each G, is a tree. In fact assume that G, contains a closed 

polygon. Let x1, +--+, Xs, xı =% be the vertices of this polygon. 
' Then 0 =) F(t, ra) => Et |x. = žin]. ‘On the other hand 

|x,—xi41| EM, by construction, and since all x, €M, the numbers 
|x,—X41],#=1, 2,--+-, k, are all different. This is however a con- 
tradiction since M, consists of rationally independent numbers. This 
completes the proof of Theorem 2. 

_ It seems likely that the following stronger theorem also holds: 
Assume that the continuum hypothesis is false, and let the sets M, 
consist of rationally independent numbers. Then U,_.4M, has inner 
measure 0. 


5 J. König, see W. Sierpinski, ibid. p. 6. 
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We can of course prove the following theorem: The necessary and , 
sufficient condition for the continuum to be of power NÑ, is that R 
shall be the sum of N, sets consisting of rationally independent num- 
bers, and that R shall not be the sum of less than &, such sets. The 
proof is the same as that of Theorem 2. 


UNIVERSITY OF PENNSYLVANIA AND 
THE Institore FOR ADVANCED STUDY 


ADDENDUM TO THE PAPER ‘GENERALIZED FISCHER 
GROUPS AND ALGEBRAS” 


R. H. BRUCK 


The author regrets the omission, in a paper which recently ap- 
peared,! of an important reference to a paper by N. Jacobson.? In- 
deed Lemma IIIa of the author’s paper, and its immediate conse- 
quence, Theorem I, are rather special cases (albeit independently 
obtained) of Theorem I of the latter paper. Accordingly Professor 
Jacobson’s name should have appeared in the introduction along 
with those of M. Schiffer and W. Specht, and chronologically before 
that of Specht. 


UNIVERSITY OF WISCONSIN n 


Received by the editors December 9, 1942. 

1 R. H. Bruck, Generalised Fiscker groups and algebras, Bull. Amer. Math. Soc. 
vol, 48 (1942) pp. 618-626, in particular p. 623. 

3 N. Jacobson, Normal semt-linear transformaitons, Amer. J. Math. vol. 61 (1939) 
pp. 45-58, in particular p. 49. 


ON THE RADICAL OF A GENERAL RING 
JAKOB LEVITZKI 


1. Introduction. The radical of a ring has been hitherto defined by 
using either the notion of a nilpotent or a nil-ideal. In the following 
we shall ascribe the term spectalized radtcal to the sum N, of all two- 
sided nilpotent ideals of a ring S, and the term generalized radical to 
the sum JV, of all two-sided nil-ideals of the ring. In §2 of the present 
note the notions of a semt-nal potent ideal and its counterpart the semt- 
regular ideal are introduced, and the term radical is suggested for the 
sum N of all two-sided semi-nilpotent ideals of the ring. These nota- 
tions may be justified by the following considerations: 

(a) Each nilpotent ideal is semi-nilpotent, and each semi-nilpotent 
ideal is a nil-ideal. 

(b) The radical NV is a two-sided semi-nilpotent ideal which con- 
tains also all one-sided semi-nilpotent ideals of the ring. 

(c) The radical of S/N is zero. 

(d) The radical N contains the specialized radical N, and is a sub- 
set of the generalized radical N,. 

(e) In the case of an algebra the notions: nilpotent, semi-nilpotent 
and nil-ideal are identical, and N,=N=WN,,; but if one turns to general 
rings, and replaces radical N and semi-nilpotent ideals either by 
specialized radical N, and nilpotent ideals or generalized radical Ny 
and nil-ideals, then some restriction has to be imposed on the ring S 
in order to assure the validity of (b) and (c).! 

These results are applied in §3 to semi-primary rings (which will 
be called in short: A-rings). 


2. The radical of a general ring. In this section certain theorems 
related to the radical of a general ring are proved. 

NOTATION. If r1,---, 7, is a finite set of elements in the ring S, 
then the ring generated by the r will be denoted by fra e., Ta } : 


DEFINITION. A right ideal is caled semi-nilpotent +f each ring gener- 


Presented to the Society, October 31, 1942; received by the editors October 7, 
1942, 

1 Thus the specialized radical Ne is nilpotent (and hence the specialized radical of 
S/N, is zero) if (as is well known) the maximal condition or (as can be shown) the 
minimal condition is satisfied by the two-sided ideals of the ring. As to the generalized 
radical My, it has been proved (G. Koethe, Die Strukiur der Rengs, Math. Zeit. vol 32 
(1930) pp. 161-186) that if each regular right ideal of S contains a minimal regular 
right ideal, then Ny contains also all one-sided nil-ideals of the ring. 
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ated by a fintte set of elements belonging to the ideal is nslpotent. A right 
ideal which is not semt-nslpotent, ts called semi-regular. 


REMARKS. Each regular right ideal (that is, an ideal which contains 
elements which are not nilpotent) is evidently semi-regular, and each 
semi-regular right ideal is potent (that is, not nilpotent). Accordingly, 
each nilpotent right ideal is semi-nilpotent, and each semi-nilpotent 
right ideal is a right nil-ideal. One can easily find examples of rings 
containing semi-nilpotent right ideals which are not nilpotent. The 
problem of constructing a ring with right nil-ideals which are not 
semi-nilpotent, is equivalent to the construction of a potent nil-ring 
with a finite number of generators. It can be easily shown that such 
rings can always be found among the subrings of a ring with a gener- 
alized radical N, (see §1) which does not contain all one-sided nil- 
ideals of the ring. 


THEOREM 1. The sum Rœ (R, Ra) of two semi-nslpotent rghit ideals 
Rı and Ry ts a sems-nslpotent right ideal. 


Proor. Suppose R is semi-regular, that is, R contains a finite set 
Toi, °**, fos 80 that the ring S* = fro, e.e, ron} is potent. Write 
fo=fetfrn, where 7,,6R,, ry.CR:, then evidently also 
STS fret, EEE Pee, Paty Re 5 Pani ig potent, since S*CS**, Define a 
set fr © °° t= a8 follows: (1) each r, is either an r,, or an Typ (2) the 
ring {rn ra} is potent, (3) each ring generated by a proper 
subset of the r, is nilpotent. One obtains such a set by suppressing 
one way or another the greatest possible number of elements of the 
set feir ©? t Ten) °° * ») Ta, 80 that the remaining set still generates a 
potent ring. The set of the r, necessarily contains certain fe, as well 
as certain fy, (since the r,, as well as the r,, taken separately gen- 
erate nilpotent rings), hence m22. Now consider the rings 
T = {r4, fy °°, ra} and U= { rs, ee, ra}. By the definition of the. 
r, it follows that T is potent, while U is nilpotent. Denote by p the 
index of the nilpotent element rı and by ø the index of the nilpotent 
ring U. Denote by mw, - -- , w, the finite set of all elements of the form 
TiTi +++ ts, where 0<A\<p;0<é<o;4,#1,j=1,---,# Now, since T 
is potent, it follows that for each positive integer x, elements 0, +++, Da 
can be found so that each 9, is a certain ry, and the product nts + + +t, 
is different from zero. From the definition of p and ø it follows that if 
x>p, x>g, then the set t, >- , ve necessarily contains the element fı 
as well as elements different from rı. Hence, by choosing an arbi- 
trary integer y, and fixing x so that x>(p+o)}(y+2), we have 
T°: 0s =f: g1 <*> gA, where f and k are certain elements of T, while 
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the g; are elements of the set uh, -- + , w,. Since g1-- - g= 0, it follows 
that the nng { wh, ee, w,} is potent. Since either r,C Ri or rE Ry, 
it follows that all the w, are either in R; or in R3, which is a contradic- 
tion to the assumption that R; as well as R, are both semi-nilpotent. 

REMARK. Theorem 1 probably does not hold if semi-nilpotent ideals 
are replaced by nu-ideals. 


THEOREM 2. The sum N of all sems-nslpoteni right ideals is a semi- 
nilpotent iwo-sided ideal, which contains also all sems-nilpoient left ideals 
of the ring. 


Proor. First note, that by Theorem 1 it follows easily (by induc- 
duction) that also the sum of any finite number of semi-nilpotent 
right ideals is again a semi-nilpotent right ideal. If now r1,---:, fa 
is any finite set in X, then for each r, a finite number of semi-nilpotent 
right ideals Ri, R}, > + +, RK, can be found so that r,G(Ri, R3,--+, K) 
$=1,---,2. Hence the sum R of all the Rj, which is a semi-nilpotent 
right ideal, contains all the r,, which implies that the ring {r +>, ra} 
is-nilpotent. Since this is true for each set f1, +--+ , fa, it follows that N 
isa semi-nilpotent right ideal. To prove that N is a left ideal, and hence 
a two-sided semi-nilpotent ideal, we show that if EN, s&S and 
R= (sa, saS) then RCN. Indeed, suppose R is semi-regular, that is, 
elements 71,-°-, fa of R can be found so that the ring fr, e.. fa 
is potent. Each r, has the form r,=sas,, where s, is either an in- 
teger or an element of S. For an arbitrary positive integer x we can 
find an element different from zero which has the form sas;,+-- sasy,. 
Hence it follows that the ring {asis, ass, +--+, as,s} is potent, which 
is a contradiction, since asss EN. The remaining part of the theorem 
follows from the fact that (as can be similarly proved) also the sum 
of all semi-nilpotent left ideals is a semi-nilpotent two-sided ideal. 

REMARK. Theorem 2 does not hold if semi-nilpotent ideals are re- 
' placed by nilpotent ideals and probably is not true if they are replaced 
by nil-ideals. 

DEFINITION OF THE RADICAL. The sum N of all two-sided semit- 
nilpotent ideals of the ring (which by Theorem 2 contains also all one- 
sided semsi-nslpotent ideals) is called the radical of the ring. 


THEOREM 3. If N is the radical of S, then the radical of S/N is zero. 


Proor. We show that if R[2 N] is a semi-regular right ideal in S, 
then R/N is semi-regular in S/N. Indeed, let the elements fi, ---, fa 
of R generate the potent ring T= Ír, +*+, fa}. If now R/N is semi- 
` nilpotent, then the ring T =(T+N)/N ia nilpotent, that is, for a cer- 
tain à we have T> =0 (where O is the zero of S/N), or MCN. We 
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denote by tı **', tm, the finite set of all products of the form 
fit °° fo, and put U= fu, Tr ün}. Since with T also T> for 
each A is potent, and since evidently TOH U*T, we have U* +0 for 
each o. On the other hand, by the definition of U, we have UCT"; 
hence UCN, which is a contradiction, since N is semi-nilpotent. 

As immediate consequences of the foregoing theorems we have 
these following theorems. . l 


THEOREM 4. If in a ring S each righi ideal (other than sero) ts semi- 
regular, then also each lefi ideàl (other than sero) ts semi-regular. 


THEOREM 5. An elements of a ring S belongs to the radical N of S if, 
and only if, sSCN. 


3. Remarks on A-rings. Using the notions of specialized radical, 
radical and generalized radical, one may define the following three 
classes of A-rings (that is, rings which have a similar structure as the 
algebras): 


DEFINITION. The ring S ts called a specialized A-ring, sf the special- 
szed radical N, of S is nilpotent, and the ring S/N, is semi-simple. 


DEFINITION. The ring Sts called an A-ring, tf the ring S/N 4s semi- 
simple. Herein N denotes the radical of S. 


DEFINITION. The ring S is called a generalised A-ring, if the ring’ 
S/N, ts semi-simple. Herein N, denotes the generalised radical of S. 


Using a well known theorem of E. Noether and the evident fact 
that the specialized radical of a ring is zero if the radical or the gen- 
eralized radical of the ring is zero, we obtain the following charac- 
terization of A-rings and generalized A-rings: 2 


THEOREM 6, A ring Sis an A-ring (generalszed A-ring) if, and only, 
if, the minimal condition is satisfied by the right ideals which contain the 
radical N (generalized radical N,). 

Remarks. The condition of Theorem 6 concerning generalized 
A-rings, and “condition I” formulated by Koethe! are of course 
equivalent. As to the specialized A-rings, since the discovery of 
E. Artin that rings with a maximal and minimal condition for the 
right ideals are specialized A-rings, various attempts have been made 
to generalize this result. However, a créterton for specialized A-rings 
along the line of Theorem 6 has not been found as yet. 


DEFINITION. A ring P with a unti is called a completely primary ring, 
sf each right ideal of P other than P. 1s sems-nilpotent. 
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Remark. Replacing semi-nilpotent ideals by nilpotent(nil-)ideals, 
one obtains a spectalised completely primary (generalized completely 
primary) ring. 

DEFINITION. A ring Q with a unti ts called a primary ring, sf each 
two-sided ideal of Q other than Q is sems-nilpoient. 


REMARK. Replacing semi-nilpotent ideals by nilpotent(nil-)ideals 
one obtains a specialised primary (generalized primary) ring. 


THEOREM 7. A primary A-ring 4s tsomorphtc to a total mairtc-ring of 
a finste degree over a completely primary ring. Conversely, the toial 
mairsc-ring of a finste degree n over a completely primary ring P tsa 
primary A-ring. 


ProoF. The proof of the first part of the theorem can be derived by 
well known methods and may be omitted. The second part follows 
by known argument if only the following lemma is established: If 
in the mairix (D.s), 4, R=1,---, n, the elements p., are contained in 
ihe radical N* of P, then the matrix a= (p,a) belongs to the radical N 
of Q. To prove the lemma, suppose @ is not in N, then by Theorem 5 


we can find matrices œ= (pa), æa = (på), , ai= (pa) so that the 
subring A = { æa, Oty, -**, aa} of Q is potent. Evidently, the sub- 
ring A* = { ne Papa } (wheret,&,j,l=21,-°-+,n;r=1,---,8 


of P is then also potent. Since puCN*, also pup;,CN* which is a 
contradiction, since N* is semi-nilpotent. 

REMARK. The second part of Theorem 7 is a generalization of an 
analogous theorem concerning specialized completely primary-rings, 
since one can easily find examples of completely primary rings which 
are not specialized completely primary rings. It does not seem prob- 
able that an analogous theorem could be proved for generalized com- 
pletely primary rings. This bas been attempted by Koethe under the 
assumption that the generalized completely primary ring P satisfies 
the minimal condition for tne right ideals; however, this condition 
implies that P is a specialized completely primary ring. 
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ON THE CROSSING OF EXTREMALS AT FOCAL POINTS 
L. J. SAVAGE 


Morse and Littauer! have proved the following theorem for an 
analytic Finsler space, where g is an extremal transversal to the (ana- 
lytic) hypersurface Z. 


THEOREM. A necessary and suffictent condstion that p on g be a focal 
point of 2 ts that the family of extremals cut transversaly by È near g 
shall fasl to cover the neighborhood of p simply. 


The purpose of the present paper is to prove this theorem on the 
weaker hypothesis that the Finsler space and È are of class C’”’. 

As pointed out in M. L. the sufficiency of the condition is trivial, 
and in proving the necessity there is no loss in generality if we assume 
ġ to be a first focal point. It is further clear from M. L. that the theo- 
rem is a cofsequence of the following lemma. 


LEMMA I. If p is a first focal point on g contained tn a (simply cover- 
ing) field R of extremals transversal io È, then there exists a first focal 
point q covered by Rand a subfield S of R covering q and such that the 
Hilbert integral is independent of path for paths confined to S. 


Before proceeding to the proof of Lemma I we will establish a sec- 
ondary lemma. 


Lemma II. Let T be a transformation of class C’ mapping a closed 
coordinate netghborhood A into a closed Rsemanntan manifold B, then 
almost all points of B (în the measure theoretic sense) have fintie counter 
images. 


Proor. Call the set of points KCA at which the Jacobian of T 
vanishes critical points, then I assert that if the counter image Tib, 
b EB, is infinite, it contains a critical point. In fact if b* are the coordi- 
nates of such a point b, there is a convergent sequence of points of 
T-1b with coordinates a} approaching a point ao from a definite direc- 
tion, as is expressed by the following set of equations. 


a, — ap. E = (a, — ax) / (2,(a, — a)) > 7 


(1) 
T (a) = b' = T(a). 

Received by the editors November 5, 1942. 

1 Marston Morse and S. B. Littauer, A characterisation of fields in the calculus of 
variations, Proc. Nat. Acad. Sci. U.S.A. vol. 18 (1932) pp. 724-730. This paper will. 
hereafter be designated by M. L. 
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By the theorem of the mean we have 


aT (a. le  — ad) 


(2) T'(a:) = T'(a)) +25 (a2 — ai), 056% S1, 





ða’ 
finally 
aT" (a9) b 
(3) Za aa? Eo = 
80 a,C K. 


It remains to be shown that TK is of measure zero. But this follows 
quite easily from the measure theoretic significance of the Jacobian 
of T. ‘ 

PROOF OF LEMMA I. Let s=(s1,--+, Sa-1) denote coordinates of 
points of È relative to some admissible coordinate system of £ cover- 
ing the intersection of g and 2 at so, and along any geodesic trans- 
versal to È in this neighborhood let r denote (Finsler) length from 2 
(considered positive in the direction of p). Now according to the hy- 
pothesis of the lemma if rẹ is the arc length along g from 2 to p, there 
is a 6 such that for | s*—s}| Sé8and ~8SrSro+é6 the numbers (r, s) 
constitute a closed coordinate neighborhood U of class C. 

Of course the coordinate neighborhood U is not admissible. In fact 
if X denotes an admissible coordinate neighborhood of p and P the 
natural transformation from U to X, then the fact that p is a focal 
point is expressed by the vanishing of the Jacobian A(r,s)of P at ro, so. 

We are assuming that p is a first focal point. According to a tech- 
nique of Morse? the locus of first focal points near p is a hypersurface 
determined by an equation of the form r=f(s). Now I assert that 
there is a point g with coordinates rı =f(s,), such that, in a neighbor- 
_ hood of q, f is of class C’, and all focal points in that neighborhood 
lie on the locus r=f(s). To find such a point choose siin such a way 
as to maximize the rank of the determinant A (f(s), s) in the neighbor- 
hood of so. Call this rank &. By slightly sharpening a result of Morse? 
we can find a (k-++1) minor A*(r, s) of A(r, s) such that dA*(f(s), s)/0r 
~(0. From the assumption that the rank of A(f(s), s) is at most k in 
the neighborhood of sı it follows that A*(f(s), s) #10 in that neighbor- - 
hood, but now the implicit function theorem applies to show that f 
is of class C’ near sı. Finally we conclude, following Morse,‘ that all 


2 Cf. Marston Morse, The calculus of variations in the large, Amer. Math. Soc. 
Colloquium Publications vol. 18 (1934) p. 235 Lemma 13.1. 

* Marston Morse, The order of vanishing of the deterntinani of a conjugales base, 
Proc. Nat. Acad. Sci. U.S.A. vol. 17 (1931) pp. 319-320. 

4 See Calculus of variations in the larga, loc. cit. 
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focal points in the neighborhood of g lie on the locus r =f(s). 

We are now in a position to construct the following set-up. Let F 
be an admissible coordinate neighborhood containing q and the ex- 
tremal of R joining q to 2. Let S be a closed subfield of R, contained 
in Y, covering g and such that the only focal points of 2 within S$ 
satisfy r= f(s). Call this intersection of the focal point locus: with S 
x. Let V denote the sub-neighborhood of U covered by S. 

Now we must consider the Hilbert integral in the region covered 
by S. This is a certain line integral J to be evaluated with respect to 
the coordinate system F. The corresponding integral Z* with respect 
to V turns out according to M. L. to be independent of path, and we 
would like to make the same conclusion about J. The difficulty lies 
in the fact that though the natural transformation Q from V to Y 
is of class C’, its inverse is differentiable only on the complement 
of Qr. We can get around this by approximating arbitrary curves of 
class C’ in YS in the derivative by rectilinear polygons (with re- 
spect to Y) which intersect Qr in only a finite number of points. This 
is easily achieved by means of Lemma II, from which we can conclude 
that if a point is not on Qr, then almost all rays (with respect to F) 
issuing from it intersect Èr in only a finite number of points. Q~! car- 
ries such polygons into curves differentiable at all but a finite number 
of points. J* can be extended to these curves by means of Riemann- 
Cauchy integration. The proof of the lemma is then easily completed. 
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THE NUMBER OF INDEPENDENT COMPONENTS OF THE 
TENSORS OF GIVEN SYMMETRY TYPE 


RICHARD H. BRUCK AND T. L. WADE 


Let T,,...:, be an arbitrary covariant tensor with respect to an 
n-dimensional coordinate system, and let 


(1) Licet = ae Oe gels ast Pa e 


represent the decomposition! of T... -s into tensors of various sym- 
metry types, the tensor [a)Z4,...;, corresponding to the partition [a] 
of the indices 4, - - - $p. The number of independent (scalar) compo- 
nents of Ty,...:, 18 #?; and if Ce denotes the number of components 
of [a] Ti; eip then 


(2) n’? = cip Fte + ciag te + curn = 2, Ca 


For p=2, 3, 4, J. A. Schouten? has obtained expressions for the c,’s 
in terms of n; but the difficulties of his method become great for larger 
values of p. The purpose of this paper is to present a method of ob- 
taining Ca in terms of n from the character table for the symmetric 
group on ? letters. 

Associated with the immanant tensor? I = Th ? we have de- 
fined the numerical invariant r=r,, the rank‘ of 104, which is the 
greatest integer r for which the tensor 


(11) (11) 


lor Aa) 
(3) Too =| oa 
a 
does not vanish; here (t1) =4.1 - - + 4,9. For convenience, let us regard 


8, for each (f), as a vector Vıp in N =n" dimensions. Then from the 
above definition, it is clear that exactly fa of the N vectors Vg are 
linearly independent. Since tT o) =la Tf., may be defined by 


Ww 
(4) tej (3) = tall Ty; 





Presented to the Society, November 22, 1941 under the title The number of inde- 
pendent components of the tensor tTa, ipi received by the editors November 19, 1942 

1 H. Weyl, The classical groups, Princeton, 1939, chap. IV. 

3T. L. Wade, Tensor algebra and Youngs symmetry operators, Amer. J. Math. 
vol. 63 (1941) pp. 645-657. 

3 J. A. Schouten, Der Recet-Kalkul, Berlin, 1924, chap VII. 

1 Richard H. Bruck and T. L. Wade, Btsymmetric tensor algebra, II, Amer. J. 
Math. vol. 64 (1942) pp. 734-752. We shall refer to this paper as B.T.ALII. 
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exactly fe of the components of T are linearly independent; thus 
Ca STe. But as an alternative way of writing equation (32), B.T.A. II, 


(5) nergy bess brates tro = Dora 

Hence, using (2), 

(6) n? = D Ca S Dla = MP, 

and since the numbers Ca, fa are non-negative we conclude this fact. 


THEOREM J. Ca™fa. 


Combining Theorem I with Theorem V, B.T.A. II, we obtain this 
theorem. 


THEOREM II, 


where x is the characteristic for class (p) corresponding to the irreducible 
representation [a] of the symmetric group on p letters, 

fats the characteristic corresponding to the class (17), 

v, 4s the order of class (p), 

k, = pit pat nie a where p= (1%, r Oe Ss pr). 


Another method of finding Ca is given by G. de B. Robinson! in 
relating fa to A. Young’s substitutional analysis. 

For p=4 the character table is, with the additional row of values 
of k, inserted: 


Class: (p) (9 (2,2) (4,3) (4) (2°) 
Order: Up 1 6 8 6 3 
k, 4 3 2 1 2 
[4] 1 i 1 1 
[3, 1] 3 1 0 —1 —1 
[at] 2 0 —{ 2. 
[2, 17] 3 —1 0 1 —1 
[14] 1 —1 1 — 


From this, using Theorem II, we have, for example 


' G. de B. Robinson, Note on a paper -by R. H. Bruch and T. L. Wade, Amer. J. 
Math. vol. 64 (1942) p. 753. 

t D. E. Littlewood, Theory of group characters and matrix representaitons of groups, 
Oxford, 1940, p. 265. 


472 R. H BRUCK AND T. L. WADE 


cay = (1/41 {1-1 ni + 16n 41-8-n? 41 6-0 4+1-3-n3} 
= Crises 
and 
caa = (3/41) {3-1-4 + 1-6-2? + 0-8-n? — 1-6-8 — 1-3-n3} 
= OC iat 
In this manner we obtain the following tables of ce: 
Three-tndexed tensors 


[a] B] (2, 4] 
Ca Caps,3 ACusiya Ca,3 


Four-tndexed tensors 


[a] [4] [3, 1] [2] [2,1] [19] 
Cm Cua Cuyt. #Cuy.3 OCa+1,4 Cai 


Five-tndexed tensors 
la] [5] [4, 1] [3, 2] 13,43 | [23,1] [2,03] 0] 


Ca = Cuan l 16Casas 58 Cais,4 36Cas2,8 5mCasi,4 16Ca41,5 Cas 


Stx-indexed tensors 
le] [6] (5, 1] [4, 2] [4, 19] [31] [3,2,1] 
Ce Cana 25u (27m/2)Capss 100C aia (5/3) Cape Capra (1288/3) Cores 
[a] [3, 1°] [23] [2, 13] 2). e] 


la 100 Ca +8,s (5/3) Coat sCa,s (27/2) Capii 25Ca41.8 Cas 
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NATIONAL COMMITTEE ON PHYSICISTS AND 
MATHEMATICIANS 


Recent action by the National Headquarters of the Selective Serv- 
ice System recognizes a critical shortage in the field of mathematics - 
and sets up a new procedure whereby a national point of view may be 
brought to bear on the decisions of local boards in the cases of regis- 
trants who are occupied as mathematicians or are students of mathe- 
matics. This recent action of National Headquarters is best understood 
by reference to the historical background. 

On November 7, 1942, National Headquarters announced a policy 
under which the Director of Selective Service might authorize the ap- 
pointment of a National Committee in a critical scientific or special- 
ized field, to assist the Selective Service System by reviewing affidavits 
for occupational classification; at the same time the National Com- 
mittee on Physicists was established. On April 5, 1943, this policy 
was amended so as to apply to mathematicians as well as to physicists; 
the National Committee on Physicists was replaced by the National Com- 
mittee on Physicists and Mathemaisctans. In addition to the two physi- 
cists who, with representatives of the National Roster of Scientific 
and Specialized Personnel and of the public, constituted the earlier 
Committee, the new National Committee on Physicists and Mathe- 
maticians will include two mathematicians. 

This procedure involves no change in the fundamental principles 
underlying the granting of occupational deferment, which remains, in 
the first instance, a matter for the decision of each registrant's local 
board. The creation of the National Committee on Physicists and 
Mathematicians does, however, provide a means whereby the individ- 
ual local boards will be advised concerning the national as well as the 
local needs in the critical fields of both physics and mathematics. 

In Memorandum F (see Bulletin of the American Mathematical 
Society, March, 1943) attention was called to amendments made on 
December 14, 1942, to Occupational Bulletins No. 10 and No. 23. 
“The amended Bulletins remain in force and should be consulted in pre- 
paring requests for occupattonal classtficaiton of teachers or students of 
mathematics.} 

Mathematicians should note the changes in procedure made neces- 
sary by the establishment of the National Committee on Physicists 


1 The substance of the amended Bulletins No. 10 and No. 23 is to be found also 
in Activity and Occupation Bulletins No. 33-5 and No. 33-6, issued on March 1, 1943, 
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and Mathematicians. The principal one ts that the employer is now to 
file papers with the Nattonal Committee as well as with the employee's 
local board. (See 3(b) below.) The following detailed outline, it is 
hoped, will be of value to mathematicians and their employers as the 
new procedure goes into effect. 


1. Although full responsibility for presenting occupational defer- 
ment requests lies with employers,? the mathematician-registrant will 
be wise to see that his emplover is fully informed of the new procedure 
established by Activity and Occupation Bulletin No. 35 as amended 
on April 5, 1943. 

2. The employer must first decide whether he regards the registrant 
as a “necessary” man for whom he wishes to request occupational 
deferment (or continued occupational deferment). In the case of men 
with dependents, even if deferred at present, it is desirable to file 
information with the local boards establishing their occupational 
status as further ground for deferred classification. 

3. For every registrant for whom occupational deferment (or con- 
tinued deferment) is to be requested, the employer will: 

(a) Fill out completely Selective Service Form 42 or 42A in tripli- 
cate. File a copy with the local board with a brief letter stating that 
the original has been sent to the National Committee on Physicists 
and Mathematicians as authorized in Selective Service Activity and 
Occupation Bulletin No. 35, issued March 1, 1943, and amended 
April 5, 1943. 

(b) Send the original and one copy of Form 42 or 42A (see also (c) 
below) to the: 

National Committee on Physicists and Mathematicians 
National Roster of Scientific and Specialized Personnel 
Washington, D. C. ` 

(c) Send.in addition to Form 42 or 42A, a “Report of Status” for 
the National Committee on Physicists and Mathematicians. Copies 
of these “Report of Status” blanks may be secured from the National 
Committee on Physicists and Mathematicians. 

(d) For those not now deferred, this procedure should be followed at 
once. For those now deferred, this procedure should be followed at 
least thirty days before the expiration of the deferment period. 

4. For every registrant for whom deferment is not to be requested 

2 Throughout this discussion the term “employer” means that person within an 
organization—industrial, educational, or governmental-—who has been assigned the 
responsibility for handling deferment problems. In educational institutions, the head 


of the mathematics department must be an active adviser in matters involving both 
staff and students. 
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by his employer or college, a “Report of Status” in duplicate should be 
filled out and sent to the National Committee on Physicists and 
Mathematicians at ance so that efforts may be made to place him 
where his talents and training will be of best service to the war effort. 

The plan under which deferment applications for mathematicians 
are now to be made is announced in Activity and Occupation Bulletin 
No. 35, as amended on April 5, 1943. Extracts ‘giving the essential 
features of this plan are published herewith: 

“Filing A ffidactt}—Occupattonal Classification. When such a Na- 
tional Committee has been appointed for a scientific or specialized 
field, the employer or recognized university or college desiring occupa- 
tional classification for a registrant who possesses the training, qualifi- 
cation, or skill in that field, or is in training or preparation therefor, 
may prepare Affdavit—Occupational Classification (Form 42 or 42A) 
in duplicate, file the copy with the local board in the usual manner, 
and forward the original to the National Committee. (Part I, C, 3) 

"Action by the National Committee. When the National Committee 
receives a Form 42 or 42A, it will investigate the registrant. If, in its 
opinion, the registrant possesses the training, qualification, or skill 
and is a necessary man in an essential activity or a necessary man in 
training or preparation therefor, the National Committee is author- 
ized to place a stamped endorsement prescribed by the Director of 
Selective Service on the original Form 42 or 42A and to file the form 
with the registrant’s local board. (Part I, C, 4) 

“Consideration by local board. When the original Form 42 or 42A, 
stamped by the National Committee, is received by the local board, 
it shall be considered as showing that the registrant has been investi- 
gated, that in the opinion of the National Committee he possesses 
the training, qualification, or skill required, and that, as the case may 
be, he is a necessary man in an essential activity or a necessary man 
in training or preparation in such scientific and specialized field. 

(Part I, C, 5) 

“Classsficatton Advice (Form 59). When a Form 42 or 42A, stamped 
by a National Committee, has been received for a registrant and the 
local board, nevertheless, classifies the registrant as available for 
military service or for assignment to work of national importance, the 
local board shall notify the National Committee, as well as the em- 
ployer or university or college, by mailing to the National Committee 
and to the employer or university or college Classification Advice 
(Form 59). In such case the National Committee, as well as the em- 
ployer or university or college, may appeal to the board of appeal 
from classification of the registrant. (Part I, C, 6) 


~~ 


MATHEMATICAL QUESTIONS IN SEISMOLOGY 
C. F, RICHTER 


Seismologists, like mathematicians, are accustomed to dividing 
their subject into a pure and an applied branch. The desirability of 
such division is underlined by the manner in which non-seismologists 
frequently approach the subject. It is teo often taken for granted 
that, because an earthquake is a motion of the ground, seismology 
must be chiefly concerned with the detailed analysis of that motion 
for its own sake. Such analysis is important in the engineering section 
of applied seismology; but it is unrepresentative of seismology as a 
whole, which deals largely with more remote problems: the causative 
mechanism of earthquakes, the distribution of their origins geo- 
graphically and in depth, or the structure and physical condition of 
the interior of the earth. 

Engineering applications are out of bounds for the present speaker. 
Briefly, they refer to the design of earthquake-resistant (not “earth- 
quake-proof”) structures. The problems differ from those of most 
structural engineering in being dynamical, not statical; buildings, 
bridges, and other structures must be designed with reference to their 
behavior when in violent vibratory motion. Further, horizontal forces 
must be considered more explicitly than is done in ordinary design, ` 
where the chief load forces, due to gravity, are vertical. Problems of 
principle are few; but the mechanical characteristics of large struc- 
tures are only less complex than the motion of the ground in an earth- 
quake. To arrive at solvable propositions it is usually necessary to 
idealize both sets of data to a degree which seriously limits the prac- 
tical applicability. Consequently, progress has depended heavily on 
empirical investigation of the behavior of models on a shaking-table. 

A very vocal offshoot of seismology is its application to geophysical 
prospecting—the investigation of subsurface structures by recording, 
with specially designed seismometers, the artificial earthquakés pro- 
duced when explosives are detonated. Numerous books and periodi- 
cals deal with the problems of “geophysics”—-which, in the vocabu- 
lary of the profession, means geophysical prospecting; a rather 
unwarranted restriction of the meaning of a necessary term, long in 
use with its proper significance as the physics of the earth. These 
problems present little of individual interest to the mathematician, 


An addrese delivered before the meeting of the Society in Berkeley, Calif., on April 
11, 1942 by invitation of the Program Committee; received by the editors June 29, 
1942. 
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since nearly qll are specializations of problems and methods long 
familiar in connection with earthquakes. As an example, consider an 
idealization of “the reflection method.” An explosion is set off at or 
near the surface of the earth, at a carefully recorded time. At un- 
known depth is a reflecting layer, of irregular form, which may be 
discontinuous in the mathematical sense. The arrival of elastic waves 
from the explosion, reflected at the named layer, is timed accurately 
at a number of points on the surface of the earth. Supposing the 
velocity known and constant, is the determination of arrival times 
at all points of a limited area (taken as plane) sufficient to determine 
the depth and form of the reflecting layer? More practically, what is 
the maximum information derivable from a limited number of obser- 
vations? In practice, the explosions may be repeated at several differ- 
ent points. 

An important division of seismology which as yet offers little hold 
to the mathematician is that dealing with the fundamental mecha- 
nisms of earthquakes—the possible physical origin of stresses giving 
rise to earthquakes, the mechanism of the actual process of fracturing. 
These problems belong to the field which has lately taken the name 
of “tectonophysics”; a section of the American Geophysical Union 
with that title was organized in 1939. This marks a movement to give 
greater precision, from the point of view of mathematical physics, to 
many of the concepts used in geology to describe the behavior of 
great masses of matter. The subject is being furthered by increasing 
experimental data on the physical properties of rocks and other ma- 
terial under great pressure. A detailed discussion would involve al- 
most the whole of geophysics, of which seismology is only a small 
part. Reference may be made to the general manuals in the bibli- 
ography, and to the Transactions of the American Geophysical Union. 

Theoretical seismology, like other branches of physics, is readily 
characterized mathematically by the occurrence of certain funda- 
mental differential equations, the theory of which is involved in 
nearly every problem. These occur in three principal sets: 

I. equations of motion of the recording instruments, 
II. equations of motion of elastic solid bodies, 

III. equations of propagation of elastic waves in the interior of the 
earth (usually assumed as spherical). 

The first are the simplest. The motion of a seigmometer is a par- 
ticular case of the forced oscillations of vibrating systems, the theory 
of which is classical and well worked out. In its simplest form, the 
selsmometer equation is a linear ordinary differential equation of the 
second order, with constant coefficients. The nonhomogeneous part 
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represents the disturbance due to an earthquake. The homogeneous 
term of zero-order determines the free period of oscillation of the 
seismometer pendulum, and that of first order then gives the damp- 
ing,,or rate of decrease of the free oscillation. Further complication 
occurs when the seismometer displacement, instead of being recorded 
directly, operates an electromagnetic system which actuates a re- 
cording galvanometer. The free period and damping of the galva- 
nometer then enter into the equations of motion of the coupled sys- 
tem, which in complete form are of fourth order. Since the coefficients 
are still constant, the problem is theoretically solved; but the prac- 
` tical application may become difficult and laborious if the damping 
coefficients are large enough to approach their critical values. Devices 
for clarifying the problem or shortening the computations are much 
to be desired. 

Seismic waves are propagated through the whole earth; systematic 
investigation employs the data of many hundreds of earthquakes, as 
recorded at seismological stations in all parts of the formerly civilized 
world. The observations are affected by all ordinary causes of error, 
so that statistical treatment is necessary to ensure valid conclusions. 
Harold Jeffreys, at Cambridge, has devoted much of his distinguished 
ability for many years to the mathematical problems of geophysics 
and seismology; the professional mathematician will find no better 
introduction to these problems than his volume The earth [2]. Jef- 
freys’ interest in the theory and technique of statistics as such has 
also appeared in many publications; in a recent volume [11] he has 
presented a detailed account of his somewhat unorthodox views. 
Seismologists have observed with much interest the application to 
their specialty of these highly refined techniques, which are for the 
most part beyond the range of their critical judgment. Jeffreys’ spe- 
cific results are mostly in excellent agreement with those of others 
who have not used his methods. He has sometimes claimed a sur- 
prisingly high degree of precision; but any difference of opinion on 
such points refers, not to the method of handling the data, but to the 
reliability of the observations as such. Others have attempted to 
reach the same objective by working so far as possible with original 
seismograms in preference to readings taken from them, and by se- 
lecting the data used for further conclusions through detailed consid- 
eration of each item, applying individual criteria not easily derived 
from a purely statistical treatment. Questions arise belonging not 
merely to statistics, but to the whole theory of scientific method. 
Reference may be made to Jeffreys’ smaller volume [12], and to the 
excellent summary in Blake’s paper [7]. 
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Seismological data have at least one statistical idiosyncrasy; the 
errors are not symmetrical. The fundamental datum is the time of 
arrival of the first of a long succession of elastic waves at the recording 
station. If this first motion is small it may be missed, and a later 
time used instead. Early times, on the other hand, can arise only 
from the normally fluctuating causes of error, except occasionally 
when a seismologist, anxious not to overlook the true beginning, has 
measured a small extraneous disturbance preceding it. 

The equations of set II are: 


F(x, 0, w) 
ee 


Y oF 


= (A+ g) grad 6+ BY" (4, v, w), 


Z 


Ou Ou Ow 
(2) X. = 0 + 2n—) FY, = X0 + 2u—>; Z, =dO4 2n—>) 
' Ox dy OZ 


3) x (= + =) y (= + m 7 (= sh =) 
mt = A = steno —— s = BL — mf, 
Nay | az “Ads 8y ax | as 


u, v, w are the cartesian components of displacement of any ele- 
mentary particle from its equilibrium position. p is the density; A and 
u are the Lamé constants of elasticity. 8, the dilatation, is an abbre- 
viation for the divergence of the vector (u, v, w). Equation (1), which 
stands for three, is thus a vector equation; it suffices for the theory 
of motion of a homogeneous isotropic elastic solid of infinite extent, 
without boundaries or discontinuities. The remaining equations give 
the components of the stress tensor in terms of the derivatives of the 
displacements. These are called for whenever it is necessary to apply 
boundary conditions. 

Consider first the consequences of these classical equations. Gen- 
eralizations and modifications will be cited later. The usual process 
of separating the displacement vector into two parts, one of which is 
-irrotational, involves taking the divergence and the cutl of equation 
(1); this yields the two wave equations: 





: PA `À 2 
(4) aa yo, 
oF p 
(En, t) u 
5 — E : 
( ) ap F VCE, N, f) 


Here 2(§,9,{) =curl (#,0,w). 
This process proves the possible existence of two types of elastic 
waves. In the first, displacements are purely compressional or dilata- 
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tional, the displacement vector being in the direction of propagation 
of the wave. These are physically identical with sound waves. In the 
second type, displacement may be described as purely shearing, ir- 
rotational, or equivoluminal, being transverse to the direction of 
propagation and consequently exhibiting the phenomena of polariza- 
tion as in optics. Whether these transverse waves should be called 
sound waves is a matter of terminology. Both longitudinal and trans- 
verse waves are observed in the earth. These are the only types of 
waves which can exist in an unlimited homogeneous isotropic elastic 
medium subject to equation (1). As soon as boundaries exist, however, 
other waves occur. 

The simplest waves due to a boundary are the surface waves found 
by Lord Rayleigh [13]. Let the medium be semi-infinite with a free 
bounding surface at the plane z =0. Then a solution of (1) exists which 
contains a factor exp(as-+tbx—tct) where a, b, c are real. This repre- 
sents a wave propagated in the direction of x with velocity c/b; its 
amplitude decreases exponentially with increasing s if a is negative, 
‘so that on the positive side of the boundary the disturbance is prac- 
tically confined to the vicinity of the free surface. The velocity c/b 
is determined by requiring the stress components (2) and (3) to van- 
ish at the boundary s=0. This leads to a cubic equation in ¢c?/b?. This 
equation is obviously characteristically connected with the partial 
differential equation (1); an exact analysis of this type of relationship 
might be of much interest. 

Since the cubic equation is reached by squaring, some of its roots 
may be extraneous to the problem. One of the roots is always appro- 
priate, and leads to the solution given by Rayleigh. The case when 
the other two roots are equal falls well within the admissible numeri- 
cal range of the physical constants, so that with slightly different pos- 
sible values these roots may be either both real or both complex. 
When both are complex, they represent a valid solution of the given 
equations and boundary conditions only if the amplitude becomes in- 
finite for infinite g; this is not of physical interest. When both roots are 
real, a must be taken as imaginary ; the solution is periodic and does not 
vanish at infinity. The velocities come out greater than those of the 
normal longitudinal and transverse waves represented by (4) and (5). 
This at first appears physically improbable. However, it readily ap- 
pears that these solutions represent trains of plane longitudinal and 
transverse waves of the normal type and with the normal velocities, 
approaching the surface at specified angles; the high apparent veloc- 
ity in the x direction is due to these angles of emergence. The result 
then appears trivial; it seems that the search for solutions satisfying 
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given conditions has led incidentally to a special case of another 
known solution. However, there is still a possible question: Does this 
mean physically that a disturbance below the plane free surface will 
actually produce, not merely the Rayleigh surface wave and the or- 
dinary body waves with spherical wave front, but also these particu- 
lar body waves with a different orientation? The same result was 
obtained by Somigliana [14] less directly, and has been applied by 
Caloi [15, 16] to explain certain observations of anomalously high 
velocities. To the present speaker it appears more probable that these 
observations have another explanation, and that the solutions in 
question correspond to no new- physical phenomenon. The same case 
arises in the work of Jeans [26] to be cited presently. 

The Rayleigh wave is only the simplest type of wave dependent 
on a discontinuity. Most seismograms show large waves of the type 
whose theory is due to A. E. H. Love [17]. These exist primarily in 
the space between two discontinuities; in the most important case 
the upper of these is the surface of the earth, while the lower is the 
base of the continental rocks. Similar waves may exist without a 
discontinuity, if the physical constants change rapidly with depth 
[18, 19]. This shows that a complete theory, now lacking, of the 
propagation of elastic waves in a nonhomogeneous but isotropic me- 
dium, would include several types which do not occur when the 
medium is homogeneous and unbounded. 

More general boundary conditions have been applied. Sianaley 
and others [20-25] have worked on the theory of waves associated 
with an internal interface, and on the effect of multiple layering. 
Jeans [26] has considered the general problem of free oscillations of 
a spherically symmetrical earth. Surface waves of Rayleigh and Love 
types, as well as others, appear as particular solutions; the general 
solution is not worked through. Lamb, Sezawa, Nakano and others 
[27-41] have developed the theory of generation of bodily and surface 
waves from an initial disturbance of given form; this bears directly on 
the problem of earthquake causation. 

Earthquake surface waves show considerable dispersion. The sim- 
ple Rayleigh theory gives no dispersion, the velocity being fixed; 
however, the velocity depends on the frequency for Love waves 
[17, 18] and for Rayleigh waves on the surface of a heterogeneous 
medium [42-49]. The observed dispersion differs regionally, and is 
evidence for regional differences in crustal structure [4, chap. XII]. 

A quite different problem of much importance in the interpretation 
of seismograms is the following: Plane waves, either longitudinal or 
transverse, are incident at a given angle on the plane boundary be- 
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tween two media which differ in elastic constants and density. There 
are four derived plane waves; reflected longitudinal and transverse 
waves in the first medium, refracted longitudinal and transverse 
waves in the second medium. What is the ratio of the amplitude of 
each to that of the incident wave? 

This problem was solved by Knott [50], and, a little more directly, 
by Zoeppritz [51]. The solution takes the form of four linear homo- 
geneous algebraic equations in the amplitudes of the five waves, there 
being two cases according as the incident wave is longitudinal or 
transverse. Unfortunately, the coefficients are complicated, contain- 
ing physical constants and trigonometric functions of the angles. 
Computation is laborious, and has been carried out only for a limited 
range of assumptions which approximate the actual conditions met 
with in seismology [52-54]. Our information is incomplete as to 
maxima and minima of the various amplitudes as functions of the 
physical parameters, and even as to the occurrence of zeros and 
singularities. It would appear that some of these questions might be 
dealt with directly from the equations of motion and the boundary 
conditions in differential form; but this bas not been done. 

On seismograms of earthquakes at distances between 100 and 1000 
‘kilometers, the direct longitudinal wave, P, is preceded by a longi- 
tudinal wave P,, refracted through the material beneath the con- 
tinental layera in which most earthquakes originate. At that depth it 
travels so fast that it arrives ahead of the direct wave. Analogous 
waves refracted horizontally through subsurface layers are observed 
in geophysical prospecting. Simplified forms of the theory usually 
indicate that such a horizontally refracted wave should exist as a type 
of surface wave in the lower medium, but that it should carry only a 
small part of the incident energy. While the direct wave is in fact 
larger, the observed refracted wave is usually not so small as the sim- 
ple theory suggests. More precise discussion, such as that of Jeffreys 
[55, 56; 57, pp. 219-220] and Muskat [58] still does not satisfactorily 
represent the observations, Alternative explanations have been 
looked for. Recently O. von Schmidt [59, 60] has succeeded in pro- 
ducing essentially the same phenomenon in the laboratory. He em- 
phasizes the analogy with the “head wave” in ballistics. A theory has 
been given by Joos dnd Teltow [61], but the subject is still incom- 
pletely investigated. 

In practice, the equations of our set III are identical with the fun- 
damental equations of geometrical optics. The dimensions of the earth 
and its larger structures are so vast compared with the wave lengths 
of bodily seismic waves (mostly of the order of ten kilometers) that 
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the observations can be discussed without much attention to phe- 
nomena of interference or diffraction. The chief difference from geo- 
metrical optics lies in the data, the more significant of which are 
determinations of time, whereas intensities and frequencies, though 
observed and used, are of only supplementary importance. 

The customary general statement is Fermat's “principle of least 


(6) | a { ds/o = 0 


where the end points of the line integral are fixed during the variation. 
ds denotes the element of path, and v the velocity of propagation 
given as a function of position. The name is slightly misleading. Thus, 
when a shock originates within the earth and sends waves to a distant 
surface point, there are two principal paths of singly reflected waves 
satisfying the variation principle. Of these the more obvious and 
familiar, reflected nearly midway, corresponds to a maximum of the 
integral. The other, representing a minimum time, is reflected com- 
paratively near the source; it is observed chiefly in earthquakes origi- 
nating at great depth. Jeffreys [73, p. 560] has pointed out that in, 
general seismic waves corresponding to maximum times are less sharp 
and well defined on the seismograms than those with minimum times. 

Attention is called to the differential equation associated with the 
variation principle, and named by Bruns the equation of the “eiko- 
nal.” For a spherically symmetrical earth it takes the form 


(7) (at/dr)® + (1/7) (04/06)? = 1/7 


where r, 8, ġ are polar coordinates with origin at the center and polar 
axis through the source of the earthquake. Since the velocity v is 
independent of ¢, that coordinate drops out. tis the time of propaga- 
tion, not along a fixed ray, but always along that ray which forms the 
path of least time from the source to the point (r, 8, $). 

This general equation can be made the basis for a complete discus- 
sion of the geometrical optics of seismology. More customarily, the 
wanted information is derived from a special consequence, namely 
Snell's law of refraction in its polar form, which states that along a 
given ray 


(8) (r sin 4)/c = const. = f,/v,. 


Here ¢ is the angle between the radius vector and the tangent to the 
ray. Except at the boundary of the core of the earth, velocity in- 
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creases with depth (since the elasticity increases more rapidly than 
the density, which alone would give the opposite effect). Seismic rays 
are convex toward the center of the earth, and each ray has a mini- 
mum radius vector r, corresponding to +=90°; the velocity at this 
point on the ray is 9,. . 

The initial problem is to determine the velocity distribution within 
the earth. The observed times at seismological stations at varying 
angular distances from the source give / as a function of @forr=R, the 
radius of the earth, The assumption of spherical symmetry is justified 
by the satisfactory agreement with all observations of tables giving ¢ 
as a function of @ alone. The determination of o(r) from #(8) involves a 
Fredholm integral equation, of the type first solved by Abel [62, 63]. 
The method developed by Wiechert [64] and Herglotz [65], im- 
proved by Bateman [66], leads to integrals which are readily evalu- 
ated graphically or with a computing machine. The essential equa- 
tions are: 


(9) cosh q(x, 0) = #’(x)/#’(8)» 

(10) log ae J q(x, 0)dx, 
Ts Fw 9 

(11) T, = 0t’(8). 


From the given #(@) one proceeds to ¥ (0) and thence to v, as a func- 
tion of r, identical with o(r). General relations between the deriva- 
tives and singularities of o(r) and ¢(@) are of importance; few have 
been worked out! A peculiar singularity is involved, which occurs in 
all similar problems. To state it simply, consider a source of disturb- 
ance at x=0, y=0, z= —h, the velocity v being a function of s only. 
Let the arrival time on the x-axis be given as t(x). Then #(x) =0 for 
x=0, so long as k is different from zero; but if h=0 then #(x)=1/2 > 
for x =0. Again, if & is not zero, #’(x) =0 for x =0; but it is not easily 
seen what the general behavior of the second derivative will be if 
km0. This apparently artificial problem took on a physical signifi- 
cance in the following way [9, IV; 67, 68|: There is a well observed, 
type of seismic wave which originates as a transverse wave, continues 
along a short path in the presumably liquid core of the earth as a 
longitudinal wave, and then emerges from the core as a transverse 
wave, in which form it reaches the recording stations. Shortening dis- 


1 The speaker gave the result by Gutenberg and Richter [9, II] for de,/dr, in 
terms of #? and g. Subsequent discussion has made possible an adequate discussion 
of the higher derivatives, to be published in the near future. Correction to [9, IT, 
p. 304 |: de,/dr, = 0 for I = r, not for J infinite. 
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tance between earthquake source and observing station shortens the 
path in the core, until it finally vanishes and the wave in question 
ceases to exist. Let i(6) now represent the times of arrival at the 
earth’s surface; what should be the behavior of #’(@) at the minimum 
distance? The question bears on the expected amplitude of the given 
wave at this minimum distance. Considering the path in the core 
leads to the same singularity as in the simple plane case just described. 
Dix [69] has shown that the second derivative should vanish except 
for certain highly singular velocity distributions. 

Some large scale diffraction phenomena occur. The core of the 
earth, which has a relatively sharp boundary at a depth of 2900 
kilometers, does not transmit transverse waves; and at the boundary 
the velocity of longitudinal waves drops from about 13 km/sec out- 
side to about 8 km/sec inside; this is the only noteworthy exception 
to the rule of increasing velocity with depth. There results a shadow 
zone for both types of waves, within which disturbances diffracted 
around the core are found on the seismograms of sensitive instru- 
ments recording great earthquakes.’ Further, there is an angle of 
minimum deviation for the principal longitudinal waves refracted 
through the core; this angle determines the outer limit of the shadow 
zone, which accordingly exhibits the phenomenon known in optics as 
a caustic, with a focussing effect producing large amplitudes in a 
small range of 0. Waves apparently continuous with the others are 
observed irregularly within the outer limit. For years these were at- 
tributed to diffraction associated with the caustic—more precisely, 
with its continuation as a caustic surface within the earth; but no 
exact theory was attempted until quite recently [70]. Meanwhile, it 
has appeared that the observations are better explained by the exist- 
a -i “inner” core, the boundary of which need not be very sharp 

71-73]. 

Many generalizations have been aimed at extending the applicabil- 
ity of the theory. Thus, we have handled “optical” seismology assum- 
ing a spherical earth. The effects of ellipticity are definitely observa- 
ble; indeed, it has been suggested [74, p. 231] that seismological data 
would suffice for a rough determination of the oblateness of the ter- 
restrial spheroid. A good beginning has been made in these problems 
[75-79], which fall into three evident stages: a figure-of-the-earth 
problem to indicate the probable variation in ellipticity with depth for 
the homogeneous shells constituting the earth; a solution for the 
propagation of elastic waves through such a body; and a detailed 
examination of this solution for new phenomena of reflection and re- 
fraction not possible with spherical symmetry. 
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Love [17] and later writers have investigated the effect of gravity 
on the propagation of seismic waves; this proves to be entirely negli- 
gible. 

A difficult series of papers by Uller [80] offers a generalization of 
the wave concept as such, with seismological applications. Further 
critical discussion is needed. Summaries have been given by Macel- 
wane [3, pp. 110-114) and Gutenberg [1, vol. 4, pp. 136-146]. 

Some extension of theory is required to account for the frequent 
observation that the prevailing periods of all types of seismic waves 
increase with distance. This cannot wholly be due to the normal 
spreading of an impulsive disturbance with filtering out of the shorter 
periods. For surface waves, where very long paths are observable, 
often up to several complete circuits of the earth, such an explanation 
can be ruled out. Surface waves show dispersion, the theory showing 
that velocity should vary with period; but this cannot account for 
the increase with distance of the period of a clearly identifiable wave 
group. For body waves the corresponding evidence is less conclusive, 
but convincing to anyone familiar with the data. The required effect 
will be given by some type of viscosity, or internal friction. Sezawa 
[81-83] has set up a theory which partially covers the case; the 
problem has been treated by Jeffreys [84, 85; 2, pp. 265-266], and by 
Gutenberg and Schlechtweg [86 |. 

Confusion, especially when there is insistence on carrying on the 
discussion in apparently non-mathematical terms, arises from the use 
of such terms as “viscosity” and “strength” in different senses. Defi- 
nition of viscosity for solids is dificult, depending on the form of the 
hypothetically modified equations of elasticity. The property most 
closely corresponding to the well known and well defined viscosity of 
fluids is commonly termed internal friction; the entirely different 
quantity which measures the slow yielding of solids under long-con- 
tinued pressure is more usually termed viscosity. For discussion see 
. Gutenberg [4, chap. XV]. 

The classical theory of elasticity requires the components of stress 
to be linear functions of those of strain. This first-order approximation 
is being extended by second-order theories. To this end Murnaghan’s 
theory of finite strain [87] may be applied, assuming “constants” to 
be modified in a medium under strain, the case of most importance 
being that of hydrostatic pressure. On this basis Birch [89] has found 
close agreement between observed and calculated seismic wave veloci- 
ties in the earth, and has shown [88] that initial hydrostatic pressure 
does not affect the laws of elastic wave propagation. Biot [90] has 
developed a general second-order theory, and has recently [91] ap- 
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plied it to the general problem of propagation of elastic waves when 
there is initial stress; hydrostatic pressure produces no effect, but 
other types of initial stress may lead, among other effects, to a cou- 
pling between longitudinal and transverse waves. The non-effective- 
ness of hydrostatic pressure restricts the applicability of the old 
results of Rudzki [92], who assumed the earth to be aeolotropic, with 
different wave velocities horizontally and vertically. He arrived at 
the same coupling of longitudinal and transverse waves; but his 
theory gave no ready means of estimating the magnitude of the sup- 
posed seismological effect. 

Mathematical seismology is much in need of.synthesis. Techniques 
to solve particular problems have been imported from other applica- 
tions or from pure mathematics, without much examination of their 
relation to each other and to the general fields in which they originate. 
Hence the implications of such special results as the cubic equation 
characterizing the Rayleigh wave, or the Abelian integral equation in 
the velocity problem, are often imperfectly understood by those who 
are constantly working with them. Not rarely this leads to difficulties 
when the problems are to be generalized. Much spade work remains 
in exploration of the various subjects suggested by the natural articu- 
lation of the data; but the ultimate outcome should be a comprehen- 
sive treatment akin to the great treatises on optics and acoustics. To 
repeat—the contents of those treatises have only a limited applica- 
tion in seismology, not merely because of the complication in com- 
bining the mathematical characteristics of optics and acoustics, but 
largely because the principal observed data are not frequencies and 
intensities, but actual times of propagation of seismic waves. 

It would be ungracious to close without reference to the interesting 
address by Professor Cairns [6], who has since been a welcome and 
stimulating visitor at the Pasadena laboratory. 

In preparing for publication, much use has been made of the valua- 
ble summary by Blake [7]; his discussion and references cover a num- ` 
ber of points not included here. The paper by Byerly [8] contains 
further supplementary material. 

The following bibliography is selected for general usefulness or for 
mathematical interest. Many important papers, particularly those 
reporting observations, are omitted. Less than justice is done to the 
contributions by Jeffreys; more will be found in the Geophysical 
Supplement to the Monthly Notices of the Royal Astronomical 
Society. (Each volume of the Supplement covers a number of years; 
dates given are those of publication.) Further papers by Sezawa or by 
Sezawa and Kanai, as well as by other Japanese authors, will be 
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found in the Bulletin of the Earthquake Research Institute of Tokyo 
Imperial University. Japanese papers often are of mathematical in- 
terest only, by reason either of initial assumptions too remote from 
physical fact, or of failure to carry the calculations far enough for 
comparison with observations. All those cited here are in English. 
Throughout the bibliography, the language of the title as given is 
that of the original paper. 
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SOME SIMPLE DIFFERENTIAL DIFFERENCE EQUATIONS 
AND THE RELATED FUNCTIONS 


H. BATEMAN 


1. Introduction. The work of Brook Taylor, Jean Bernoulli and 
Daniel Bernoulli led to the formulation of differential difference equa- 
tions which are all included in the equation 


T Mad%,/ dt? + 2Kduy/dt + Site 

= (na + a + Dd) (tear — tea) — (na +c) (ten — tini) 
in which M, K, S, a, 6, ¢ are constants, This equation may be treated 
in at least six different ways, which may be described briefly as follows: 


(1) The method of simple solutions in which the aim is to express 
the desired solution as a sum of simple solutions of type 
(1.2) u(i) = Un() exp (i£), : 
in which $ is a constant which may assume a certain set of values. 
This method was used with great success by the writers just named 
and was much improved by L. Euler, J. le Rond d'Alembert, J. L. 
Lagrange and J. Fourier. The method has been greatly developed 
during the last one hundred fifty years. Some idea of this development 
may be derived from the excellent report of H. Burkhardt! on ex- 
pansions in series of oscillating functions. 

(2) The method of generating functions in which a diferential 
equation is formed for the generating function 

_G(s, 8) = 2D) 34i). 

This method may, perhaps, be associated with the names of Lagrange 
and Laplace as these writers developed a theory of generating func- 
tions. The important developments for the differential difference 
equation came quite late and began, perhaps, with the work of 
Koppe? on the function which I shall call the tnfluence functton for 


An address presented before the Los Angeles meeting of the Society on November 
28, 1942, by invitation of the Program Committee; received by the editors December 
26, 1942. 

1H, Burkhardt, Estwickinagen nach oscalirenden Funkkonen und Infegrahon der 
Differentiaigheichungen der mathematischen Physik, Jber. Deutschen Math. Verein. 
vol. 10 (1908) pp. 1-804. 

*M. Koppe, Dis Ausbrotiung esner Erschiliorung an der Wellemmaschene durch 
einen neuen Grensfall der Besselschen Funcisonsn, Program Andrees-Real-gymnasium, 
Berlin, No. 96 (1901) 28 pp. See also T. H. Havelock, Ox the Insiantaneous propa- 
gation of disturbance in a disperstoc medium, Philosophical Magazine (6) vol. 19 (1910) 
pp. 160-168; E. Schrodinger, Dynamik clastscher pehoppelie Punkisysiems, Annalen 
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the equation 
(1.3) P'a / dE = tanpi + Hani — 2p. 


(3) The method of definite integrals in which the aim is to express 
u,(¢) in the form of a definite integral such as 


ti, (t) = f re, ids. 


(4) The operational method which depends upon the formation of 
a difference equation satisfied by the integral 


U(x) = f nar 


Integrals of this type were used by L. Euler and P. S. Laplace‘ to 
solve differential equations and difference equations by means of 
definite integrals. The operational method is really the inverse of the 
transformation of Euler and Laplace since the equation satisfied by 
u„(t) 18 known, while in the method of transformation the equation 
satisfied by u,(#) is derived from an equation satisfied by U,(x). A 
form of the operational method was used by Poisson’ in the solution 
of two differential difference equations occurring in the theory of the 
conduction of heat in a bar. 
In the case of equation (1.1) the equation for U,(x) is 


(1 4) (na + G + b)(Uns4 7 Un) m (na + c)(Us a Un_1) 
l + Mu! (0) + (2K — Maæ)u(0) = (Mx? — 2K2+ S)U,. 


This is a difference equation. It is homogeneous for nxm if the initial 
conditions are of type 


u.(0) = 0, nvm, wn(0) = 1, (0) = 0. 


For n=m the equation is not homogeneous. The solution of the set 


der Physik (4) vol. 44 (1914) pp. 916-934; F. Pollacrek, Uber die Foripflansung 
mechanischer Vorgange in einen linearer Gitter; Annalen der Physik (5) vol. 2 (1929) 
pp. 991-1011. 

7L. Euler, De conmsiructsone acquattonum, Akademiia Nauk, Novi Commentarii 
vol. 9 (1737) 1744 pp. 85-97; Infegralrechnung vol. 2 section II, chaps. 10, 11. 

1 P. S. Laplace, Mémotre sur les approximaisons des formules qus sont fonctions de 
iràs grands nombres, Mémoires de l’Académie Royale des Sciences de Paris (1782; 
1785); Oeweres, vol. 10. 

5S. D. Poisson, Mémotre sur la dtstributton de la chaleur dans les corps solides, 
J. École Polytech. vol. 12 (1823) pp. 1-144. 
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of equations may be made unique by adding suitable end conditions. 
In some cases the condition that U,(x) should be finite for n= + œ 
is appropriate. Thus for the equation Pores pOneiig to (1.3) the tn- 
fluence function is 


Una(z) = (1 + A + ot — apa, om. 


For n<m the index is 2m—2n. This function U,,, corresponds to 
Koppe’s influence function 


Hant) = Jiws (2h); 


and it seems desirable to use the same name in both cases. Recurrence 
relations which are all of the same type except for one or two values 
of n are of frequent occurrence in the theory of structures. A case 
which bears some resemblance to the present one occurs in the work 
of E. H. Bateman‘ on the stability of tall building frames. The frame- 
work considered by.this writer is described as a two-column bent of 
N stories rigidly connected together, the beams being connected to 
the columns by joints of variable rigidity. This framework is acted on 
by a horizontal load at any panel point. The cases of vertical loading 
on the beams is also considered, the two cases of horizontal and verti- 
cal loading being discussed separately. 

An influence function for equation (1.1) may be found by the 
method of the generating function. When the differential difference 
equation is of the first order the requirement that “,(0)=0, n=m, 
ta(0)=1, implies that G(s, 0) =z" and so the arbitrary factor in the 
solution of the differential equation for G is determined. The influence 
function for some simple cases is given in the following table: 


“1. du„/di= tun — un, "e /T (m—n+1), 
2. dúü,/dt= uni — un, "e t/T(n—m+ 1), 
3. 2du,/dt=tasi—ta1, Jn—a(t), , 

4. 2du,/dt=tasitus—2u,, CIm lt), 


5. 2du,/di = the — 2thayit Hnt, etai) HGH) /P(m—nt+1), 
where in the last case 


exp (s# — #/2) = > t*H,(s)/nl. 


J,(s) denotes the Bessel function of order n, I,(x) is the Bessel func- 


t E. H. Bateman, The stability of toll building frames, Institute of Civil Engineers, 
London, Selected Paper No. 167, 1934, 49 pp. 
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tion of imaginary argument multiplied by the proper factor, H,(s) 
is the polynomial of Hermite and I'(s) is the Gamma function. 
When only the second derivative appears on the left-hand side of 
the equation the requirement chosen for the definition of the influence 
function is ux (0) =0, 4,(0) =0, sm, u,(0)=1, and two additional 
cases of interest are: ' 


6. By /di = thay — tan, (4/2) 9-99 T manal T(m =n), 
7. O44, /dt? = Ugi — tn, (¢/2)* HAY, in(t)/Tia—m-+ 1). 


(5) The method of power series. In the case of equation 2, for in- 
stance, there is a solution of type 


nli) = f(s) + E — to) [f(a — 1) — fn) | + 
= 2 (E — th) "A™f(s)/ml,  Af(n) = f(n — 1) — f(n), 


as noted by G. Doetsch.” The function f(s) is given by the equation 
f(n) =u,(fo), and A™f(m) =u (t). Doetsch remarks that when #4. (to) 
=p", =e 4B/n! we ue bn n (to) = (d"/dee poln, to) =Walm, to) 
= pals, boolna, to), where ba t) is Charlier’s polynomial. In this 
case uli) =Wo(n, i), and uP (À =Yaln, À is also a solution. l 

(6) The method of successive approximations. In this method the 
equation is divided into two parts. One of these is multiplied by a 
parameter & and a solution is sought which can be expressed as a 
power series in &. The coefficients are determined by a succession of 
equations which in many cases can be solved very easily. The 
parameter Å is then set equal to 1 after all the operations. In the case 
of equation 1, for instance, we use the form Uus, =k(1+4d/di)un 
and find that the power series for «,(#) reduces to a single term 
u, (i =k*(1+d/dt)*f(é), where f(t) is an arbitrary function which can 
be differentiated an unlimited number of times. In the case of equa- 
tion 6 there is a corresponding solution #,(#)=(1+D*)*f(é) where 
D=d/dt. By choosing f(t) =t! cos ¢ we obtain the solution u,(t) = 
—(1/2)T (n+ DT (1/2) G/2) °° Yin), and by choosing f(t) =f" sin ¢ 
we get the solution u,(é) = (1/2) T (n +1)r(1/2)(t/2) "2J „+17(t), the 
expressions for the Bessel functions being essentially those of Har- 
grave and Macdonald." 


2. Applications of differential difference equations. The polynomial 


T G. Doetach, Dis tm der Stattsith sellener Ereignisse axfirctenden Chaorkerschen 
Polynome und eins damti susammenhdngends Differentsalgleschung, Math. Ann. vol. 
109 (1934) pp. 257-266. ` 

$ See E. T. Whittaker and G, N. Watson, Modern analysis, chap. 17, Ex. 30. 


„ 


498 `~ H. BATEMAN [July 


of Jacques Bernoulli B,(x) satisfies the simple equation 
(2.1) d/dx B(x) = nBy_1(x) 


which is satisfied also by all polynomials of Appell’s type. When 
B,(x)/nl is denoted by u(x) the equation is 


(2.2) Atin/ dx = Hai. 
This is a particular case of the equation 
: (2.3) du,,/dt = hy itn n= Eatin 


which occurs in the theory of probability and in the theory of the 
chain processes of chemistry and radioactivity. The literature on this 
branch of the subject is now quite large. Equation 2 of §1 is also a 
special case of equation (2.3), Equation 1 may be regarded as the 
adjoint of equation 2 and it should be noticed that the influence 
function for this equation is derived from the influence function for 
equation 2 by interchanging m and n. This property is analogous to 
one which occurs in the theory of the Green’s function for a linear 
differential equation and in the theory of the influence functions of 
the theory of structures. 

In mechanics and in the theory of elasticity the differential differ- 
ence equations of chief importance are those in which central dif- 
ferences occur. In his interesting book Weather. predtictson by numerical 
process, L. F. Richardson emphasizes the advantage of using cen- 
-tral differences when difference equations are to be used to furnish 
approximate solutions of differential equations occurring in the solu- 
tion of mechanical problems. He was led to this conclusion by some 
‘preliminary work on the elastic problem of the masonry dam. An 
account of this work is given in his paper The approximate arsthmetscal 
solution by finite differences of physscal problems, Transactions of the 
Royal Society of London vol. 210A (1910) p. 307. 

Following Richardson’s lead an attempt will be made here to use 
the method of divided differences in the solution of various elastic 
problems. For brevity differential difference equations may be called 
DA-equations. This notation, however, may be thought to denote 
simply the equations of mixed differences studied by Poisson, Biot 
and others. A simple case of such an equation 


w(x) = aulx — 0) — du(x) 


is included in an equation which has become important in economics 
and has been discussed in several of the recent volumes of the as 
tion Econometrica. 
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3. DA-equations in the theory of the compound pendulum. In the 
case of a pendulum consisting of a light string with equal masses 
equally spaced and a large mass at the end, the equation of small 


vibrations is of type 
3.1) MIn + Sr = (M + nm)glEny — £a) 
— (M + nm — m) g(a, — Xai). 


For greater generality a spring has been added so that each mass when 
displaced is acted upon by a restoring force proportional to the dis- 
placement tą. 

In the case of a periodic displacement x,(#) = X „ cos (pt) the difer- ~— 
ence equation satisfied by X, is of type 


(3.2) (n+ s+ 1) Xai + (n + s)Xn = (2n +1 +47 — kp)X, 


where r and & are positive constants. 
The equation of motion of the mass M is simply 


M xo + Sto = Mg(x1 — Xo) 
and so if x»= Xo cos (p#) the equation connecting X, and X¢ is 
(s + 1X: = (1 +r — s — kb) Xo. 


If kp?=s the quantity X, is a polynomial of degree n in z. i 
In the more general case in which the spring attached to the mass 

M is of different strength S’, the equation connecting X, and Xp is 

of type 

(3.3) (s+ 1)X1 = (q — kp’) Xo, 

where q is a constant and X, is again a polynomial of degree » in z. 
When the string is regarded as of infinite length, the solution of the 


initial value problem may be solved by finding a weight function w(s) 
such that 


(3.4) f OLDO = H gle 


, W =n, 


for then if x,(0) =0, n=n’, x,(0) =1, zx (0) =0, we have the formula 
for the influence function” 


(3.5) ten n(b) = f wox cos (pi)ds = Za,n (t). 


* The function x,’,.(f) has also been called a selective fundion, see H. Bateman, 
Selective funcitons and operations, Amer. Math. Monthly vol. 41 (1934) pp. 556—562. 
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The function w(s) often may be found by solving the problem of 
the moments. Since Xo is a constant which may be taken to be unity 


the first equation is 
Í w(s)ds = 1. 
8 


The recurrence relation may be used to find Xi, Xa <- , succes- 
sively, and as these are polynomials in s the orthogonal relation, with 
n'=0, will give the values of the integral 


f a"w(s)ds, m=il,2,3,-°°:. 
9 


In most cases of physical interest the function w(s) is positive for 
values of s exceeding a certain number a which is either zero or a 
positive quantity. In the simple case of a pendulum without springs 
and without the mass M at the end, the function w(s) is exp (—s) 
and X,=L,(s) where L,(s) is the polynomial of Daniel Bernoulli,}° 
J. L. Lagrange and E. Laguerre. When the pendulum is suspended _ 
from a point at which a mass would ordinarily be concentrated the 
number p is given by an equation of type Ly(s)=0, and the initial 
value problem may be solved by a method indicated by J. L. La- 
grange!! and Bottema" in which the first essential step is the deriva- 
tion of an orthogonal relation of type 


(3.6) > La(s)La(s’) = 0, z x g, 


where s and g’ are different roots of the equation Ly(s) =0. The dis- 
placement u,(#) is then expressed in the form 


N 


(3.7) Hn (t) = > [MAA cos (pub) T buln(Em) sin (Put) |, 


mal 
“ 


the coefficients bm and Ca being derived by means of the orthogonal 
relation. The initial value problem may be solved also by means of 
the method used for the infinite string if the differential equation is 


18D. Bernoulli, Akademiia Nauk, Novi Commentarii vol. 6 (1734) p. 108, vol. 7 
(1935) p. 162. 

uJ, L. Lagrange, Méchantque anakisque, Part 2, Paris, 1788; Oeweres, vol. 11, 
Paris, 1888, section 6. See also Miscellanea Taurtnensis, vol. 3 (1762-1765), Oeusras, 
vol. 1, p. 534. Lord Rayleigh, Theory of sound, vol. 1 (1877) p. 129. 

4 QO. Bottema, Die Sckuingungen sines susammengeseision Pendels, ber. Deutschen 
Math. Verein. vol. 42 (1933) pp. 42-60. 
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used to continue the values of the initial displacements and velocities 
to the fictitious masses beyond the point of suspension of the string. 
This method is generally laborious and may not give simple expres- 
sions for the displacement and velocity of the fictitious particles far 
away from the point of suspension. 

It should be remarked that when the solution for initial veloci- 
ties without initial displacement has been, found, the corresponding 
solution for initial displacements without initial velocities may be 
derived by differentiation with respect to ¢ in the manner described 
by the rule of Stokes for the initial value problem for a differential 
equation of the second order with respect to the time. d’Alembert’s 
solution of the equation d*u/d#@=d*u/da?, u= Y (xs++ Y (x — i) 
+(1/2)[3tig(e)ds, furnishes a good example for the explanation of 
the rule. The integral represents the solution of the initial value prob- | 
lem u=0, du/dt= g(x) and when it is differentiated with respect to # 
it gives the function 2—1g(4-+#)+2-'g(x—4), which is the solution 
of the initial value problem u= g(x), du/dt=0. Replacing g by f in 
this expression and adding to the integral we have the solution of the 
general initial value problem u =f, du/dt=g. 


4, Derivation of asymptotic forms. The operational method is often 
useful for the derivation of an asymptotic form of the influence func- 
tion by means of a method developed by A. Haar,¥ G. Doetsch" and 
others. This method is the analogue for integrals of the method of 
Darboux for finding an estimate for large values of » of the coeffi- 
. cient of s" in the expansion of a function in a power series with a 

finite radius of convergence. The method of Darboux is based on a 
study of the behavior of the function around the singularities on the 
circle of convergence. In the case of an integral of Laplace's type a 
straight line parallel to the imaginary axis is the boundary of the 
region of convergence and it is necessary to consider the form of the 
function represented at the singularities which lie on this line. For 
example, in the case of the integral 


an f EJ (Ddi = (1 + A + 1 — a], Ra) BO, 


there are singularities at x= +4 on the line R(x) =0 and it is readily 
found that ifs=2n+1 


u A. Haar, Uber asympiotische Eniwicklungen von Funkitonen, Math. Ann. vol. 96 
(1926) pp. 69-107, 

H G. Doetsch, Esn allgemotnes Prinsip der asymplotischen Entwicklung, J. Reine 
Angew. Math. vol. 167 (1932) pp. 274-293. 


502 S H. BATEMAN. Duly 


Jali) m~ (2r) (e0 r) +- e (sr 4—1t) 
= (2/xt)'!* cos [t — (n + 1/2)x/2]. 
Similarly the relation 


f “edi f EE = (1 + yaj + z)" — z]*, R(x) 2 0, 
0 0 
gives the estimate 
f nois 1 -+ (2et)—/? sin [# — (n + 1/2)x/2]. 
0 


These estimates are useful in the discussion of the solution of equa- 
tion (1.3) which is given by the series 


(£.2) walt) = È Jion) + E O S Jald 


When ż is large each term in the second series gives a finite residual 
disturbance. These residual disturbances would be eliminated even- 
tually in the case of a finite string by reflections at the ends. The 
existence of a residual displacement is worth noting, however, as in 
this respect equation (1.3) differs from its generalization to 2 or more 
variables of type n. 

When only one particle has an initial displacement or velocity it is 
necessary, as Koppe points out, to find an estimate of J:,(2#) and its 
integral for values of 2” and 2t, which are of about the same order of 
magnitude. Some results of this nature were already known but 
Koppe indicated the advantage of making a substitution of type 
x—n=v(n/6)”? when discussing the form of J„(x) for large values of 
nand x. 

The investigations relating to the asymptotic form of J,(x) began 
when Lagrange published his solution of Kepler’s problem in the form 
of a sine series with coefficients of the form J,(ne) and analogous se- 
ries were obtained by Bessel, Poisson, Hansen and others. Asymptotic 
forms of the coefficients were needed to decide the question of con- 
vergence and notable work was done by Laplace, Poisson, Carlini, 
Jacobi, Cauchy and Hansen. A second period of investigation began 
when Debye, Watson and others used the method of steepest descent 
to estimate the values of definite integrals representing Bessel func- 
tions, and methods based on the transformation of differential equa- 
tions and integrals were employed by Nicholson, Langer, Van Veen, 
Fock and other writers. Estimates of the integral of the function 
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J,(x) have been given by Pollaczek. Some of the results of these in- 
vestigations are summarized below, the chief terms of the estimates 
are the only ones given. f 
x = n sech a, a> 0, 

Ja (x) ~ (298 tanh a)-e” tank o), 


f "Jq_a(w)dw ~ (2en tanh a)—V*coth a + 1)e*e-teah o, 
Pome. OSes 
Jn(x) ~ (1/2)rn tan b)~? cos [n(tan b — b) — x/4], 
J Tao ~ 1 + ((1/2)rn tan b)? cosec b 


-cos [n(tan b — b) + b — 3x/4], 
J,(x) ~ (1 — b cot b) [cos (r/6)Jıa(n tan b — nb) i 
— sin (x/6)¥ia(n tan b — nb)]. 


If |x—n| “<n Nicholson’s estimate is 
T(x) ~ (6/2) "84 4[(6/2)8(2 — n)], Ai(w) = [cos (£ — widi, 
0 
and when x—n=0(n2/6)™* Pollaczek’s estimate is 
J "Tu-a(w)dw ~ (1/244) Í A 


For these results reference may be made to Burkhardt’s report,? 
Watson’s book, Pollaczek’s paper? and the papers of Langer!® and 


Fock.” 
The following table shows that the maximum of Js,(2#) occurs at a 


time slightly greater than t=n. 


u G. N. Watson, Bessel fundtons, Cambridge University Press, 1922. 

u R, E. Langer, Om the asymptotic soluitons of ordinary differenhal equations with 
an application to tha Bessel functtons of large order, Trans. Amer. Math Soc. vol. 33 
(1931) pp. 23-64; On the asymptotic solutions of ordinary differential equations, wiih an 
application to the Bessel funcions of large complex order, Trans. Amer. Math. Soc. 
vol. 34 (1932) pp. 447-480. 

V, Fock, Newser asymptoitscher Ausdruck fur Besselsche Funktionen, C. R. 
(Doklady) Acad. Sci. U.R.S.S. (2) vol. 1 (1934) pp. 97-102, see also A. Svetlov, 
Usber die asymptotischen Ausdrucke fer Besselsche Funktionen bes grossen Indexen, 
tbid, (2) vol. 2 (1934) p. 448. 
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5. Surges in springs and connected systems of springs. The use of 
concentrated masses has been found advantageous in the study of 
surges in springs such as those of spiral or helical type. Reference may 
be made to the bibliography in an admirable paper on the subject by 
K. J. De Juhasz.’ 

An important equation which is a simple generalization of (1.3) is 
obtained when the concentrated masses on a light string are mounted 
on springs arranged either along a straight line or on the circumfer- 
ence of a circle or helix. The simplest form of this equation is 


(5.1) d'u, /dP = thay + thet — 21 + Bite, 


where & is a positive constant. If G(s, 1) =) a=- «2*Ua(t) is the generating 
function d*G/d# = (g-!+-s—2k —2)G and if u,(0)=0, 20, wo(0)=1, 
# (0) = 0, an appropriate solution is 

(5.2) G(s, #) = chli +s — 2k — 2)"3], 

It is readily seen that f exp (—xé)G(s, Hdt=x(x?+2k 4+2 —8— g) 
For sufficiently large values of R(x) 


(5.3) forma = x[(x?-+ 2k +2)! — 4]-U2t[ e+ 1 + 22/2 — yr, 


where y?=(k-+ 1-+-2x2/2)?—-1. 
An application of Haar’s method indicates that for large positive 
values of ¢ 


tia (i) ~ (2x) [(28) 14 cos { 428)? + 1/4} 
+ (2k + 4) cos {2k + 4)" — x/4 — nr} |. 
It should be noticed that we also have the equation 
18K. J. De Juhasz, Graphical analysis of surges in meckanical springs, Journal of 


the Franklin Institute vol. 226 (1938) pp. 505—526, 631-644. The free vibrations of 
helical springs are treated by the same author in vol. 227 (1939) pp. 647-672. 


(5.4) 
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(5.5) f tulat = (1/2)(x/u) exp (— (k + 1)/24) (1/24), 


but this expression for the Laplace integral has an essential singular- 
ity at the point # =0 and is not so convenient for the deduction of the 
‘asymptotic form of u,(#). An extension of Haar’s method is.needed 
which will make the deduction easy in such a case. In applying Haar’s 
method to equation (5.3) it is advisable to approach each of the 
four singularities, x=s(2k+4)¥3, x=4(2k)/9, x= —4(2k) 2, x= —i | 
. (2k+4)Y?, from the right along a line parallel to the real axis. The 
limiting forms of the arguments of the factors of [(x?-+-2k-+2)?—4]-1/2 
may then be written down for each line of approach without any 
error. 

It is important to notice that in the present case we find by putting 
x =( in equation (5.3) that 


(5.6) f “al Ddi = 0. 
0 


Hence there is no residual displacement when all the masses are 
originally in the equilibrium position and the mass numbered 0 is 
given an initial velocity. The displacement o,(#) at time # is in fact 
va (A = /ota(s)ds and this tends to zero as i>. This result is quite 
different from that in Koppe’s case when S, Jsa(2s)ds = 1/2. 


6. The equations of Born and Kármán. In their work on crystal 
lattices in vibration Born and Kérmén** considered equation (1.3) and 
also a pair of equations which may be written in the form 


d*xy,/di = G(xanp1 + Eiai — 2220), 
O*Xay.1/dP = b?( rans + tn, — 2Xan+1)- 


If the initial conditions are x»,(0) =0, nm, £410) =1, x2041(0) =0, 
x, (0) =0, there are two generating functions, 


(6.1) 


(6.2) E(s, ù = 3 Xan (F)37", O(s,/) = > tn DH, 


which satisfy the equations ` 
@CE/d? = a(s + 2-50 — 20tE, 


oe) @O/di = bg + s)E — 260. 


3 M. Born and Tb. v. Kármán, Ueber Schwingungen in Rasmgiiiern, Physikalische 
Zeitachrift vol. 13 (1912) pp. 297-309. 
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If m=0, . 
d? = ab?(s + g71)? + (a? —53)?, 
d — (a? + 8%) =e, ad+ai?t gi = £3, 
Els, ) = [(d + b? — a?)/2d|ch(ct) + [(d + a? — b*)/2d] cos (kò, 
‘O(s, 2) = [bls + s)/ad | [ch(ct) — cos (ke) |. 

It is advantageous to write 

tae(#) = Halt, a, b) + (b? — a*)0y,(F, a, b), 
Tintal) = bnl, a, b) + boral, a, b), 


where Us, and ma are symmetric functions of a and b. The generating 
functions of u4,(#) and o3,(#) are respectively 


(6.4) 


6.5) U(s, i) = 3 sH (t, a, b) = (1/2)ch(ct) + (1/2) cos (kò, 


Vs, À = $ sonli, a, b) = (1/20) [ch(ct) — cos (ke) |, 
and if Uslu, a, 6) = fe, a, b)dt, V.(u, a, bd) =f ey, (2, a, b)di, 
(6.6) U,(, a, b) = (4? + at + db) D*E, V,(4, a, b) = D*E, 


, where 2abD = (u? + 20%) "(12 + 259) "* — (ut + 2a%u? + 26249) 1/2, 
= [(42+4 2a?) (42+ 2b?) (42+ 242+ 25%) |-/2, There is also a relation 


(6.7) f erat, a, b)dt/t = faces 
o 


Use af the multiplication theorem for r integrals of Laplace’s type gives 
the addition formula 


f Uml — $, G, duals, a, bD)ds/S = Dmtnli, G, b)/2n. 
~ J 9 


The differential equations satisfied by the functions t,(#, a, b), 
' taa(Z, G, b) are 


d%¥q,/d2 = ta, — (a? + bin, 
d'usm/ dE + (a? + b*) d7n5,./d#?? = hl el Pa + Vta- — 2ra). 


Elimination of # or v gives the result that u and v both satisfy the 
differential diference equation 


d4ty,/ dt + 2(a" + B\d*uqn/dt? = abt (umpa F tena — 2ta). 
The behavior of ta, and vg, for large values of ¢ may be found by 


(6.8) 
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Haar’s method. The result is that if b>a>0, m=0, 
#1 lG, b, Ò = 2an [(b1— qa?) gip 


-cos [a423 — (2n+1/2)x/2]+a-1b-1/2 
-cos (bt23— (2n—1/2)x/2)} + ((a2+0%)*/4/a5) 


(6.9) ‘cos { #(2a?-+262)14— 9/4} J, 


Paal, b, BI) 2-8/4 (ad) /2[(1/0b(a?-+52) 1/4) 
-CO3 { i(2a?+2b1)2— 5r/4} + (1/ab!3(b1— a1) 
“cos {#(262)/— 3x /4—mx} +(1/b(a) "48t — a) 1) 

-cos {#(2a2)!18—¢/4—mnx} J. 


Asymptotic forms for xs.(¢) and xa,3:(#) were worked out by one of 
my students, C. C. Lin, for the case 6>a, with the aid of expres- 
sions for fc e-*x, (Ade, Joe xan gi (Pde. The results agree with those 
derived from the foregoing formulae. The case a >b>0 seemed more 
difficult but the difficulties are avoided in the present method, as use 
is made of the symmetry of u, and oy, in a and b. Lin’s result is that 
if b* >a, c= [2(a?+-b%) |1/2, 


ziali) ~ (2/x4) 3 [(a/b(c) 13) cos (ct — 1/4) 
+ (6% = a) 1/b(a(2)13)13) cos (a() "3 — 1/4 — nr + ma)], 
Xonpi(f) = (2b/a)(2/xct)!!? cos (ck — x/4). 


Asymptotic forms are needed also for the case in which ct and 2n 
are both large and of the same order of magnitude. Differential equa- 
tions for #1 ($) and 03,(#) may be derived from those satisfied by their 
Laplace transforms, but the equations are of high degree and the 
work of deriving the asymptotic forms from the differential equations - 
has not yet been attempted. 


7. Derivation of the solution of an initial value problem with the | 
aid of Poisson’s formula for a solution of the wave-equation. Poisson's 
formula™ for a function w(x, y, zg, À which satisfies the wave equation 
Ow /OF = kt (0% /d29+ *w/dy?+ *w/ds*) is 


(7.1) 4xrto(x, ¥,8,6) = aya ff ay a -+ ff assa, 


#S. D. Poisson, Mémoires pour la propagaiton du mouvement dans les mihenr 
dastiques, Mémoires de l'Académie des sciences vol. 10 (1823). 
i 
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where f(Ré) is an abbreviation for the result of replacing a, b, c by 
ki gin 0 cos ¢, ki sin @ sin ¢, kt cos @ respectively in the function 


(7.2) fetaytbsto 


and g(kt) has a similar meaning. The symbol dS stands for the elemen- 
tary solid angle sin ddo. 

It should be noticed that the function (7.2) is a solution of the 3 
partial differential equations 


(7.3) af/axt = d*f/aot,  ?f/ay* = a*f/ab*, af /dx* = 2f/dc2. 
We now add subscripts Ż, q, r and assume the function f to be a solu- 
tion of the additional equations 
°f,/da* = fpi + fra 2h 
(7.4) 67f,/06? = feri t+ feu — fe 
tft = fret Ffa = 7A 
The function w(x, y, z, ¢) then becomes w,,,,.(x, Y, 3, ¢) and is a solu- 
tion of the differential difference equation 
7 5) G* 0 y,¢,7/ dt = k Wahi er + Wyler + We eile + Ws,.¢e—-Lr 
i + Wyar + Weert — Oy, ¢,r). 
The proof is quite simple because, on account of the equations 
(7.4), (7.3) satisfied by the function f,,,,.(x-+a, y+, s-+c), the right- 


hand side of (7.5) becomes, by virtue of (7.1), the sum of two in- 
tegrals the first of which has in the integrand 


k*(9?f/dx? + d2f/d-y* + 43f/ds*) (subscripts p, q, r omitted), 


while the second contains a similar expression derived from the func- 
tion p.e.r ta, y+, s+c), which is supposed to satisfy the same two 
sets of equations as fp, er When, however, a, b, and c have the as- 
signed expressions involving #, 6, and @ it is a simple consequence of 
the properties of Poisson's integral that the resulting expression is 
equal to PW p, »,-/0F. 

In the particular case in which 


Jaar + a, 9 +, 8+ ¢) 
Sp (2% + 26) 2¢q-my(2¥ + 20)Ja(—n) (28 + 2c) 


and gp».¢7.(x-+a, y+b, s+c) has assimilar form we obtain a solution 
which furnishes a solution of the initial value problem for the equa- 
tion (7.5). Putting x =0, y=0, s=0 we write 
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| a r ir 
teTpantaa() =<] tf f sina dodao n(2k sind cosg) 
(7.6) roi oe 


Jes Cinna en OH cos | 


In the two-dimensional case in which w is independent of r the 
equation for w,,, 18 


(7.7) dwy, dP a BR (werre + Opie F peri + Dype — 4Wy¢); 


and the influence function is given by 


d T ar 
ArI ».¢:t,m(b) mt “lef f sin 0 dôd ıı- (2 kt sin ĝ cos $) 
0 0 
(7.8) 


Jiga) (2 ki sin 6 sin 9. 
A change of axes indicates that there is a second formula 


r ir 
Axl pi.) = d/dt lef f sin 6 dôd ıp—2:(2 kt sin 0 cos œ) 
o vo 


r 


‘JT xe -sm(2 ki cos |. 


a 


The integration with respect to @ can be effected and we get 


id s 
(7.9) Tota = 7 on ef sin 6 JAJ s(bsin0) Jag na(2E O86) | ‘ 
G 


This is the simplest expression that has been obtained for the function 
I, The method of the generating function indicates that 


(7,91) x"ynch[ Be tatty ty 4] =O Vein ery 


If we write 
(ett yb yt 4) a (alt aye f (tlt — yt, 


a power series for I may be obtained. On the other hand, if we multi- 
ply the generating function by exp (—s#*) and integrate with respect 
to # from 0 to œ, the left-hand side of equation (7.91) becomes 


(1/2) (4/s)'/* exp Aa + e+ y+ x1 — 4)/4u, 


and so 
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(7.92) 2 f “Ipni = (1/3) teI pil k?/28)I eml k?/28). 


When w is large and positive I„ (u)~(2ru) te" and so when 3—0 we 
obtain the equation 


(7.93) EEO = (), 
Q 


Now the solution of thé initial value problem is 


(1.94) wal) = E Iran) E S dTpa, 
8 


consequently there is no residue (as ©) arising from an initial 
velocity imparted to one of the particles, and the associated displace- 
ment of each particle ultimately approaches zero. 

It may be noted that the function J,,,(#)=J,,,:0,0(é) satisfies the 
partial difference equation 


(7.95) GU stia = Liia) 7 Pleats üg lisa: 


which is the analogue of the equation yO F/dx=x0F/dy which ex- 
presses that F depends only on x?+-y?. . i 

When it is desired to extend the present analysis to the equation 
Ow /dP+0 tw /dx*+-20*w /dx04?+ 040 /dy4=0, which occurs in the the- 
. ory of a vibrating plate, use may be made of the approximations to 
partial derivatives of high order given in the paper of E. Pflanz.#! The 
expression which replaces the derivatives of the fourth order then 
consists of 25 terms. References are given to the work of other writere 
on this subject. 

8. Elastic waves in a lattice. Taking first the case of motion in two 
dimensions we replace the usual equations of motion by differential 
difference equations. Let ty, Vp, be the components of displacement 
at the lattice point (p, q) and let P, Q be operators such that 


(8.1) Pupa = Merit T Mp9 Oupa = tp eti — H ps,¢—1/3; 


then if A, u are the elastic constants of Lamé the components of stress 
may be defined to be 


Ly, ¢ = 2uPhp, e + AC Pupa + Ov».¢); 
(8,2) Vee = 2uO0d—.¢ + AC PHe.4 + QDs,» 


TY pe = lone = POs .¢ -+ Oupa): 


t E, Pfanz, Uber die Anndkerung linearer particHer Diferenitalansdrucks durch 
finile Ausdrucke, Jber. Deutschen Math. Verein. vol, 48 (1938) pp. 41-48. 
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and the equations of motion are 

pay ¢/dP = uP ey. + (A+ u)(Phye + PQdp.¢) + ahja 
pa*0»,./a# = uP r¢ + A+ u) (POtp a + Ope) + uO" ve 
These may be satisfied by writing ' 


(8.3) 


(8.4) “pg = Aaathiem! + Byarcte™', 
tpg = Afarbte™' — Baarcte™, 


where A, B, a, b, c, w are arbitrary constants and a=a'/?3—q-¥?2, 
p =b43— b71, y =c} —c1, Substitution in the equations of motion 
indicates, however, that these will be satisfied when a, b, c, w are 
related to p, A, win sucha way that 


(8.5) — pw = (A+ 2u)(a? + 8),  — pw? = pla + 7%). 


The boundary condition will be taken to be (¥¥,,,) =0, 2¥,,,=9, for 
g=0. This gives the two conditions A [2u6?-+X(a?+ 6?) |= 2uBay, 
2AaB = B(oa?~y"). Elimination of A and B gives the equation 


[2u8? + Ala? + 8%) |(a? — 7°) = 4pa’py 


When the values of 8 and y are inserted a relevant solution of this 
equation is 


(8.6) w = — iV Ra, 


where Vpr is the velocity of the Rayleigh wave. If a=e", b=e", 
c=6—" we have : 


B = 2sk(r/2), y = 2sh(s/2), a= 2i sin (s/2), w= + 2Ve sin (8/2). | 


Also if Vz is the velocity of propagation of longitudinal waves, Vr the 
velocity of propagation of transverse waves, 


w/Vr = 4sin (s/2) — 4sk (r/2), 
w /Vr = 4 sin (3/2) — 4sh (s/2). 
The expressions for the displacements now take the form 


b = —2sh(r/2),y = — 2sk(s/2), æ = 2i sin (2/2), w= +2 Vpr sin (8/2) 


(8.7) 


EE F a 
— (1/2)C)(2 — Ve/V 


8.8 t(? ts s 
(8.8) po + iC()(a — vive) — vivo (pet2¥et sin («/2))—¢r 


2 ue s(pst2¥ R? siu (2/2))—gs 


+ 2iC(s)(1 — Ve/V 1) ; 


ay t(pstIV Ri sin (5/2))—os 


= j 
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where C(s) is an arbitrary furction of z. Taking this to be unity and 
integrating with respect to s between 0 and 2x we obtain a type of 
influence displacement, the values of #,,. and vp, being 


tipo = (1/2) (Ve/Vr) (2 — Ven/Vr) [Fap(2V ri) + sEs9(2V 28), 


op, = (Va/Vr)(L — Vr/V D) [Eap(2V nt) — i'sp(2V ei) J, 


~ 


(8.9) 


where 


i ar l 
J3,(x) = J. c (0 + x sin 6/2)d0 = Ja, F 2), 
fa 


0 
1 tr , 
Ea (x) = -=f sin (40 + x sin 6/2)d@ = Es (F =). 
ô 
J,(x) is the Bessel function of order v when v is an integer and E,(x) 


is Weber’s function. When x is large and positive the estimates given 
in Watson's Bessel functsons!® are 





J (x) ~ (xr/2) 1" cos (= — a > : r) 





E,(2) ~ (rr/2)71? sin (: — = r). 


It should be noticed that Ea (0) =0, J3(0)=0, p0, J,(0)=1. An 
initial displacement of the lattice point (0, 0) leaves no residue at 
any surface point as i> œ. 

A method of finding an estimate of E(x) when both x and v are 
large is indicated in Watson’s Bessel functions. | 
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THE APRIL MEETING IN NEW YORK 


The three hundred ninety-fifth meeting of the American Mathe- 
matical Society was held at Hunter College on Saturday, April 24, 
1943. The attendance included the following one hundred forty-two 
members of the Society: 


R. L. Anderson, T. W. Anderson, R. G. Archibald, L. A. Aroian, A. V. Baez, 
Y. K. Bal, J. L. Barnes, A. E. Basch, P. T. Bateman, E. G. Begle, Stefan Bergman, 
Felix Bernstein, Garrett Birkhoff, Gertrude Blanch, Henry Blumberg, S. G. Bourne; 
C. B. Boyer, A. T. Brauer, A. B. Brown, R. C. Buck, Hobart Bushey, J. H. Bushey, 
R. H. Cameron, B. E. Carlson, T. F. Cope, A. P. Cowgill, H. B, Curry, J. H. Curtise, 
M, D. Darkow, A. S. Day, R P. Dilworth, Jesse Douglas, R. J. Duffin, Nelson Dun- 
ford, Jacques Dutka, J. E. Eaton, M. L. Elveback, Benjamin Epetein, Paul Erd&s, 
J. M. Feld, A. D. Fialkow, W. B. Fite, Edward Fleisher, R. M. Foster, G. A. Foyle, ' 
J. S. Frame, K. O. Friedrichs, D. L. Fuller, R. E. Fullerton, H. P. Geiringer, B. P. 
Gill, Leonard Gillman, Wulf Gotz, Bernard Greenspan, Lewis Greenwald, C. C. 
Grove, W. W. Gutzman, Jacques Hadamard, B. L. Hagen, D. W. Hall, F. C. Hall, 
N. A. Hall, Hans-Kari Hammer, Einar Hille, Baneæehbh Hoffmann, T, R. Hollcroft, 
M.W. Hopkins, E. M. Hull, Witold Hurewicz, L. C. Hutchinson, Walter Jennings, 
R. A. Johnson, F. E. Johnston, A. W. Jones, F. B. Jones, H. A. Jordan, Irving 
Kaplansky, Edward Kasner, D. E. Kibbey, Mark Kormes, ‘Arthur Korn, B. A 
Lengyel, Marie Litzinger, L. H. Loomis, E. R. Lorch, A. N. Lowan, R. K. Luneburg, 
L. A. MacColl, C. C. MacDuffee, H. M. MacNeille, H. F. MacNeish, D. S. Miller, 
L. W. Miller, E, C. Molina, C. N. Moore, F. J. Murray, C. O. Oakley, J. C. Oxtoby, 
M. K. Peabody, E. L. Post, M. H. Protter, A. L. Putnam, R. G. Putnam, L. L. 
Rauch, Mina Rees, F. G. Reynolds, Moses Richardson, R. G. D. Richardson, 
C. E. Rickart, J. F. Ritt, S. L. Robinson, P. C. Rosenbloom, Arthur Sard, Max 
Sasuly, A. T. Schafer, R. D. Schafer, I. E. Segal, James Singer, P. A. Smith, W. J. 
Strange, E. G. Straus, W. C. Strodt, Otto Szász, J. D. Tamarkin, J. I. Tracey, 
Peter Treuenfels, H. F. Tuan, Bryant Tuckerman, J. W. Tukey, D. F. Votaw,, 
G. L. Walker, André Weil, Alexander Weinstein, Louis Weisner, R. A. Wetzel, George 
Whaples, A. P. Wheeler, Jobn Williamson, Jack Wolfe, Fumio Yagi, Oscar Zariski,- 
Antoni Zygmund, 


` The meeting opened at 10 A.M. in two sections, one for papers in 
Analysis, Professor Anna P, Wheeler presiding, and one for papers 
in Algebra, Geometry and Theory of Numbers, Professor Garrett 
Birkhoff presiding. At the general session immediately following these 
sections Professor Nelson Dunford gave an address entitled Spectral 
theory. Vice President C. C. MacDuffee presided at this session. In the 
afternoon at 2 P.M. there was a general session at which Professor 
R. H. Cameron gave an address entitled Absolutely convergent irtgo- 
nometric sums. Vice President J. D. Tamarkin presided at this session. 
The hospitality of Hunter College was very much appreciated by 
all who attended the meeting. By special arrangement, for the con- 
venience of guests, an excellent lunch was served in the Hunter Col- 
lege Cafeteria: 
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Titles and cross references to the abstracts of the papers read fol- 
low below. Papers whose abstract numbers are followed by the letter ¢ 
were read by title. Papers numbered 1 to 6 were read in the section for 
Analysis, papers 7 to 13 in the section for Algebra, Geometry and 
Theory of Numbers; papers 14 to 23 were read by title. Paper 11 was 
read by Professor Kasner. Professor Alexandroff was introduced by 
Professor Solomon Lefschetz, and Dr. Kober by Professor Einar 
Hille. 

1. L. H. Loomis: Spherical volume as a coordstnate-free basis for 
Lebesgue measure theory. (Abstract 49-5-143.) 

2. Otto Szász: On some trigonometric summabtity methods and Gtbbs 
phenomenon. (Abstract 49-5-148.) 

3. Alexander Weinstein: Diferential equations with general bound- 
ary condsisons. (Abstract 49-5-154.) 

4. Henry Blumberg: On arbitrary poini transformations. (Abstract 
49-1-25.) 

5. C. N. Moore: On the relattonshsp between Norlund means of a 
certain type. (Abstract 49-1-37.) 

6. R. J. Duffin: Some represeniaitons for Fourier transforms. (Ab- 
stract 49-5-132.) 

7. J. E. Eaton: A Galots theory for differentsal fields. (Abstract 
49-5-127.) 

8. R. P. Dilworth: Lattices with unique complements. (Abstract 
49-5-126.) 

9, A. T. Brauer: On the non-existence of odd perfect numbers of form 

HAG >: G-19;- (Abstract 49-5-125.) 

10. Pan Hadamard: On fracthonal steratton and connected ques- 
tions. (Abstract 49-5-162.) 

11. Edward Kasner and Jchn DeCicco: Generalized transformation 
theory of tsothermal famsltes. (Abstract 49-5-164.) 

12. T. R. Hollcroft: Plane curve systems wiih dtstinct nodes and 
cusps and of negative virtual dimension. (Abstract 49-5-163.) 

13. Jacques Dutka: Transversalsty in higher space. (Abstract 49- 
5-161.) 

14. Paul Alexandroff: On homologtical sstuatton properties of com- 
plexes and closed sets. (Abstract 49-7-198-#.) 

15. H. R. Branson: On the difference equation of a general quantum 
mechanical problem. (Abstract 49-5-155-2.) 

16. Nelson Dunford: Spectral theory. I. Convergence to projections. 
(Abstract 49-7-185-2.) 

17. Edward Kasner and John DeCicco: The congruence of element- 
series associated with a polygensc function. (Abstract 49-5-165-2.) 
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18. Herman Kober: On the approximation to integrable functtons by 
integral functions. (Abstract 49-7-187-t.) 
19. E. R. Lorch: The theory of analytic funcitons in normed abelian 
vector rings. (Abstract 49-7-188-é.) 
20. A. N. Lowan and H. E. Salzer: Coefficsents tn the expanston of 
derivatives tn terms of central differences. (Abstract 49-7-196-+4.) 
21. Robert Schatten: On certain properises of crossnorms. (Abstract 
49-5-146-2.) 
22. A. E. Taylor: Banach spaces of functsons representable by Cau- 
chy’s integral formula. (Abstract 49-5-149-#.) 
23. L. I. Wade (National Research Fellow): Transcendence proper- 
ites of the Carlsts -functton. (Abstract 49-5-130-é.) 
T. R. HoLicrort, 
Assoctate Secretary 


THE APRIL MEETING IN CHICAGO 


The: three hundred ninety-sixth meeting of the American Mathe- 
matical Society was held at the Museum of Science and Industry, 
Chicago, Illinois, on Friday and Saturday, April 23-24, 1943. The 
attendance was about one hundred fifty, including the following one 
hundred and nineteen members of the Society: 


Leon Alaoglu, A. A. Albert, B. H. Arnold, Emil Artin, W. L. Ayres, Reinhold 
Baer, R. H. Bardell, J. C. Bell, C. A. Bennett, S. F. Bibb, W. A. Blankinship, G. A. 
Bliss, L. M. Blumenthal, D. G. Bourgin, E. L. Buell, H. E. Burns, Herbert Busemann, 
L. E. Bush, C. C. Camp, W. B. Caton, E. W. Chittenden, R. F. Clippinger, H. B. 
Curtis, J. Edgar Davis, M. M. Day, John DeCicco, M. W. Dehn, J. M. Dobbie, 
D. M. Dnbin, Samuel Eilenberg, H. S. Everett, L. R. Ford, R. H. Fox, J. H. Giese, 
J. W. Givens, Michael Golomb, G. D. Gore, Cornelius Gouwens, L. M. Graves, 
L. W. Griffiths, V. G. Grove, P. R. Halmos, R. W. Hamming, M. L. Hartung, 
G. E. Hay, C. T. Hazard, M. H. Heina, E. D. Hellinger, Edward Helly, M. R. 
Hestenes, Carl Holtom, A. S. Householder, H. K. Hughes, H. D. Huskey, G. K. 
Kalisch, Wilfred Kaplan, William Karush, W. C. Krathwohl, E. P. Lane, R. E. Lane, 
R. E. Langer, Richard Lence, A. L. Lewis, A. O. Lindstrum, A. T. Lonseth, Eugene 
Lukacs, Janet MacDonald, G. W. Mackey, Morris Marden, H. J. Miser, C. W. 
Moran, Ivan Niven, P. B. Norman, J. I. Northam, C. D. Olds, Isaac Opatowski, 
M. E. Patno, G. B. Price, Tibor Radó, R. B. Rasmusen, Maxwell Reade, W. T. Reid, 
Haim Reingold, A. E. Rows, Arthur Saastad, R. G. Sanger, Peter Scherk, O. F. G. 
Schillifig, K. C. Schraut, G. E. Schweigert, C. E. Sealander, M. E. Shanks, A. H. 
Smith, E. R. Smith, W. `S. Snyder, Abraham Spitzbart, R. C. Stephens, A. H. 
Stone, D. M. Stone, E. B. Stouffer, R. L. Swain, H. P. Thielman, C. J. Thorne, 
M. K. Toft, S. M. Ulam, J. I. Vass, H. S. Wall, J. V. Wehausen, N. W. Wells, M. E. 
Wescott, M. D. Wetzel, G. W. Whitehead, L. R. Wilcox, K. P. Williams, L. A. Wolf, 
R. S. Wolfe, Y. K. Wong, J. W. T. Youngs, Daniel Zelinsky. 


Sessions for the reading of contributed papers were held on Friday 
morning with Professor L. M. Blumenthal presiding, Friday after- 
noon with Professor Reinhold Baer presiding, and Saturday morning 
with Vice President L. M. Graves and Professor G. A. Bliss presiding. 
On Friday afternoon prior to the session for contributed papers, Pro- 
fessor Emil Artin of Indiana University gave an invited address on 
The axtomatic treatment of number theory and class field theory. Profes- 
sor A. A. Albert presided at this lecture. 

All sessions were held in the West lecture hall of the Museum of 
Science and Industry. At the Saturday morning session Professor 
G. B. Price read a resolution of appreciation to the Museum officials 
for providing the Society with a place of meeting. 

The Council met on Friday, April 23, at 8 p.m. in the Windermere 
Hotel. 

The acting secretary, Professor W. L. Ayres, announced the elec- 
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tion of the following nine persons to membership in the Society: 


Professor Charles Burton Barker, University of New Mexico; 

Mr. William Joseph Barr, Naval Research Laboratory, Washington, D. C.; 

Mr. Charles Alexander Cole, Jr., U. S. Marine Corps, Naval poe Laboratory, 
Washington, D. C.; 

Mr. Albert Moore Feesmiai, Providence, R. I.; 

Mr. Richard Delph Geckler, Standard Oil Company, Whiting, Ind.; 

Dr. Harry Douglas Huskey, Ohio State University; 

Mr. Charles Whaley Pflaum, University of Pennsylvania; 

Mr. Tracy Whittelsey Simpson, Merchant Calculating Machine Company, Oakland, 
Calif.; 

Mr. Charles Tyrrell West, Lieutenant (j.g.), U. S. Naval Reserve, Briggs Manufac- 
turing Company, Detroit, Mich. 


It was announced that the following person was elected as a nomi- 
nee of the Mathematical Association of America: - 


Mr. James W. Beach, Iowa State College. 


The following appointments by President M. H. Stone were re- 
ported: As a committee to consider the advisability of reducing the 
term of office of the President of the Society from two years to one, 
Professors G. C. Evans (chairman), G. D. Birkhoff, A. J. Kempner, 
Solomon Lefschetz, and R. L. Moore; as representative of the Society 
at the inaugural ceremonies of the Mexican Mathematical Society on 
April 9, 1943, Professor P. R. Rider. 

It was reported that Professor W. T. Martin had accepted an in- 
vitation to give an address at the October, 1943, meeting in New York 
and Professor Antoni Zygmund had accepted an invitation to give an 
address at the 1943 Summer Meeting. 

The Council decided that the meeting scheduled with the American 
Association for the Advancement of Science in December, 1943, in 
Cleveland, be canceled, and that arrangements would be made to 
hold the 1943 Annual Meeting at another time and place. 

On request of the editors of the new Quarterly of Applied Mathe- 
matics, the Council authorized the President to appoint a liaison of- 
ficer to consult with the editors of that journal on problems of policy. 

Titles and cross references to the abstracts of papers read at the 
meeting follow below. Papers 1 to 8 were read Friday morning, papers 
9 to 14 on Friday afternoon, papers 15 to 26 on Saturday morning, 
and papers 27 to 37, whose abstract numbers are followed by the 
letter #, were read by title. Paper 1 was read by Dr. Kaplan, 4 by 
Professor Eilenberg, 12 by Miss Wetzel, and 18 by Dr. Helsel. 

1. Wilfred Kaplan and Max Dresden: Topology of the molecular 
N-body problem. (Abstract 49-5-158.) 
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2. J. W. T. Youngs: On parametric representations of surfaces. III. 
(Abstract 49-5-177.) 

3. Tibor Radó: On continuous path-surfaces of zero area. (Abstract 
49-5-174.) 

4. Samuel Eilenberg and Saunders MacLane: On a group construc- 
iton by Hopf. (Abstract 49-1-95.) 

5. R. H. Fox: Natural systems of homomorphisms. Preliminary re- 
port. (Abstract 49-5-172.) 

6. A. H. Stone: Connectedness and coherence. (Abstract 49-3-124.) 

7. G. E. Schweigert: Fixed elements and pertodtc types for homeo- 
morphisms on sems-locally-connected continua. (Abstract 49-5-175.) 

8. B. H. Arnold: On decompossttsons of Ty spaces. (Abstract 49-5- 
170.) ; 

9. A. E. Ross: Possttve quaternary quadratic forms representing all 
integers wih at most k exceptions. (Abstract 49-5-129.) 

10. A. A. Albert: Algebras derived by non-associaisve matrix mulis- 
plication. (Abstract 49-3-103.) 

11. Leon Alaoglu: Harmonic analysis of stochastic processes. Pre- 
liminary report. (Abstract 49-5-169.) 

12. H. S. Wall and Marion D. Wetzel: Contributions to the analytic 
theory of J-fracttons. Preliminary report. (Abstract 49-5-153.) 

13. R. E. Lane: The values of continued fracttons and their computa- 
tion. (Abstract 49-5-142.) 

14. John DeCicco: Extenstons of certain dynamical theorems of 
Halphen and Kasner. (Abstract 49-3-119.) 

15. R. W. Hamming: The asymptotic location of the roots of exponen- 
tial sums having polynomial exponents. (Abstract 49-5-136.) 

16. S. M. Ulam: Theory of the operation of product of sets. II. Pre- 
liminary report. (Abstract 49-5-151.) 

17. M. M. Day: Uniform convexity. III. (Abstract 49-3-111.) 

18. R. G. Helsel and Tibor Radó: The transformation of double in- 
tegrals. (Abstract 49-5-137.) 

19. G. B. Price: Cauchy-Stsehjes and Reemann-Streltjes sniegrals. 
(Abstract 49-1-38.) 

20. W. S. Snyder: A note on the sntertority of real funcitons. Pre- 
liminary report. (Abstract 49-5-147.) 

21. P. R. Halmos: Approximation theories for measure preserving 
transformations. (Abstract 49-5-135.) 

22. H. D. Huskey: Coniributions to the problem of Gedcse. (Abstract 
49-5-140.) 

23. H. K. Hughes: On a theorem of Newsom. (Abstract 49-5-139.) 

24. Isaac Opatowski: An explecti formula for the refraciiwe index tn 
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electron optics. (Abstract 49-5-159.) $ 

25. M. R. Hestenes: On the condition of Weterstrass in the calculus 
of vartattons. (Abstract 49-7-186.) 

26. D. G. Bourgin: On a quass-linear operation. (Abstract 49-5-171.) 

27. L. W. Cohen: On linear equations in Hilbert space. (Abstract 
49-5-131-t.) 

28. G. E. Albert and L. H. Miller: Egusconvergence of series of 
orthonormal polynomtals. Preliminary report. (Abstract 49-3-108-2.) 

29. George Piranian: On the convergence of certain partial sums of 
a Taylor series with gaps. (Abstract 49-3-112-t.) 

30. G. E. Albert: An extension of Korous' tnequalsty for orthonormal 
polynomials. Preliminary report. (Abstract 49-3-107-t.) 

31. Rufus Oldenburger: The characteristic of a sum of quadratic 
forms. (Abstract 49-1-12-é.) 

a G. E. Schweigert: Minimal A-sets, infinite ETA and fixed ele- 

menis. (Abstract 49-5-176-#.) 

33. W. J. Thron: Twin convergence regions for continued fractions. 
(Abstract 49-5-150-ż.) 

34. J. E. Wilkins: A spectal class of surfaces in projective differential 
geometry. (Abstract 49-5-166-2.) 

35. J. F. Harding and Isaac Opatowski: An approximate formula 
for the Legendre elliptic integral of the second kind. (Abstract 49-5- 
157-2.) 

36. George Piranian: On the order of analytic functtons tn the sense 
of Hadamard. (Abstract 49-7-189-t.) ' 

37. Reinhold Baer: A theory of crossed characiers. (Abstract 49-7- 
178-t.) 

38. Reinhold Baer: Radical extensions and crossed characters. (Ab- 
stract 49-7-179-#.) 

W. L. AYRES, 
Associate Secretary 


THE APRIL MEETING AT STANFORD UNIVERSITY 


The three hundred ninety-seventh meeting of the American Mathe- 
matical Society was held at Stanford University on Saturday, April 
24, 1943. The attendance was about fifty-five, including the following 
twenty-nine members of the Society: 

H. M. Bacon, K. E. Benson, B. A, Bernstein, H. F. Blichfeldt, T. C. Doyle, S. N° ’ 
Hallam, M. A. Heaslet, J. G. Herriot, Alfred Horn, D. H. Lehmer, S. H. Levy, 
J. V. Lewis, A. D. Michal, F. R. Morris, W. H. Myers, George Pólya, R. M. Robinson, 
J. B. Robinson, Robert Russell, 5. A. Schaaf, A. C. Schaeffer, D. C. Spencer, Gabor 


Szegd, A. E. Taylor, S. P. Timoshenko, J. V. Uspensky, A. R. Williams; František 
Wolf, Max Zorn. ' 


The meeting opened in the morning with a general session for con- 
tributed papers at which Professor Gabor Szegd presided. By invita- 
tion of the Program Committee, Professor A. E. Taylor of the Uni- 
versity of California at Los Angeles delivered an hour address on 
Analysis in complex Banach spaces. Professor B. A. Bernstein pre- 
sided at this lecture. 

The Symposium on Applied Mathematics was held in the afternoon 
with Professor A. D. Michal presiding. Professor S. P. Timoshenko 
of Stanford University spoke on Theory of suspenston bridges, Dr. 
E. G. Keller of Lockheed Aircraft Corporation on Some present non- 
linear problems of the electrical and aeronauiscal tndusirtes, and Dr. 
Hsu-shen Tsien of the California Institute of Technology on The 
“limeiing line” in mixed subsonic and supersonic flows of compressible 
flusds. 

Titles and cross references to the abstracts of the papers read fol- 
low below. Papers whose abetract numbers are followed by the letter ¢ 
were read by title. The papers numbered 1 to 4 were read at the morn- 
ing session; papers 5 and 10 were read in the afternoon; and those 
numbered 6 to 9 were read by title. 

1. R. N. Robinson: Analytic functions in circular rings. (Abstract 
— 49-3-113.) 

2. B. A. Bernstein: Postulate sets for Boolean rings. (Abstract 49-5- 
167.) 

3. George Pólya: Inequalities for the area of the ellipsoid. (Abstract 
49-5-145.) 

4. D. H. Lehmer: On Ramanujan’s numerical funciton t(n). (Ab- 
stract 49-5-128.) 

5. Max Zorn: Informal note on the second underitabtltty theorem 
(Abstract 49-5-168.) 
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6. R. C. James: Orthogonaltty tn normed linear topological spaces. 
(Abstract 49-5-173-é.) i 

7. F. A. Valentine: A Lipschitz condition preserving extension for a 
vector function. (Abstract 49-5-152-4.) 

8. Glynn Owens: A boundary value problem for an ordinary non- 
linear differenisal equation of the second order. (Abatract 49-5-144-#.) 

9. D. H. Hyers: A note on the Michal diferential sn Banach spaces. 
(Abstract 49-5-141-4.) 

10. T. C. Doyle: Tensor theory of svarsants for the projective dif- > 


ferentsal geometry of a curved surface. (Abstract 49-7-194.) 
A. D. MICHAL, 


Associate Secretary 


BOOK REVIEWS 


Topics in topology. By Solomon Lefschetz. (Annals of Mathematics 
_ Studies, no. 10.) Princeton University Press, 1942. 139 pp. $2 00. 


This book is a companion volume to the author’s recently published 
Algebrasc Topology. In the latter volume the interest is focused, as the 
title implies, on the algebraic structure and properties of complexes 
and on their applications to the study of abstract spaces. Here, how- 
ever, the interest lies in the topological structure of complexes and re- 
lated spaces. Indeed, the major part of the book is devoted to a 
_ discussion of classes of spaces which are topological generalizations of 
complexes in much the same way that the abstract complex of Alge- 
bratc Topology is an algebraic generalization of a finite simplicial 
complex. 

There have appeared in the literature definitions of two such classes 
which are successful from the point of view of giving rise to interesting 
and well developed bodies of theorems. The first of these, due to Bor- 
suk, is the class of absolute neighborhood retracts, and the second, 
due to Lefschetz, is the class of LC* spaces. Both these classes have 
come to be of considerable topological importance, so the develop- 
ment given here of their essential properties, and of their mutual 
relations, will be welcomed by all topologists. 

There are four chapters. The first is a discussion of various topolo- 
gies which can be imposed on an infinite complex. A “natural” topol- 
ogy is obtained by taking as a basis for open sets the stars of vertices 
in all subdivisions. An interesting metric can also be defined and the 
two topologies are equivalent when the complex is locally finite, the 
case most used in later applications. 

Chapter II is an extension of the discussion in Algebrasc Topology 
of singular and continuous cycles. A few new notions along these lines 
are developed for later use. 

In Chapter III a number of topics are dealt with, all dealing with 
existence theorems for various types of mappings of one space into 
another. First the Alexandroff theorem on the mapping of a space into 
the nerve of one of its coverings is generalized by giving necessary 
and sufficient conditions on the covering for the existence of such a 
mapping. This has interesting applications to Tychonoff and normal 
spaces, leading among other things to a characterization of the 
former. 

Next are the proofs of two of the fundamental theorems from di- 
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mension theory: any n-dimensional separable metric space can be 
imbedded in a compact metric space of the same dimension and also 
in the Euclidean space of dimension 2n-+-1. 

‘The chapter concludes with a discussion of Borsuk’s theory of re- 
traction. An absolute retract (AR) is a separable metric space such 
that whenever it is a closed subset of a larger space then there is a 
continuous mapping, (a “retraction”) of the larger space onto the 
subset which leaves fixed each point of the subset. An absolute neigh- 
borhood retract (ANR) is defined in the same fashion but with the 
retraction required to exist only on a neighborhood of the subset. The 
most useful properties of such spaces stem from their characteriza- 
tions in terms of extensions of mappings, e.g., a necessary and suffi- 
cient condition for a space A to be an AR is that whenever B isa closed 
subset of C, then every mapping of B into A can be extended to a 
mapping of C into A. l 

The fundamental theorem proved here, due originally to the au- 
thor, is that to any separable metric space there may be added an 
infinite complex in such a fashion that the resulting union is an 
absolute retract. 

The final chapter is devoted to the author’s theory of homotopy 
local connectedness. Roughly speaking, a space is p-LC if small sin- 
gular p-spheres in the space can be shrunk to points over small sets. 
The interesting case is where the space is LC*, i.e., p-LC for all pġ Sn. 
Such spaces can be characterized in terms of mappings of complexes 
into the space, and this leads to the slightly stronger notion of an LC* 
space. The fundamental theorem is that a compact absolute neigh- 
borhood retract is an LC* space and conversely. 

Next the homology theory of such spaces is investigated. It turns 
out that all types of cycles (e.g., singular, Vietoris, Cech) yield the 
same homology groups. Furthermore these groups can be no more 
complicated than those of a finite complex; in particular they have 
finite bases. Using this result, the fixed point formula is shown to hold 
for these spaces. As an application the Schauder fixed point theorem 
for functional spaces and some of its generalizations are derived. 

The chapter concludes with a brief outline of the results obtained 
by generalizing the local connectedness definitions by replacing 
homotopy by homology, 1.e., singular spheres by cycles and shrinking 
to a point by bounding. 

As with all the volumes of this series, this one is well printed and 
easy to read. It is marred, however, by an unfortunate number of 
misprints, although few of them will cause the reader any particular 
difficulty. There are also a few slips. The proof of the last part of the 
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last theorem of Chapter III is incorrect but is easy to remedy. In 
theorem 23.1 of Chapter IV, the inequality should read “gsp.” The 
proof here is not quite complete. 

The terminology and notations used bere are those of Algebraic 
Topology, so the index and bibliography are brief. There is, however, 
an additional bibliography of papers dealing with the subjects of re- 
traction and homotopy local connectedness which is quite complete 
and useful. 

EDWARD G. BEGLE 


The calculus of extenston. By Henry George Forder. (Including exam- 
ples by Robert Wiliam Genese.) Cambridge University Press; 
New York, Macmillan, 1941. 15+490 pp. $6.75. 


It will soon be the hundredth anniversary of the initial publication 
of Grassmann’s monumental work Dse Lineale Ausdehnungslehre Ein 
Neuer Zweig der Mathemaisk. Perhaps this fact will serve to arouse 
some belated interest in Grassmann’s celebrated but otherwise neg- 
lected contributions to mathematics. If so, the excellent volume 
under review should indeed be a welcome addition to the compara- 
tively meagre supply of general works treating this subject. i 

The history of the Ausdehnungslehre is extremely depressing. Grass- 
mann had hoped that he would be able to secure the special opportu- 
nities for mathematical research that naturally accrue to a university 
post. In this he was bitterly disappointed. Such a position was not 
forthcoming. Cajori writes! “At the age of fifty-three this wonderful 
man, with heavy heart, gave up mathematics, and directed his ener- 
gies to the study of Sanskrit, achieving in philology results which were 
better appreciated, and which vie in splendor with those in mathe- 
matics.” Grassmann presented the Ausdehnungslehre in two books. 
The first, Die Lineale Ausdehnungslehre, appeared in 1844 (second _ 
edition, 1878) and the second, Die Ausdehnungslehre, vollständig und 
tn strenger Form bearbestet, in 1862. It has been said that only one per- 
son had read through the Ausdehnungslehre of 1844 eight years after 
its publication. Apparently, it was too new, general, and abstract to 
meet with popular approval. The Ausdehnungslehre of 1862 is easier to 
read and gives ample evidence of the wide range of the applications. It 
fared but little better than the former. In recent times Grassmann’s 
work has been better appreciated. The historians of our subject? com- 


1 See Florian Cajori, A Mstory of matkematics, New York, 1938. 

3 Sec, E. T. Bell, The developmen: of mathematics, New York, 1940; Florian Cajori, 
A hesiory of mathematics, New York, 1938; J. L. Coolidge, A Mstory of geometrecal 
methods, Oxford, 1940. 
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mend it, but it has not yet been adopted in America to the extent 
that it is frequently presented in courses and employed in exposition 
and research. This is in strong contrast to vector analysis which was ` 
“discovered” shortly after its extraction, by Gibbs and others from 
the Ausdehnungslehre and Hamilton’s Quaterntons. Tensor analysis, 
a second subject which had roots in the Ausdehnungslehre, was rather 
generally discovered twenty years after its formulation by Ricci and 
Levi-Civita. 

Since the Ausdehnungslehre is not yet widely known, one or two 
remarks on its nature are in order. First, as to its formal aspects, this 
subject may be described as a study of the linear form > x; es, in which - 
the x’s are numbers and the e’s (the extensives) are mathematical 
entities following a prescribed algebra. In the geometrical applica- 
tions, the extensives are geometrical entities, such as points, vectors, 
rotors (a rotor is a vector confined to a line through it), circles, etc. 
The definitions of the sums, differences, and products of the exten- 
sives form the means whereby geometrical theorems are reduced to 
algebraic identities. While the machinery contains numerous minu- 
tiae (definitions, rules of operation, etc.) the separate details are quite 
simple and the resulting theory is extremely powerful. In a word, the 
general subject matter of The calculus of extension is of considerable 
interest both historically and intrinsically. 

With regard to the book itself, the important questions are the fol- 
lowing: Does the author present new material and if so is the new ma- 
terial developed with clarity? Is old material rendered more easily at- 
tainable for the uninitiated? For what purposes is the book suited? 
Forder’s The calculus of extension not only presents a wealth of spe- 
cific applications of the subject to geometry, that are either new or not 
readily obtainable elsewhere; but in addition furnishes an admirable 
and fresh exposition of the Ausdehnungslehre. It is very carefully 
written and the individual proofs are uniformly short and easy to 
follow. The theorem density is exceptionally high and consequently 
despite the superior exposition it is not an easy book to work straight 
through—perhaps the key chapters suffer from lack of recapitulation. 
Books that contain a wealth of material are never easy to read 
through, and it is my conviction that The calculus of extension pro- 
vides the best exposition of the fundamental processes of the Aus- 
dehnungslehre and the most inclusive treatment of the geometrical 
applications available at present. It is a book that should be in the 
library of anyone who is interested in either algebra, the algebraic 
treatment of geometry, or vector and tensor analysis. Certain chap- 
ters could be used effectively as the basis for a college course. 
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Turning to the negative matter of the accuracy of the work, there 
is little that needs to be said. It is not feasible, of course, to produce a 
book without a blemish and I have noticed a few misprints or slips 
of the pen and one or two places that would benefit by revision. 
These flaws, however, are remarkably scarce and are not of the type 
that will cause the reader difficulty, assuming that he is ready for the 
subject. Consequently, they have but slight bearing on the purpose 
of this review which is, I presume, to enable the reader to decide 
whether or not he wishes to examine the book. I should have pre- 
ferred a more modern treatment of differentiation, but this is not a 
gerious matter since the book is obviously addressed to readers who 
have the maturity to supply the rigorous formulation. The statement 
on page 221 that a combination not satisfying a(b+c)d = abd+ acd 
would not be called a product seems a little strong in the light of the 
dot product of vector analysis; and number 13 on the preceding page 
needs revision. These are small matters, however, and as I have said 
the book is unusually accurate. 

For the uninitiated who wish to get a general notion of the subject 
as quickly as possible a careful study of Chapter I, together with a 
sampling of Chapters II, V, VII, VHI, and IX will suffice. Chapter I 
(71 pages) begins with a polished treatment of the fundamentals of 
the algebra of extensives and then proceeds with the interpretation 
of the primary extensives as points in a plane. The product of a point 
and a real number & is a point of weight &. The difference b—a of two 
points of unit weight is the vector ab. The sum of a point and a vector 
is the terminus of the vector when the vector's origin is placed at the 
point. The sum of two weighted points is a point at their center of 
gravity with weight equal to the total weights of the original points. 
The outer product of two points a and b is the rotor obtained by con- 
fining the vector b—a to the line through a and b. The outer product 
of three points [abc] is twice the area of the triangle (a, b, c). The dif- 
-ference of two rotors whose vectors are equal is called a bivector and 
in accordance with the equation [(a—b)(p—q)] = |a(p —g) | — [b 
(p—q) | the outer product of two vectors is taken to be a bivector. The 
inner product of two vectors u and v is defined in terms of the supple- 
ment of v, i.e., the vector obtained by rotating v through 90 degrees 
in the positive direction. Specifically, the inner product of « and v is 
the outer product of # and the supplement of v. Since a bivector may 
be identified with its magnitude, namely, the area of an associated 
parallelogram, the inner product of two vectors is essentially the dot 
product of vector analysis. On the basis of these and certain other 
definitions the author establishes a wide variety of geometrical 
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theorems including some in projective geometry. 

Chapter II (pp. 71-110) is similar in character to Chapter I except 
that it is concerned with three-space. Chapter III (pp. 111-155), to- 
gether with Chapters I, IH, and VI, gives a reasonably complete ac- 
count of projective geometry. Chapter V, Differentiation and Motion 
(pp. 177-196) is somewhat similar to the development by classical 
vector analysis. It treats among other things velocity, acceleration, 
curvature, central motion, and displacements in space. In Chapter 
VII, The General Theory (pp. 217-249), the central ideas are linear 
dependence and the various products of extensives. Determinants en- 
ter the picture by way of the fact that if bı, ---,6,are each linearly - 
related to Gi, © © *, Grn then [bi --- 6,|=D[a,--- a,], D being the 
determinant of the coefficients in the linear relationship. Chapter VIII 
(pp. 250-264) gives the application to linear equations and determi- 
nants. With regard to linear equations the modus operandi is to multi- 
ply each equation of the set a° =b" by an extensive e, and add, thus 
ea = eb. This reduces N equations in N unknowns to a single 
equation in extensives. The familiar theorems on the solvability of 
equations follow with marked simplicity. The treatment of deter- 
minants like the book as a whole is characterized by the wide scope 
of the material which is intelligibly presented in a relatively small 
space. Chapter IX (pp. 265-294) treats transformations, square mat- 
rices, and central quadrics—mostly well known material in slightly 
different dress. The remaining chapters are devoted to: the screw and 
linear complex, the general theory of inner products, circles (two 
chapters), the general theory of matrices, quadric spreads, and alge- 
braic products. 

Homer V. CRAIG 


Introduction to the theory of relativity. By Peter Gabriel Bergmann 
with a foreword by Albert Einstein. New York, Prentice-Hall, 1942. 
287 pp. $4.50. 


Many excellent books have been written on the Theory of Rela- 
tivity. Although some of them appeared more than twenty years 
ago they are still read and studied, far from being regarded as 
antiquated. The books of Weyl, Pauli, Eddington are justly looked 
upon as classics in this subject. To say that Bergmann’s book is in the 
same class as the books just mentioned means great, but deserved, 
praise. 

Bergmann’s book has its own character, and differs from the other 
books on Relativity Theory which have appeared up to now. First, it 
is more modern. The application of Relativity Theory to the Theory 
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of Cosmic Rays, to Sommerfeld’s relativitistic theory of the hydro- 
gen atom, de Broglie’s waves, Ives’ experiments, Compton's effect, all 
these topics have found their proper places in Bergmann’s book. But 
the advantage of having all these subjects included in a book on Rela- 
tivity Theory does not, in itself, mean very much. Relativity Theory 
had changed but little in the last twenty-five years and all these addi- 
tions are not very important from the point of view of Relativity 
Theory. Much more important for the evaluation of this book is the 
originality of the author’s approach. 

Someone may look for a book on Relativity Theory which states 
clearly and axiomatically the assumptions of this theory and develops 
deductively the conclusions from these assumptions. This is not 
what Bergmann’s book tries to do. What it tries to do, and does 
excellently, is to show how we were compelled to adopt these assump- 
tions, how the structure of Relativity grew from logical contradic- 
tions in the classical theory, how their removal leads naturally and 
simply to the Theory of Relativity. The author presents not the 
painful historical process, not how Relativity was discovered, but 
how it should have been discovered if we had known the simple and 
straight road of logic leading to its formulation. Even in Relativity 
Theory, created almost by the genius of one man, this difference be- 
tween the historically and logically reconstructed process is remarka- 
ble; it is the difference between the broad highway and the pioneer’s 
narrow pathway. 

The author succeeds well in presenting the development of Rela- 
tivity as a logical necessity. The book is always free from the dog- 
matic dull textbook tone and often achieves dramatic qualities. The 
style is clear and simple. 

The book is divided into three parts. The first part (pp. 3-147) 
contains the Special Relativity Theory. Tensor algebra is included 
in this part. Tensor analysis is partially in this part, partially in the 
second part. Though from the structure of the book it is clear why the 
author did it, I have my doubts whether this was the best possible 
solution. Compared with the material of other books, one finds in this 
part modern examples from Quantum Theory, but misses the Min- 
kowski representation. 

The second part (pp. 151-242) contains the General Relativity 
Theory. The transition from the Special to General Relativity Theory 
is remarkably good. The whole chapter shows the natural develop- 
ment of the essential ideas in General Relativity Theory; difficult 
concepts are introduced in a very interesting and simple, though 
never superficial manner. When comparing it with other treatments, 
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we note the omission of cosmological applications (treated so well in 
Tolman’s book) and of time-space measurements in connection with 
the experimental verifications of General Relativity Theory. On the 
other hand much space is devoted to the equations of motion as 
deduced from the field equations, l 

The third part (pp. 245-279) is of much more special character 
and deals with the unification of the gravitational and electromag- 
netic field. Here we find an exposition of Weyl’s and Kaluza’s 
theories and of their generalizations on which the author collaborated 
with Einstein. This part will rather interest specialists than students. 

The book is well designed. The title of the book is too modest. It is 
not an introduction; it is an excellent book on the principles of Rela- 
tivity Theory. 

L. INFELD 


Degree of approximation by polynomials in the complex domain. By 
W. E. Sewell. (Annals of Mathematics Studies, no. 9.) Princeton 
University Press, 1942. 9-+236 pp. $3.00. ' 


The main subject of this book is the relation of the analytic and 
continuity properties of a function inside and on the boundary of a 
region, and the degree of approximation by polynomials. It is related 
to the analogous questions for functions of a real variable and ap- 
proximation by trigonometric sums, as presented in treatises of C. 
de la Vallée Poussin, S. Bernstein, D. Jackson and G. Szeg8. The 
problems of the present work originate with the fundamental theorem 
that a function analytic in a Jordan region and continuous in the 
closed region can be uniformly approximated by polynomials. This 
was proved by J. Walsh in 1926. His treatise Interpolatton and ap- 
proximation by rational functions in the complex domain (Amer. Math. 
Soc. Colloquium Publications, vol. 20, 1935) is an important fore- 
runner to the present book. ” 

This book is divided into two parts. Part 1 (Chapters II, III, and 
IV) is devoted to a study of the relation between the degree of con- 
vergence of certain sequences of polynomials p,(s) to a function f(s) 
on a point set E in the s-plane on the one hand and the continuity 
properties of f(s) on the boundary C of E on the other hand (Pro- 
lem a). Recent contributions to Problem @ are due primarily to 
J. Curtiss, Sewell, and Walsh. 

In Part II (Chapters V-VIII) a more delicate problem is consid- 
ered. Let E with boundary C be a closed limited set, whose comple- 
ment K is connected and regular; thus a function w=g(s) maps K 
conformally on the exterior of the unit circle | w| =1 in the w-plane so 
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that the points at infinity in the two planes correspond to each other. 
Denote by C, the image, under the conformal map, in the s-plane of 
fice carlo lw =p >i. Leene) Ua ive nal icine aon to some Bred 
- C, and let its continuity properties on C, be prescribed. Problem £ is 
the study of the relation between the degree of convergence of various 
sequences p(s) to f(s) on E on the one hand and the continuity prop- 
erties of f(s) on C, on the other hand. Special cases of this problem 
have been studied by Bernstein, G. Faber, and de la Vallée Poussin. 
The present work discusses in detail more recent material primarily 
due to Sewell and Walsh. 

Two types of results are considered in either Problem a or 8. A 
direct theorem is one in which the properties of f(s) are in the hypoth- 
esis and the degree of convergence of p(s) to f(s) is the conclusion. 
An indirect (generally far more difficult) theorem is in the converse 
direction, that is the degree of convergence of p(s) to f(s) is in the 
hypothesis and the properties of f(s) form the conclusion. Such prop- 
erties are: (a) A Lipschitz condition of order a is satisfied by f(s) on a 
set E; that is | f(s) — f(s) | <L|s,—2| «, where a is a fixed number, 
0<a31, 3 and z are arbitrary points of E, and L is a constant inde- 
pendent of zı and s. (b) f(s) belongs to the class L(x, a) on a Jordan . 
curve C (boundary of E), if f(s) is analytic in the interior points of Æ, 
is continuous in the closed set E, and the «th derivative f(s) exists 
on C in the one-dimensional sense and satisfies a Lipschitz condition 
of order a on C. (c) f(s) belongs to the class log (x,1) on C if f(s) is 
analytic in the interior points of Æ, is continuous on the closed set Æ, 
and f(s) exists on C in the one-dimensional sense and satisfies the 
condition 

| F(a) — f@(m) | SL] s — s || log | s — sl, 
where Z, % are arbitrary points of C, | #1 — 3a sufficiently small 
(<1/2 say); Z is a constant. 

Occasionally an integrated Lipschitz condition is also considered. 
The degree of convergence or approximation is measured: 

1. In the sense of Tchebycheff, that is by 


l. u. b. | f(s) — pa(s)]. 
sin E 
2. By a line integral: 
J Aol - 260) lelas, 


where A(z) is a non-negative weight function, g is a fixed positive 
number. : 
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As the author points out, many of the results are not final; at the 
end of each chapter possible extensions are indicated. The bibliogra- 
phy is restricted to a selected list. A few scattered misprints and er- 
rors can be easily corrected. For example on p. 13 the inequality 
|a P/39| SA/(1—r) is false, but the proof of the theorem can be com- 
pleted. On p. 126, where a beautiful theorem of Hardy and Little- 
wood is quoted, reference should be made to a paper of E. S. Quade, 
Duke Math. J., vol. 3 (1937), pp. 529-543. 

On the whole the author deserves credit for his valuable contribu- 
tion which will serve to stimulate further research on this important 
subject. 

Otto SzAsz 


Table of arc-ian x. Federal Works Agency, Works Projects Adminis- 
tration for the City of New York, 1942. 25+173 pages. $2.00. 


“This table of arc-tan x is believed to be the most comprehensive 
so far published, in respect both to the number of decimal places 
given and to the smallness of tabular interval. It forms the first con- 
tribution to what it is hoped will be a complete set of tables of the 
inverse trigonometric and hyperbolic functions.” The tables are com- 
puted to twelve decimals. The interval between successive arguments 
is 0.001 forOS x S7, itis 0.01 for 7S x S50, 0.1 for 50S x $300, 1 
for 300S x $2,000 and 10 for 2,000 S x $10,000. Linear interpola- 
tion provides for the whole range an accuracy of six decimal places. 
For interpolation to twelve places the second central differences are 
tabulated. The introduction gives the necessary formulae; correspond- 
ingly tables to six places for p(1—p) and 1/6 p(1—p”) are given for 
the range 0S $380.5 and 0S350.999. Tables for the conversion of 
radians into degrees and conversely are added. The introduction 
gives the necessary information forthe use and scope of the tables, 
and ends in a report about the method of checking by a sixth differ- 
ence test. The bibliography contains also a new list of errors in the 
tables of Hayashi. 

O. NEUGEBAUER 


NOTES 


The American Mathematical Society announces a new series of 
monographs, Mathematical Surveys. Each book will be about 150 
pages in length and will make available the principal methods and 
results that have been obtained on a certain broad problem, without 
entering into all details of proof. The books of the new series will be 
distinguished from the Colloquium Publications in that the latter 
contain, to a large extent, new research material, while the mono- 
graphs in the surveys will be mainly expository. 

The first two books of the series are the following: The problem of 
momenis by J. D. Tamarkin and J. A. Shohat and Rings by Nathan 
Jacobson. The price for Volume 1 is $2.50 and for Volume 2 $2.00. 
Members of the American Mathematical Society receive a discount 
of twenty-five per Gent. Orders for either of these books should be 
addressed to the Society at 531 West 116th Street, New York, 27, 
N. Y. 


The First National Congress of Mathematics was held at Saltillo, 
Mexico, November 1-7, 1942. Dr. A. Nápoles Gándara, who is di- 
rector of the Institute of Mathematics at the University of Mexico, 
was secretary of the Congress. Professor P. R. Rider of Washington 
University and Professor M. S. Vallarta of the Massachusetts Insti- 
tute of Technology participated in the Congress. 


Dr. P. A. Alexandroff has been awarded a Stalin prize. 


Professor L. E. J. Brouwer of the University of Amsterdam and 
Professor Godofredo García Díaz of the University of San Marcos 
have been elected to membership in the American Philosophical 
Society. 

Professor E. A. Milne of the University of Oxford has been elected 
president of the Royal Astronomical Society. 


Professor G. F. J. Temple of Kings College, London, has been 
elected to fellowship in the Royal Society. 


Professor A. A. Albert of the University of Chicago has been 
elected to membership in the National Academy of Sciences, 


Professor G. D. Birkhoff of Harvard University has been elected 
an honorary member of the Royal Irish Academy. He has also re- 
ceived an honorary doctorate of laws from the University of Cali- 
fornia at Los Angeles. 
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Professor M. H. Stone of Harvard University has been elected to 
membership in the American Philosophical Society. 
` Professor J. L. Synge of the University of Toronto has been elected 
a fellow of the Royal Society of London. 


Dr. P. C. Rosenbloom has been appointed a National Research 
Fellow. 


Assistant Professor R. G. Archibald of Queens College has been 
promoted to an associate professorship. 


Assistant Professor H. R. Cooley of New York University has been 
promoted to an associate professorship. 


Assistant Professor Nelson Dunford of Yale University has been 
promoted to an associate professorship. 


Associate Professor J. S. Frame of Allegheny College has been 
appointed to a professorship at Michigan State College. 


- Associate Professor W. L. Hutchings of Rollins College, Winter 
Park, Florida, has been appointed to an associate professorship at 
Whitman College, Walla Walla, Washington. 


Mrs. C. J. Keyser has been appointed dean of Nightingale-Bamford 
School, New York City. 


Dr. B. A. Lengyel of the College of the City of New York has been 
appointed to an assistant professorship in the department of physics 
at the University of Rochester. 


Assistant Professor W. T. Martin of Massachusetts Institute of 
Technology has been appointed to a professorship at Syracuse Uni- 
versity. 


Associate Professor A. F. Moursund of the University of Oregon 
has been promoted to a professorship. 


Professor J. L. Synge of the University of Toronto has been ap- 
pointed head of the department of mathematics at Ohio State Uni- 
versity to replace Professor H. W. Kuhn, who has retired. 


Dr. A. D. Wallace of the University of Pennsylvania has been pro- 
moted to an assistant professorship. 


Associate Professor V. H. Wells of Williams College has been pro- 
moted to a professorship. 


~ 
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Dr. Max Wyman has been appointed lecturer in mathematics at 
the University of Alberta. 


Dr. Leo Zippin of Queens College has been promoted to an assist- 
ant professorship. 


The following appointments to instructorships are announced: 
University of Buffalo: Dr. Paul Civin; University of Michigan: Mr. 
P. S. Jones; Reed College; Dr. R. W. Shéphard; University of Vir- 
ginia: Mr. W. H. Gottschalk. 


Dean H. E. Hawkes of Columbia University died May 4, 1943, at 
the age of seventy years. He had been a member of the Society since 
1898. 


Professor R. L. Menuet of Tulane University died May 9, 1943. 


Dr. W. H. Metzler who retired as dean of the New York State College 
for Teachers in 1933 died April 18, 1943, at the age of seventy-nine 
years. He had been a member of the Society since 1891. 


Professor Emeritus H. S. White of Vassar College died May 20, 
1943. He had been a member of the Society since 1892. 


Professor J. E. Williams of Virginia Polytechnic Institute died 
April 19, 1943, at the age of seventy-five years. He had been a mem- 
ber of the Society since 1905. 


Professor Emeritus Clara E. Smith of Wellesley College died May 
12, 1943. She had been a member of the Society since 1904. 


ABSTRACTS OF PAPERS 


SUBMITTED FOR PRESENTATION TO THE SOCIETY 


The following papers have been submitted to the Secretary and 
the Associate Secretaries of the Society for presentation at meetings of 
the Society. They are numbered serially throughout this volume. 
Cross references to them in the reports of the meetings will give the 
number of this volume, the number of this issue, and the serial num- 
ber of the abstract. 

ALGEBRA 


178. Reinhold Baer: A theory of crossed characters. 


If G is a finite group, C a homomorphism of G into the group of automorphisms 
of the cyclic group Æ, then a C-character of G is any single valued G to E function 
f(x) satisfying the functional equation: f(w0) =f(«)*f(v) for s, v in G where the expo- 
nent indicates the automorphism upon which the element v is mapped by C. The 
C-characters of G form a finite abelian group; and it is the object of a theory of crossed 
characters to find conditions assuring the possibility of establishing a partial or com- 
plete duality between G and its C-character group. (Received April 23, 1943.) 


179. Reinhold Baer: Radical extenstons and crossed characters. 


An m-extension of the field F isa finite, normal and separable extension of F which 
is obtained by adjoining to F mth roots of elements in F. A theory of these extensions 
may be obtained by applying the theory of crossed characters on the Galois group of 
these extensions. (Received April 23, 1943.) 


180. C. J. Everett: Closure operators and galots theory in lattices. 


Every *-closure (A* DA; ACB implies A*(CB*) on a partially ordered set 
arises from a galois correspondence between P and some partially ordered set Q. 
Every galois correspondence between complete lattices of subsets of two sets results 
from a binary relation on all elements of the two sets. Every closure on a complete 
lattice P of subsets of a set is extenmble to all subsets; if (A\/B)* = A*\] B* in P, the 
extension is also topological, for P a boolean algebra. Every closure on all subsets of 
a set is defined by a binary relation. A generalization of Krull’s topology for algebraic 
fields is obtained and used tó characterize the regularly closed subspaces of the linear 
functional space of a Banach space. Necessary and sufficient conditions are given for 
the existence of a topology in a group on whose subgroup lattice a *-closure is defined, 
such that a subgroup is *-closed if and only if it is closed in the topology. This is com- 
bined with results of Baer on primary groupe to characterize topologically the sub- 
groups closed under the galois correspondence between P and its automorphism 
group, A. Krull’s method converts A into a metric, totally disconnected, topological 
group. (Received May 29, 1943.) 


181. Irving Kaplansky: Solution of the “problème des ménages.” 


The “problème des ménages” asks for the number of ways of seating # husbands 
and # wives at a circular table, men alternating with women, so that no husband 
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sits next to his wife. By elementary methods, the author obtains the answer 
An wile (—1)*C “(ne —k)!/(2n—k). (Received June 1, 1943.) 


ANALYSIS 


182. E. F. Beckenbach and R. H. Bing: Conformal minsmal 
carvettes. 


A set of m real functions of # real variables, mes g2, defined in a domain D, 
has been called (for m =# by N. Cioranesco, Bull. Sci. Math. vol 56 (1932) pp. 55-64) 
a set of conjugate harmonic functions provided the functions are harmonic and to- 
gether satisfy the usual conditions for conformality, Such a set of į functions gives 
a conformal map on Euclidean »-epace of a minimal variety V, immersed in Euclidean 
m-space. But according to Haantjes, for #24 the class of conformally flat spaces is 
quite narrow. It is now shown directly that for » 23 the only sets of conjugate har- 
monic functions necessarily are constants or linear functions, so that either the V, is 
a point or it can be obtained from D by rigid motions, transformations of similitude, 
and reflections in hyperplanes. (Réceived May 7, 1943 ) 


183. R. P. Boas: Almost persodtc functions of exponentsal type. 


As an extension of a well known result on entire functions of exponential type 
which are periodic on the real axis, it is shown that an entire function of exponential 
type which is almost periodic on the real axis has its Fourier exponents bounded. 
Almost periodicity as general as Besicovitch (order 1) is admissible; in fact, the mere 
existence of the mean value of | flx)| implies the existence and vanishing of the mean 
value of f(x)e™* when [| exceeds the type of the function f(s). For the proof, one 
rotates the liné of integration in [pes (x)dx through an angle of «/2, and applies 
theorems which connect the growth of |f(x-+4y)| with that of |f(x)|. The estimate 
f(x) = 9(| =|) as |x| 20 is a consequence of the existence of the mean value of | f(x) |. 
(Received May 11, 1943.) 


184. Vincent Cowling and Walter Leighton: On convergence regions 
for continued fractions. 

Let k be any real number greater than 1 and «any number such that 0<¢«<k. 
If the complex numbers Gs and Gm ret"*= satisfy the conditions (1) | asu! Sku, 
Orn 4—1, (2) ra g2[k— cos 0a], OSa 52r, then the continued fraction 1+K[a,./1] 
converges. It follows as a corollary that the continued fraction will converge if con- 
ditions (1) and |ar| 22(k-+1) hold. (Received April 28, 1943.) 


185. Nelson Dunford: Spectral theory. I. Convergence to projecttons. 


By a systematic use of an operational calculus suggested by the formula f(T) 
= (211) faf(A) (AT — T) d conditions are derived which are necessary and sufficient 
for the convergence of a given sequence P,(7T) of polynomials in a linear operator T 
(on a complex Banach space X) to a projection on a manifold of the form M[P] 
= |x E X, P(T)x=—0]. (Received Apn! 24, 1943.) 


186. M. R. Hestenes: On the condsiton of Weterstrass in the cal- 
culus of vartabtons. 


The present paper is devoted to the study of properties of the Weierstrass E-func- 


1943] ABSTRACTS OF PAPERS 537 


tion E(y, p, à, q) associated with the problem of Bolza. It is shown that an extremal 
Cois nonsingular and satisfies the strengthened condition of Weierstrass if and only if 
there is a constant b>0 such that the inequality E(y, p, 4, g BbEx(p, q) holds for 
all differentiably admissible elements (y, 2), (y, q) with (y, p, à) in a neighborhood of 
the values (y, y’, à) on Cy. Here Ey is the E-function for the length integral. Further 
equivalence relations are given. Moreover, it is shown that if these conditions are gatis- 
fied then the integrand f(y, y’) can be replaced by a function of form f+8 (y, y) #4 
such that the above inequality holds without the restriction that ¢°(y, p) = ¢"(4, q) =Ó, 
(Received April 23, 1943.) l 


187. Herman Kober: On the approximation to integrable functions 
by integral fynctions. 

Let fMEL,(— ©, ©), 0<pS @, and suppose that f() may be approximated 
(in mean if O<p<o, uniformly if p= ©) by integral functions of fixed order not 
greater than p, where p is fixed. If p<1, f(t) is a constant (zero if p= ©). Here 1 is 
the precise limit and it is always poesible to find a sequence of integral functions of 
order one and normal type approximating f(t) (if p= ©, if and only if f(t) ia uniformly 
continuous in (©, ©)), If the types of the approximating functions have a finite 
inferior limit a, then f(t) is an integral function of order one and type not greater 
than a, or a constant. The best approximation by integra! functions of order one and 
given type a can be determined and is given by the Dirichlet singular integral Dalf] 
when ~=2. Approximation by functions of order p implies approximation by func- 
tions of larger order. If L,(— œ, œ) be replaced by L,(0, œ), the order one is to be 
replaced by the order 1/2 throughout. Extensions to other approximation problems 
are possible. (Received April 17, 1943.) 


188. E. R. Lorch: The theory of analytic functtons in normed abelian 
vector rings. 

The development of an analytic function theory for these rings R bas been an- 
nounced previously (Bull. Amer. Math. Soc., abstract 46-11-469). Certain applications 
are here considered. The function exp (s) is simply periodic if and only if R is irre- 
ducible; alternatively, if and only if the spectrum of each a€ & is a continuum or a 
point. The periods of exp (s) are 243)_i+j, where the j, are any idempotents. The 
function log s exists for all s in the principal component of the topological group 
of non-singular elements in R. An aE R may be embedded ina continuous group, 
at-g'matt! if and only if log a exists; then a*=exp (s log a) where the range of s 
may be taken to be R. All points in the frontier of the spectrum of aC R are perma- 
nent singularities (cannot be removed by ring extensions). If R is irreducible, a simple 
closed rectifiable curve C in R generates a closed set of singular elements, an open 
set of exterior elements, and an open set of interior elements. The open sets need not 
be connected. In case C has a tangent at one point, the set of interior points is not 
empty. (Recetved April 19, 1943.) 


189. George Piranian: On the order of analytic functions in the sense 
of Hadamard. 

If in the region |s| >R the function f(s) =)_a,/s* is holomorphic except for poles 
of aggregate multiplicity P, if Dap is Hadamard's determinant of order P+1 and 
rank # for f(s), and if the order of the function Fp(s) =) Dap/s* on its circle of con- 
vergence is w, then the order of f(s) on the circle | s| = Ris at least w. Moreover, if the 
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order of f(s) on |s] ~ R is w >w, there either exist at least two points of order w’ 
on this circle or the singularity of order w’ is non-Fuchsian, By means of an extension 
of Mandelbrojt’s method for finding the singularities of an analytic fuħction on its 
circle of convergence, the theorem gives a formula for the order of every pole lying 
outside of the convex hull of non-polar singularities of f(s), and for the order of every 
Fuchsian singularity onthe boundary Y of the convex hull, provided the singularity 
is not an interior point of a straight-line segment of V. (Received April 12, 1943.) 


190. Harry Pollard: A new criterion for tompletely monotonic func- 
tons. 


The Bernstein criterion for completely monotonic functions states that if (i) £(0-+-) 
exists and (ii) (— tPA (a) 20 for kgo, 8>0, x>0, then f(x) is completely monotonic 
in OSa2< œ. It is established in this paper that (ii) can be weakened to (— 1jA f(x) 
20 for a suitable sequence { &}. (Received April 10, 1943.) 


191. W. J. Thron: A general theorem on convergence regtons for con- 
tinued fractions bo +K(1/),). 


Let the regions Baand B, be defined by: r -eE Bo if r>(1+«) -/(8),r-e4%C B if 
r>(1+g(6), where eis an arbitrary small positive number and the functions f(8) 
and g(8) are positive in the interval [0, 2r]. If it is required that the complements of 
the regions Baand B, be both convex and if f(6) - g(r— £8) 24, then the continued frac- 
tion bb +K(1/b,) converges if bm CG Beand bm © Bi, that is Beand B: are twin con- 
vergence regions for the continued fraction. The condition f(@)g(w— 6) 24 is a neces- 
sary condition for two regions to be twin convergence regions. (Received April 19, 
1943.) 


192. W. J. Thron: Convergence regions for the general continued 
Sractton. i 


It is shown that the continued fraction K(a,/b.) converges if all Ga =y -e*t lie in 
a bounded pert of the parabola r Sa?/2(1 —cos (6—27)), and if all ba le in the half- 
plane R(bae'’) gat e Here a>0 and eis an arbitrary small positive number. (Re- 
ceived April 24, 1943.) í 


193. Hassler Whitney: On the extension of differentiable Junctions. 


Let A be a bounded closed set in Euclidean space E. Suppose that for some number 
w any two points of A are joined by an arc in A of length not more than œ times 
their distance apart. Then any function of class C™ in A which, with derivatives 
through the mth order, is sufficiently small in 4, may be extended throughout E so 
as to be small, with its derivatives. (Received May 11, 1943.) 


GEOMETRY 


194. T. C. Doyle: Tensor theory of smvarsants for the projective 
dsfferenisal geometry of a cursed surface. 


This paper completes the explicit determination of differential invariants of all 
orders for a curved two dimensional surface begun by E. J. Wilcrynski, Projecttes 
differenisal geometry of curved surfaces (fourth memoir), Trans. Amer. Math. Soc. vol. 10 
(1909) pp. 176-200, The Lie theory of groups serves to determine the number of exist- 
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ing invariants of any specified order and these are then exhibited by contraction of 
fundamental surface tensors and their covariant derivatives appearing as coefficients 
of a system of partial differential equations defining the surface. The projective normal 
is attained by the formal elimination procedure of tensor analysis (Received April 10, 
1943.) 


195. H. T. Muhly: Independent integral bases and a characterization 
of regular surfaces. 

Let 0* denote the ring of homogeneous coordinates, E, &",--+ +, $a associated 
with a normal, nonsingular model F, of a field F of algebraic functions of two vari- 
ables, and assume that f,*, hf, &* are selected so that they are algebraically inde- 
pendent and so that each element of 0* depends integrally upon these three elements. 
Let the relative degree [K(ée", ht,- , &°):K (Ect, ht, &*)] be denoted by ». It is 
shown in this paper that if there exists a set of x elements M”, M*, °° , Ap in O* which 
form an independent modular base for 0* over the ring K[fs*, i", &*], then the field Z 
is regular, that is, its arithmetic genus pe coincides with its geometric genus fy. Fur- 
thermore, it is shown that if the field Z is regular then there exist projective models 
of Z which are normal and nonsingular, and which are such that the associated ring 
of homogeneous coordinates has a linearly independent modular base over a suitably 
chosen ring of independent variables In fact if Fis any normal, nonsingular model of 
a regular field Z, and if F, is the derived normal model belonging to the character of 
homogeneity k, then F, has these properties for all sufficiently large values of k. 
(Received May 15, 1943.) 7 


NUMERICAL COMPUTATION 


196. A. N. Lowan and H. E. Salzer: Coefficsents in the expansion of 
derivaiives in terms of central differences. 


The coefficients in the expansion of the first 52 derivatives in terms of mean cen- 
tral and central differences (in most cases up to the 42nd difference) were computed 
by the Mathematical Tables Project. For the first 30 derivatives the exact values 
of the coefficients are given in the form of ordinary fractions for the first 30 differences 
and for some differences beyond the 30th. For all derivatives beyond the 30th exact 
fractional values are given for the coefficients of differences up to orders varying 
between the 41st and 52nd. Finally for most of the coefficients of differences of orders 
varying from the 31st to the 42nd, 18 significant figures are given. All fractions are 
believed to be in lowest terms. The tabulated coefficients are valuable in the evalua- 
tion of analytic functions of a complex variable when known along a straight line 
within the region. The coefficients were checked by means of two recursion formulas, 
which are not mentioned in the literature. (Received April 8, 1943.) 


STATISTICS AND PROBABILITY 


197. Jacob Wolfowitz: Asymptotic dtsirtbutsons of ascending and 
descending runs. 


Let a1, Ga, © > ` , ax be any permutation of N unequal numbers. Let there be as- 
signed to each permutation the same probability. An element a, (1 <4< N) is called 
a turning point if a, is greater than or less than both a; and a,,4;. Let a, and mp be 
consecutive turning points; they are said to determine a “run” of length k. The author 
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obtains the asymptotic distributions of a large class of functions of these runs. An 
example of his results is the following. It is proved that the following are asymptoti- 
cally normally distributed: (a) the total number of runs; (b) R(p), the number of runs 
of length $; (c) R(p) and R(q) jointly. Similar results are obtained for runs defined by 
any of a large set of cnteria, of which the one given above is of value in statistical 
ePpneecen (Received May 1, 1943 ) 


TOPOLOGY 


198. Paul Alexandroff: On komological situaiton OR E of com- 
plexes and closed sets. 


The purpose of this paper is to find and to study topological invariants which 
connect the hamological properties of a space K with thoee of its closed subset A 
and of the open complement G K\A, and thus contribute to characterize from the 
homological point of view the stiwatton of A in K. Thus the paper constitutes an ex- 
tension of results already known when K is simply connected (when its 8 groupe 
are 0 and also when KX 18 a manifold). (Received April 3, 1943.) 
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ON A NEW APPLICATION OF JACOBI POLYNOMIALS IN 
CONNECTION WITH THE MEAN VALUE THEOREM 


E. G. GARNEA 


Let us consider the classical theorem of mean value, which states 


1 b 
(1) UO =; f Uae 
or i 
(1) P® = —— FO) — FO] 


can be satisfied by at least one value of ¢ inside! the interval (a, b). 

In the general case we can add no further precision concerning the 
position of the value # inside the interval (a, b). But if we consider 
only functions U(x) belonging to a definite class of functions, we can, 
sometimes, give a more precise determination for this value §. We 
can, in particular, for some classes of functions, determine intervals 
(a’, b^), concentric to (a, b), with 


(2) b' — a’ = 6(b — a), OséeS1, 


and such that (1) holds for at least one value & inside (a’, b^, for 
every function U(x) belonging to the class considered and for every 
interval (a, b) for which the classical mean value theorem holds. 
The smallest number @ which has the above mentioned property for a 
given class of functions is called its “contraction factor.” It results 
from this definition that the value of the contraction factor depends 
only on the class of functions considered and is independent of all 
other factors, such as the interval (a, b), and so on. 

If we replace the equation (1) by (1’) and repeat the foregoing 
literally, we define in exactly the same way the contraction factors 
for classes of functions F(x). 


The existence of a contraction factor for certain classes of func- ` 


tions, particularly for polynomials of a real variable, has been proved 
by Paul Montel.? The value of 0 as a function of the degree » of the 
polynomials considered was found independently and almost at the 


Received by the editors September 18, 1942. 

1 The expression “inside” in this paper means: within or at the ends. 

? P. Montel, Bull. Soc. Math. France vol. 58 (1930) pp. 105-126. See also D. 
Pompeiu, Annales Scientifiques de l'Université de Jassy vol. 15 (1929) p. 335. 
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same time by Tchakaloff* and Biernacki.* Their results have been 
generalized since by many authors, among whom we quote. Favard,5 
Anghelutza,* H. L. Krall’ and Cioranescu,® whose paper is particu- 
larly important for us. 

Let U(y1, ya, ° °°, Yr) be an analytical function of » independent 
variables, polyharmonical of the order 2m and of mean value zero 
within the hypersphere È, of its »-dimensional space. Therefore 


(3) AGU = 0, 


(4) is Udr = 0, 


where A“@™ is the operator of Laplace applied successively 2m times ` 
and the integral is extended over the inside of the hypersphere È, of 
volume element dr. 

We consider now the system of 2m equations with the 2m un- 
knowns k; x,: 





(5) Shay = s f g=0,1,2,---+, 2m — 1, 
fowl y+ 2g 

and let xu be the largest of the solutions x, of this system. N. Cio- 
ranescu proved in-his above mentioned paper that xy is the contrac- ` 
tion factor of U(y1, vs, +--+, Y») if: 
” (a) all x; are real and inside (—1, +1); 

(b) all k; are positive. 
We remember that this statement means: If (3), (4), (a) and (b) are 
satisfied and R is the radius of Z,, there is at least one point Pe inside 
the hypersphere of radius xyR which makes U(Po) =0. 

From Cioranescu’s demonstration it follows also that if (a) and (b) 
are satisfied, but the order of U is odd, so that 


(3’) AGM = 0, 


(4” J | Uar = 0, 


1 L. Tchakaloff, C. R. Acad. Sci. Paris vol. 192 (1931) p. 32. 

1 M. Biornacki, Bulletin de Mathématiques et de Physique, pures et appliquées 
de l'École Polytechnique de Bucarest, II Année, no. 3, pp. 164-168. 

sM Favard, C. R. Acad. Sci. Paris vol. 192 (1931) p. 716. 

t T. Anghelutza, Mathematica, Cluj vol. 6 (1932) p. 140. 

TH. L. Krall, On the moan salus theorem, Amer, Math. Monthly vol. 42 (1935) 


s N. Cioranescu, Ouslgues propriis: :-, Mathematica, Cluj vol. 9 (1935) pp. 
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the contraction factor is the highest of the values x,, which are solu- 
tions of the system’ of 2m-+2 equations with 2m+2 unknowns x, k: 





=H n y 
> kin = ; 
OJ 2 i=l y -+ 2q 
Lui1 = 0, q = 0, 1,2,- , 2m. 


Here below we shall prove that the conditions (a) and (b) are 
always satisfied, we shall find the values of the contraction factors 
connected with the zeros of a sequence of Jacobi (more generally of 
Tchebycheff) polynomials, and shall see that our results are a general- 
ization of Tchakaloff’s and Biernacki’s theorems. 

Let” us put =u, (¢=1, 2,--+, m). We observe that the second 
member of (5) can be written: 





(6) E m f (»/2)u 0 lutdy. 

dis ue 0 o 
These are for q=0, 1, 2,- -:, 2m—1 the first m moments of the 
function 


Wa) = (1/2) | ruendu; 
0 
therefore, we can write (5) as: 
m 1 
(7) D ka= f u dhlu), gq = 0, i ee tele 
smj 6 


We observe that (x) is monotonically increasing in (0, 1); to such 
v(x) correspond, as is well known,! a sequence {¢.(7; x)} of ortho- 
normal!? polynomials, which, in turn, give rise to a mechanical quad- 
rature formula: 


(8) o f Gmini = È HGms(h 
é 1 


where Gau_i{x) represents an arbitrary polynomial of degree at most 
2m —1, the abscissas }; are the zeros of ¢u(¥; x), all real, distinct and 


* This system is given by Cioranescu in his above mentioned paper for m 32. 

18 I am indebted for this interesting method to Professor J. A. Shohat, whose 
demonstration I follow very closely. 

uy. A. Shohat, Théorte générale des polymtmes orthogonaux de Tchebychef, M ém- 
orial des Sciences Mathématique, fascicule 66, pp. 8, 15. 

£ In this case they are Jacobi polynomials and coincide, for »=2, with Legendre’s 
polynomials. 
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inside (0, 1), and the coefficients H; are all positive. It follows, for 
Gra_1(#) = yf, 


(9) Daho f ia), eee 
fami ð i 

Comparing (7) with (9) we see that a solution of (7) is given by 

(10) t = ly, kı = Hi, 

with 0<J,<1, H,>0, and, returning to (5): 

(11) w= t (R2, k,= H, 14=1,2,3,-+°,m. 


Similar considerations on the m equations 2 to m-+1 of (5^) (putting 
for instance kag =k; ) led also to m values x? =}! (#41, 2,---, m) 
to which we have only to add £41 =0, in order to have the complete 
set. 

We may remark that if in A®™ U =0, n =2m, the moments of y(x) 
are a, =»/(r+4-2p) and the corresponding Jacobi polynomials form a 
complete sequence; if s =2m —1, the moments are a, = »/(v-+2(p+1)) 

and the corresponding Jacobi polynomials form another complete 
sequence. | 

It follows that the systems (5) and (5’) have solutions, where all 

` ay are real and in absolute value less than one, and all k, are positive; 
therefore, the conditions of Cioranescu are always satisfied.” 

We could find the x, also solving (5) by the method of Sylvester, 

which, however, requires lengthy considerations of determinants. Its 
result is that the solutions x, of (5), are the zeros of the polynomial: 


Exa(v; £) 








st 1 zi t- x E 1 
» »4+2 +2 r44 r+2(m—1) »+2m 
(12) MP aaa TEE a TEE EN 
m yt2 r4 rtd »4+6 »r+2m s+2(m-+1) 
z? 1 g? 1 z? 1 


rt2im—1) pte rtm rt 2(met1) r+ 2(2m—2) + 2(2m—1) 


u The present method has many points in common with that of J. A. Shohat, 
On a certain formula of mechanical quadratures with non-oquidistani ordinates, Trans 
Amer. Math. Soc. vol. 31 (1929) pp. 449-450. 

M For Sylvester's method see for instance T. Muir, Theory of determinants, vol. 
II, pp. 332-335. It may be noted that the formula (in Sylvester's notation): 
Qu41—Ga)_,Ar-f Guay AiAs— +--+ =O, which we meet there, generalizes an analogous 
equation indicated by P. Montel in his quoted paper. 
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Similarly, the solutions of (5^ are the zeros of 


Eamii(¥; 2) 
x i gi 1 z? 1 
"+2 r+ +4 r46 Ei r+2m »+2(m+1) 
(12) — mi 1 x? 1 = 1 
=z} r+4 r+6 r+6 »+8 2G) r+) 
= i =? 1 q? 1 


r+2m rt 2(m+1) r+ 2(me+1) r++ r+ 2(2m—1) rtd 


These formulae have already been found for y=1 by Biernacki.¥ 

We can thus make the general statement: 

If the analytical function U(P) of v independent variables 
Yi Ya, >- , Yr Sabisfies the conditions A® U=0 and fz Udr=0, there 
is inside the hypersphere of radius xuR at least one pointi Po which 
makes U( Po) =0, R being the radius of È, and xu <1 the square root ` 
of the highest sero of the Jacobi polynomial! o.(v; x), where m=n/2 
or m=(n—1)/2, according to the pariy of ñ; the same value xu ts also 
the highest zero of the polynomial E,(y; x). 

Taking into account the formulae of Tchebycheff’s polynomials: 


Mg Œi °” > hy 


ay ys * Aayi 





(13) P., (x) ST 


A, (¥) 
Aal Ana *** Otal 
1 E ™ 
= g* — EE. ai + A aia T 
- with 
Œo 1°‘ ** Oal 
1 M&y'** &, 
(14) A.) = 

Anl On'** Cans 


and the formulae of Szegö:!° 


1 M. Biernacki, loc. cit. p. 166. 

i8 We can write immediately ¢.(»; x), knowing the moments of (z). 

17 As we shall see, the polynomials E,(r, x) form a single sequence of Tchebycheff 
polynomials, without distinction as to whether # is even or odd. 

18 J. A. Shohat, loc. cit. pp. 3-5. 

19 G. Szegt, Uber orthogonale Polynome, dis su einer gegebenen Kurve der komplexen 
Ebene gekdren, Math. Zeit. vol. 9 (1921) p. 218. 


a Q +++ om + amt — a 
$; a +- 0 — t + age '»' 
Oo ied = 
U9 Aantal aT a La a 
0 am: O + amat — mn tte 
i z gm —om, + sx'° 
ay 0 -+-0 tar -a 
0 œt: mt — m + ast +e 
dy desana OO ele a 
Gm O +++0 — Ce + eet ' 
1 E ii Ham? — amn’ 
we find easily: 
ay 0 Oza 
0 ay - 0 
0 sas 
Aam(¥) dala) m E O 
O om: ++ O 
(16) 1 z «eso 
eet? — ots at? — ay ++ Ce st? — Cpe 
=C aT? — oy as’ — ay ++ Cet — Cress 


Beam s1(¥) Dampa (T) 


; Can O -0 
(16°) 1 goreg 
w? — o az? — ay * Cat — Chops 
aoe a? — a as — ary tt ast? — Chem 
MmT? — Omt Ohma? — Omp Oms? — Cin 
where 
ao qt ` im—3 
(17) \ Cm =| ee ee | 
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as Cl, s., tm 

ae á A <+ * imt 
(17) Cami rm . 

Yin Arnt? * ** imt 


Equating in (16) the coefficients of x™, and in (16^) the coefficients 
of +1, we obtain,” taking into account (13): 


Aralt) = CnC im 





and 
Atmi( Y) = Camp1Camis 
or generally 
(18) A,(¥) = CuCC ntl 
Let us put now: 
1 
19 = , = Q. 
( ) Qim agree Cimt1 


Then the Cy, easily calculable, being all positive, (18) shows that 
A,() >0. Therefore, the conditions of Hamburger?! being satisfied, 
there is a monotonically increasing function V(x)", whose moments 
are (19). Comparing (12), (12) with (16), (16’), we see that the 
polynomials -,(¥; x) are just the sequence of polynomials of Tthe- 
bycheff corresponding to ¥(x). As they form a sequence of Sturm” 
and as E,(v; 1)>0, Etw(»; 0) = (—1)"*Cymsi, limeco (1/2) Eames (¥; x) 
= (—1)"Ds,, with Dy. an easily calculable positive determinant, we . 
find also in this way that all the x,, zeros of E,(¥; x) are real, distinct 
and inside (~1, +1).™ 

The function U, polyharmonical of order #, can be in particular a 
polynomial of degree 2n—1, of » independent variables. If a poly- 
nomial is of an even degree, it may be considered for our purpose as 


* | have learned that the same formulae have been derived by C. Rees in his 
-u H, Hamburger, Uber cine Erweiterung des Sticlijeschen Momentenproblems, 
Math. Ann. vol. 81 (1920) pp. 235-319; vol. 82 (1921) pp. 120-164 and pp. 168-187. 
8 Taking into account the further conditions of the problem, we easily find this 
function, which is: d¥ (x)= (1/2)| x| dx for # S1, d¥(x)=0 for |x| >1. 

© See also Brioechi, Théorts des diferminanis, pp. 85-86. 

H By solving completely the system (5) it can be proved also that &,>0, but this 
requires a very long calculation, whereas the ingenious method of J. A. Shohat yields 
immediately the result. Some rather complicated expressions of the &; in function 
of » are given, for small values of #, in the quoted paper of N. Cioraneacu in Mathe- 
matica, Cluj vol. 9 (1935) pp. 191-192. 
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of the next higher odd degree, with its first coefficient equal to zero.” 

For »y=1 we fall back on the known theorems of P. Montel, 
Tchakaloff™ and Biernacki.?’ In fact, the formulae (12), (12), with 
(16), (16^) and (19) show us * that for yv=1, E,(1; x) are but the 
polynomials P,(x) of Legendre; moreover: 

| d**U(y) 

3! AM U(y) = ——— = 0 
(37 aaa ye 
if the degree of U is at most 2n—1. Applying our results from above 
to this case we find that if xa, is the highest zero of ane’ 8 poly- 
nomial P,(x) and 


" 3 
(4/7 f do)ay = 0 


where U(y) is a polynomial of degree at most 2n—1, then U(y) has 
at least one zero inside the interval (1/2)(6+a) txu(b—a)/2. These 
are precisely the results of Tchakaloff and Biernacki and our main 
statement from p. 545 can be considered as a generalization of the 
precisions which the above mentioned authors have brought to the 
mean value theorem. 


Havana, CUBA 


* This has been shown for y=1i by P. Montel in his quoted paper. A alight 
difference can be noted between his statement and ours, because P. Montel’s refers 
not to the function U(y), but to F{y)= /) UW) dy 

* Tchakaloff, loc. cit. p. 34. 

7 Biernacki, loc. cit. p. 167-168. 

™ We may remark that the formulae (13), (13), (16) and (16^) attest the equiva- 
lence of the solutions found by the two authors in the problem of the contraction 
factor, in spite of their different form. 


ALTERNATIVE ALGEBRAS OVER AN ARBITRARY FIELD 
R. D. SCHAFER! 


The results of M. Zorn concerning alternative algebras* are incom- 
plete over modular fields since, in his study of alternative division 
algebras, Zorn restricted the characteristic of the base field to be not 
two or three. In this paper we present first a unified treatment of 
alternative division algebras which, together with Zorn’s results, per- 
mits us to state that any alternative, but not associative, algebra A 
over an arbitrary field F is central simple (that is, simple for all scalar 
extensions) if and only if A is a Cayley-Dickson algebra? over F. 

A. A. Albert in a recent paper, Non-assocsaisve algebras I: Funda- 
menial concepts and tsotopy,* introduced the concept of isotopy for the 
study of non-associative algebras. We present in the concluding sec- 
tion of this paper theorems concerning isotopes (with unity quanti- 
. ties) of alternative algebras. The reader is referred to Albert's paper, 
moreover, for definitions and explanations of notations which appear 
there and which, in the interests of brevity, have been omitted from 
this paper. 


1. Alternative algebras. A distributive algebra A is called an 
aliernative algebra if ax*=(ax)x and x'a =x(xa) for all elements a, 
xin A. That is, in terms of the so-called right and left multiplications, 
A is alternative if Ra = (R)? and La = (La). 

The following lemma, due to R. Moufang,* and the Theorem of 
Artin are well known. 


LEMMA 1. The relaitons L,R,R, = Ral, R,L,L, = LyaRe, and KoLa 
=1L,L,R, hold for all a, x, y in an alternative algebra A. 


Presented to the Society, April 18, 1942; received by the editors December 7, 1942. 

1 This paper is the essential portion of the author's doctoral dissertation, written 
at The University of Chicago under the direction of Professor A. A. Albert, whose 
kindness the author gratefully acknowledges. 

7M. Zorn, Theorie der Alternatioon Ringe, Abh. Math. Sem. Hamburgischen 
Univ. vol. 8 (1930) pp. 123-147; Alernatekorper und Quadratische Systeme, ibid. 
vol. 9 (1933) pp. 395-402. See M. Zorn, AHernative rings and related questions I: 
Existence of the radical, Ann. of Math. (2) vol. 42 (1941) pp. 676—686, to verify that the 
Peirce decomposition in Zorn's first peper is valid for F of characteristic two. 

? Defined over an arbitrary field by A. A. Albert in bis Quadratec forms permitting 
compostiton, Ann. of Math, (2) vol. 43 (1942) pp. 161-177. 

t Ann. of Math. (2) vol. 43 (1942) pp. 685-708. 

s R. Moufang, Zur Strukiur von Alternattohorpern, Math. Ann. vol. 110 (1934) 
pp. 416-430, 
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THEOREM OF ARTIN. The subalgebra generated by any two elements 
of an alternative algebra Ats associative. 


It follows from the Theorem of Artin that if x is any element of an 
alternative algebra A over F, and if f(A) is any polynomial in A with 
coefficients in F, then f(R,) = Ry) and F(Z.) = Lp(a) 

Moreover, if an alternative algebra A contains a right nonsingular 
element x and a left nonsingular element y, then A has a unity quan- 
tity. For the identity transformation J is then a polynomial in R, 
with coefficients in F, and the correspondence x—R, is one-to-one. 
Thus the unity quantity of A and the inverse x! exist, and are poly- 
nomials in x, and Ra1=(R,)~!. Clearly these results hold for an al- 
ternative division algebra A. l 

In this paper we shall require the following lemma. 


LEMMA 2. In an alternative division algebra A, the norm of a produci 
xy 4s equal to the product of the norms of x and y. 


For if x =0 the lemma is obvious. Otherwise L, is nonsingular, and 
L»ReRy=Reyl. by Lemma 1. Thus |Z,|-|R,|-|R,| =| Roy! | Lal, 
and | R,| -|.R,| =| Rey|. The conclusion follows. 

Since any simple algebra A over F is central simple over its trans- 
formation center, the determination of all simple alternative algebras 
consists of a determination of those which are central simple. Zorn’s 
results imply that a central simple alternative algebra over an arbi- 
trary field is either (1) a division algebra, (2) an associative algebra, 
or (3) a Cayley-Dickson algebra with divisors of zero.‘ We are led 
directly to this theorem. 


THEOREM 1, Lei A be an alternative, but not associative, central divi- 
ston algebra over F. Then A ts an algebra of degree two and order.etght 
over F. 


For there exists a scalar extension Ax of A such that Ax over K is 
not a division algebra. Since Ax is not associative, Ax is a Cayley- 
Dickson algebra (with divisors of zero) over K. Hence A is of degree 
two and order eight over F. 


2. Alternative division algebras of degree two. We are able to 
make a study of alternative division algebras of degree two which 
is independent of Zorn’s results, and (although a portion of the result 
is indicated in Theorem 1) we shall do so. For the proof of Theorem 2 
we require the two lemmas which follow. 


t Zorn’s so-called “vector matrix algebra” is (over any field, including thoee of 
characteristic two) merely a Cayley-Dickson algebra with divisors of zero. 
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LEMMA 3. Let the principal function of any element x of an alternative 
division algebra of degres two over F be x*—i(x)-x-+-n(x), where i(x) and 
n(x) are in F. Then the linear transformation 


(1): S: zre zxrsS =x) — rz 
4s an involution of A such that x+xS=ti(x), and x(xS) =(xS)x =n(x). 


The conclusions are trivial except for showing that S is an involu- 
tion of A. Clearly S*=I. By Lemma 2 we have (zy). (xy)S=n(xy) . 
= n(x) -2(y) = (x-2S)-(y). It follows from the Theorem of Artin that _ 
(xy)S = (xy) + (ey) + (ey) S = yee (aS) - nly) = ny) - yS) 
al(yS yy (25) =yS-xS. Hence S is an involution of A. 


LEa 4. Let B be an alternative algebra of order 2s over F defined as the 
supplementary sum B=f,D+ ---+f,D, where D=(1, m), =u ta, 
—4o 1, frml, fl=y7. 0, yı in F, d fe=fi dS for al din D, S as in 
(1), (¢—m2,--+-, s). Then, of B is a proper subalgebra of an alternative 
division algebra A of degree iwo over F, there exists an element gin A, 
but not sn B, such that 


(2) E = y * 0, y in F, and xg = g(xS) 
holds for a x in B. ; 


It is evident that f,D -f,DED and that the intersection (fD -faD) 
(\D=Q for Jk, Jj, R=1, 2,---, s. In order to establish (2) it is 
sufficient to prove the existence of g with the trace t(xg) =0 for all x 
of B. Now if y is any element of B, then y=d,-+/feds+ -- + +/,d, with 
d; in D. But t(f,d,) =0 for 7*1. Hence é(y) = #(d)). 

Let v be an element of A not in B, and write g=™(Ai-+Agu;) 
Hha tuut - +> +f, Antnu) +09, where the A; are undeter- 
mined coefficients in F. Denote é(f,0) by ma,1 and (faa: o) by ps). 
Then the existence of g satisfying (2) is equivalent to the existence 
of A; (+= 1, - -+ , 2s) in Feuch that 


i(g) = 2+ Às +a =0, 
ug) = MHH) Piu S0, 
HD = QyAspat YArhi=0, fa2--+ yg, 
i(f ja g) = Yap 2aæy Aarhus 0, J= e,n 


But the determinant A of the coefficients of this system of linear equa- 
tions is A= (1+4a)-[]$73(—1—4a) 0. Hence the desired solutions 
A; exist. 

An algebra Q is called a quaternion algebra if Q=(1, tis, ts, %4), 
ty = ye, U tga, Ua =p, urua = usl l — ur), where a and 80 arein F, 


$ 
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—4aæax*1. Moreover, Q is a division algebra if and only if there exist 
no À and p in F such that 8 =A*+Au—ay?, 

An algebra C is called a Cayley-Dickson algebra if C=Q-4-g0, with 
elements s=x-+gy, where x, y are quaternions, and multiplication is 
defined by 


(3) (x1 + gy) (za + gy1) = (tite + yyri yS) F glS 92 + zay), 
where g?=y 40 in Fand S is the involution (1) of Q. 


THEOREM 2. An alternative algebra A over F is a division algebra of 
degree two over F sf and only if A ts one of the folowing: 

(a) a separable quadratic field, or an inseparable field of exponent two, 
` (b) a quaternston division algebra Q, or 

(c) a Cayley-Dickson algebra C=Q-+gQ, where Q ts a division alge- 
bra and there exsst nod, u, p, o in F such that 


(4) y = M + Ay — ay? — Bp? — Bpo + af’. 


If A is generated by less than three elements, then A is associative 
and is either (a) or (b). Otherwise, if the characteristic of Fis not two, 
A contains a quaternidn subalgebra Q as in (b), and an element v 
which is not in Q. If the characteristic of F is two, consider two 
cases: if A is commutative, then A is associative’ and is either (a) 
or (b). If A is not commutative, there exist two noncommutative 
elements x, y. These generate an associative, noncommutative sub- 
algebra (a quaternion algebra Q) of A. Also there exists an element v 
of A which is not in Q. 

The algebra Q is a particular example, s=2, of the algebra B de- 
fined in Lemma 4, f: = 43, y2=8. Thus there exists an element g in A, 
but notin Q B, satisfying (2). Then A contains 47 =B-+ 8B, the ele- 
ments s of A» being expressible uniquely as s=x-+-gy for x, y in B. We 
make effective use of equation (2), Lemma 1, and the Theorem of 
Artin in proving that Ag is an algebra in which multiplication is de- 
fined by (3). l 

For (ey) Eyd = EDS 2) = le eS) le = [Or oS) gle = (ra yS 
= Yys:Yı5. Also from the fact that yiS = y~4.iSy = y yS: g? 
= yi(yS gjg = Y (gy)g, it follows that g(xay1) = (yiS-xaS)g 
= [Ly eyg} xS] = ey) [e(xaS-g) | =~ "(gy1) [e(gxs) | =y (gy) 
‘(yxa) = (gyi)xs. But then xı=y(g-x189)g and g(y2S-x1) = (gx1) -YS 
also. Hence xi(gya) = [y~"(g-x15)g](gys) = y lels: g) }(y2S-g) 
= yig (eS: g)ySt]e = vel (gadoS} le = vy le {eos} Je 
my} (yye.S - 01) g = 2(41S- y1). Hence equation (3) holds. 

T A commutative alternative algebra over a field of characteristic not a is 
associative. See M. Zorn, Theories der Alternaiisen Ringe, op. cit. 
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Having shown that any alternative division algebra of degree two, 
which is not associative, must contain the algebra Ao, we need now 
only to prove that A, is actually an alternative algebra and is not a 
proper subalgebra of any alternative division algebra of degree two. 
We may readily verify these conclusions if we refer to the matrices 
corresponding to the linear transformations we have used. Thus, for 


zs=x+ gy in Áo, 
( R, r) 
R, = ; 
yl, L 


( L, **) 

L, = 

YRys Lss 

where the matrices Re Le +--+, Sare the 4-by-4 matrices of the linear 
transformations induced on Q by the corresponding transformations 
on Á. Computation, involving the associativity of Q, yields Ra = (R,) 
and La=(L,)*. Hence the Cayley-Dickson algebra C= Ao is alterna- 
tive. If C were a proper subalgebra of A, then A would contain a new 
Ao™=C+hC with multiplication defined by (5), x and y being in C. 
But computation with the matrices above reveals that if A» were 
alternative, C would be associative, which it is not. 

Condition (4) follows from Lemmas 2 and 3. Lets ==x-+ gy with x, yin 
O, and let S be defined by (1). Then n(s) =s-3S5 = (4+ gy) (2S+yS- gS) 
=(xt+gy)(xS—gy) =x-xS—yy-yS=n(x) —yn(y). Now C is a divi- 
sion algebra if and only if n(z)=0 for every nonzero s in C. But 
n(x) —yn(y) =0 if and only if y=n(x)[n(y) | =n(xy") =n(v), the 
norm of v for some vin Q. Leto=A+uus+ pustow. Then C is a divi- 
sion algebra if and only if there exist no à, wu, p, ¢ in F such that 
y =n(v) =0-05 =)h?+-dAu — au? —Bp? —Bpo +-aBo?. 

We may combine the results of Zorn and Theorems 1 and 2 in the 
following manner and say: an alternative, but not associative, alge- 
bra A over an arbitrary field F is central simple if and only if A isa 
Cayley-Dickson algebra over F. ) 


(5) 


3. Isotopes of alternative algebras. Albert has proved that an 
algebra A with a unity quantity is associative if and only if every 
isotope of A with a unity quantity is associative and is equivalent 
to A. We consider here the corresponding problem for alternative 
algebras. 


THEOREM 3. Let A bean alternative algebra, and B be an isotope of A 
with a unity quanitiy. Then A has a unity quantity, and B ts alternative. 
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For B is equivalent to a principal isotope A, of A, in which products 
(a, x) are defined by (a, x) =aR® with R® =PRn for nonsingular 
transformations P, Q. (In terms of left multiplications, (x, a) =aL® 
with L® =QL,p.) Let e be the unity quantity of Ao and k =e0. Then 
I= R® =PR,, and R, is nonsingular. Similarly if k =eP, then Ly is 
nonsingular, and it follows from the proof in §1 that the algebra A 
has a unity quantity. i 

Now P = Ry! =R. Hence RO = RR = LiRyieg laa by Lem- 
ma 1. That is, R® =HRensH—! where H=L, and T=OQL;". 
Hence Ao is equivalent to an isotope Á of A in which products are de- 
noted by [a, x] =a RẸ where RP = Ror. Also [x, a] =aL® where L® = 
TL, Let f be the unity quantity of A: Then I=L =TL; and 
T=L7'=Lm. Hence RY =Ryte Therefore Ry =R? = Rz, 
= R paeo = Riy = RRi = RP RP since A is alternative. Since 
B is equivalent to Á, it follows that half of the alternative law holds 
in B. i 

But similarly B is equivalent to an isotope As of A in which prod- 
ucts are denoted by {x, a} =aL® where L® = Laen, the element c being 
the unity quantity of 4: Then LP, =L2L, and the second half of 
the alternative law holds in B. 

We complete the study of isotopy for simple alternative algebras 
by proving the following theorem. 


THEOREM 4. Let A be a Cayley-Dickson algebra, and B be any isotope 
of A with a unity quantity. Then B és equivalent to A. 


Any isotope with a unity quantity of a central simple algebra A 
with a unity quantity is also central simple. Therefore, any isotope B 
with a unity quantity of a Cayley-Dickson algebra A is alao a Cayley- 
Dickson algebra. We shall show that B is equivalent to A. 

For B is equivalent to an algebra Ai in which products are denoted 
by [s, x] =<aR where RP =Ry+,, the element f being the unity 
quantity of Ai. Now f,as an element in A, is contained in some qua- 
ternion subalgebra Q of A. Let x range over Q, and R be the subspace 
of A: consisting of all elements fx. Then x+«+fx is an equivalence of Q 
and R. For since Q contains f and is associative, [fx, fy] =fxRy-y, 
=f(xy) for all x, y in Q. 

Let S be the involution of Q defined by (1), and let s=fx. Then 
the transformation 


U: s¢+sU = f(xS) 


is the corresponding involution of R. Now A =Q+¢g0 as in (3). Also 
A,=R-+wk, where w=<fg (and where the multiplication defining wR 
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is of course the multiplication in 41). By the proof of Theorem 2, in 
order to show the equivalence of A and A; it is sufficient to show 
that [w, w]=yf and [w, s]=[sU, w] for every s of R. But [w, w] 
=w o) = (fg)(f fe) = fe = yf, and [w, s] = ws) = COF Ye) 
= (fg)x = g(x -fS) = (f-xS)g = (f-xS) F- Yg) =sU(f-w) = [sU, w]. This 


proves the theorem. 
NewrorT News, VA. 
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ON FIBRE SPACES. I a 
RALPH H, FOX 


In subsequent papers I propose to investigate various properties 
of fibre spaces.! The object of the fundamental Hurewicz-Steenrod 
definition! is to state a minimum? set of readily verifiable conditions 
under which the covering homotopy theorem! holds. An apparent 
defect of their definition is that it is not topologically invariant. In 
fact, for topological. space X and metrizable non-compact space B the 
property “X is a fibre space over B” depends on the metric of B. 
The object’of this note is to give a topologically invariant definition 
of fibre space and to show that (when B is metrizable) X is a fibre 
space over B in this sense if and only if B has a métric in which X isa 
fibre space over B in the sense of Hurewicz-Steenrod. Since the defini- 
tion of fibre space is controlled by the covering homotopy theorem, 
an essential part of my program is to give a topologically invariant 
definition of uniform homotopy. 

Let x be a continuous mapping of a topological space X into an- 
other topological space B. Let A=A(B) denote the diagonal set 
> +ea(b, b) of the product space BXB and let # denote the mapping 
of X XB into BXB which is induced by the mapping w according to 
the rule x(x, 0) = (x(x), b). Thus the graph G of r is the set #~1(A), 
and x~i(U) is a neighborhood of G whenever U is a neighborhood 
of A. 

Any neighborhood U of A determines uniquely a covering of B by 
neighborhoods Ng(b) according to the rule b E€ Ny(b) when (b, b) EU. 


Received by the editors January 13, 1943. 

1W. Hurewicz and N. E. Steenrod, Proc. Nat. Acad. Sci. U.S.A. vol. 27 (1941) 
p. 61. 

1 How well they succeeded in this will be indicated in my next communication. 
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However not every covering of B by neighborhoods need arise in this 
fashion—although the star neighborhoods of any open covering of B 
may always be so generated. i 
A slicing function @ for 7 is any continuous mapping defined over 
#z—1(U) for some neighborhood U of A, with values in X, which satis- 
fies the conditions 
rlz, b) = 6, 
ex, r(x)) = 2, 


whenever ¢ is defined. I shall call x a fibre mapping relative to U if 
it has a slicing function defined over #~'!(U). If x is a fibre mapping | 
shall say that X is a fibre space over the subset r(X) of B. Since U 
is a neighborhood of A, r(X) is open and closed in B. | 
This new definition is equivalent to the old one if the base space is 
compact metric (so that the Hurewicz-Steenrod definition is topo- 
logically invariant in this case). In fact, for metric space B, let oe de- 
note that neighborhood of A which determines the covering of B.by 
«spheres. Clearly X is a fibre space (relative to r) over the metric 
space r(X) in the sense of Hurewicz-Steenrod if and only if r has a 
slicing function defined over #~!(c,) for some ¢>0. Hence, 4f m ts a 


- -fibre mapping and x(X) ts compact meirizable then X ts a fibre space 


over x(X) in the sense of Hurewscs-Steenrod no matier how x(X) 4s 
metrized. © r 

Now let B denote an arbitrary metrizable space, let U be a neigh- 
borhood of A and let x be a fibre mapping whose slicing function is 
defined over #~1(U). For simplicity, assume also that (X) =B. To 
show that X is a fibre space in the sense of Hurewicz-Steenrod when 
B is properly metrized it is clearly sufficient to so metrize B that 
o,C U for some e>0. 


LEMMA.’ If B 4s metriszable and U ts an open neighborhood 7 ALB) 
then B can be so metrised thai oC U. 


Choose any random metric d for B. Since BXB is metric, hence 
pormal, it is possible to define a continuous function fE [0, 1]»x2 
such that 


0 when (b, b) EA, 
1 when (b,b) EBXB-U. 
Let ¢ denote the (continuous) mapping b—fs, where fi(b0) =f(b, bo). 


? This proof is modelled after a proof in André Weil, Sxr des espaces à structuré 
uniforme si sur lo topologie génfrale, Actualités Scientifiques et” Industrielles, no. 551, 
1938, p. 15. 


f(b, be) = f 
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` The = p =p ae a(b, (b)) of ọ is homeomorphic to B. The metric. 
of B’ is induced by the metric of the product BX [0, 1]? and is given 
by the formula ` 


-BL BY) = {Pn bs) + PEB), D0) J, 


where b and 6’ denote corresponding points of B and B’. If now 
(bi, by)€o, then 6(b{, by)<1, hence d(ġ(bı), ġ(b:1))<1, hence 
supe |f(bi, b)—f(bs, b)| <4. It follows that f(b, bs) =|f(bi, ba) 
—f (ba, ba) | <1, so that (bı, ba) EU and (b/, bi) EU. 


THEOREM. If x ts a fibre mapping and B ss metrezable then the metric 
_ of B can be so chosen that X ss a fibre space over x(X) (relative to x) 
in ihe sense of Hurewtcs and Steenrod. : 


I conclude by defining uniform homotopy and stating the covering 
homotopy theorem for general fibre spaces. If k is a homotopy in B 
of a space Y and U is a neighborhood of A I shall say that A is uniform 
with respect to U if there is a 8>0 such that |f—#’| <ô implies that 
Lrer(hy, À), BO, #))CU.. Let Bee D osure siiri? rerGO, 8, 
k(y, t), so that EoCA and E,CBXB. Clearly the neighborhoods U 
with respect to which 4 is uniform are those which contain an Æ; for 
some 6>0. Thus k is always uniform with respect to BX 8B; in the 
event that Y is compact 4 is uniform with respect to every neighbor- 
hood U. I shall call a homotopy A* in X a covering homotopy (with 
respect to x) if 

(1) xh* =k, 

(2) ko, yy) nes to a point whenever hio, (vy) degenerates 
to a point. 

' Ishall refer to the mappings ho and Ay as the initial values of the 
homotopies k and h*, respectively. With these notations the covering 
.homotopy theorem for fibre mappings reads thus. 


THEOREM. Given a fibre mapping «CBX relative to U, a mapping 
EXT and a homotopy hin B, uniform with respect to U, wrih instal 
value Tg, there exssis a covering homotopy h* in X with intiial value g. 

- The covering homotopy A* is constructed stepwise! and is easily 
seen to be uniform with respect to U*=#—1(U) where #(x, x’) 
= (x(x), (x’)). Of course if U is a o, the neighborhood U* of A(X) 
need not be ag.(X). 
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CHAINS IN PARTIALLY ORDERED SETS 
OYSTEIN ORE 


1. Introduction. Dedekind [1] in his remarkable paper on Dual- 
gruppen was the first to analyze the axiomatic basis for the theorem 
of Jordan-Hdider in groups. Recently there have appeared a consider- 
able number of investigations in this field; one should mention the 
contributions by Birkhoff [2], Klein-Barmen [3, 4], Uzkow [5], 
George [6], Kurosch [7], and the author [8, 9]. Most of these papers 
deal particularly with the conditions which it is necessary to impose 
upon a structure or lattice in order to assert that the chains between 
two elements have the same length. 

In the present paper the general problem of comparing chains in 
partially ordered sets is considered. It seems remarkable and some- 
what surprising that one can formulate a theorem about chains in 
arbitrary partially ordered sets which contains the theorem of Jordan- 
Holder as a special case when applied to more restricted systems. This 
theorem yields for partially ordered sets, hence by specialization also 
for structures, a necessary and sufficient condition for the chains to 
have equal lengths. 


2. Simple cycles. Let us indicate briefly the terminology which we 
shall use. The basic partially ordered set to be investigated shall be 
denoted by P. An element x in P lees between two elements a Db when 
ax b and properly between them when the two possibilities a =x 
and b= are excluded. An element a is prime over b and b is prime 
under a when a6 and there are no elements properly between a 
and b. A chatn is an ordered subset of P. A finste chain between a and b 
has the form 


=DD DaD a= 5 


where n is the lengik of the chain. A chain is complete when it is not 
possible to intercalate further terms in it. Through transfinite induc- 
tion one can prove that any chain is contained in some complete 
chain. , 

Now let Cı and Cy be two complete chains joining two elements 
aDb in guch a manner that they have no elements in common except 
the end points a and b. Such two chains shall be said to form a stmple 
cycle when the following condition is fulfilled: 

Simplo cycle. There shall exist no elements properly between a and b 
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containing or being contained in two different elements cı and c3 be- 
longing to Cı and Cs, respectively. 

The two chains C and Cy shall be called the components of the sim- 
ple cycle they constitute. 

To clarify the definition of a simple cycle let us observe that it is 
tacitly assumed that cı and c3 are different from the end points a and b 
of the cycle. The definition clearly excludes that any cı in C, contains 
a cin Cy or conversely. 

We shall denote by Cf some complete chain from a to &. If C$ passes 
through the two elements mDn we shall write C for the part of the 
chain connecting m with ». Now let Dg be some other complete chain 
between m and » so that a new chain Di may be formed from C by 
replacing Cr by Dy. When in this case the two chains C7 and DÌ to- 
gether form the components of a simple cycle we shall say that D} 
has been obtained from Cy by a stmple deformation. Finally we shall 
say that two arbitrary chains C$ and Dj between a and b are related 
and one has been obtained by deformation from the other when one 
can proceed from one to the other by a series of successiye simple de- 
formations. 


3. Related chains. By means of these concepts we can prove the 
following theorem which is basic for the comparison of chains in par- 
tially ordered sets: 


THEOREM 1. Let P be a partially ordered set in which the chasns be- 
tween two elemenis have a bounded length. Then any two complete chains 
between two elements a Db are related. ` 


Proor. The theorem is evidently true when a is prime over b. In 
this case the longest chain between a and b has the length 1. The theo- 
rem may therefore be proved by means of induction with respect to 
the length of the longest complete chain connecting the two elements 
aDb. We assume that the theorem holds for all pairs of elements 
a’ Db’ for which the maximal chain has a length leas than # and prove 
it for any pair a Db for which a maximal chain Cj has the length a. 
We shall have to show that if D} is any other complete chain connect- 
ing a and b then D$ can be obtained from Cj by a series of simple 
deformations. 

One can immediately exclude the possibility of Cj and Dy having 
elements in common other than a and b because in this case the de- 
sired result follows from the induction assumption. In the case where 
Cy and D} form a simple cycle the result is trivially true. It may there- 
fore be assumed for instance that there exists an element m properly 
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between a and b such that m contains an element c in Cj and an ele- 
ment d in D}. Correspondingly there exist complete chains 


(1) he RG... 
Since the chain 
(2) En +F, 


joins a to c and since the maximal length between a and c is less than # 
it follows by the induction assumption that Cf and the chain (2) are 
related. Thus also Cy and the chain 


(3) C= Ea +F +C 
are related. But the two chains 


(4) Eae Giap 


are also related as a consequence of the induction so that C’ and the 
chain 


(5) Cran E E E E a 


between a and b are related. Finally one sees that C” must be re- 
lated to 


(6) Di = De+ Da 


so that the theorem is proved. 

As a referee of this paper Professor S. MacLane observed that 
Theorem 1 holds also when one assumes only that the chains between 
any two elements are finite. A proof of this fact will be published 
subsequently. This gives a more direct proof of Theorem 2. 


4. The main chain theorem. To obtain the analogue of the Jordan- 
Holder theorem that any two complete chains between a and b have 
the same length it is obviously necessary that the two components in 
a simple cycle have the same length. But conversely, if this is the case 
the length of a chain does not change by simple deformations, hence 
related chains have the same length. From Theorem 1 one concludes 
therefore that if the chains in the partially ordered set are bounded 
in length, the necessary and sufficient condition for the Jordan-Hdlder 
theorem to hold is that the two components in a simple cycle have the 
same length. We shall not formulate this as a theorem since we shall 
derive the stronger result: 


THEOREM 2. Let P bea partially ordered set in whick a chatn between 
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two elements 1s always finste. Then the necessary and sufficient condstion 
that any two complete chains connecting two elements ab have the same 
length is that the two components tn a simple cycle have the same length. 
In this case the two complete chains are always related. 


Proor. The condition is obviously necessary. To prove the suff- 
ciency we observe first that the theorem is true when a is prime over 
b. Again we can use induction, but this time we shall prefer to use 
induction with respect to the length of the shortest complete chain 
connecting the two elements a Db. This procedure corresponds more 
closely to the ordinary proof of the theorem of Jordan-Hdlder in 
groups and structures. We assume that the theorem holds for all pairs 
of elements a’ Db’ which can be joined by a complete chain of length 
less than # and prove it for any pair aDb which can be joined by a 
complete chain Cj of length n. We shall show that if D$ is any other 
complete chain connecting a and-b then D$ can be obtained from Cf 
by a series of simple deformations. 

As before we can exclude the case when G and D$ have elements in 
common other than a and b and also the case where a and b forma 
simple cycle, since then the result is.true by assumption. It may be 
assumed therefore as previously that there exists an element m prop- 
erly between a and b such that m contains an element c in Cf and an 
element d in Dj. Correspondingly there exist complete chains (1). 
Since the chain (2) joins a to c and since the chain Cf has shorter 
length than » it follows by the induction assumption that C$ and the 
chain (2) are related. Thus also Cf and the chain (3) are related and 
have the length n. But then the two elements mb) are connected 
by a complete chain of shorter length than » so that the two chains 
in (4) are related and have the same length according to the induction 
assumption. Consequently the two chains in (3) and (5) must be re- 
lated and: have the same length n. From this result one concludes 
finally that the two chains i 


Ea +G, Di 
must have a length shorter than #, so that they are related and we 
have shown that D$ and (5) are related and have the length n. This 
concludes the proof since we have shown successively that the chains 
C$, C’ in (3), C’’ in (5) and Df are related and have the same length. 
In Theorem 2 the finiteness condition for all chains in P is not,ab- 


solutely necessary. One can prove the following somewhat more gen- 
eral result: 
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THEOREM 3, Let P be a parttally ordered set with the property that 
when at least one of the componenis in a simple cycle has a finste length 
then both of them have the same length. If two elements a_Db in P can be 
~ connected by a complete finite chain then all complete chains between a 
and b are related and have the same length. 


The proof is a simple extension of the proof of Theorem 2. One uses 
induction with respect to the length # of the shortest complete chain 
connecting aDb. With the same notations as before let CG) be the 
finite complete chain of length n between a and b, and Dy some com- 
plete chain to be compared with Cy. As before one can assume that 
the two chains have no elements in common and that they do not 
form a simple cycle. Consequently there exists an element m and the 
corresponding chains (1). By the induction assumption the chain (2) 
must be finite and related to Cf, consequently the chains Cf and C’ 
in (3) are related and have the same finite length. By the same argu- 
ment one passes from C’ to C” in (5) and again from C” to D$. 


5. The quadrilateral condition. The theorems derived in the pre- 
ceding express results on the comparison of chains in partially ordered 
sets which appear to be about as general as one can expect to obtain 
them. In most applications where such theorems have been derived 
they have been obtained under considerably stronger conditions. 
These conditions are in many cases included in the condition: 

Quadrilateral condition. When a and b are two different elements in 
a partially ordered set, both contained in some element u and both 
prime over the element d, then there shall exist at least one element m 
also contained in u and prime over both a and b. 

The geometric interpretation of this condition on the basis of the 
diagram of the partially ordered set is simply that when the two sides 
(a, d) and (b, d) occur in that part of the diagram which is below #, 
there shall also exist two other sides (m, a) and (m, b) in the same part 
of the diagram completing the quadrilateral (a, d, b, m). Theorem 2 
gives immediately this result: 


THEOREM 4. Let P be a partially ordered set satisfying the quadrat- 
eral condition. The chains between any two elements a_b are supposed 
to be finito. Then any two complete chains between two elements a Db 
have the same length and one can be obtasned from the other by successively 
replacing two consecuisve sides (a1, Gs) and (as, G3) by two other sides 
(Gy, ba) and (by, G3) in a quadrilateral. 


Proor. Under the given conditions every simple cycle must be a 
quadrilateral. 
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It is possible to extend Theorem 4 to partially ordered sets in which 
- the finiteness condition does not hold. It then takes the following 
form: 


THEOREM 5. Let P bea partially ordered sei salssfying the quadrsat- 
eral condsiton. If in P there extst two complete finite chains connecitng 
hwo elements a Db then both chains are related and have the same length. 


PROOF. Except for one additional difficulty one can use the argu- 
ments of the ordinary proof of the Jordan-H8lder theorem. Let 


GHD: D in) = 4, 
a Db Dre Dba DG =) 


be the two complete chains connecting a and b. As before we use in- 
duction and assume that the theorem is true for all pairs connected 
by complete chains of length less than ». As a consequence one can 
assume that 4,1 b1. From the quadrilateral condition follows the 
existence of an element m contained in a and prime over a,_; and 
b,_1.-Corresponding to (1) we introduce the complete chains 


(7) 


Emi Fag: Gia 


where the last two have the length 1. If one can now assume that the 
chain Fy, may be taken to be of finite length, the arguments used in 
the proof of Theorem 1 can be applied to show that both chains in 
(7) are related and have the same length. 

It remains therefore only to establish the existence of a finite com- 
` plete chain between a and m=<m,_3. If by chance m,_s=Ga_2 this is 
~trivial. But when m,_3:>£a,-3 there exists by the quadrilateral condi- 

tion some element m,_3 contained in a and prime over a,_. and Mas. 
Again the finite chain exists when ma-s" Gas. If this is not the case 
there is an element m,_4 prime over m,_3; and Gas. Clearly the repeti- 
tion of this process must eventually give a finite-chain between a 
and m. 

It should be noted that in Theorem 5 there is no statement about 
the infinite chains between a and b and the existence of infinite chains 
is by no means excluded. 


6. Weak quadrilateral condition. The quadrilateral condition may 
be weakened in the following manner: 

Weak quadrilateral condition. When a and b are distinct elements 
prime over d there shall exist at least one element m prime over 
a and b. 


564 i ' '  OYSTEIN ORE [August 


This condition is no longer sufficient to prove that any two finite 
. complete chains between two elements ad in the partially ordered 
set have the same length. It is however sufficient to prove that cer- 
tain special chains have the same length. This is expressed in the 
theorem: 


THEOREM 6. Let P be a partially ordered set with a unsversal element 
u containing all others and satisfying the weak quadrilateral condition. 
If there exist two finite complete chains between u and some element a 
then both chatns have the same length and are related. 


The proof may be omitted’since it involves only a slight modifica- 
tion of the proof of Theorem 5. For the case where P is a partially 
ordered set in which all chains from u to arbitrary elements a are 
finite, the fact that all chains have the same length is a result which 
has recently been established by Newman [10]. 


7. Application to structures. The preceding theory may now be 
specialized to the case of structures or lattices. It is clear that in any 
structure 2 both the quadrilateral condition and the weak quadri- 
lateral condition take the form of the so-called 

_ Birkhoff condition. When a and b are prime over their cross-cut 
af\b, the union ab shall be prime over a and b. 

When this condition is satisfied in a structure, Theorem 5 gives 
the main result that finite complete chains between two elements 
ab are related and have the same length. This is even a little more 
than the usual formulation for structures satisfying the Birkhoff con- 
dition since one ordinarily assumes that al} chains between two ele- 
ments are finite. 

But the main Theorem 1 and its consequences in Theorems 2 and 3 
go so much further that it is possible to use them to formulate a 
necessary and sufficient condition for the equality of the lengths of 
chains in a structure. Let us consider first the criterion for a simple 
cycle in a structure. We denote by C$ and D} two complete chains 
connecting a and b. Then one sees that these two chains are the com- 
ponents of a simple cycle if and only if for every pair of elements c 
and d different from a and b and belonging to Cj and Dj, respectively, 
one has 

cud = a, c{\d = b. 


This form for the definition of a simple cycle makes it natural to 
introduce the concept of 
Cyclic structure, A structure is cyclic when it consists of two chains 


1 
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C and D connecting a universal element a with a zero element b such ` 
that 


(A) d= a, c{\d=b 


" 


for all elements c and d in C and D, respectively. l 
In other words a cyclic structure is a structure whose elements 
form a single simple cycle. Let us also say that a cyclic substructure 
S of a structure È is complete in 2 when the two chains in Z defining ` 
S are complete. Thus the simple cycles in_a structure are thé com- 

plete cyclic substructures. 
We can now state the main theorem on the E of the 
lengths.of chains in structures as a direct consequence of Theorem 2: 


THEOREM 7. Let È be a siructure in which the chains between two 
elements are finite. The necessary and sufficient condition that all com- 
plete chains in È between two elemenis a and b have the same length is 
that in any complete cyclic substructure the two defining chains always 
have the same length. 


- 8. Application to groups. To conclude let us mention one further 
problem which is connected with this theory of chains. The theorem 
of Jordan-Hdélder for principal chains (each subgroup in the chain 
normal in the whole group) in groups follows from the theory of 
Dedekind structures. The ordinary Jordan-Hdlder theorem for com- 
postiton sertes (each subgroup normal in the preceding) is however 
not so directly a consequence of the structure theory. This has been 
. observed by various authors and extensions of the abstract theory 
have been proposed to remedy this deficiency (Uzkow, George, 
Kurosch). Let us remark that the preceding theory is sufficiently 
general to solve this difficulty. The partially ordered set of all sub- 
groups occurring in a composition series of the group satisfies the 
(dual) quadrilateral condition and its complete chains are the com- 
position series in the group, hence they are all related and of the 
same length. [In detail: H A DB are two composition groups, that is, 
both occur in some composition series, there exists a. composition. 
series containing both. When GDBiD--- DB,DBD-:-:- is the 
composition series containing B one obtains the composition series 
from A to B explicitly as 


ADB(\AD::- DBA DB. 


The quadrilateral condition expresses only that if Mı and Ms are 
maximal normal subgroups of A then the intersection M: Mı is a 
maximal normal subgroup both of M, and M,. | 
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YALE UNIVERSITY 


A CONJECTURE OF ORE ON CHAINS IN 
PARTIALLY ORDERED SETS 


SAUNDERS MacLANE 


In a recent investigation, Ore! has given a form of the Jordan- 
Hölder theorem valid for an arbitrary partially ordered set P. This 
theorem involves essentially the deformation of one chain into an- 
other by successive steps, each step being like that used in the con- 
ventional Jordan-Hélder theorem. Ore observes that his first theorem 
would be slightly easier to apply if it were proved under a weaker 
hypothesis. The modified theorem runs as follows:? 


THEOREM. If P ss a partially ordered sei in which every chain joining 
two elements is finite, then any complete chain between two elements b <a 
can be deformed into any other complete chain between the same two 
elements. 


The proof rests on this lemma: 


Leama. Under the hypothesis of the theorem, if C is a complete chain 
from b toa which cannot be deformed into the complete chain D from 
b to a, there exisi in P elements b'<a’ and complete chains C’ and D' 
from b' to a’ such that C’ cannot be deformed into D' and such that 
bb’, a’ Sa where esther b<b’ or a’ Ka. 


Proor. Case 1. C and D have in common the element e, b<e <a. 
Then either Cj cannot be deformed into D}, or Cf cannot be deformed 
into D$. In these two cases, set b’ =b, a’ me or b’ me, a’ =a, respec- 
tively. 

Case 2. C and D have no elements in common. Since C cannot be 
deformed into D, they cannot together constitute a simple cycle. 
There will then exist, say, elements c in C and d in D with b<c<a, 
b<d<a and an element m in P with cSm<a, dSm<a. Because of 
the hypothesis that every chain in P joining two elements is finite, 
there will exist in P finite complete chains ER, Ff, Gy. Then b is 
joined to a by four complete chains, 


C+C.  C+Fo + Em 

r} = € d a 

Di +Ga + En, Di + Da 

Received by the editors December 15, 1942. . 
1 Oystein Ore, Chains in partially ordered sets, Bull. Amer. Math. Soc. vol. 49 


(1943) pp. 558-566. 
3 Terminology and notation follow the paper of Ore. 
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‘Since C cannot be deformed into D, one of the following three defor- 
mations must be impossible: 


Cor +E, GHE SD, +G, 
Gi + Ea > Ds. 
In the first case we set a’ =a, b’ =c; in the second case, a’ =m, b’ ob; 
in the third case a’ =a, b’ =d. In each case we have the conclusion of 
the lemma. 

To prove the theorem, suppose that P were to contain two com- 
plete chains C and D joining b to a in such wise that C cannot be 
deformed into D. By induction on 2, the lemma gives in P elements 
G=Go202:°: 2a, and b=b Sb Sba Sa, such that for each + 
either a;.1>a; or 0,.1<b, ((=1,---, n), and such that there are 
complete chains Ca, Da joining ba to a, with C. not deformable into 
D,. This construction can be carried on indefinitely, using the axiom 


of choice to select at each stage a definite pair Ga41, bays. This pro- 
duces two sequences of elements a,j, b, with 


ba Sb SaS S's: SHYT GH. 


Furthermore, the inequality sign holds an infinite number of times 
here, so that we obtain an infinite chain joining b =b; to a =o, con- 
trary to the hypothesis of the theorem. 


HARVARD UNIVERSITY 


ON IRREDUCIBLE CONTINUOUS CURVES 
MARTIN G. ETTLINGER 


This paper deals with the existence of continuous curves containing 
compact and closed point sets and with certain properties of con- 
tinuous curves which are irreducible continua about point sets in 
spaces which are not necessarily metric. Previous results on these 
topics have been almost entirely for metric spaces. Thus Gehman! 
proved for the plane that, given a compact continuum, there exists a 
compact continuous curve, which is the sum of a countable number of 
arcs plus its limit points, containing it. Whyburn and Ayres? extended 
this to a space of a continuous curve in # dimensions, and Zippin? 
indicated that their argument might be modified to give the follow- 
ing: If T is a closed and compact subset of a complete metric con- 
tinuous curve S, there exists a compact continuous curve which is a 
subset of S and contains T. Zippin‘ proved that, given a complete 
metric continuous curve S and a compact, closed, one-dimensional 
subset, T, of S, such that every component of T is a continuous 
curve, and no more than a finite number of components of T are of 
diameter greater than any positive number, there exists a compact 
continuous curve which is a subset of S and an irreducible continuum 
about T. Miss Miller proved that if, in a connected space satisfying 
Axioms 0—2 of R. L. Moore’s Foundations of poini set theory, T be a 
compact and closed point set, there exists a compact continuum con- | 
taining T. . 

The concept of a continuum irreducible about a subset of itself 
was first introduced by Wilson.” Most of the past work om continuous 
curves which are irreducible continua about point sets has been done 
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„by Gehman, who obtained results* equivalent to the following theo- 
rem for the plane: If M be a compact irreducible continuous curve 
about a closed point set K, then (1) M is an irreducible continuum 
about K; (2) K contains all the non-cut points of M; (3) if H isa 
subcontinuum of M, H is connected im kleinem at every point of 
H(M—XK). He’ gave a later proof of part (2) which with very slight 
modification shows that if, in a space satisfying Axioms 0—1, M be 
a locally compact continuous curve which is an irreducible continuum 
about a closed subset K of M, K contains all the non-cut points of M. 
Zippin!® indicated a proof of part (1) if M be a complete metric 
space and K be compact. Š 


THEOREM 1. In a connecied space salisfjying Axtoms 0—2, every 
closed and compact porni set T which has no conisnuum of condensation 
ts a subset of a compact hereditary continuous curve. 


Proor. Every component of T is a continuous curve and hence is 
arcwise connected. By Axiom 2 regions may be considered as con- ` 
nected domains. There exists!! an infinite sequence Wi, Ws, Wr +> 
such that (1) for each n W, is a finite subcollection of G, covering T; 
(2) if g be a member of Wasi, Z is a subset of some member of Wa; 
(3) if H and K be two mutually exclusive closed subsets of T, and 
k be a positive integer, there exists a positive integer m such that if 
U be a coherent collection of k regions, each belonging to a member of 


the sequence Wa, Wati © +, and U* contain a point of H,'* then 
.U* contains no point of K; (4) every region of each W, contains a 
point of T, and if Pi, P:,-++ be a sequence of points such that for 


each # P, is a subset of W,, then some subsequence of that sequence 
converges to a point of T. For each region R,, in W; let P,, be a point 
of R, T. Let a,, denote an arc from Pı, to P;, which is constructed 
to lie in the component of T containing Pı, if that component con- 
tains P, Let a, be the sum of all œ; For each pair of regions, R;, of 
W, and R, of Ws, such that R,, contains R,,, let P,,,, be a point of 
Ra T. Let œ denote an arc from P,, to P,,,, lying in R,, or in the 
component of T which contains P,, according as that component does 
not or does contain P.. Let a be the sum of œ and all a,,,,. For each 


*H. M. Gehman, Irreducthie continuous curves, Amer. J. Math. vol. 49 (1927) 
pp. 189-196, 

' H. M. Gehman, Concerning certain types of non-cui points, with an application to 
continuous curces, and Concerning irreductible conisnwa, Proc. Nat. Acad. Sci. U.S.A. 
vol, 14 (1928) pp. 431-435. 

1è L. Zippin, loc. cit. 

uR, L, Moore, loc. cit. pp. 58-59, Theorem 81. 

14 The point set U* is the sum of all point sets of the collection U. 
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triplet of regions, R;, of Wi, Rẹ of Ws, and R, of Ws, such that R;, 
contains R, which contains Ri, let Pint be a point of Ra T. Let 
Qi in, denote an arc from Pias to Pain, lying in R, or in the com- 
ponent of T which contains P, according as that component does 
not or does contain Pin. Let as be the sum of as and all œi. Con- 
tinue the indicated constructions indefinitely. Let a be the sum of 
all ay. 

The point set & is a hereditary continuous curve containing T. 
First, since æ is the sum of a monotonic sequence of connected sets, 
it is connected, so that % is a continuum. Second, & contains T be- 
cause, given a point P of T and a region R containing P, there 
exists for some n a region R, of W, which is a subset of R and con- 
tains P; there then exists a monotonic sequence of regions R,,, 
Ri, +, Ri, 80 that R,, contains a point P,,...,, of a; whence R 
contains a point of a and P is a limit point of a. 

Suppose that @ contains an infinite point set K such that a+T 
contains no limit point of K. For each s, a,-+T is compact and there- 
fore contains only a finite number of points of K. Since W, covers 
a—({a,+T), Wr-XK is infinite. This contradicts part (4) of the condi- 
tion on the W,’s. It follows that & is compact and that T contains 
& — æ, 

It remains to prove that every subçontinuum of & is a continuous 
curve. Suppose that this is not true. Then there exists a subcon- 
tinuum M of &, containing a point P at which it is not connected 
im kleinem. Suppose, first, that P is not a point of T. By part (4) of 
the condition on the W,’s there exists an integer k such that no region 
Ws contains P; by part (2), if Ri, is a region of W», R., does not 
contain P. As W+ is a finite collection there exists a region R con- 
. taining P that contains no point of Wf and so contains no point of T. 
Hence R- & is a subset of R-ay. As R contains the point P at which M 
is not connected im kleinem, it contains a continuum of condensation 
of M and so of ay, the sum of a finite number of arcs. This is im- 
possible. 

Suppose now that P is a point of T. There exist a domain D con- 
taining P, and a sequence of mutually exclusive continua K, M,, 
Ms, +++ converging to K, such that (1) K contains P; (2) every. 
continuum of the sequence contains a point of D and a point of 
D—D; (3) each M, is a component of M D. Since it contains no 
point where M is connected im kleinem, K-D is a subset of T. H 
every point of K-D is a limit point of T—K-D, then if D’ bea 
domain intersecting K, D’ a subset of D, some component of K- D’ 
will be nondegenerate and a continuum of condensation of T. Hence 
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some point P’ of K D is not a limit point of T—K-D. Let D’ be a 
domain containing P’, such that D’ is a subset of D and contains no 
point of T—K-D. Let D” be a domain containing P’ such that D” 
is a subset of D’. Let D’’’ be a domain containing P’ such that D’”’ 
is a subset of D”. Let K’ be the component of K- D” containing P’. 
K’ is a nondegenerate subcontinuum of T and a subset of the limiting 
set of the sequence M; D”, Ma D”, - - - . By parts (3) and (4) of the 
conditions on the W,'s, there exists an integer k such that no region 
of Wa n2&k, intersects D” and S—D’. a,...,, lies in Ra tT, 80 
every arc @,...,,, >k, which intersects D” and S—D’ lies in T. 
Hence every arc Œi.. cm,” >, which intersects D” lies in D’ or in T; 
both end points of such an arc lie in T, by its construction, so that 
either the whole arc lies in T or its end points lie in T: D’ and so in K; 
in the latter case the end points lie in the same component of T and so 
the arc lies in T. Therefore &-D”’ is a subset of œ+ T. 

It follows that Mi D”, Ma D’’,--- are all subsets of a,+T. 
Therefore K’ is a continuum of condensation of a+ T. K’ (T—K’) 
and K’ (a,—a,-K') are closed and totally disconnected. But their 
sum ib the continuum K’. This involves a contradiction. 


THEOREM 2. In a connected space satisfying Axtoms 0-2, every 
closed and compact point set T is a subset of a compact continuous 
curve. 


Proor. By Axiom 2 regions may be considered as connected do- 
mains. Construct the W,’s and the P,,...;,’s exactly as in the proof of 
Theorem 1. Define the a,, .:,,’s as follows: œ, is an arc from Pı, to 
Pai On. -ot 18 an arc from P,,...,,_, to P,,.. iin Rau Define a, and 
a as before on this basis. It will be proved that & is a compact con- 
tinuous curve containing T. 

By the argument used in the proof of Theorem 1 it may be shown 
that & ig a compact continuum containing 7. It remains to show that 
& is connected im kleinem at every point. Let P be any point of &, 
and R a region containing P. There exists a positive integer & such 
that if R, and R, are any two intersecting regions of Wy, one con- 
taining P, then R contains R + R;. For each set of indices 41, fa, © > © , 
let L,,...¢, be the sum of all a,,....,’8, >k, whose first & indices are 
the members of that set. The set of L,,...;,’8 is finite. If œ», the sum 
of a finite number of arcs, contains P, it is connected im kleinem 
there. Let R’ be a region containing P such that (1) if P’ is a point 
of a: R’, there is a connected subset of a,-R containing P and P’; 
(2) if R’ contains a point of £,,...1,, Ls- s, contains P. Let Q be any 
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point of R’-æ. If Q is a point of ay, there is a connected subset of 
R & containing P and Q. Suppose it does not belong to ay. Then it 
must belong to some J,,...,,. Then that Li, ..-+, contains P and is a 
subset of R,,. Since R,, contains P it is a subset of R. Hence J,,...,, 
is a subset of R-& which is plainly connected and contains P and Q. 
The theorem is therefore proved. 

Theorem 2 does not remain true if “locally compact” replaces *“com- 
pact.” For let space be the sum of the intervals in the plane from 
(0, 0) to (1, 0) and from (1/n, 0) to (1/m, 1), (#>0), and let T be 
the set of points (1/n, 1). Here space is a locally non-compact con- 
tinuous curve which is an irreducible continuum about T. Further- 
more, there is a non-cut point of space not belonging to 7. 


THEOREM 3. If space satisfies Axtoms 0—1, and M is an trreductble 
continuous curve about a compact and closed subset. T of M, M isa 
compact trreductble conisnuum about T. 


Proor. By Theorem 2, M contains a compact continuous curve U 
containing 7. Since rt is identical with U, M is compact. 

Suppose that there exists a proper subcontinuum V of M contain- 
ing T. Let P be a point of M-— V, and let C be the component of 
M—P containing V. The set C is a domain with respect to M and 
hence considered as space satisfies Axioms 0—2. Hence, by Theorem 
2, C contains a compact continuous curve U’ containing T. This is a 
contradiction. 


THEOREM 4. If space sattsfies Axstoms 0—1, and M ts a locally com- 
pact continuous curve which is an trreducsble continuum about a closed 
subset T of M, every continuum of condensation of M +s a continuum of 
condensation of T. l 


Proor. The following lemma must first be demonstrated: 


LEMMA. Under the condtitons of Theorem 4, every continuum of con- 
densaiton of M is a subset of T. 


PROOF OF LEMMA. Regard M as space. Then Axiom 2 holds. Sup- 
pose that M has a continuum of condensation N which does not lie 
wholly in T. Since M is locally compact, N contains a nondegenerate 
compact continuum WN’ which lies in M—T. N’ contains a subcon- 
tinuum N” which is an irreducible continuum between two points 
A and B. Every component of M — N” intersects T since its comple- 
ment is a continuum. Since M is locally compact, N” is a subset of a 
domain D such that D is a compact subset of M—T. The set D—D 
is the sum of its intersections with the components of M — N”, and 
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each component intersects it since the component has a limit point 
in N” and in T. Since no closed and compact point set is the sum of 
infinitely many mutually exclusive open subsets of itself, M — N” has 
only a finite number of components. As every point of N” is a cut 
point of M,’ every non-cut point of N” is the boundary of some 
component of M—N’’, so the set of all non-cut points of N” is finite. 
There exists a component K of M —N” such that K N” is infinite. 
There then exist three points of K-N” which lie on the segment AB 
of N’’, such that no one of them is the entire boundary of any com- 
ponent of M — N”. Let P be that one of them which lies between the 
other two on the segment AB of N’’.“ Then KN” —P is plainly 
connected. Since N” — P contains a limit point of every component 
of M— N”, M—F is connected, which leads to a contradiction. 
Suppose now that Theorem 4 is not true. Then, by the Lemma, 
T contains a continuum N which is a continuum of condensation of 
M but not of T. Let P be a point of N not belonging to T— N. Let Q 
be a point of N — P. Let C be any subcontinuum of M which contains 
T—N+0O. Since it contains T, the continuum C+WN is M. Hence C 
contains M — N, and therefore N, so that C is M and M is an irre- 
ducible continuum about T—N+0. As N contains a point P not in 
T—N+Q, this contradicts the Lemma, and the theorem is proved. 





THEOREM 5. In a connected space satisfying Axtoms 0-2, every com- 
pact and closed potni set T with no continuum of condensahon ts a subset 
of a compact continuous curve which has no continuum of condensaiton. 


Proof. By Theorem 1 there exists a compact hereditary con- 
tinuous curve K containing T. The set K contains a continuum M 
which is an irreducible continuum about T. Since M is a continuous 
curve, by Theorem 4 M has no continuum of condensation. 

In conclusion I wish to express my deepest thanks to Professor 
R. L. Moore for invaluable guidance in the preparation of this paper. 
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NEW SYSTEMS OF HYPERGEODESICS DEFINED 
. ON A SURFACE 


P. O. BELL 


Introduction. Let a non-ruled surface S be referred to its asymptotic 
net as parametric. As a point P, moves along a curve G of S, the 
tangents at P, to the u- and v-asymptotic curves of S describe two 
ruled surfaces RX and Rj, respectively. Let S, and S, denote arbitrary 
transversal surfaces of the congruences of u- and v-tangents of S, re- 
spectively. The purpose of the present paper is to introduce and 
study systems of curves of S which will be called p- and o-tangeodesics. 


DEFINITION. A curve Cy of S whose associated ruled surface RX inter- 
sects the surface S, in an asymptotic curve of RX ts a p-tangeodestc of S. 
Similarly, a curve Cy of S whose assoctaied ruled surface R intersects 
Se in an asymptotic curve of R} ts a o-tangeodessc of S. 


The p- and c-tangeodesics of S at P, are found to be associated in 
remarkable manners with the edges of Green, the directrices of Wu- 
csynskt, and the projectsoe normal of Fubins. In fact, a new geometric 
characterization is obtained for each of these lines. 


1. Tangeodesics. If the parametric net on a non-ruled surface S is 
the asymptotic net, the homogeneous projective coordinates y(n, v) 
(¢=1, 2, 3, 4) of a general point P, of S are solutions of a system of 
differential equations which may be assumed to be reduced to ` 
Wilczynski’s canonical form 
(1.1) Yuu t bye + fy =0, Yo Hyu + gy = 0. 


The homogeneous coordinates of points p, ø on arbitrarily selected 
transversal surfaces S, and S. of the congruences of u- and v-tangents 
of S are given by the vector forms . 


(1.2) P = Ys — BY, 7 = yy — ay, 


wherein 8, æa are arbitrary analytic functions of #, v. 
Let } denote the line joining p, ø and let /’ denote its reciprocal 
at P,. The line 7’ joins the points P, and s where s is given by 


(1.3) 3 = Yay — 29a — Bye 


in which § and a are the functions in (1.2). The line }, according to 
Green’s classification, is a line of the first kind and generates a con- 
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gruence I of the first kind as P, moves over S. The line ?’ is a line of 
the second kind and generates a congruence I’ of the second kind as 
P, moves over S. 

Let Cy, denote an integral curve of the curvilinear differential 
equation 


(1.4) dy — X(u, v)du = 0. 


Regarding « as independent variable we write v’=X(u, v) and 
o” =s HAM, in which accents indicate differentiation with respect 
to 4. 

The homogeneous coordinates of a general point of the ruled sur- 
face RX are represented by the vector form 
(1.5) 9 = Ya + wy, 


wherein u and w are independent variables and v varies in accordance 
with the relation v’ =A(u, v). 

Let us put u =u(i), w=w(t), so that # describes a curve on RX asi 
varies. The necessary and sufficient condition that this curve be an 
asymptotic curve of RX is that the determinant equation 


(1.6) (4, Je + TIn J», a*4/dt*) = 0 


be satisfied. If we transform equation (1.6) by making use of equa- 
tions (1.5), (1.4) and (1.1) we obtain, in view of the inequality 
(Y, Yur Yrs Yw) 0, the equation 
(1.7) dw/du={2b?+-(b,—2bw) 0’ + (w*+2b,+/)0’?— 20’ bv’? — by” | /0’2, 
As P, moves along C, the point p moves in the direction defined by 
(1.7) if and only if w= —8 satisfies (1.7). To obtain, therefore, the 
curvilinear differential equation for the p-tangeodesics we have merely 
- to substitute —8 for w in (1.7) and clear of fractions. The result is 


(1.8) bo” —2b?— (20B-+-b,)0’ — (6?+2b,+/+Bx)0?+(20'b—8B,) 0? =O. 


The differential equation for the o-tangeodesics may be obtained 
by making the substitution 


( y” v vb d B N 
— oj 1/7 ud bag 
in (1.8). The result, on simplifying, is 


(1.9) a/o’+a .—2a’b+ (a?+2af +¢+a,)0'+(24a'at+a/ 02+ 2093 = 0, 


2. Systems of hypergeodesics which have no cusp-axes. The 
curves defined on a surface S by a differential equation of the form 


p 
"~ 
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(2.1) oft = A + Bol + Co? + Dy’? 


in which the coefficients are functions of «, v and accents indicate 
differentiation with respect to the independent variable u, are called 
hypergeodestcs.1 The envelope of the osculating planes at a point P, of 
the hypergeodestcs (2.1) is a cone which is ordinarily of the third class. 
When this cone is of the third class it has three distinct cusp-planesa 
which intersect in a line called the cusp-axts of the cone, or the cusp- 
axis of the hy pergeodestcs at the poini P,. The cusp-axis is the line 2’ 
for which æ and £ are given by 


(2.2) a=C/2, p=—B/2. 
We are interested here in those cases in which the class of the cone 


is less than three and the cone has no cusp-axis. The local equation 
of.the osculating plane at P, of the curve C, defined by (1.4) is 


(2.3) 2AT: — z) + ON — 26 + 20), = 0, 


when referred to the tetrahedron whose vertices have the general 
coordinates y, Vs; Ye, Ys. Assuming C, to be an integral curve of (2. 1) 
we replace \’ by the right member of (2.1) and put A in pa of v’. 
The result is 


(2.4) 2d(\ze — aa) + (A ~ 2b + BA + ON + [D + 20 A) = 


—_ 


The union curves of a congruence I’ form a system of hypergeodesics, 
sometimes called an axtal system, whose osculating planes at P, all 
pass through the line 2’ of the congruence IT”. Equation (2.1) repre- 
sents such a system if A =2b and D = —2a’. 

A system of hypergeodesics (2.1) for which 


(2.5) A=2b Dx —2d 


will be called, for reasons’ which appear later, a a lal system; and 
a system (2.1) for which 


(2.6) D=— 2d, A#% 


will be called a v-polar system. 
If system (2.1) is a #-polar system, the equation for the envelope 
of its osculating planes at P, may be readily found from (2.4) to be 


(2.7) (24 + Cay)? — 4(D + 20)(Bay — 2zi) ti = 


Similarly, if (2.1) represents a v-polar system the equation for the 
envelope of its osculating planes at P, may be found to be 


1G. Fubini, Fondamenti della geomeiria protettsco-differensiale di una superficie, 
Atti Accad. Sci. Torino vol. 53 (1918) p. 1034. 
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(2.8) (2x; — Bz)? — 4(A — 2b) (2z + Cza) z, = 0. 


Since the cones (2.7) and (2.8) are nondegenerate quadric cones, 
they have no cusp-axes at P,. Hence we have that nesther a u-polar 
system nor a v-polar system of hypergeodesscs has a cusp-axts at P,. 

There are two generators of the cone (2.7) which are such that the 
tangent planes of the cone along these generators pass through the 
“u-tangent to Sat Py. One of these is the v-tangent to Sat Py and the 
other is the line }’ for which 


(2.9) a=C/2, B= — B/2, 


wherein B and C are the functions appearing in (2.7). This line }’ will 
be called the u-edge of the u-polar system. 

The v-edge of a v-polar system is characterized similarly. 

Since equations (2.9) are of the same form as equations (2.2), we 
have immediately this theorem. 


THEOREM 2.1. If the coeficients B and C of the diferential equation 
of a non-polar system of hypergeodestcs are identical with the correspond- 
ing coefictents of the dsfferentsal equation of a u-polar system of hyper- 
geodesscs, the cusp-axts of the non-polar system ai P, coincides with the 
u-edge of the u-polar system at P,. 


A similar theorem applies, of course, to a v-polar system of hyper- 
geodesics. 

The forms of the differential equations (1.8) and (1.9) show clearly 
that the p- and o-tangeodesics form #- and o-polar systems of hyper- 
geodesics. For the system (1.8) we have 


= 2b, B=268+b,/b, C = (61+ 2b, + f+ Bs)/d, 
D = (B, — 20'b)/b. 


For the system (1.9) we have 


A = (206 — a,)/a’, B= — (œ + 2af +g +a), 
C= —la-~—a,/a’, D= — 2e. 

The cone (2.7) is associated with the system (1.8) of p-tangeodesics if 
A, B, C, D are given by (2.10). Similarly, if A, B, C, D are defined 
by (2.11), the cone (2.8) is associated with the system (1.9) of o-tan- 
geodesics. 

The u-edge of the p-tangeodesics (1.8) is the line 1’ passing through 
the points P, and sı, where s: is given by 31 = Yw — Qa — Bry, in which 


(2.12) By = —B—d./2b, a, = (B* + 2b, + f + Bu) /20. 


A 
(2.10) 


(2.11) 
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The v-edge of the g-tangeodesics is the line }j passing through P, 
and s; where g is given by 25 = Yus —Oa¥x —Aayy, in which 


(2.13) By = (a? + 2¢f +¢+,)/20', ay = —a — aiji. 


3. The edges of Green, the directrices of Wilczynski, and the 
projective normal. Let us apply the results of §§1 and 2 to obtain new 
characterizations of the edges of Green, the dtrecirices of Walcsynsks, 
and the projecitue normal of Fubtns. The plane which is tangent to the 
cone (2.7) of the p-tangeodesics along the -edge intersects the plane 
which is tangent to the cone (2.8) of the o-tangeodesics along the 
v-edge in a line F of the second kind which will be called the jotnt-edge 
of the systems of p- and o-tangeodestcs of S at P,. This line passes 
through the points P, and # where the general coordinates of # are 
given by 3=4yy,— ay. — Ëy., in which 


(3.1) a= — a — 8 /20, B= — B — b,/26. 

Since the functions a, 8 associated with the edges of Green are given 
by 

(3.2) a = — Gy /40, B= —b,/48, 

we have the following theorem. 


THEOREM 3.1. The second edge of Green at P, hes tn the plane x 
determined by the joint-edge of the systems of p- and o-tangeodestcs of S 
at P, and the reciprocal V of the line I joining p, o. The joint-edge 
coincides with the line I’ if and only if l is the second edge of Green. 
Any two particular planes n, and x, of the plane x (corresponding to 
selecisons pi, 71 and pa, 03) intersect in the second edge of Green. 


Let o, denote the intersection of the tangent plane toS, at p with 
the v-tangent to Sat P, and let pa denote the intersection of the 
tangent plane to Se at o with the u-tangent to Sat P,. It may be 
easily verified that the general coordinates of p, and o, are given by 
Pa Yu —BaY, Ca = Jo — Qay, Wherein Pe, a. are given by 


(3.3) pa = — (g + as + a?) /2a’, ag (f+ Bu + B) /26. 


The line /, joining pa, Ca was introduced by the author in a previous 
paper? and called the asymplotsc assoctate of the line | joining p, o. 

The plane determined by the v-tangent of Sat P, and the u-edge 
of the p-tangeodesics at P, is the polar plane of the u-tangent of Sat 
P, with respect to the cone (2.7) of the p-tangeodesics. Similarly, the 


2 P, O. Bell, A study of curved surfaces by means of ceriasn associated ruled surfaces, 
Trans, Amer. Math. Soc. vol. 46 (1939) p. 396. 
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plane determined by the -tangent of Sat P, and the v-edge of ‘the 
g-tangeodesics at P, is the polar plane of the v-tangent of Sat P, 
with respect to the cone (2.8) of the o-tangeodesics. These two polar 
planes.intersect in a line }{ which will be called the polar-axts of the 
p- and o-tangeodesscs at P,. This line may be shown to pass through 
the points P, and z, where the general coordinates of z, are given by 
£3 = Ver — Ya — Fn in which ; 


(3.4) Qy = — Qa + b/b, Brim — Pa + aw /a. 


Since the functions æ, B for the directrix }’ of Wilczynski are given 
by 


(3.5) a= $,/2b, B = ay /2a’, 
equations (3.4) are such that we have, immediately, this theorem. 


THEOREM 3.2. The second dtrectrax of Wricsynskt hres in the plane 
p determined by the polar-axts of the p- and o-iangeodesics at P, and the 
reciprocal l ,usth respect to Sat P,, of the asymptotic associate of L. Any 
two particular planes p, and p: of the plane p (corresponding to lines 
lı and h) intersect in the second directrix of Wilczynski. 


Theorems 3.1 and 3.2 may be dualized by replacing the lines 
and planes of these theorems by their reciprocals with respect to S at 
P,. The dual of Theorem 3.1 is the following theorem. 


THEOREM 3.3. The first edge of Green contains the porni P of inter- 
sechton of the reciprocal of the joint-edge of the systems of p- and o-tangeo- 
destcs of Sand the line l joining p, o. These three lines coincide tf and 
only tf the lane 1 is the first edge of Green. Any two particular potnts 
P, and P, of the poini P (corresponding to selectsons pi, cı and ps, 1) 
determine the first edge of Green. 


The statement of the dual of Theorem 3.2 will be left to the care 
of the reader. 

Finally, since the projecitve-normal of Sat P, is the line for which the 
functions æ, 8 are given by a= —(b,/2b+a,/2a’), B = —(a,/2a’+5,/20), 
and the first directrix of Sat P, is the line 4 for which a=6,/28, 
B =a,/2a’, we have from equations (3.1) this theorem. 


THEOREM 3.4. If the line | josming p, o ts the first directrix of 
Walcsynsks, the joint-edge of the systems of p and o-tangeodestcs of Sat P, 
ss the projective normal of Fubsns. 
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ZEROS AND POLES OF FUNCTIONS DEFINED BY 
TAYLOR SERIES 


MICHAEL GOLOMB 


$ 
4 


1. Introduction. With the objective of providing a straightforward 
numerical method for the determination of poles and zeros of func- 
tions defined by Taylor series this note reexamines Hadamard’s solu- 
tion of this problem, which is found in his classical thesis.1 The best 
known part of Hadamard’s solution is the criterion which enables 
one to determine the meromorphic character of the expanded func- 
tion and the total number of poles on the circle of convergence. But 
this solution also includes a method of determining these poles as 
functions of the Taylor coefficients, and Hadamard himself intimated 
that his results should prove useful in the numerical evaluation of 
poles and zeros. However, it seems that, as a device in numerical 
analysis, his method has attracted much less attention than it de- 
serves. This may be due to the fact that Hadamard’s criterion for the 
number of poles employs limits superior, which are impractical for 
numerical work. 

In this paper no use is made of limits superior, and the number of 
poles on the circle of convergence is ascertained by the process of eval- 
uating their affixes. Besides determining the polynomial whose zeros 
are all the poles of the expanded function on the circle of convergence 
with their proper multiplicities, the paper also determines the poly- 
nomial whose zeros are the different poles of highest order only. 
These results are based on an identity and an inequality for persym- 
metric determinants involving successive Taylor coefficients of ra- 
tional and meromorphic functions, which seem to be new, and may 
also prove useful in other applications. 


2. A formula for persymmetric determinants. We first are going 
to establish an identity for persymmetric determinants of the form 


Cat+i Enpa °° © Cut 
Cota Caid °° * Camel 
(m) 
(1) da m . , n= — 1,0, 1,---, 


Caim Caimti’ °° Capim 


Received by the editors August 7, 1942. 
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where the 2m— 1 numbers Cai, Cais, °° °, Catam—1 are successive co- 
efficients in the Taylor series expansion of a rational function. 

Suppose, at first, the rational function has only simple poles and 
-is of the form go(s) =} a ocas" = — > 2.104/(8—3), 210. We wish to 
evaluate d? =d [go]. Since ca=9 Zitt (n=0, 1,---), we 
have i 


~. (4-43) ~ {#-+8) — {s4 #41} 
bath To ree 
t Tm» E rig R ten 
(#) Shi ha ae ee 
da = Di i 
— (a+ p+1) (n-A p+2) —(m+2p) 
Sah Enh o ESky 


where the sum is extended over all the combinations (with repeti- 
tions) kı, ks, - - - , kp of the numbers 1, 2, - - - , p. Since the combina- 
-tions with repeated elements lead to vanishing determinants we may 
also write 


2Ip—3 27-3 »—1 
Zii Tis £ 
2p—-3 2p—4 p—i 
go fia Ss no Sr 7? 
á EES EN 
(8184 e’ 5) 742 q 
#—1 g—2 0 
fh 41, once Bi, 


The sum of determinants in the last formula is known to be equal to 
the square of the difference-prdduct of the numbers #1, %, °, S53 
hence l 


(p) —(»+3p) 
2) da [go] = Afita t ee Palea s), 
A= [J (ss — sy), k, k = 1,2,---, A. 
<b? 
Now suppose the 2p—1 numbers Cait, Cag, ' ' * Capap-1 are BUC- 


cessive Taylor coefficients of the more general rational function 


g(s) = J, cns” 
n=) 
: 7 $h, taa) 
3 ee a I tee ad eles 
(3) »(- — gy) Ph = (3 — s,)"4-1 ii = 3 — By 
sı #0, 


which has, at most, p= pit pa+ --- +9, poles (counted according 
to their multiplicities). We are going to evaluate d?’ =d® [g] as the 
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limit of determinants d formed for rational functions with only 
simple poles. 

With the numbers Z» Srs °° -, Zap, (R=1, 2,-°: , g) which 
are assumed to be different from each other and from 0 but otherwise 
arbitrary, we define the polynomial 


(4) rals) = fi + Enis — Be) +> + Sb,pyi(e — Be) PA, 
and consider, instead of the function g(s), the function 


xal2) 
OR OEDI a = — E 
ý È 2 (s — 80,1)(8 — 82,2) - + (8 — Ss, 
gi(s) has only simple poles. Its partial fraction expansion is 


re 





als) = — 2 b= 1,2,-++, ps; k = 1,2,---, 4, 
k,l SS. 
where 
, «4(Sa,1) 
hr = 


(S5,2 a Ey) ee (5,2 = Zy, 1-1) (84,1 a Bb, 14-1) aoe (S>, = Sh, my) 


Applying the first result (see formula (2)) to the function g:(s), we 
find P [gr] =AT[s tkt”, where A’ is the square of the differ- 
ence-product of the numbers ss, But J [sutr [a mi3 DA lå, 
where A= (— 1) aa] Tye (ay, 1—3,1)? Hence 


(p) i -(2-+3p} 
dy [g] = a milsa dsa, 
= (— ante Il (33,1 — 8r)’, 


a A R 
l= 1,2,- pa; m 1,2,0, po. 


(6) 


We now assume that the numbers s,,; depend on a variable 4, and 
that lim-o 84,1(8) =s; (l=1, 2,--++, pa; R=1, 2,--++, g). Instead 
of gi(z) and cè we now have g(s, ò) and c,(é8) respectively. Comparing 
(5) and (3), we see that g(s, 5) converges to g(s), c.(d) converges 
to ca, as 80. Hence d?’ [g(8)] converges to dP’ [g], as 80. More- 
over, by (4), wa(8s,1) converges to f+, as 8-0. Using all these limits, 
we obtain from (6) 

Pjg = artsy res oy”, 


(7) A = (— 1) Frm aD. II (Zp = Ey) 2 Pa? e, k, k = 1, 2, EREA 
k<i 


t 
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3. The equation for all the poles on the circle of convergence. In 
the following, the numbers a, will represent the Taylor coefficients 
of any analytic function that has no singularities other than poles on 
its circle of convergence about 0. And besides such determinants as 


defined in (1), we shall consider determinants dé (¢=1,2,-*-,m), 
defined as 
Gust Gaet °'* Ongl Gn Gatitit °° * Onin 
Gui2 Gait °° * Anis Gait Gaits °° * Onimil 
: (m) , 
(8) dar [f] = : so pae 4 : so ites y 
Guim Geimii’ * * Gaivim—a Geim-1 Gateim' * * Optimi 
de ilf] = — dee Lf], mrs eee 
THEOREM 1. Suppose f(z) => sass” = g()-+f1(s), where 
fh, aa) 
kat Œ — 1—1 menmas ees anrora ; 
g(s) 2 A E E P 


|s| =r >O, s sgylk s k), S40, k, k = 1,2,---, 4, 
and fils) is regular in |s| SR=7r, T>1; suppose 
x(s) = (z — #1)"(s — 8,)™ >- (3 — 3o” 
sil hile it 6 ilies Baa a eae p= pit Pi et tpe 
Then, for +1, 2,-+-, 0, l 


(9) setra DVE SOG). ae 


Proor. The function ¢(s) = )_,a,s” = 4(s)f(s) has the coefficients 
(10) Ar = Gry F YiGr—pit + Yxdn-pia t+: + Yir 
If, in (10), we put » successively equal to n+p, a+o-+1, - - 


n-+-2p—1, we have p equations for the unknowns Yn Ya °°, Ye: 
whose solution is, provided d” [f]»0, | 


(11) adde (a Sa i a Teba 


where e% denotes the determinant obtained from d® when a,, 
Guti ***, Gnyp are replaced by anjp, Œntptis * °°» Onpay-1 TeSpec- 
tively. 

The determinants eY are easily estimated. Since (sz) is regular 
in |s| SR, and f(s) is regular in |s| <r, there is some number o>1 
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such that æ, =O(o-*R-*), a, = O(o*/(? -)7-*) as n— œ ; hence 


(12) Pd = Olr RS =O(r +r”), 23 %—> o, 

A lower bound for the determinants d?’ [f] is derived from iden- 
tity (7). If g(s) =) acne", fi(z) =X abng", then a,=5,+¢,, and d” [f] 
is the sum of and several other determinants, each of which 
has at least one column of b’s and otherwise columns of c's. Hence, 
as in (12), 


(13) sea el OG; Rania: 


But since, by (7), for »=0, 1, 2,---, |d® [g]| = Mr», where M 
is a positive constant, we deduce from (13) that there is another con- 
stant Mi such that, for sufficiently large n, 


(14) tae I| > Mar. 


In particular, d” [f]»0 when » is sufficiently large. 

Inequalities (12) and (14), together with equation (11), prove the 
theorem. 

Let it be noted that, since y,=(—1)’sisf--- st, we have 
r?=|yp|, or by (9), r” =lims.o| 2, [f]/a® [f]|. This relation implies 
r? = lima old” [f]| -17.3 

It ig not necessary that all the poles s, should lie on the circle 
|s| =r. Indeed, we may state the following: 


COROLLARY. Estimate (9) still holds true if |u| =m, m21 
(k= 1,2,---,@), and Rerr-tsP ++ Py 7>1., 


The proof of this corollary is an obvious variation of the proof 
given above. 

If f(g) is a rational function, say f(s) =y(s)/r(s), where p(s) is a 
polynomial whose degree we define to be s=>p—2, then (zs) =) _,c,8” 
=x(s)f(s) =(s); hence a,=0 for »>s, and consequently e% =0 for 
n>s—p. On the other hand, f(s) is the sum of a polynomial f;(s) 
of degree s—yp and a fraction g(s) such as in (3). Hence, for n>s—p, 
dP [f] = d® [g]0, by (7). Thus, relation (9) holds, for n>s—p, with 
0 substituted for the second term. In particular, 


1 This ‘‘rather delicate limit relation” (see P. Dienes, The Taylor series, Oxford, 1931, 
p. 330) was first proved by Hadamard, op. cit. Other authors have tried to give simpler 
proofs for it, see, for example, A. Ostrowski, Uber einen Sats von Herra Hadamard, 
Jber. Deutscher Math. Verein. vol. 35 (1926) pp 179-182. It is an immediate conse- 
quence of identity (7), On the other hand, it is the only intricate point in the proof of 
Theorem 1. 


“te 
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(15) y= = de ae ak |, ¢—1,2,---,9. 


` The numbers y, having been found, the numbers a, are given by (10). 


Thus, the coefficients of the polynomials x(s) and y(s) are ex- 
pressed, by (15) and (10), as rational functions of the Taylor coeffi- 
cients Go, Gi °°, Gps Of f(s) =¥(s)/x(s). 


4, An inequality for persymmetric determinants. In the following 
as in the foregoing we shall assume the function f(s) =) ).a,2" to have 
no singularities other than poles on the circle of convergence |s| =r 
of the Taylor series. We shall be interested no longer in all the poles, 
but only in the poles of highest order on | s| =r. We shall say that f(s) 
is of order m on |z] =r if f(s) has there at least one pole of order m, 
and no other singularities but poles of order less than or equal to m. 

We are going to establish an estimate for the determinants d® [f] 
(#=0, 1,---) where q is the number of poles of highest order of 
f(s) on z =r, Suppose that f(z) =2_ ans" = g(2)+f1(2), where g(z) 
= — >t ite/(s—s5)”, | sal =r > 0, and fi(s) is regular in |s] <r and of 
order less than m on |z| =r. The coefficient of s* in the Taylor series 
expansion of —{,(s—s,)™ is 

(n+ 1n +2) -- (n+ m— 1) 


mY inane E 
(=1) “(me e th 


m—i a 
= (— aad pa oaks fer ~~), aS MH — ©, 


The coefficient of s* in the Taylor series expansion of fi(s) is, for the 
game reason, O(s"~*r-"). Hence we have the estimate 


Oy = as #— 0, 
kewl i 





(16) 


It implies the less exact estimate 
(17) dy = O(n t/r”), | as H#—> ©, 


Corresponding to the decomposition (16), the determinant d® [f] 
splits into the sum of a persymmetric determinant whose terms are 
Ce esr D (venti, wt2,---, n+2q—1) and several other 
determinants, each of which has at least one column made of terms 
that are O(a»), and otherwise columns made of terms that are 


al 
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O(n™—'44—-*). The first determinant, as was shown in §2, is equal to 
A-fiby - Ee (81. + + > 8,)7 eto, where A is the square of the differ- 
ence-product of the numbers g, %,---, Ze The sum of the other 
determinants is O(nt(*-)—-1y—«*), Hence, using (16), we have the esti- 
mate 


w ppt (9-1) (=A) 
da = ee — j|, Byna 
L 4 (3:83 >. 34)” a re’ ' 
sa acre 
OP E a) a 
[ (ms —_ 1)1]*(sy8s cae S) etm] 


5. The equation for the poles of highest order. In §3 we have 
established the algebraic equation whose roots are al} the poles of f(s) 
(counted according to their multiplicities) on |s| =r. We shall now 
establish the algebraic equation whose roots are the different poles 
of highest order of f(s) on |s| =r. 


THEOREM 2. Suppose that f(s) =>_.0.8%=¢(s) +fi(s), where 
g(s) = — (f/(e — a)" + ta (3 — s)" + HEG 0”), 
| sa | wr >O, s, Æ sw(k Æ k), th 0, k, k = 1,2,--°-,9g, 


and fi(s) ts regular in |z! <r and of order less than m on |z] =r; suppose 
w(s) = (5—2) (5—8) -> (8—8) mst Hys + -o +e Then, for 
é=1,2,---,4, 


(19a) ys + das Lf]/de” [f] = O(1/n), asn— o, 
and 
A (q) 
I 
ioi m tt lim OSL LI m log 
+ © q log n 


Proor. The function ¢(s) =)>_,a,8’ = r (s)f(s), whose coefficients are 
(20) Ap = Opg + Y1Gp——e+1 a ae = Ygtrı 


is regular in |s| <r, and of order less than or equal to m— 1 on |s| =r. 
Hence, as in (17), the coefficients a, are O(v™"*7-’), as v—>œ. If, in 


_ ? Hadamard, see op. cit., defined the order of any series > ass" and proved that, on 
its circle of convergence, the order is given by the formula m= 1+lim sup (log | asl 
+% log r)/log #. Formula (19b) represents, in accordance with the objective of this 
paper, the order as a regular limit, but it holds only for series which are meromorphic 
on their circle of convergence. 
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(20), we put » successively equal to n+g, n+q+1,---, #+2¢—1, 
we have q equations for the unknowns 71, Ys © © ` » Ye whose solution 


is, provided d® [f] 0, 


(21) wtdn/de =en/de, ieg 
where e denotes the determinant that is obtained from df when 
Ga, Gait, © * ©, Gape are replaced Dy Gate, Onteti, * ° ° » Ontag-1 PESPEC- 


tively. Using estimate (17) for the a's and a corresponding estimate 
for the a’s, we find readily 


(22) il = Da on aS n— o, 


Taking into account that, by assumption, the poles a, m,---, Se 
are different from each other, we deduce from relation (18) that there 
are constants Mj, M; such that, for sufficiently large n, 


(23) a [7] = ia T Mı < | Ln | < Ma. 


In particular, d® [f] 0 when » is sufficiently large. 
Inequalities (22) and (23), together with equation (21), prove the 
theorem. 


6. Converses of Theorems 1 and 2. In problems where the poles of 
f(s) are to be determined from the given Taylor coefficients, it is, 
in general, not known, a priori, what and how many singularities f(s) 
has on the circle of convergence | z| =r of its Taylor series expansion. 
Even if f(s) is known to be meromorphic, Theorems 1 and 2 do not 
always suffice to establish the polynomial x(g) whose zeros are all the 
poles, or the poles of highest order, of f(s) on |z| œr, as the numbers 
£ or q may not be known. In such a case the procedure to follow is to 
investigate the behavior of the quotients d@[f|/d@[f], as n>, 
successively for m=1, 2, -. From the convergence properties of 
these sequences the nature and number of the singularities of f(s) on 
|s| =r can be deduced, as will be shown in the following converses 
of Theorems 1 and 2. It will always be assumed that f(s) =) .Ga8* 
has a positive radius of convergence. 


THEOREM 3. Suppose that, for a fixed p, there are p numbers 
Yi: Ya © © * , Yp ond a number T>1 such that, fort+—1,2,---, P, 


(24) yi + dm [fl/de” [f] = 0"), an> o; 
suppose that thts ts not the case for any p' <p. Then f(z) ts regular in 
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the circle |z| Sr=|y,| "> but for p poles (counted according to their . 
multiplicities) on || =r, which are the zeros of the polynomials x(s) 
=8 +97. 1y 3”, 


Proor. According to the definition of the determinants 4%, d®’, 
and since the quotients d2’/d® exist, by assumption, for sufficiently 
large n, we have 

(P) (p) @) (p) . 
(25) an — (1/da )(Gnitdar + Gnpadas + °° > + Grinder) = 0. l 

Let r be the radius of convergence of >),a,8"; then a, =O(r'—), as 
n—»o, for any r’<r. If we choose r’ so that R=rr’>r, we obtain, 
by substituting (24) in (25), ` 


Ante = On F YiGmyi F Y2dep2 bt F Yrlnyp = OCR), as n o, 


Hence the function $(s) = x(s)f(s) =} æ," is regular in |s| SR>r. 
This implies that f(s) has no other singularities than, at most, p poles 
on the circle |s| =r, which are among the zeros of x(z). 

If f(s) had less than p poles on |z| =r, some relation like (24) would, 
by Theorem 1, hold for p’ <p, in contradiction with the hypothesis. 
Hence f(s) has exactly p poles on G =r, which are the zeros of r (2). 
Since (—1)*y, is the product of the p zeros, r= DA Up, 


THEOREM 4. Suppose f(s) has no singularities bui poles on | sl mr; 


suppose that, for a fixed q, there are q numbers Yi, Ya ` < $ , Ye such that, 
fort=1,2,-->,4, 
(26) yi + lim des [f]/dx" [f] = 0; 


suppose thai this ss not the case for any g'<q. Then f(s) 4s regular 
in the circle |z| <r=|7,|“*, and of order 


m=1+lim,.,, (log | di | -+ng log r)/q log n 


on | s| =r. f(s) has q dtffereni poles of order m on |s| =r, Which are 
the zeros of the polynomial x(x) =+) Lyse. 


ProoF. Let r be the radius of convergence of $ .Ga5", and let m 
be the order of f(z) on |s| =r., If f(s) had less than'g poles on | s| 7, 
some relation like (26) would, by Theorem 2, hold true for g’<gq, in 
contradiction with the hypothesis. Hence f(s) has g’ &q poles of order 
mon |s| =r. 

As in the proof of Theorem 3, we have, for sufficiently large n, 


üD axe Gad) toed, Beara SU 


590 MICHAEL GOLOMB [August 


In §4 (see (17)) it was shown that a4,=O(n""'r*), as n—> œ, whereas 
by assumption, di? /d® = —7,+0(1), as n—+ ©. Hence (27) implies 


(28) Anpe = Gu F Yilni F Gaga Fi F Yela = O(n), 


as n> w. 


Now suppose g'>q. Since m(s) is of degree g, $(s) => n@aS* 
= x(z)f(s) is, like f(s), of order m, and has q” &qg'—q different poles 





$1, 23, ©- ©, Zy Of order m on |s| =r. Hence, as was shown in §4 (see 
(16)) a, has the form 

g’ y oe 
(29) = mE p “E o( 

Jawn | Zi r™ 
as n—o, and 6,40 (k=1, 2, a 

It is easily shown‘ that théfei is a positive number M such that, 

for n=0, 1,---, at least one of the q” numbers |rt 9 t.02], 
yp=0,1,--°, ed i8 greater than M. This fact, together with (29), 


implies that, to any given mo», there are numbers n>n, such that 
| æn > (1/2) Mn™-'+, whereas, because of (28), 29 may be found such 
that, for aH n >no, | æn]! <(1/2)Mn™-r-*. Thus the assumption g' >q 
is proved to be wrong. 

Since we have proved that the number of poles of f(s) of order m 
on |s| =r is q, the other statements of the theorem follow immedi- 
ately from Theorem 2. 


COROLLARY. If f(s)=) 0,2" has no singularities but poles on the 
circle of convergence |s] =r of Satas", and $f 8) liMy.. Gu/Gnti extsts, 
then f(s) ts of order m=1-+lim,.., (log |an] +n log r)/log n on |z| =r, 
zı being the only pole of order m on |s| =r.5 


This is obviously Theorem 4 for g=1. 
The following theorem is the logical product of Theorems 3 and 4. 


THEOREM 5. Suppose that, for a fixed p, there are p numbers 
Yu Ys °° °, Yp and a number r>1 such that, for +™1, 2,---, p, 
yi td? [f]/dP [f]=O(7r-*), as ne; suppose that there is no p' <p 
such that the limits lim... d2>[f\/d& [F] (6-1, 2,---, p) exist. 
Then f(s) is regular in the circle |s| Sr=|y,| Y” but for p poles of 
the first order on |z| =r, which are the seros of the x parental x(2) 
=F yee, 


‘See A. Ostrowski, Uber Singulariidien gewisser mii Lucken behafteten Potensrethen, 
Jber. Deutschen Math. Verein. vol. 35 (1926) p. 269. 
‘Cf. footnote 3. 


* 
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Proor. As in the proof of Theorem 3 it is seen that f(z) has no other 
singularities than, at most, p poles (counted according to their multi- 
licities) on the circle of convergence |s| =r of f(s) => agas*. If, on 
z| =r, f(s) had less than p poles, or if some of the poles were of 
higher than the first order, then f(s) would have q <p poles of high- 
est order on |s| =r, This would imply, by Theorem 2, the existence 
of the limits limas» d/d® (¢=1,2,---, q), in contradiction with 
the hypothesis of the theorem. f(s) has, therefore, exactly p poles of 
the first order on |z| =r. The other statements of the theorem follow 
immediately. 


7. Application to the evaluation of roots. The zeros of smallest 
absolute value of the function F(s) =} ,4,.z* are the poles of the func- 
tion f(s) => ).¢n8*=1/F(z) on its- circle of convergence. Hence the 
theory just developed contains a method of evaluating zeros of small- 
est absolute value of functions given by Taylor series. The procedure 
to follow is that outlined at the beginning of §6. It requires the evalua- 
tion of the determinants d [f] (#=0, 1, - - -) for several values of m. 
These determinants are defined, in (8), in terms of the coefficients a, 
of f(s). They also can be expressed’ easily in terms of the coefficients 
A, of the given function F(z), with the determinant dP [f] of order 
m in the elements Ga, Oa} © * * , Gasa] replaced by a determinant 
of order m+n +1 in the elements Ao, A1, -© ©, Anpom—t 

Since the order of these latter determinants increases with n, they 
are not suited for practical purposes. If numerical evaluation of the 
zeros of F(s) is required, it is advisable to compute first the coeffi- 
cients a, of the reciprocal function f(s), and then to work with the 
determinants dP [f] as given in (8). If f(z) => >.a,8" is the negative 
reciprocal of F(s) =>\,4,8*, and the coefficient A» is made to be —1, 
then the coefficients a, are given by the simple recursion formulae: 


a, = Í, 

A, = Ay, 

dy = Ay + aA, 

a; = A+ aA, + a3A1, 


To illustrate the numerical efficiency of the method, the two conju- 
gate complex roots %;, % of smallest absolute value of F(s) =s—e* =0 
were computed. The results are exhibited in the following table. The 


* See J. Hadamard, loc. cit., p. 136. 
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second column of the table contains the Taylor coefficients a, of 
f(s) =1/(e'—s) multiplied by #1 in order to avoid fractions; the third 
column contains the quotients d® [f]/d® [f], which represent suc- 
cessive approximations to — yı sı +3; the fourth cohimn contains 
the quotients d®, [f]/d2 [f], which represent successive approxima- 
tions to Y:™£:%;. The final values in the table give 


sı + za = 0.6362630104,  sısı = 1.889406976 


with a relative error of 1- 10-19, As the table shows, the fifth approxi- 
mation, which is obtained with very little effort, already gives the 
values of s;-+-2, and 14; with a relative error of 1-10. 


xR 


0.63616 

0 .6362624 

Q .6362628 

0 .63626291 
0. 63626306 

0 .63626299 

0 .636263011 
0 .6362630099 
0 .6362630105 
0 .6362630104 
0 6362630104 


1 
2 
3 
4 
5 
6 
7 
8 
9 


pei p p eee e j ee 
s >» e) s5 ë ë a, u %4% ç Ă m â y ò Ñ m ç Ť è  {. 





ON EXTENSION OF WRONSKIAN MATRICES 
DAVID M. KRABILL 


1. Introduction. By an interval J we shall understand a finite in- 
terval of the type a Sx Sb. If u(x), u(x), -© ©, ua(x) are real func- 
tions possessing finite derivatives of the first t orders in an interval J 
and OSs S4, we call the functional matrix 


My Ma tt ths 


“i He ty 
Milws,°-- ys) = || 

() a) (s) 

Hı ie ee s thy 
their Wronskian matrix of order s. The Wronskian W(t, ---, ta) 

is the determinant of the matrix Maltu ° * , tas). 
The principal result we obtain is that if n Ss Stand the Wronskian 
matrix of order s for arbitrary functions u(x), ua(a),--- , uala) 


of class! C® in an interval J has constant rank ø, there exists 
a function t#.41(x) of class C™ such that the extended matrix 
M(t, © © - , Unya) bas constant rank »+1 in J. We employ a theorem 
of Curtiss? which may be stated in the form: 


THEOREM C, If m(x), u(x), - + +, a(x) are functions of class C 
in an interval J and ther Wronsktan matrix of order t has rank n 
throughout J, then the Wronskian W(t, `- - , tn) has at most tsolated 
Zeros. 


From the extension property of Wronskian matrices, we obtain a 
sufficient condition, in terms of the rank of a certain functional ma- 
trix, that an arbitrary set of functions having suitable class properties 
be solutions of an ordinary homogeneous linear differential equation. 


2. Lemmas. We first prove two lemmas. 


Lemma 1. If 8, c1, G, - ++, Cy Gre piven constanis wiih 8>0, there 
exisis a function f(x) of dass C™ in the interval —1 Sx S1 which saits- 
fies the conditions: (1) |f(x)| $6, —1 S2 51; (2) f(—1) =fM(1) =0, 
#=0,1,---, 2; (3) f(0) =0, f(0) =c,, 451, 2, +--+, Hm. 


Presented to the Society, September 10, 1942; recetved by the editors August 25, 
1942, 

1 Each function has continuous derivatives of the first t orders at every point of J. 

? D. R. Curtiss, The vanishing of the Wronskian and the problem of inear dependence, 
Math. Ann. vol. 65 (1908) Theorem 4. 
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ProoF. Let p(x) be the polynomial 
cix + (e_/21) x2 + --- + (canda. 


Then ~(0)=0, (0) =c, and for some $ with 0<8<1, | p(x) | <ô, 
—8 Sx Sp. Take a such that 0 <a <£. Let 


0 = (— 1)"(xz + a)"™!/(x + 8),  ẹ= — (z — a)™!/(x — f)’, 
and let 


, e B, 1, OS238 a, 
ey —-A<a2<-—a, TE a<z<ß, 
h —asrsO, 0, psx. 
The g’s are of class C™ in their respective intervals of definition and 
g°(0) = g/9(0) for #=0, 1, - - -, n. Then the function 
pogla), — 1 s z sS 0, 
f(x) = 
p(x) ga(2), OS 2 51, 


is of class C( in the interval —1 Sx S1 and satisfies the prescribed 
conditions. 


LEMMA 2. Given an interval J and constants a, and bi, #=0,1,---," 
wtih aobo>0, there exists a funcison f(x) which satisfies the conditions: 
(1) f(x) is nonzero and of class C™ in J; (2) f(a) =a,, f(b) =b, 


$=0,1,---,n. 


Proor. Let 3=1/3 min (|a0|, [bo], b—a). Take f(x), A= 1, 2, of 
class C™ in the interval —1 Sx S1 such that: | fax) | S46, -—-i1sxs1; 
fP(-1)=fP(1) =fs(0) = 0, #=0, 1,--- , n; JEO) =a, (0) =b, 
¢=1,2,---,n. Let 

u(x) me fi((x — a)/8) + ao, a@aSs28a+48, 

v(x) ea fa((x — 5) /3) + Bo, b—-8S$ 2S 6. 
Then u(a) =u(a+8) =ap; | u(x) —1u(a)| Sô, asxSa4+8; u™(a) =a,, 
#(gt-6)=0, ¢=1, 2,---, n; and v(b}=0(b— 8) = bo; | (x) —o(b) | 
3 6,b-—83x 5); (bd) = db, 0 (6 — 8) 0,451, 2, - --, 2. Moreover, 
both u(x) and (x) are nonzero in their respective mutually exclusive 
intervals of definition by our choice of 6. Let w(x) mm (ao—0o)6"+-do, 
a+éSxSb—8, where 6=—(x—a—8)*t)/(x—6b+8)%, Then w(x) is 
nonzero throughout its interval of definition and 

wla + 8) = ao w(b — 3) = bo w (a + 8) = w(b — 8) = 0, 

#4=1,2,--++,n. 
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Therefore the function 


w(x), atiSxShb—6, 


u(x), aSzrga+ā, 
rom] 
v(x), b—-85258 4, 


satishes the conditions of the lemma. 


3. Extension of Wronskian matrices. Let u(x) be a function of 
class C°, #21, in an interval J with Mi(#) of rank 1 at every point 
of J. If v(x) of class C exists such that Mi(u, v) has rank 2 through- 
out J, the Wronskian W(«, v) is nonzero in J. Thus in this case there 
exists a function K(x) of class C=} and nonzero in J such that v(x) 
is a solution of the differential equation 


(1) u(x)y’ — u'(x)y = K(x). 


This leads us to ask: does (1) have a solution of class C in J for 
arbitrary K(x) of class C“) which is nonzero in J? We give a 
counter-example. 

Example. Let J be the interval 0SxS2 and take u(x) =1—x, 
K(x) =1+| 1—x|1/*, Then the differential equation (1) becomes 


(2) . A= ay tyat+li— =|, 
for which the general solution in the interval 0Sx<1 is 


y(2) = ula) f  (K(@)/w*@))ds + cula) 


where c is constant. Thus 
y(x) = (1/u(x)) (K(x) + w’(x)y(x)] 3 3-6 —- (A 2)! 


and lims. y’(x) does not exist, so that the differential equation (2) 
has no solution of class C’ defined in the interval 0 Sx £2. 

We now consider the special case of extending a Wronskian matrix 
of n columns and n+1 rows which has rank » throughout an inter- 
val J. 


THEOREM 1. If u(x), talx), -> -, ta(x) are functsons of class C® 
(2n) tn an interval J and their Wronskian matrix of order n has rank n 
at every poini of J, there existis a function tnii(x) of class C™ such that 
Maltin, °° +, Ungi) has rank n-+1 throughout J. 


ProoF. Since M,(w#1, ---, 4a) has rank » throughout J, it follows 
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from Theorem C that W (u, - - > , ta) has at most a finite number of 
zeros in J. Denote by 

(3) = f,(x), qo iE, 0, Í, “tt 4M, 
the cofactor of y in the determinant W(t, ---, #a Y) in which y 


is unknown. If we prove the existence of a function K(x) which is 
nonzero and of class C» in J for which the differential equation 


(4) falz)y™ + faala)yr? +++ + fila)y’ + folx)y = Kla) 


has a solution defined in J, we shall have proved our theorem since 
the coefficients in (4) are of class €C. If f(x) does nat vanish in J, 
standard existence theorems apply for arbitrary K(x). 

Let falx) vanish in J. Since fa(x) = W(u,°--, ta), its zeros are 
finite in number. Assume that the zeros are at the points ci, Gy, - + +, Cm 
with cı <ta < +--+ <Ca. If the c's are not all interior points of J, let 


a | 
E — m (o(s a), <a, 
imo J! 
U(x) = ¢ (2), asxsb, 1121,2., A 


t 
Ds aoe - b), z>b, 
4—0 | 

Then W(U;, -- +, Un) is identical with W(w1, ---,%.) in J, and is a 
polynomial for x not in J. Therefore W(Ui, ---, Ua) has isolated 
zeros and for some a* <a and b* >b, the c’s are its only zeros in the 
interval a* Sx Sb*. Consequently we assume without loss of general- 
ity that cı>a and «<b. 


Since M,(#,---, #.) has rank n throughout J, for each +4, 
#=1,2,-+--,m, at least one function in (3) does not vanish at c,. De- 
note by fs,(x) a function from (3) such that fa, (c) ~0,4—1,2, -- +, m. 
Define 

q(x) =æ t (1/k, |) (z — oi) *t, t= 1, 2, co M, 
where the ambiguous sign is so chosen that each Wronskian 
W(s1, >, te, qa), which has the value +f;,(c,) at c,, has the same 


sign at c Then, for some e>0 with a<c—e<ate<a;—-Ee< +: 
<la te<d, 


Q(x) = Wu- , te, q) A0 aM e a Ly E 
and q.(x) is a solution of the differential equation 


W (ui, o, ts, Y) = QLCS), i= 1,2, m. 
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N 


Denote the nterval 
(5) Gitex Seo,—¢ kel, 2,- mtl, 
where cote=a and Cap —e=b, by Jy. Let P(x) be any function 
_ (Lemma 2) which is nonzero and of class C¢-* in J, and satisfies 
the conditione 
P aater O0 ee 0), 

P yee, aeti, 


for j=0,1,---,#—n, where 


(6) 


Qo (co + e — 0) = Q (cr: — e + 0), 
Orita — €-+0) = On (en te — 0). 
Then each function . 
P i Ss ~~ €y 
Kld = | ee jase a alka . ° k= 1,2,:--,m-+1, 
Q(t), Ceo-eSeStpte, 


where Caiite=0, is nonzero and of class C¢-™ in its interval of 
definition by the second set of conditions in (6). Thus the function 
K(x) defined in J by 


(7) K(x) m K,(x), GiteSzeStrats, k=l 2,7 > yop, 


is nonzero and of class C=» in J by the first set of conditions in (6). _ 
Since f,(x) #0 in Ji, the differential equation W(u1,---, ta, y) 
= P (x) has a solution pı(x) which satisfies the initial conditions 


(7) 


(8) p(a~e-O Hq (a—e+0), j=l nL 
It follows from the second set of conditions in (6) that (8) also holds 
forj=n,n+i,---,é# The function j 

£1(2), ass eS 01-4, 

yı(x) = 

qi(x), @—-eSzetSante, 
is therefore a solution of the differential equation W (tn ©- ©, Us, Y) 
= Ky (x). 

In J; the differential equation 

(9) W (441, -et y tha, y) eS P(x) 


has a solution p(x) with 2P (cate +0) =y? (cite —0), j=0, 1,4, 
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and also a solution r(x) with r(cs—e—0) =g@(q—e+0), j=0, 
1,---,# Now the difference of any two solutions of (9) is a solu- 
tion of the corresponding homogeneous equation for which the «#’s 


- are linearly independent solutions. Thus, for some set of constants 


t 


Gi, üns ria 
palz) m r(x) + amia) +--+ + Gatal), ateStStr—e 

Then the function | 

ps(x), ateSxrSa—e, 

qalx) + amih) +++: + ata(z), GC -eSrSote, 

is of class C‘ in its interval of definition with 


Ya(x) m í 


y matet O= (ce 0), ge O,1,-::, 8, 


and is a solution of the differential equation W(t, © + ©, us, Y) = Ka(x). 
We continue in the above manner, obtaining y(x), cx.1teSx Sey 
+e(k=2, 3, ---,m-+1) of class C™ in its interval of definition with 


gH) (2) i 
Yh (cm1 +e +0) = yale + e— 0), =Q laei, 


which is a solution of the differential equation W(t ©- , Ma, ¥) 
= K,(x). Then the function #„4ı(x) defined in J by 


Haii(x) æ y(x), cmi tesrS coate k=1,2,---,m+1, 


is of class C in J and is a solution of (4) with K(x) defined by (7). 
In the following theorem we consider the general case of extending 
a Wronskian matrix. 


THEOREM 2. If m(x), u(x), +--+, ta(x) are functions of class C 
(t&n) in an interval J and their Wronsktan matrix of order s (n Ss Sb) 
has rank n ai every point of J, there exists a function usx) of class CM 


such that M,(u1,---, Haq) kas rank n-+-1 throughout J. 

PRroor. The case s =n is treated in Theorem 1. Assume now that 
M, (#1, °°+, ua) does not have rank » throughout J. Since 
M(t, - + +, un) has rank n at every point, it follows from Theorem C, 
that W(t, - - - ,%s) has isolated zeros. Define f(x), r=0,1,---, n, 
as in (3). Since the fs are the n-rowed minor determinants of 
Malti, © © ©, 4.) they have at least one zero in common, but only a 
finite number for f(x) ma W(w1, ---, un). Assume that the common 
zeros of the fs are at the points ci, Cs, © © © , Ca WIth a<a@<--+ + <Gm. 


There is no loss of generality to assume that 4 >a and cw <b. 
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For each 4, s=1, 2,---, m, some #-rowed determinant of 
M(t, © t, Ua), which we shall denote by A, does not vanish at cy. 
If u(x) is a function of clasa C in J and row r of M,(#1, © -> , a) is 
not a row of A, denote by A;,, the determinant of Mf,(t1, - - - , ta, 4) 
which consists of row r and the rows represented in Ay. - 

Let row r, be the first row of M,(#,---, ta) which is not a row 
of A,. Define 


q(x) m (1/ (r, =De a, t= 1,2, , m. 


Then at c, the determinant A;,,, of M.(t, © ©, ta, q4) has the value 
(—1i)*+*"A,(c,), hence for some 5>0 with a<a—6<ati<a—s 
Leo Cow tH’ <b, 


(10) Aur, ¥0,G i Sx SBa+é, #=:1,2,---,m™. 


Since M,(#1,--°-, ts, qi) has rank »+1 throughout the interval 
c,—8SxSce,+8 by (10), Win, - + -, us, q) has isolated zeros in this 
interval. Thus, for some e>0 with es, 


(11) O(a) = W(s1, «+>, te, 7.) 0 at 2=¢c,te ¢+=1,2,---,m. 


We shall assume that Q..i(¢i441—€),4=1, 2, -- -,m—1, is positive or 
negative according as Q,(c,+e) is positive or negative, since q(x) 
could be replaced by —4q,41(~) and the expressions corresponding to 
(10) and (11) would hold. 

Define the interval J, as in (5). Since fo(x), fitz), -- +, fn(%) have 
no common zero in Jy, Malti, ©, ua) has rank » at every point 
of J». Thus, by the method employed in the proof of Theorem 1, we 
can define a function P,(x), k=1, 2,---,m-+1, which is nonzero 
and of class C- in J,, which satisfies the conditions 


Pi Ga F e+ 0) = 0al 0), 
(12) (2) D 
Pa (ca —e— 0) = Qr (ca — e + 0) 


forj=0, 1,- -,4—n, where 


Qo (co +e — 0) = 01 ant, 
Ones 00) On ae 0), 


and for which the differential equation W(t, ``, ta, y) = Pilz), 
k=o1,2,---,m+i1, has a solution of class C defined in J}. 
In Jı the differential equation 


(13) W (ui, tay Y) = Pila) 
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has a solution p(x) with tP (c1—e—0) =P (ci —e+0), j=0,1,-°--, 4, 
in view of the second set of conditions in (12). Then the function 


la) ee aSzSa—-s. 
oak qi(x), m—-eSxexSates, 


is of class C, and M,(t, ---, ts, ¥1) has rank n+1 at every point 
of the interval a Sx Sei+e since p:(x) is a solution of (13) and the de- 
terminant A;,,, does not vanish in the interval c.—eSxSa+e by 
(10). 

In J; the differential equation 


(14) i W (#41, "ty Hn y) 7 P(x) 

has a solution pa(x) with pY (c,+e€-+0) =49(aqte—0),j7=0,1,- F 
and also a solution r(x) with r (cı—e—0) =f (cr —e«+0), j=0, 
1,---+, & Since w(x), u(x), ---, u(x) are linearly independent 
solutions of the homogeneous equation corresponding to (14), for 
some set of constants Gi, Gs, ° `, Ge, 


pala) = r(x) + amilaz) +--+ + arla), te SxrSer—e 
Then the function 
talz), HtreSzSty—s, 
qalx) + amlar) +: + antala), 2 -€S et Sate, 


is of class C‘ in its interval of definition with 


(nN (3) $ 
49 (1 te+0) = y1 (c1 te — 0), j= O0,1,---,4, 


and M.(ui,---, te, Y3) has rank n+1 throughout the interval 
GteSx Sate, since p(x) is a solution of (14) and the determi- 
nant As,,, does not vanish in the interval c.—eSxSa+e by (10). 

We continue in the above manner, obtaining ys{x), cr:it+eSx 
Scate (R=2, 3,-- , m+1, where casi te=—bd) of class C in its 
interval of definition with 


y Cree Ter 0) = an ree sy 0), J = 0, 1,---,4, 


and with each matrix M ,(#1, ``, ua, yı) of rank n+1 throughout 
the interval cı te Sr £c +e. Then the function talx) defined in J 
by 

tapil T) m y(x), Ceri teSxSte,te &k=1,2,--+,m+1, 


is of class C(® in J and the Wronskian matrix M(t, © ©- , Ha41) has 
rank #-+1 throughout J. 


ya(x) m { 
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4, Application to the theory of differential equations. The extension 
property of Wronskian matrices leads us to the following sufficient 
condition that a set of n given functions be solutions of an ordinary 
homogeneous linear differential equation. 


THEOREM 3. If u(x), a(x), © +, a(x) are functtons of class CC 
(tèn) in an interval J and their Wronskian matrix of order s (s <t) has 
rank n at every potnt of J, then the u's are linearly independent solutions 
of a homogeneous linear differenital equation of order s+1 of the type 


(15) yD + Alay +--+ + filz)y’ + folz)y = 0 
in which the f(x) are funcisons of class CED in J, 


Proor. Let m=s—n+1. The case m=0 is well known and m <0 
is impossible. Assume now that m>0. Then nSs<i and, by m 
successive applications of Theorem 2, there exist m functions, 


/ 


uaylla), Hagalr), >>>, tarm(x), of class C™ in J such that the 
Wronskian matrices 

(16) M, (1, t3 tia+1), M, (141, - , tenia), Pig ed Ms, ane tins) 
have the respective ranks n+1,n+2, -,#-+matevery point of J. 
Since n-+m=s-+1, the last matrix in (16) is the Wronskian matrix 
of order s for s+1 functions of class C (>s) with W(t, -© +, uap) 
0 throughout J. Therefore u(x), ua(x), - - >, teia(x) constitute a 


fundamental system of solutions of a homogeneous equation of type 
(15) with the f,(x) of class CH} in J. Hence the » given functions 
have the asserted property. 


U.S.N.R. MIDSHIPMEN’Ss SCHOOL 
New Yor Crry 


ON HARMONIC AND ANALYTIC FUNCTIONS 
FRANTIŠEK WOLF 


If we study the behavior of a harmonic function on the boundary 
of the unit circle along an arc æ <9 <£, it is sometimes of advantage, 
if the function behaves in the simplest possible Way outside this arc. 
This problem of tsolating the singular arc can easily be solved for a 
harmonic function which is bounded in the unit circle. For such a 
~ function can be expressed by means of a Poisson integral 

1 pr 1 — r? 
ulr, 0) = — — x(1, #)d9, 
2r J .¢ 1 — 2r cos (6 —8) +r’ 


and then 


- 


I a 1- r? 
o(r, 0) = -f ——— (1, #)dé 
. eda 1-—2rcos(@—8d4+r3 


is known to behave in the same way as u(r, 0) in the neighborhood of 
the arc (a, 8)—~in fact the difference of the two functions tends uni- 
formly to zero inside the arc—and v(r, 0) can be extended so as to 
- make it harmonic and equal to zero on the rest of the circumference. 
It is equally easy to solve the problem for a harmonic function 
u(r, 0) which is O(1/(1—1r)*) near the circumference and is, therefore, 
the (n-+2)nd derivative of a harmonic function, bounded in rl. 
The purpose of this paper is to show that the problem can be solved 
for any function harmonic in r<i. The result can be generalized to 
any domain which can be represented conformally on the unit circle. 


THEOREM. If u(r, 0) is a function, harmonic in the unsi circle, then, 
given the arc (r=1, a<6 <8), there is a function v(r, 0) harmonic in 
r<i, such that u(r, 0)—v(r, 0) can bo extended across the arc (a, B) so 
as to make st harmonic and sero on the arc; and v(r, 0) ts harmonic and 
zero along the rest of the circumference. 


Proor. (i) If 
u(r, 0) = > r*(a, cos #0 + ba sin n8), 
1 


we can find a nonincreasing sequence ¢,—>0, such that 


(1) | an|, | ba| S ((1/2)e* — 2)/n. 
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We have indeed 


On i 1 ar cos #8 
rf Lanf TOR } ao 
Da dw J 4 sin #8 
If we put r=e, we find that whatever e>0 we select, la*|, |b] 
S Ue” for all n. Hence 


log Jol. log | bal < 
n 


lim sup lim sup 


and, therefore, , 
e = max (0, klog (2| as| k? + 4), klog (2| b| -23+ 4)] 


ken, gel, 
will satisfy our requirements. 
(ii) There exists an entire function n p(s) siete that (s) =O(el*l) for 
any e>0 and sufficiently large |s l, (2) = (8), p(s) =o(—2), p(0)=0 
and 


(2) (| on] + |b|) /o(s) S 2/7, 


for all n so large that 2e, <1. We define m, as the least integer sych 
that’ iom,n™/(2k)1S1. Then 


a (618). ee Cea) (Sn8)** 
ols) m 2 vE, + >» o> om pea : 
1 (2k)1 mpi O m1 (2k)! 
This function satisfies our requirements. Evidently, it is sufficient 
to show that (2) is satisfied. - 
Since 





> (an) 


< ime pean n? < ime 
>ne (24)! a m 


i> ma (2k ) 
we have 





Ss (Sue) ?* Ama © (n)? us 
on) =D n eh ae — 2er 


= (1/2)(6" +6") -1 2a, 
and, for 2e, $1, this yields, by (1), 
| on | 9%, |b| S (x). 
(iii) From (2) it follows that 





= ng + ba sin 28 
UG, 0) = DeSean 
1 (n) 


` 
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is a harmonic function, continuous in the closed unit circle. Hence 
we can express it by means of a Poisson integral 


(1 — r*)dé 
1 — 2r cos (@ — @) 4 r? 


1 | (G —r}dd >` 
= SE 4 \va, o) ————————-_-- 

2x (0,24) -(a,8) 1 — 2r cos (8 — 6) + r? 
= V(r, 6) + Wr, 8). 


The harmonic function V(r, 0) expressed by the first integral can 
be extended across the arc complementary to (æ, 8), so that it be- 
comes harmonic and zero on the arc. For W(r, 0) the same is true with 
respect to the arc (a, P) itself. We see that the function V(r, 0) bears 


1 2r 
ve) = — f U(1, 2) 


‘to U(r, 0) the same relation as the function v(r, 0), required by the 


theorem, should bear to u(r, 8). 
(iv) Wigert’s theorem asserts that if ¢(s) is an entire function 
satisfying the first condition in (ii), then 


TE È a(n 


is a function having its only singular point at z=1. We get easily 


C= = t ). 


b1 (2k)! dwt 1- æ 











In a proof of the above theorem, given by Bieberbach,! it is shown 
that this last series converges uniformly in a neighborhood of any 
point different from w=0. Therefore, we have 


2k ah tk 2k 
©“ 8 d 1 o 8 d 1 
Ae 2 (2k)l dw G) p 2 (2k)! dw* (; — =) 
af (EP), 


For w=#9, we get (1/2)(f(e4) +f(e“)) = R[ f(e") |=0. Hence K(r, 0) 
=> 9r%b() cos #9 is a function, harmonic in the whole plane except 
at r=1, 0=0, and is zero for r=1, 60. 

(v) Using Parseval's identity, we find without difficulty that 











Ea JT Et, 8 = DUU, zdz = E rlan cos nd + by sin n8) = ulr, 0) 
T —T 


1 Lehrbuch der Funksionentheorie, vol. 2, pp. 288-292. 
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Further 
1 ft i ré 

o(r, 8) = = fxe, 8 — x) V (1, x)dx = -f K(r, 6 — x) V (1, x)dx 
xX -r T a 


is clearly a function, harmonic in r<1 and it is easy to deduce from 
the properties of K(r, 0) and V(1, 0) that v(r, 0) satisfies all the con- 
ditions of the theorem. 


COROLLARY. If f(s) is analytic in |s| <1, then, given the arc (|z| =1, 
a<arg s <P), there ts a function p(s) analytic in |z] <1 and on the arc 
of |z| =1 complementary to (a, B), such that f(s) — g(s) can be extended 
analytically across (a, B). 


UNIVERSITY OF CALIFORNIA 


ON THE COMPLEX ZEROS OF THE BESSEL FUNCTIONS 
E. HILLE AND G. SZEGO 


1. Introduction. Various proofs have been given for the following 
classical theorem of A. Hurwitz: 


THEOREM 1. The enisre funcion 


j “o (— g)" 1 
1.1 NJ (2511) = E EA 
oe AURIE 2 Dw FIO) 
has precisely [8| nonposttive zeros. Here Jp 4s the Bessel function of 
order —B and 8 2:0. i 


In case § is an integer these nonpositive zeros are all at the origin; 
in case £ is not an integer and [8] is odd there is precisely one nega- 
tive zero and we have 4([8]—1) pairs of conjugate complex zeros; in 
case $ is not an integer and [£] is even there are $[8| pairs of con- 
jugate complex zeros. 

Most of the proofs for this theorem (see the papers [2, 4, 6, 7, 9] 
of the Bibliography at the end of the text) make use of polynomial 
approximations of the Bessel function. The present proof follows the 
same line by obtaining the Bessel function as the limit of Laguerre 
polynomials. The study of the complex zeros of these polynomials is 
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particularly simple and for this reason the present arrangement may _ 
have certain advantages.’ Our proof yields also certain bounds for the 
nonpositive zeros of the function (1.1) in terms of f. ~; 

In §2 we give a compilation of the definitions and results on La- 
guerre polynomials which are essential for our proof. We follow the 
notation of G. Szegő, Orthogonal polynomials (Amer. Math. Soc. Col- 
loquium Publications, vol. 23, New York, 1939; quoted as Sz.). 

$3 contains certain bounds for the nonpositive zeros of Laguerre 
polynomials from which Theorem 1 follows immediately. 

$4 gives bounds for the nonpositive zeros of the function (1.1). 

In §3 we use as an important instrument an elementary formula 
involving a solution of a second order linear differential equation 
which was employed for the study of the zeros of various functions 
by A. Hurwitz and E. Hille [5, 3]. 


2. Laguerre polynomials. We define the Laguerre polynomials by 
[Sz. (5.1.6)] 





(2.1) i (a) > Carukia Sela i 


m= 0 
This is equivalent to the formula [Sz. (5.1.5)] 


—# a_ (a) 


(2.2) e x La (x) = (ml) (d/d (e x). 
It is easy to verify the differential equation [Sz. (5.1.2)] 


w” +G(x)w = 0, w = w(x) sa a L Ce) 
(2.3) to = Ag t— Ba? — 1/4, A = n + (a+ 1)/2, 
B = (a? — 1)/4. 
Let x™#-+40340; we note that 
(2.4) ¥{G(2)} cm 7i — Afw? + 0 + 2Bu(u? + 1)-3}, 
Finally we conclude from (2.1) by comparing the corresponding 
powers of x [Sz. (5.1.14)] 
(a) (a-+-1) 


(2.5) (d/dx)L, (2) = — La- (2). 


1 The proof given by Pólya [7] deduces Theorem 1 from certain theorems of a 
general character. It may be of interest to observe that his theorem on the so-called 
Jensen polynomials [7, p. 165] furnishes the result of Hurwitz; indeed, the Jensen 
polynomials associated with the function (1.1) are {except for a factor independent 
of x) the Laguerre polynomials LE-A (x). 


5 
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LEMMA 1. Lein 21, aanarbitrary real number, ax —1, —2, ty on. 
Then the zeros of L® (x) are not equal to 0 and distinct. Furthermore 
the number `of the positive zeros is n if a>—1; tt ts n+lal+1 
tf —n <æ <— 1; ti is 0 tf a<—n. The number of the negative zeros is 
0 or 1. [Sz., Theorem 6.73. | 


Let a= —ß be negative, § not an integer. If 2» >8 the polynomial 
LL" (x) has [8] nonpositive zeros which are all complex, except a 
single negative one in case [$] is odd. 

This theorem is due to E. Stridsberg [8] and W. Hahn [1]. It fol- 
lows from older results on Jacobi polynomials by a limiting process 
[Sz. loc. cit.]. A continuity proof based on the variation of £ is also 
possible. s 

For the sake of completeness we give here the following very simple 
proof of Lemma 1. 

From (2.1) and (2.3) we conclude that all the zeros are not equal to 
0 and distinct. In case a> —1 Rolle’s theorem applied to formula 
(2.2) furnishes exactly n positive zeros. Further let —k—1 <a < —k 
(1 Sk <n). The same theorem furnishes then at least »—& positive 
zeros, and by Descartes’ rule of signs we obtain exactly this number of 
positive zeros. Inspection of (2.1) shows that for k&n no positive 
zeros exist. Now let x be negative and œ < —1. Then? G(x) <0 so that 
w and w’’ are of the same sign. This excludes the possibility of two 
negative zeros. Hence the number of the negative zeros is 0 or 1. 


LEMMA 2. Let a be an arbtirary real number. Then 


(2.6) tim L (s/n) me J28) 


Eo ana 


uniformly if s is bounded. [Sz. Theorem 8.1.3.] 


This follows immediately from (2.1). 

In view of the limit formula (2.6)Hurwitz’s theorem results, pro- 
vided we can show that the nonpositive zeros of L® (x) are in abso- 
lute value not greater than Cn—!, where C= C(a) is independent of n. 
(Indeed, the zeros of the functions on the left-hand side of (2.6) tend 
to those of the function on the right-hand side, as n— œ.) The only 
possibility which has to be excluded is the confluence of two conjugate 
complex zeros of L® (x) into a real zero of s~@/2J,(28""), which would 
be necessarily multiple and not equal to 0. But this is out of the ques- 
tion since this function as a solution of a second order linear differ- 


* G(x) & (a+1)/2%— (at —1)/421— 1/4 5 (1/2)/(a~ 1) <0. 
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ential equation with the only finite singularity s=0 can not have a 
multiple zero different from 0. 


3. Bounds for the nonpositive zeros of L® (x). In what follows we 
use the notation of §2. 


LEMMA 3. Leta=—B be negative, B not an integer and [8] odd. Then 
for the only negative sero xo of LG® (x) we have 


(3.1) to > — B'in 
provided n ts suffictently large. 


According to (2.5) LE® (x) is monotonic for negative x; further- 
more LS” (0) <0. Thus zo> —en7!, ¢>0, provided LS (—cn-}) >0. 
Since, n> [f], 








[8] (ca (oa) * z (cn) 
ae Cf = 2Cr, n-a 2; Caban 
(3 Nis wom [8] +1 mi 
(cr!) = 
> Sipe 

mG m! 

and 
(cn!) ™ [6] ¢™ 1 


[8] 
a = m 2 Caen mi Smt Tmt- B) 
we have LC® (—cn~t) >0 for sufficiently large » provided the expres- 
sion on the right-hand side of (3.3) is positive. This is the case if c 
is chosen sufficiently large. 
It is easy to specify the constant c. The above expression is cer- 
tainly positive provided 


(3.4) c > mB — m), m= 1, 2,3,- --, [B]. 
We can take, for instance, 
(3.5) c = f?/4. 


The formula of A. Hurwitz and E. Hille mentioned in the introduc- 
tion applied to (2.3) will read as follows: 


Lemma 4. Let a and b be PRA complex numbers, axb, a0, 
b0. Then 


(3.6) jow- f |w 3+ f Gta) | whee = 0; 


the integration is extended over an arbsirary recisfiable curve tn the com- 
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plex x-plane joining a and b and avotding the origin. 


This furnishes immediately a bound for the imaginary parts of the 
zeros of L® (x). More exactly we prove: 


LEMMA 5. Lei a = —B be negative, 8 not an inieger, n>B>1. For any 
complex sero p+tq of LS” (x) we have 


(3.7) . |a| S B/A. 


Let q0: we apply (3.6), integrating from p+¢q to œ along a 
straight line parallel to the real axis with Rr—-+ œ. Then, noting 
that w(x)w’(x)—0 when x=u+ig, u>+ %, 


-f |w |as + f ERE, 
rtir ate 


follows, so that ¥{ G(x) } must vanish somewhere along this path. 
Thus we must have —A (u?+-0?) +2Bu=0 fora suitable u, u= p, 0=q. 
This is the equation of a circle with center at (B/A, 0) and radius 
B/A. From this (3.7) follows. 


LEMMA 6. Leta=—8B be negative, B not an integer, n>8>1. Then for 
the complex zeros p +4q of LO (x) we have 


2B/A +4 > 0, 
els fe Ne 

|æ] if p<, 
where xo 4s the only negative sero of LS” (x) or LOS” (x) depending upon 
whether [B] ts odd or even. 

The previous argument furnishes the first part of the assertion. As 
to the second part, we assume that [S] is odd; the case in which [8] 
is even can be settled by means of Gauss’ theorem on account of the 
relation 


(3.8) 


N 


(d/dx)Laji (a) = — Ly (a). 


Let us assume that p<», g>0. We apply (3.6) with a = p, b =p +14 
choosing for the path of integration a vertical segment. Then 


ptig — pHi 
3.9) -wa-wa f Go| wlas o 


follows. We write 
(3.10) O maae (=a 
and take the real parts of the terms in (3.9): 


(D371 (a) 


La (2) 
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w'(p) 
1o(p) 


Now w(x) satisfies the differential equation (2.3) and G(x) <0 for 
x<0. Hence w(x) and w(x) are of the same sign, that is m’’(x) >0 
for x<xo Thus w’(x) is increasing for x<x» and since w'(xo) 
m gmat — go) HDAN) <0 we have w'(x) <0 for x<xo. Conse- 
quently the first term of (3.11) is positive. But according to (2.4) 
IJ {G(x) } <0 sò that (3.11) involves a contradiction. 


4, Conclusion. From the Lemmas 3, 5 and 6 we deduce Theorem 1 
in a familiar way (cf. the end of §2). By using (3.1), (3.7) and (3.8) 
we find more precisely: 





Phu 
(3.11) — [wh f (4G(z)} | wla) lè] dz} = 0. 


THEOREM 2. Let a= —8 be negative, P not an integer, B>1. The non- 
postive seros of the function #°/*J_,(22'/*) are situated in the rectangle 


— 6/4 | = 
(4.1) eain] SES @ - D/2 | 3s| S (Bt — 1)/4. 


In the first inequality the utper or lower expresston holds depending on 
whether [B] is odd or even. 
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ON LINEAR SPACES WHICH MAY BE RENDERED 
COMPLETE NORMED METRIC SPACES 


CASPER GOFFMAN 


In this paper, we obtain a characterization of linear spaces which 
may be normed so as to become complete, linear, normed metric 
spaces. In this connection, K. Kunugui! and M. Fréchet? have shown 
that every metric space S is isometric with a subset of a complete, 
linear, normed metric space. It follows from our result that if the 
cardinal number of S is the limit of a denumerable sequence of cardi- 
nals, then there is no complete, linear, normed metric space isometric 
with S. Results on topological spaces which may be rendered linear, 
normed metric spaces and complete, linear, normed metric spaces 
have been given by A. Kolmogoroff? and B. Z. Vulich.‘ 

It will be assumed that the reader is familiar with certain elemen- 
tary portions of the theory of linear and metric spaces, and with trans- 
finite cardinal and ordinal numbers.® Using the generalized continuum 
hypothesis and normal order theorem, we prove the following: 


THEOREM. A necessary and suficient condttion that a linear space 
may be made a complete, linear, normed metric space by a sutiable 
defintiton of norm ss that the cardinal number of sts Hamel basis should 
not be the limiti of any denumerable sequence of cardinals which precede tt. 


A Hamel basis of a linear space S is a subset T of S such that every 
element of S is a linear combination, with real coefficients, of a finite 
number of elements of T, and there is no proper subset of T with this 
property. The following properties of a Hamel basis will be used in 
demonstrating the theorem, and are given without proof: 

(a) A linear space S has a Hamel basis.® 
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(b) S may have many distinct bases, but these must have the same 
cardinal number. 

(c) If the basis T of S is nondenumerable, then s and /, the respec- 
tive cardinals of S and T, are identical. 

(d) The representation of every element x of S as a linear combina- 
tion, with nonzero coefficients, of a finite number of elements of a 
given basis T of S is unique. 


1. Sufficiency. We note that a linear, normed metric space with a 

finite Hamel basis, of cardinal n, is homeomorphic with euclidean 
` space; hence, is complete. To prove the sufficiency part of the theo- 
rem we need, therefore, consider only the infinite case; that is, we 
must show that a linear space whose basis is of infinite cardinal not 
the limit of any denumerable sequence of cardinals which precede it 
may be rendered complete by a suitable definition of norm. Such 
cardinals are either non-limiting, infinite cardinals, or limiting cardi- 
nals which are not the limit of any denumerable sequence of cardinals. 
First, let a be a non-limiting, infinite cardinal, and £ its immediate 
predecessor in the normal order of cardinals. By the generalized con- 
tinuum hypothesis, 2f =æ. Let S be the linear space of all bounded, 
real functions defined on a given set of cardinal £, the sum of two func- 
tions and the product of a function by a real number being defined in 
the customary way. Sis of cardinal d = 2$ =a. With »(f) =1.u.b. | f(x) | , 
the least upper bound of | f(x) |, as norm, S is evidently a complete, 
linear, normed metric space. For a>c, as previously noted, every 
basis of S has the same cardinal a as S. For a=c, S certainly has no 
finite basis and, since complete, has no denumerable basis, as will 
be shown in the proof of the necessity part of the theorem. Hence, by 
the continuum hypothesis, if Sis of cardinal c, its basis is also of cardi- 
nal c. We have thus defined, for every non-limiting, infinite cardinal a, 
a complete, linear, normed metric space with basis of cardinal a. 
Any linear space S with basis of cardinal æ is isomorphic with S. 
For, if T and 7” are respective bases of S and S’, a biunique corre- 
spondence exists between them. It then follows from the uniqueness 
of the representation of the elements of a space as a linear combina- 
tion of basal elements, that S and S’ are isomorphic linear spaces. 
Hence, by letting the norm of every element of S’ be identical with 
that of its mate in S, the linear space S’ is made complete. Now, 
let a be a limiting, infinite cardinal which is not the limit of any 
denumerable sequence of cardinals which precede it. For every car- 
dinal $ <a, let Ts be a set of cardinal 8 such that, for every y <8, 
T, is a subset of Ts. Such a class of sets may be obtained, for ex- 
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ample, by normally ordering a set of cardinal a, and letting T; be 
the proper initial segment of the order which introduces the cardinal 
B. Let T=) seals and let Ss be the set of bounded, real functions 
defined over T, arbitrarily on Ts and identically zero on T~ Z's. The 
cardinal number of Sa is the immediate successor of 8, by the gen- 
eralized continuum hypothesis, and the cardinal number of S= J a< «S5 
is a. As in the preceding case, S may be rendered a linear, normed 
metric space by defining the sum of two functions of S and the prod- 
uct of a function of S by a real number in the manner customar, for 
functions, and by letting »(f) =l.u.b. [f(x)|, for every f(x) in S. The 
` space Sis a complete metric space. For, let {f,(«) be any convergent 
sequence of elements of S. Then { fa(x) } ig a uniformly convergent 
sequence of functions. Let 8, be the smallest cardinal such that f,(x) 
is identically zero on the set T~ 74. Then 8, <a and, since a is not 
the limit of any denumerable sequence of cardinals which precede it, 
there exists a cardinal 8<a such that 8, <B, for all #. The functions 
of the sequence f(x) } are thus identically zero on T— Tą and, since 
the sequence is convergent, its limit, f(x), is also identically zero on 
T'—T ,. Moreover, f(x) is bounded, for it is the limit of a uniformly 
convergent sequence of bounded functions. Hence, f(x) is in Ss and 
thus in S. The linear, normed metric space S is therefore complete. 
It then follows from the isomorphism of linear spaces whose bases 
are of the same cardinal, that every linear space with basis of cardinal 
a may be normed so as to be complete. 


2. Necessity. We show that a linear, normed metric space is not a 
complete metric space if the cardinal number of its basis is the limit 
of a denumerable sequence of cardinals which precede it. We prove 
the following: 


Lemma. If T is a nondense, linear subspace of a linear, normed 
metric space S, then T is nowhere dense tn S. 


PROOF. Let o be a sphere of elements of S. Then ev, the set obtained 
by multiplying the elements of ø by a real number c0, and x-+s, 
the set obtained by adding to the elements of o a given element x 
of S, are also spheres in S. Since T is nondense in S, there is a sphere 
g in S, containing no point of T. Let {c} be a sequence of reals con- 
verging to zero. Then, for every x in T, the sequence ELTK } of 
spheres converges to x. But these spheres contain no points of 7. 
Hence, T is nowhere dense in S. 

Suppose S is a linear, normed metric space with a denumerable 
‘basis, whose elements are £1, &:,---,&,-:::°. Let S, be the linear 
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subspace of S with basis $i, &,---, &. Then S=] Cf S.. Since S, 
has a finite basis, it is a complete metric space; hence, closed in S. 
But a closed subset of a metric space is nondense in the space. 
Therefore, by the lemma, 5S, is nowhere dense in S, and S, as the limit 
of N, nowhere dense sets, is of the first category, and therefore not 
complete. 

Finally, we construct, for every nondenumerable cardinal @ which 
is the limit of a denumerable sequence of cardinals, a linear space of 
cardinal a, and hence, with basis of cardinal a, which cannot be 
normed so as to be rendered complete. Since, as noted above, two 
linear spaces are isomorphic if their bases are of the same cardinal, 
it follows that every linear space of cardinal a has the desired prop- 
erty. Now, let {a,} be the sequence of consecutive, increasing cardi- 
nals which converges to a, and let T, be a set of cardinal a, such that, 
for every , T, is a subset of Te. Let T=} r T.. Let S, be the set of 
bounded, real functions defined over T, arbitrarily on T, and zero 
elsewhere, and let Sa) roe The cardinal number of S, is 2° =a,i1, 
by the generalized continuum hypothesis, and the cardinal number of 
Sis a=) Paes. S is rendered a linear space, if the sum of two func- 
tions and the product of a function by a real number are defined in 
the usual way. Suppose S is further rendered normed and metric by 
any given choice of norm for the elements of S. S, is obviously a 
linear, normed metric proper subspace of S. Moreover, S, is a non- 
dense subset of S. For there are only o#*,.,=a,41 sequences composed 
of elements of S, and, since S is of cardinal a>a,41, there exists an 
element of S not a limit point of S,. By the lemma, S, is nowhere 
dense in S and S=) °?S, is of the first category. Hence S is not com- 
plete. 

As a consequence of the necessity part of this theorem, it immedi- 
ately follows that a metric space whose cardinal number is the limit 
of no denumerable sequence of cardinals is homeomorphic, hence iso- 
metric, with no complete, linear, normed metric space. 


PITTSBURGH, Pa. 


THE STRONGER FORM OF CAUCHY’S INTEGRAL THEOREM 
E. F. BECKENBACH 


1. Introduction. The so-called weaker and stronger fora of 
Cauchy’s integral theorem are the following. 


THEOREM 1. CAUCHY’S INTEGRAL THEOREM (WEAKER FORM). If f(s) 
ts holomorphsc on the finsie ssmply-connected open domain D, and if C 
ts a closed recitfiable curve in D, then 


| jods == 0, 


THEOREM 2. CAUCHY'S INTEGRAL THEOREM (STRONGER FORM). If 
f(z) ts holomorphtc on the intertor D of a simply closed recisfiable curve C, 
and continuous on D+C, then 


(1) f foas=o, 


Each of these theorems follows readily when it has been established 
that there is a sequence of closed curves {C,} in D, of uniformly 
bounded length, converging in the sense of Fréchet to C, such that 


[se = (), 


In the case of Theorem 2 it appears to be more difficult to establish 
the existence of the sequence {C,}, since the convergence must be 
from only one side; but the difficulty may be overcome by more or 
less tedious topological considerations, a program which has been un- 
dertaken by a number of authors.? Recent excellent proofs by Reid 
and Hestenes, loc. cit., appear to be about as simple as a valid ele- 
mentary proof of this result could be. 

The above type of proof applies equally well to yield the corre- 
sponding stronger form of Green’s lemma, as some authors have - 
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pointed out, and also to yield other integral results such as the analo- 
gous stronger form of Cauchy’s integral formula, and so on. 

Walsh and Heilbronn? have given brief and simple, but not ele- 
mentary, proofs of Theorem 2, using results of Walsh and Fejér on 
polynomial boundary approximations to holomorphic functions. 
Their methods of proof do not yield the stronger form of Green's 
lemma. 

As an application of Theorem 2, consider Painlevé's theorem in the 
following form. 


PAINLEV£'S THEOREM. If open plane domains D: and D, abut along 
the reciifiable arc C, sf f,(s) is holomorphic on D; and continuous on 
D,+C,j=1, 2, and sf fi(z) =fs(s) on C, then fils) and fals) are analytic 
continuahons of one another across C. 


The proofs of this theorem use the finite accessibility of points of 
C from D; and from D}, together with the stronger form of Cauchy’s 
integral theorem and sometimes of Cauchy’s integral formula; the 
weaker forms do not suffice. 

The following proof of Theorem 2, though not elementary, uses 
only tools which are usually considered standard. It is brief and 
simple, and the method has the advantage of being equally applicable 
to establishing the stronger form of Green’s lemma, Cauchy's in- 
tegral formula, and so on. 


2. Lemmas. We shall use the following two lemmas. 


LEMMA 1. BIEBERBACH-CSILLAG THEOREM.‘ If s=g(w) is kolo- 
morphic on |w| <1 and continuous on |w| S1, and if I(r) denotes the 
length of the image of | w| =r 1 on the s-plane, then I(r) is a monotoni- 
cally non-decreasing funciton of r for 0Sr S1. 


Proor. Fix r<i and let r<R3S1. Since the length of a curve is 
the limit of the lengths of a proper sequence of inscribed polygons, for 
any positive e there is a set of values b, 9:,---, 9, Bayim ba with 
OLL- <6,<6,+ 22, such that 


(2) ple) = 3°| glrevt) — glre) | > U(r) —e. 


> J. L. Walsh, The Cauchy-Goursat theorom for recitfiable Jordan curves, Proc. Nat. 
Acad, Sci. U.S.A. vol. 19 (1933) pp. 540-541; H. Heilbronn, Zu dem Integralsats von 
Cauchy, Math. Zeit. vol. 37 (1933) pp. 37-38. 

1 L. Bieberbach, Uber dis konforme Kreisabbildung nahesu kroisformiger Beroiche, 
Preuss. Akad. Wiss. Sitrungsber, 1924, pp. 181-188. 


1943] | THE STRONGER FORM OF CAUCHY’S INTEGRAL THEOREM 617 


Consider the function p(w) =| g(wertt) — g(we?) | ; now p(w) is 
continuous for | w| S1; and since the absolute value of a holomorphic 
function is subharmonic and the sum of a finite number of sub- 
harmonic functions is subharmonic, it follows that p(w) is subhar- 
monic for | w| <1. Hence p(w) assumes its maximum value on | w| SR 
at some point Re“ on | w| =R; in particular, 


(3) b(r) S (Re). 


Clearly p(Re*) is the length of a polygon inscribed in the image of 
lwl =R, so that 


(4) p(Re™) < (R). 
Now (2), (3) and (4) yield I(r) —e<i({R), whence I(r) SKR). 


LEMA 2. COROLLARY OF HBLLY-BRAY THROREM.® In the unit 
circle r S1, let g(re“) and hire“) be continuous complex functions and 
let g(re“), as funciton of 6, OSOS2n, be of limited variation, uniform 
wrih respect to r. Then 


is h(e*)dg(e*) = lim f7 h(re*)dg(re). 
8 r-71 6 S 


Proor. Let T be the least upper bound of the total variations T,. 
' Since (re) is uniformly continuous in the unit circle, for any posi- 
tive e there is a positive integer n such that for all rS$1, 


| hire) — hiret) | S ¢/(3T) 
provided |6—6’| S2x/n. Then for all $1, we have 7 


if h(re¥)dg(re#) — 5 (ret? mila) [g(ret ia) 
i ful 


(5) — g(reto-Detls) ] 


S e/3. 





Also, by the continuity of g(re") and A(re“) as functions of r, there 
is an fo <1 such that for rẹ<r <1, 





Le A(retrsa) [gretren) — g(rottDus)] 
=l 


(6) _ s kleti n) [aletin — g(t HD rin) | 


< 6/3. 





* See for instance G. C. Evans, The logarithmic potential, Amer. Math. Soc. Col- 
loquium Publications, vol. 6, 1927, pp. 14-16. 
t Cf. K. Knopp, Fuskitionentheorie, vol. 1, Berlin, 1930, p. 44, Hilfssatz 2. 
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Now (5), taken once for ro<7<1 and again for r=1, and (6) yield 


3r ir 
JS k(e*)dg(e") — f hire“) dg(re*) | <e, 
0 0 
and the lemma is established. 


3. Proof of Theorem 2. By the Riemann mapping theorem, there 
is a holomorphic function s = g(w) which maps the interior of the unit 
circle |w| <1 on D; further, by the Osgood-Carathéodory theorem, 
g(w) remains continuous on | Si and s=g(w) maps |w] = 1 topo- 
logically on C. Let f(s) =f[g(w) | =k(w). Now g(w) and k(w) are con- 
tinuous on |w] <i afd, by Lemma 1, g(re*), as function of 9, 
0 <8 <2r, is of limited variation, uniform with respect to r. Conse- 
quently, by Lemma 2, 





ir i 
f soa = { Feela = Í ne) dg(e) 
(7) 


r=i 


ir 
= jim f k(re“)dg(re") = lim f f(s)dz, 
0 ral Y Cy 
where C, is the image of |w| =r on the s-plane. But by Theorem 1, 
(8) Í f(s)ds = 0. 
Cr 


Now (1) follows from (7) and (8). 


THE UNIVERSITY OF TEXAS 


ON AUTOMORPHISMS OF COMPACT GROUPS 
PAUL R. HALMOS 


1. Introduction and definitions. Let G be a compact abelian group 
and a a continuous automorphism of G. We write G multiplicatively 
and use, accordingly,. the exponent notation for automorphisms. 
Thus the image under «æ of the element xCG will be denoted by x°; 
similarly we shall write for (complex valued) functions f(x), f*(x) 
= f (x9). 

If m is Haar measure? in G (normalized so that m(G)=1) we con- 
sider the set function m'(E) =m(E*). (E* is the set of all x2, EE.) 
Since m’ is a measure on G possessing all defining properties of m it 
follows from the uniqueness of Haar measure? that m'(E) =m(E) for 
every measurable set E. In other words æ is a measure preserving 
transformation of G; the purpose of this note is to investigate a few 
simple properties of a from the point of view of measure theory. 

We shall make use of the Pontrjagin duality theory,‘ and, in par- 
ticular, we shall need the fact that the group of automorphisms of G 
is essentially the same as that of the character group G*. More pre- 
cisely: if to any ¢=¢(x) CG* we make correspond ¢*=¢%(x) =¢(x*), 
then ¢*€G", and the correspondence ¢—¢* is an automorphism of G*. 
-= The duality theory also enables us to reverse this argument: every 
automorphism of G* is induced in this way by a continuous automor- 
phism of G. l 

We recall some standard definitions from ergodic theory. A measure 
preserving transformation æ (not necessarily an automorphism) is 
ergodic if the only (complex valued, measurable) solutions f of the 
equation f*=/f are constant almost everywhere. The transformation æ 
is mixing if the only (complex valued, measurable) solutions f of the 
equation f*=)f, for any constant A, are constant almost everywhere. 
(It is true, though irrelevant, that for A1 even a constant fails to 
be a solution unless it is zero.) It is well known that the mapping 


Presented to the Society, December 27, 1942; received by the editors November 
23, 1942. 
-~ This notation dovetails, as usual, with ordinary exponentiation in G; thus 
I m (17) ee (1), and so on. 

? For a general discussion of measure theory in topological groups see A. Weil, 
L’tntégratson dans les groupes topologiques et ses applications, Paris, 1938. 

3 Weil, op. cit., pp. 36-38. 

4 Weil, op. cit., chap. 6. 

5 See E. Hopf, Ergodentheorie, Berlin, 1937, chap. 3, for a discussion of the fact 
that these definitions are equivalent to the ones more commonly given. 
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f—f* induced by a measure preserving transformation @ on the space 
of functions over G is a unitary transformation of the Hilbert space 
L(G). Two measure preserving transformations a and § are of the 
same spectral type if there is a unitary transformation w of La(G) 
(w need not be induced by a transformation of G) for which fee#” =f? 
for ali fE Z(G). Given any point x GG (or function f on G) the set of 
all x” (or f™), n=0, £1, +2, --- is the orbit of x (or f). If a is an 
automorphism the orbit of the identity consists of the identity only; 
if this is the only finite orbit we shall say, for the sake of brevity, 
that æ has no finite orbits. 

In terms of the definitions of the preceding paragraph we can state 
our results quite concisely. In Theorem 1 we obtain a simple charac- 
terization of ergodicity and mixing in terms of the orbits of æ in G". 
Theorem 2 is astatement concerning abstract groups and, prima facie, 
has nothing to do with measure theory; together with Theorem 1 
and the duality theory it yields, however, a complete description of 
the spectral type of ergodic automorphisms. In the concluding section 
we state some unsolved problems and emphasize the importance of 
group automorphisms as a source of many new and simple ex- 
amples of transformations with properties that were once considered 
difficult to obtain.’ 


2. Ergodic and mixing automorphisms. We prove the following 
theorem: 


THEOREM 1. A continuous automorphism a of a compaci abelian 
group G ts ergodtc (or mixing) if and only tf the induced i Al 
on the character group G* has no finste orbtis. 


We call attention to the somewhat surprising fact that for continu- 
ous automorphisms ergodicity is equivalent to the apparently stronger 
mixing condition. We shall see later that much more than this is true: 
if œ is ergodic then it autamatically has the strongest of the whole 
known hierarchy of mixing properties. 

The similarity of our definitions of ergodicity and mixing to each 
other enables us to prove both parts of the theorem simultaneously. 
Suppose that f€ L(G) and À, [A] == 1, are such that f° =)f.8 We may 
expand fin a Fourier series in the aiaracters b KG", f(x) => 4a(b)b(x).” 
Concerning this series we must make two comments. First, even if G* 

t Hopf, op. cit., p. 9. 

T Hopf, op. cit., p. 42. 

$ The fact that, considered as a transformation of L4, a ia a unitary operator im- 


plies that if there is any proper value A at all then it must be of modulus one. 
* Weil, op. cit., p. 76, 


eee 
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is uncountable, at most a countable number of @’s fail to be orthogo- 
nal to f, so that at most a countable number of a's are different from 
zero. Second, the series need converge only in the sense of Ly (mean 
square convergence) ; the known fact that a sub-sequence of its partial 
sums converges almost everywhere is sufficient to justify the simple 
formal steps that follow. Replacing x by x* we obtain 


>, \a(¢)o(z) = Af(z) = fala) = f(z”) 
4 
= >. a(d)¢(x*) = >> a(¢)o*(z) = D> alela). 
$ 


$ $ 

Hence (using the orthogonality of the characters) we may equate co- 
efficients and obtain \a(¢) =a(¢*_), or |a(¢)| =|a(2)|. Since ¢ 
ig arbitrary it follows that all coefficients a(¢) corresponding to ¢’s 
in the same orbit are equal in modulus. Since 2l ale) B< æ it fol-. 
lows that all a's corresponding to $’s in the same infinite orbit vanish. 
This settles the only sf part of our theorem: a non-constant f can exist 
only if æ (considered as an automorphism of G*) has finite orbits. 

The converse is easier. Let 6€G* (ġ 1) have a finite orbit; sup- 
pose, for definiteness, that n is the least positive integer for which 
o“=. It follows that for the function f=d+@e+ --- +62" we 
have f*=f. The orthogonality and, a fortiori, linear independence of 
the ¢@’s show that f is not constant. Since this shows that the exist- 
ence of a finite orbit implies non-ergodicity, the proof of Theorem 1 is 
complete. 


THEOREM 2. Let a be any automorphism of the discrete abelsan group 
H; ¿f a has no finsie orbtts then st has an infinite number of orbsts.1° 


Case I. We assume first that there is in H an element ġo of finite 
order. By raising ġo to a suitable power we may assume that the order 
of ġa isa prime p. Writed,=@o", n=0, £1, £2, --- ; weshall prove 
that the ġġ. are independent mod p. (It is clear that the order of 
each $a is p.) Suppose, on the contrary, that ¢2 -- : ġġ =1; it is 
merely a notational change to write $;=1,---,%,=, and we may, 
of coursé, assume that f; and r, are not congruent to zero mod p. We 
have then 


rm! F L 


W ha e a a 


(The exponents rr!, ry! make sense since we may interpret them in 
the modular feld GF(p).) Consider now the finite subgroup Ao of H 


1s The author’s thanks are due to R. Baer, R. H. Fox, and H. Samelson for many 
valuable discussions of this theorem and its proof. 
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generated by di, -+ , dy. It follows from the definition of the ġa and 
the relations (1) that Ho is invariant under both a and a and con- 
tains consequently the entire orbit of ġo. Since this contradicts the 
assumed nonexistence of finite orbits, the ¢, must indeed be inde- 
pendent. The desired conclusion follows at once: the elements 
Ya =oi---+da, mi, 2,-+-, must all lie in different orbits. 

Case II. If do is an element of infinite order we write ¢.=¢5 as 
before and we ask for which (positive or negative) integers 4 it is true 
that ¢, is a positive rational power of ¢% (that is, a positive integral 
power of some root of ġo). If ¢;=¢ then (p) = (6h) * = (b)* = do, 
so that ¢_, is an rth root of ġo. If also ¢,=¢6 then bi = lht =d 
=go'=d¢". In other words the set of #’s under consideration is an 
additive group of integers; let fo be a generator of this group, ¢.,=4¢". 
Then for any integer n 


bin = (+++ (Cho) o's 


in other words the set of possible r's that may occur as exponents in 
a relation ġ:=ġ consists of all (positive, negative, or zero) integral 
powers of ro. Hence the set of powers of ġo which are in the same orbit 
as do consists only of powers of ro, and consequently there is a power 
of ġo which does not lie in this orbit. We may choose this power of ġo 
as a new starting element (of infinite order) and repeat the above 
argument ad infinitum. This completes the proof of Theorem 2. 

We are now prepared to describe the spectral type of ergodic auto- 
morphisms. Let § be a complete orthonormal set in an abstract, not 
necessarily separable, Hilbert space and denote by y any particular 
element of §. Arrange all remaining elements of § as an infinite 
matrix in such a way that each row contains a countably infinite 
number of elements. Use as row index any set of suitable power and 
as column index the set of all (positive, negative, or zero) integers. 
A unique unitary operator o is defined on Hilbert space by the re- 
quirement that it send 4 into itself and ¢:,, into ¢:,41 for j=0, +1, 
+2,--+-+, and all+. The spectral type of e depends only on the num- 
ber of rows; if we agree to use Ñ for this cardinal number we may 
write ¢=o(N). We summarize our result in terms of these g's, 


THEOREM 3. If ais a continuous ergodic automorphism of a compact 
abelian group Gand Ñ ts the (necessarily infinite) cardinal number of G* 
then a has the spectral type of the untiary operator oN). 

For the proof we need remember only that the characters of G 


form a complete orthonormal set of elements of L(G). The principal 
character plays the role of y and the orbits of the other characters 
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may be written as the rows of the matrix mentioned above. Theorem 2 
shows that there must be an-infinite number of rows, and the well 
known fact that for any infinite cardinal N -N =N € shows that the 
number of rows is the same as the total number of elements in G*." 


3. Examples and questions. Let H be any compact abelian group 
and let G be the direct product of H with itself a countable number of 
times. We write G as the set of all sequences {x,|n=0, 1.4 2,.% = i 
and we define a continuous ergodic automorphism a of G by the rela- 
tions 

{an}e= {ay}, Ta = Fath 2-0,+1,+2,---. 
Transformations isomorphic to such @’s (not only in the spectral but 
even in the stronger, measure theoretic, sense) were among the first 
known examples of ergodic transformations. 

Examples apparently very simple from the algebraic point of view, 
but very difficult to handle geometrically, are furnished by the sole- 
noids. Consider for instance the multiplicative group of all real num- 
bers of the form e7, where r is a dyadic rational number. The operation 
of squaring is an automorphism of this group (with no finite orbits), 
and hence an ergodic automorphism of its compact character group. 

More in the classical spirit than either of the last two examples 
are the (continuous) automorphisms of the n-dimensional toral group. 
In order to retain our multiplicative notation we write the torus as 


n-tuples (x1, © © ©, Xa) of complex numbers of modulus one; thus the 
product of (x1, yS , Ea) by (Yi, pees ' Ya) is (x11, — 1 XnVn) and the 
identity element is (1, ---, 1). It is well known that the automor- 


phism group of the torus is the unimodular group, in the following 
sense. Given any » Xn matrix a=(a,;) whose elements are integers 
and whose determinant is +1, we consider the mapping (x,)—>([ | x”): 
this mapping is the most general continuous automorphism of the 
torus. The condition of ergodicity—that is, the condition that, con- 
sidered as an automorphism of the character group, @ have no finite 
orbits—is equivalent in classical terms to the requirement that no 
root of unity should be a proper value of a. This remark enables us 
to write down any desired number of quite different looking analytic 
ergodic (and hence mixing) measure preserving transformations on 
the finite dimensional torus. 


11 See F. Hausdorff, Mengenlskre, Berlin, 1935, p. 71. 

42 The first explicit discussion of the spectral form of a measure preserving trans- 
formation of type o( Xo) was carried out by J. L. Doob and R. A. Leibler, On the 
spectral analysts of a certoem transformation, Amer. J. Math. vol. 65 (1943) pp. 263-272. 
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This last example and the particular structure of the automor- 
phisms it describes suggests a new, purely measure theoretic, invari- 
ant of measure preserving transformations. The Hamilton-Cayley 
equation says, in our notation, that if p is the characteristic poly- 
nomial of æ then for every x in the torus «?(% =1. It follows that for 
every character f of the torus we have, similarly, f7‘® —1. The exist- 
ence or nonexistence of f's thus annihilated by certain polynomials 
in æ (with, of course, integer coefficients) and, if they exist, their 
algebraic and measure theoretic structure, furnishes the invariant to 
which we referred. To illustrate the possible application of these in- 
variants we mention the following: if it could be proved that the char- 
acters are (except for trivial changes on a set of measure zero) the only 
measurable functions of constant modulus one which are annshtlated 
by (a), it would follow rather easily that two ergodic automorphisms 
of the torus are measure theoretically isomorphic if and only ‘if they 
correspond to conjugate elements in the unimodular group. We could 
thus obtain the first examples of measure theoretically distinct trans- 
formations of the spectral type of o(No),!* and the usual proper value 
theory would then point the way to further, more delicate, invariants. 

In conclusion we mention an unsolved problem of purely technical 
interest, but one whose solution may throw some light on the deeper 
problems raised above. The question is simply: do there exist measure 
preserving transformations (on spaces of finite measure) of the spec- 
tral type of c¢(8%), where Ñ is a fintts cardinal? 


SYRACUSE UNIVERSITY 


3 The first examples of measure theoretically different but spectrally isomorphic 
transformations are due to J. von Neumann. These examples (not yet published) are, 
however, not mixing transformations. 


CAUCHY-STIELTJES AND RIEMANN-STIELTJES INTEGRALS 
G. BALEY PRICE 


1. Introduction. This note treats the equivalence of the Riemann- 
Stieltjes and Cauchy-Stieltjes integrals (abbreviated RS and CS in- 
tegrals) and conditions for the existence and equality of the latter. 
The ordinary Riemann, the left Cauchy, and the nght Cauchy in- 
tegrals are defined as limits of the sums X *f(&,) (x. — 211), 41-1 SEs: Si, 
> 8 f(x1-1) (2, — x) and >> *f(x,) (x, — z) respectively ;it is known [2] 
that these integrals are equivalent. Corresponding to these integrals, 
we have the RS and the two CS integrals, defined as limits of 
the sums DIE) le) —g(ea)], LA) leE) —g(e-a)], and 
rflx) [e(x.) —g(x.-1) |. The right modified RS integral is obtained 
from the sums >*f(E,) [g(x.) — g(x) ], x:-15¢,<x,. Examples in §4 
show that the CS integrals may exist, with equal or unequal values,- 
when the RS and the right modified RS do not; that the right modi- 
fied RS integral may exist when the RS does not; and that one of the 
CS integrals may exist when the other does not. Thus the RS, the 
right modified RS, and the two CS integrals are not equivalent. Since 
all these integrals obviously exist when the RS integral does, it is 
natural to investigate conditions under which the existence of a €S 
or right modified RS integral implies the existence of the RS integral. 
It is shown in this note that if g is non-decreasing, if f and g have no 
common discontinuities on the same side, and if the left CS integral 
exists, then the RS integral exists and has the same value, the in- 
tegrals being limits in the sense of increasing refinement of subdivi- 
sions. This result is established in two steps: (a) if g is non-decreasing, 
if f and g have no common discontinuities on the right, and if the 
left CS integral exists, then the right modified RS integral exists; 
(b) if the right modified RS integral exists, if g is non-decreasing, and 
if f and g have no common discontinuities on the left, then the RS 
integral exists. This result obviously includes the previously proved 
equivalence of the Riemann and Cauchy integrals [2] and certain 
others [3]. Further, it states sufficient conditions for the equality of 
the two CS integrals; these conditions show that the two ordinary 
Cauchy integrals are always equal. The note closes with a proof that 
the CS integrals exist when f has only simple discontinuities and g has 
bounded variation. We conclude from this result and others stated 
above that both of the CS integrals properly include the RS integral, 
and that neither CS integral includes the other. Precise statements of 


Presented to the Society, April 24, 1943; recetved by the editors December 4, 1942. 
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theorems are given in $5. 


2. Notation. Let f and g denote real, single valued, bounded func- 
tions defined on aļ&xr<b. Let X denote a subdivision @=x%xọ<%ı 
<.. <Xa =b of the interval ax Sb, and let x’ Sr Sx” denote a 
generic interval of X. Let Xı& Xı denote that X, is a refinement 
of Xı, and let XıX, denote the subdivision determined by all the 
points of division of X, and X4. Also let ||X|| denote the norm of X, 
that is, the maximum length of a subinterval of X. Finally, let X¥(A) 
denote the sum of the values of the interval function W for all the in- 
tervals A of X. The interval functions to be met below are of the form 
F(t) [g(x — g(x’) |, x’ SESx'’. This notation has been used by Gedcze 
[1]. 

3. Definitions. In this section we give definitions of various in- 


tegrals. 


DEFINITION. We say f has a left CS X integral wiih respect to g, 
denoted by (Cr, X) f fàg, tf and only sf for each e>0 there extsis an 
Xole) such that 


D | Cu x) f fls- ABR] <q XB Xe. 





DEFINITION. We say f has a left CS ||X|| integral with respect to g, 
denoted by (Cr, || X|) fde, if and only if for each e>0 there exists a 
5(«) >0 such that 


(2) 





(Cr, {XI f fag = XAA) = A] <6 xil < s. 


The definitions of the corresponding right CS integrals (Ce, X){-fdg, 
(Cr, Ixi ffdg are obtained by replacing f(x’) by f(x’’) in (1) and (2). 
Also, if f(x’) is replaced by f(§, x’S&Sx’’, we obtain the RS in- 
tegrals (R, X)f-fdg, (R, ||X||) -fdg. If f(x’) in (1) is replaced by f(E), 
x’ St<x'’, we have the right modified RS X integral (R*, X){-fdg. 


4, Examples. A first example shows that the CS integrals may 
exist, with equal or unequal values, even when the RS and the right 
modified RS integrals do not, and that the right modified RS integral 
may exist when the RS does not. Let f have the value 1 when x=0 
and the value 0 elsewhere on the interval ~1SxS1. Set g(0) c, 
g(x) = —lon —18%<0, and g(x) =10n0<x91. Then (Cz, X)j_, fdg 
=1—c, (Cr, X) f fdg=1+c. The || X|| CS integrals do not exist, and 
neither do the X and || X|| RS integrals. If c=1, then (R*, X) f? fdg 
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exists and equals (Cr, X) f*, fdg. 

A second example shows that one CS integral may exist-when the 
other does not. Let f(x) =sin (1/x) and g(x)=x—1 on —1 £z <0; 
f(z) =0 and g(x)=x+1 on OSxS1. Then (Cr, X)f- „fdg exists but 
(Cr, X) f` fdg does not (see a necessary condition for the existence of 
the latter [3, p. 267, 2.14]). 


5. Theorems. The results to be established will be stated in this 
section. j 


es 1. Let f and g, defined on a Sx Sb, have the following prop- 


"D ' f(x)| SM; 
(ii) glx) is non-decreasing; 
(iii) fand g have no common dsscontinusties on ihe left; 
(iv) (R*, X)Jafdg exists. 
Then (R, X) Jefdg exists and equals (R*, X) fofdg. 


THEOREM 2. Let f and g satisfy (i), (ii) and the following: 
(v) J and g have no common discontinuities on the right; 
(vi) (Cr, X) fofdg exists. 

Then (R*, X) fafdg exists and equals (Cr, X) fafdg. 


COROLLARY 1. Let f and g satisfy (i), (ii), (vi), and the following: 
(vii) f and g have no common disconisnutises on the same side. 
Then (R, X) Safdg, (Cr, X) fafdg exist and equal (Ci, X) fafdg. 


COROLLARY 2. If the hypotheses of Corollary 1 are strengthened by 
replacing (vii) by 

(viii) f and g have no common disconiinuttses, 
then (R, ||X||) f2fdg also exists. 


THEOREM 3. If f satisfies (i) and has only simple dsscontinustes, and 
if g has bounded variation, then (Cr, X)ftfdg and (Ce, X)[2fdg exist. 


6. Proofs of the theorems. The proof of Theorem 1 will be omitted; 
a more general result is known (3, p. 273]. 

Consider Theorem 2. Let e be an arbitrary positive constant, and 
let Xo(e) be the subdivision which exists by (1) and (vi). Let be 
another arbitrary positive number. In each interval x«’SxSx’’ of 
Xo define a point ¢ as follows: (a) t=x" if f(x) 2f(%’) +n has no solu- 
tion x satisfying x! <x <x'’;(b)t=g.l.b. Ee[f(x) 2f(x’) +1, 2’ <<a" ] 
in case this set is not empty. With each point # associate a sequence 
of points h, &,--- as follows: (a) =t, k=1, 2,---, if =x”; 
(b) t=#, R=1, 2,---, if (Ð) efx’) +n; (c) in the remaining case 
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{ty} is a sequence such that f(t) 2f(x’) +n, k=1, 2,---, and 
lim, é=#. The third case occurs only when f is discontinuous on the 
right at $; at such a point g is continuous on the right by (v). Then for 
every interval of Xo lima [g(x’’) —g(ts) | = [g(x’’) —g(#)]. This fact 
will be used to prove 

(3) Xonlg(x’’) — g(t)] S 2e 


Let X, be the subdivision obtained by adding the points of division # 
to those of Xo, and let XŤ be the subdivision obtained from Xo by 
subdividing each of its intervals by fı. Since X= Xo, we have 
(4) [Xe — a x’)] Xll) — (x) | < 26 


by (1) and (vi). But since 


XIA [e(2) — ela] = Xafla lgl) — g(a”) ] + Xof(te) lel — gts) ], 
we find that the left-hand side of (4) reduces to 
(5) | Xolf(ts) — f(x’) ][g(#’") — g(ts)] | = Xon[e(x’) — e(ts)]). 


Thus from (4) and (5) we find Xon [g(x —g(ts) | <2e; by taking the 
limit as k->.©, we obtain (3). 
Let U*(f; x', x’) and L*(f; x’, x”) denote the l.u.b. and g.l.b. re- 
spectively of f on x’ Sx <x”. Then since - 
X U* C; 2’, #\[g(2’) — g(x’)] 
= XoU*(f; t, ig) — gN] + XU; 4, lel — £0], 


we have 
| ivf; x, Lle) — g(x’)] — Xof(w)[e(#) gla] | 
S| XlU*(f; L, — f(x) ][e — ea] 
+ | XolU*(f; t, 2”) — f(x’) ]le(#) — 8) | 
S nle) — g(a)] + 2M Xolg(x’”) — gA] S nle) — gla] + 4Me/n 
by (i), (i), (3), and the definition of t. Thus 


XU: #, Yl = gl] (Cr X) [fee 


S nlg) — e(2)] + 4Me/n + e 


by the result just established and the definition of Xo. If [ is an arbi- 
trary positive number, it is possible to choose n and €e so small that 


= Z 
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the expression on the right of the last inequality is less than ¢. By a 
similar argument we can show that there exists a subdivision X, such 
that 


b 
Peal 2, ABN = A] Cu X) f ael <e 
It follows from these results that 
b 
xi lel) — g(x] - (Cx) f jae <t 


for x’ SẸ <x” and any X 2 XıXı. Thus (R*, X) Jifdg exists and equals 
(Cı, X) f?fdg, and the proof of Theorem 2 is complete. 

Corollary 1 follows from Theorems 1 and 2. A sufficient condition 
that (R, |X|) /}fdg exist is that (R, X) f? fdg exist, and that f and g 
have no common discontinuities [3, p. 269, 4.14]; Corollary 2 follows 
from this condition and Corollary 1. 

Before we begin the proof of Theorem 3, two preliminary results 
are needed. Let g ‘be any function of bounded variation on a Sx <b, 
and let x’ be any point such that aSx’<b. Then given any [>0, 
there exists an x’’ sufficiently near x’ on the right so that the total 
variation of g on any interval tSxSx’’, where x’<i<x’’, is less 
than ¢. To prove this statement we define h(x) =g(x), xx’, and 
h(x’) = g(x’+0) and recall that the total variation of A(x) is continu- 
ous on the right at x’ [6, p. 356]. The second preliminary result is 
the following. If f is defined on a Sx Sf and has simple discontinuities 
only, and if the oscillation of f at each point of the interval asx < 
is less than A, then æ Sx Sf can be subdivided into a finite number of 
intervals x’ Sx Sx” such that the oscillation of f on x’Sx<-2x’’ is less 
than 2). The proof follows readily from a theorem of Baire [4, p. 3111. 

Finally, consider the proof of Theorem 3. Let any e>0 be given. 
Form a subdivision X(e) of a Sx Sb by points a= x£ <x < +++ <x, 
=b so that (a) each of the r points at which the oscillation of f is 
equal to or greater than À is a point of division; (b) if x’ Sx £x” is 
an interval of Xo such that the oscillation of f at x’ is equal to or 
greater than à, the total variation of g on any interval ¿Sx Sx”, 
x’ <<t<x"’, is less than ¢[; (c) if x’ Sx Sx” is not an interval of the type 
described in (b), the oscillation of f on «’Sx<-x’’ is less than 2A. 

Let X1 be any refinement of Xp». A straightforward calculation 
shows that 


(6) [EAA [e(2") — g(#)] Xle) — g(e’)] | < 2Mro +227, 
where V is the total variation of g on a Sx Sb. We may suppose that 


f 
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à was chosen so that 2A V <¢6/4. This choice of A determines the in- 
teger r. We may suppose further that f was chosen so that 2Mrt <«/4. 
Then the right-hand member of (6) is less than €/2. Similarly, for 
X2 Xo, we have 


| Xf lel) — g(2’)] - Xaf(x)[e(2’) — (x) ]| < /2; 


hence 


RIO =O = IO Se 
Xi, Za = Xole). 


This is a sufficient condition that (Cz, X) fifdg exists [5, p. 106]. A 
similar proof shows that (Cr, X) fèfdg also exists. 
All proofs are now complete. 
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EXACT nTH DERIVATIVES 
HOWARD LEVI 


Let y be a function of x with derivatives of all orders, and let 8 
be a function of x, y, and a finite number of derivatives of y. If, in- 
dependently of the choice of the function y, @ is the nth total deriva- 
tive of some function Y of x, y, and derivatives of y, then we shall 
call @ an exact nih derivative. The problem with which this note is 
concerned is to determine, for any given function @ and positive in- 
teger n, if 0 is an exact sth derivative. The case for which n= 1 is 
completely covered by the well known Euler differential equation 
which arises in the simplest problem of the calculus of variations. For 
a function @ to be an exact first derivative, it is necessary and suff- 
cient that 0 satisfy the Euler differential equation. The contribution 
of this paper is the treatment of the cases in which n exceeds unity. 
A system of n differential equations is developed, satisfaction of which 
by @ constitutes a necessary condition that 0 be an exact nth deriva- 
tive. These equations do not yield an altogether satisfactory suí- 
cient condition. It turns out that if @ satisfies the equations in ques- 
tion, it may still fail to be an exact sth derivative. However, under 
these circumstances, @ must differ from an exact mth derivative by a 
function of very special character. 

Notation. Let us suppose y to be an arbitrary function of x possess- 
ing derivatives of all orders. We shall denote the jth derivative of y 
with respect to x by y,, and sometimes denote y itself by yo. We sup- 
pose @ to be a function of x, y, and of finitely many of the yp 
possessing partial derivatives of all orders with respect to all its argu- 
ments. The operation of differentiation with respect to x will be 
indicated by the symbol D; thus D=0/dx+) y:4:0/dy,. We shall 
understand that the range of the subscript + in D extends from zero 
to plus infinity, recognizing that when D operates on a function of 
x, y, and of finitely many of the y,; it reduces to a finite sum. The 
symbol D+, where ¢ is a positive integer, will denote the operation of © 
taking the ith derivative. We shall use the expression C,,, to denote 
the binomial coefficient p-(p—1) +--+ (p—q+1)/q! where q is a non- 
negative integer and p is any integer. 

Summary of results. Let n be a positive integer. Let opera- 
tors E, t=1,---, n, be defined as follows. Expand, formally, 
F,=(1+Dé/dy1)~'3/dy as the product by ð/ðy of a power series in 
Dé/dy;, and replace terms (Dd/04,) 0/dy by D‘0/dy,. Let there be a 
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function Y of x, y, and of finitely many y; such that DY =6 identically 
in x and y. Then! 


(1) Ep = 0, t= 1, 2,°-°-,%, 


identically in x and y. 

We also establish a partial converse to this result. Let 0 satisfy 
equations (1) identically in x and y. Then there exist polynomials in x 
Ti, Fa, © °°, Fui, where the degree of each nonzero x, ts less than 4, such 
that 0— myi — ` -© KaYa 45 an exact nth derivaisve. Note that no 
term in yə need be subtracted from @ to render 0 exact, so that for » 
equal to unity we see that 0 itself is a first derivative if it satisfies (1). 
The equation £,6=0 is simply the Euler differential equation, so that 
for » equal to unity our result restates the well known property of the 
Euler equation. 


Necessity proof. We use the relations 














ð min (r,s) 
(2) D* =a > CiD: 3 
OY, 1m0 Vrs 
f= 0,1,2,'--;821,2,3,---, 

which we proceed to establish. For r equal to zero, this amounts to 
the statement that (0/dy)D*=D*d/dy, n=1, 2, 3, ---. Clearly 

ð ð fð ð a? a? 

EAS y Ss S E em : 

Oy = (5; j 2 ii = a 32 iii ayð y, 


Since the order in which the partial derivatives are extracted can be 
reversed, this last expression equals Dd/dy. This disposes of the case 
r=0, n=1, and the cases r=0, n arbitrary, follow immediately. 

We now treat the cases in which r is greater than zero. In evaluat- 
ing (0/dy,)D we must consider that y, appears in the term y,0/d@y,_1 
as a coefficient of a partial derivative, which was not the case for r 
equal to zero. We obtain then 




















ð ð ð 
D=D . 
OY, OV, OYVr-1 
Consequently, 
g ð 
D* = D— D1 + pr, 
OY, OY; ð Yr—ı 


Proceeding by induction, we assume that the right member of this 


1 These equations are written out explicitly as equations (4) below. 
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equation has a representation 








min (r,#—1) min (r—1,#—1) ð 
D > Cea e + > Crip 
inn Vr—s imo OVr—1—-4 


Collecting similar terms, we see that the coefficient of D*-'0/dy,_, is 
Cai, + Cai,- It is well known that this sum is C,,,. This suffices to 
prove that if relations (2) hold for values less than s and less than or 
equal to r, they likewise hold for n and r. It remains to discuss the 
transition from m and r—1 to n and r. This part of the proof is so 
similar to the foregoing discussion that the details may be omitted. 

From now on » is to be a positive integer, arbitrary but fixed. 

We multiply both members of the rth of equations (2) by D", 
r=1, 2,+---+. As a consequence, the power of D which multiplies 
any given 0/04, is the same in all the modified equations (2) in which 
the expression appears, namely the (n-+s)th power. 

Denote the terms D'(d/dy,)D* by A,, r=0, 1, 2,- --. After the 
above multiplication, equations (2) furnish us expressions for the 
A, as linear combinations, with numerical coefficients, of terms 
D***9/dy,. The numerical coefficients can be readily obtained. A term 
D~*0/dy, appears first in the expression for A,, and is present, in 


all, in A,, Ano - ++, Åsta Its numerical coefficient in each of these 
Agi is Cag 
We now seek numbers ao, ai, Gs, - + + , such that > >22,a,A, is identi- 


cally zero; that is, in this sum the numerical coefficient of each term 
D***0/dy, is to be zero. This implies that the a, must satisfy 


(3) S GrasCn,s = 0, r=0,1,2,-°:. 
gone Ù 


In order to solve these equations with a minimum of computation, we 
formulate an equivalent problem involving power series. Let u be an 
indeterminate and let >\a,u‘ be a formal power series in u, with nu- 
merical coefficients. Observe that in the product (1 +u)" a,u' the 
coefficient of u*+", r=0, 1,2, +--+, is precisely the left member of the 
corresponding equation (3). Thus if we can attribute values to the a; 
which make the above product a polynomial of degree less than 4, 
these a, will also be solutions of (3). But the solution of this problem is 
immediate. Expand any one of the fractions 1/(1+u)',#=1,---+,n, 
as a power series in #. The coefficients obtained in this way obviously 
serve as solutions for the polynomial problem, and, consequently, 
furnish solutions for equations (3). 

The proof can now be quickly completed. Let @ be the nth derivative 


634 HOWARD LEVI [August 
of a function ¥; in symbols @=D*y. Then D'00@/dy,=AwW. Since 
>-a,A,=0 we have > 4,D'd0/dy,=0. Using explicit values for the a, 
we have 





06 = og 
(4) ean + yore if 


= Q, f m 1,2,2 
ay fm OY, 


The details of the proof make plain the connection between equations 
(4) and equations (1). 


Sufficiency proof. We need the following lemma. 


Let n be a posthve integer and let x(u) be a polynomial tn u, not 
sdentically zero, whose degree +s less than n. Then in the expansion of 
the function p(u) =a(u)/(1+u)* as a power series in u the coeffictents 
of no n consecutive powers of u are Zero. 


This is obviously true for n equal to unity, for the series of 1/(1 +) 
has no missing terms, and multiplication by a nonzero constant 
cannot introduce any such terms. We prove the lemma by induc- 
tion on n. Representing z(u) as a polynomial in (i+), we have 
x(u) =botd,(11-+u)+ -- + +3,.9(1-+4)*7+0,1(1+u)*"! where not 
all the b; are zero. After being multiplied by (1+) our function 
has the form 


(5) (14-14) p(w) = [botat e onal HH] (Hu) +521. 


The number of missing terms in u(s) is related in a simple way to the 
number of missing terms in the product of this function by (1 +u). We 
distinguish two cases. If the first n coefficients of u(u) are zero, then 
they are likewise zero in the product. If, on the other hand, at least »# 
consecutive coefficients in u(u) are zero, and if furthermore this gap 
is preceded by nonzero terms, then in the product at least n—1 con- 
secutive coefficients are zero and this gap must also be preceded by 
nonzero terms. We show that each of these cases leads to a contradic- 
tion. We may suppose that not all of bo, b, - +--+, bg. are zero, for 
otherwise the problem reduces to the case of n equal to unity. Thus 
we see from (5) that (1+u)u(u) is the sum of a constant and a func- 
tion which is subject to our induction hypotheses. This function can 
have at most n—2 consecutive missing terms. We have seen that if 
u(t) is to lack n consecutive terms, (1+u)u(u) must lack at least 
n—1 such terms. We have also seen that in (5) the first summand 
` can have at most n —2 missing terms. We conclude that it is the addi- 
tion of b,_; to this summand which contributes another zero coeffi- 
cient. But this can only be the case if it is the first »—1 terms of 
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(1+u)u(u) which are zero. In this case our argument shows that if 
u(u) lacked » consecutive terms, (1-+#)u(«) would also have n con- 
secutive missing terms. This discrepancy proves the lemma. _ 

We are now in a position to prove our partial converse to the result 
established above. Let @ be a function of x, y, and the y,, such that 
the relations £,6=0, ¢=1, 2,+--, n, are identities in x and y. If 
the partial derivatives of @ with respect to all the y; vanish, then 9 
is a function of x alone, and is certainly an exact mth derivative. We 
assume henceforth that not all these partial derivatives of § vanish. 

Let m be the largest integer for which 06/dy_0. Assuming that m 
is not less than #, we are going to show that there exists a function ý 
such that @—D* contains effectively no derivative y, of order 
greater than »—1. For this purpose we prove first that @ is lin- 
ear in ym, and that in 6 the coefficient 06/dy_ of ya is free of 


Yml, Ymi, © ° ' 3 Vu—n+- 
It follows from the theory of determinants that there exist con- 
stants bı, ba, ° © +, bn, not all zero, such that hE, +baEat ---: +0,2F, 


is free of D‘0/dy; where $ has values from m—n-+1 to m—1 inclu- 
sive. By virtue of our lemma, this linear combination of the E, must 
contain effectively the expression D"8/ĝym. We suppose the b, selected 
in such a way that the coefficient of this expression is unity. Then, be- 
cause # does not contain a y, with s greater than m, we have 








"4 a6 i ap 
(6) 2, 6.0 = D»—— + cD" Se oe oe 
where c, » » - , g are constants. The operators E; are linear, so our 


assumption that @ is annulled by the E, implies that both members of 
(6) are zero. If'the term D™06/dy,~ is zero, it must be that 00/dy~ is a 
polynomial in x of degree less than m. This certainly agrees with our 
statement concerning the manner in which Ya is present in 6. Assum- 
ing now that this term is not zero, we show that 0@/dy, is free of 
Ym Yml °° * , Yma: SUppose this is not so. Let y, be the derivative 
_ of greatest order effectively present in 06/dyn. Then yu,, is effectively 
present in D™00/dy,. The other terms of the right member of (6) can- 
not contain effectively derivatives of y of order greater than 2m—n, 
because the partial derivatives of 0 are of order at most m and the 
differentiations increase this order by at most m—». Thus m-+r does 
not exceed 2m—n, whence r does not exceed m—n. This shows that 
0 differs from ».00/dy" by a function of order less than m, and that 
06/Oy— is free Of Ym, Ymi: © © ©, Ve—a4dt: 

We now introduce an auxiliary function Y.a described by the rela- 
tion l 
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y f 0g p 
nm ij Yna 





where the integration is performed with respect to ye_a, treating 
X,Y, Yu °° * s Ym—n a8 Independent variables. Because of the use of the 
indefinite integral in its definition, Yw contains an arbitrary additive 
function of x, Y, Yr ‘°°, Ya—s—; thus the integration actually leads 
to many functions, some of which may not possess partial deriva- 
tives of all orders. However. the integration also yields functions with 
partial derivatives of all orders, and it is from these that we suppose 
a definite Ye to be selected. This function also has the property that 
its partial derivative with respect to ya_. is 00/dya. Because the 
order of 00/07. is Jess than m—n-+1 it follows that Dy, differs from 
¥u—n+100/dy—_ by a function of order less than m—n +1. Similarly 
Dp, differs from y.06/dy. by a function of order less than m. Then 
the order of 6—D*,, is less than m. In addition, this difference is 
annulled by all the operators #,,---, En. If the order of 0 — DY m 
exceeds n — 1 we can follow the same procedure with this new function 
subtracting from it an exact nth derivative and reducing its order 
still further. After a finite number of steps we obtain a function W such 
that the order of @— Dy is less than n. 

Let us denote the difference 6—D*y by r. It may be that r is identi- 
cally zero. In this case 0 is an exact nth derivative. Even if 7 is not 


zero, it must still be annulled by Ai, - - - , En. Because the order of r 
is less than ø, the equations Er =0, i=1, 2,- --, n, constitute a 
system of n homogeneous linear equations for the # quantities 
dr/dy, Ddr/dy1, + ++, D*07r/dy,1. It follows from the Jemma that 
the determinant of this system is not zero. We conclude that each of 
the quantities 0r/dy, Ddr/dy1, - - - , D* 107 /dy,_1 is zero. Thus 7 is a 
function of the form wyyi-+arryat -< © Hras Where each r: is a 


polynomial in x of degree less than $. We do not overlook the fact that 
7 could also contain a term free of the y, but since such a term, being 
a function of x alone, would be an exact sth derivative, we may sup- 
pose it incorporated into y. This completes the proof of the results 
enunciated at the beginning of the paper. 
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SPECTRAL THEORY 
NELSON DUNFORD 


Spectral theory has for its origin the classical theory of finite ma- 
trices and, in a sense, includes all theories which may be specialized 
to some particular phase of that classical theory. Such a meaning for 
the term spectral theory is perhaps too broad, for its acceptance 
` would force one, as is becoming increasingly evident, to admit that 

spectral theory embraces not a small part of such fields of mathe- 
matics -as the ergodic theory, the theory of probability, absolutely 
convergent trigonometric series, Fourier transforms, the theory of 
continuous functions on a bicompact Hausdorff space, the theory of 
partially ordered rings and Abelian groups, and perhaps even the well 
known embedding theorem concerning completely regular topological 

.spaces. In fact, even though by far the greatest part of spectral theory 
that has been at present developed has for its roots the properties of 
a very special type of matrix, namely the Hermitian matrix, it is cer- 
tainly true that modern developments have made significant contacts 
with all the theories just mentioned. 

Although I shall touch briefly upon certain features of these mod- 
ern developments my chief concern here will not be an attempt to 
describe the wealth of ideas that have grown out of the properties 
of an Hermitian matrix, but rather to show how the properties of a 
general matrix can guide the way to the solution of a special class of 
problems of vital interest in analysis. The type of problem with which 
I shall be concerned is illustrated by the following question. How can 
it be determined whether or not a given sequence of polynomials 
f.(T) in a linear operator T on a Banach space converges to a specified 
type of limit operator? Before making this problem more precise | 
should like to show how the elementary properties of a finite matrix 
can, if put in the proper form, give an immediate answer to all such 
questions of convergence for a finite dimensional space. 

Suppose & is an m-dimensional linear vector space over the field of 
complex numbers (or over any algebraically closed field). Let T be 
a linear operator in ¥, that is, T is an m Xm matrix whose elements 
are complex numbers. For every complex number à and every 


An addrese presented before the New York meeting of the Society on April 24, 
1943, by invitation of the Program Committee; received by the editors April 24, 1943. 

The address by Taylor which follows this was delivered on the same day before 
the Stanford meeting. To some extent the two papers overlap each other in subject 
matter, but they also complement each other through the divergence of the authors’ 
points of view. 
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nx(,1,2,--- define the linear manifolds 
M= + TX W= € [zz A- Te = 0]. 


It is clear that for a fixed A.the manifold DY is non-decreasing in ” 
and the manifold NY is nonincreasing. It is also clear that each > 
defines uniquely a positive integer or zero, y=v(A), called the index 
of A, such that Ph = PMY for nz y while for n<» we have Di a proper 
subset of MATT, It is also readily shown that W =R] for n =v while for 
n<y we have W! a proper subset of MN. If nz») we always have 


(1) E = N D My, 

and conversely if (1) holds then n2v(A). Let Ar, -- - , A» be the dis- 
tinct characteristic numbers of T and let »,,---, Pa be-the corre- 
sponding indices, then 

(2) E = Mh, O--- OM, 

Equation (2) shows that there are uniquely defined projection opera- 
tors (that is, idempotent matrices) Ex, ©- +, Em such that 


(3) L= Ento tbn BE=TH, BB =0, ty. 


Since, in the space DH, any polynomial f(T) in T is equal to its resi- 
due modulo (T=) ” we have from (3) 


eT kT 
(A) f(T) = 3 re : ry Na) Eig 


While our chief purpose will be to investigate some of the conse- 
quences of this formula (A), or rather the formula corresponding to 
(A) in the infinite case, we should like to point out very briefly the 
relation of this formula to the special case which has led to ao many 
fruitful investigations. If the indices v, of T are all 1, in particular if T 
is an Hermitian matrix, then (A) becomes 


(B) ME 2 JA) En. 


The important algebraic difference between cases (A) and (B) is that, 
as is easily seen, in case (B) the ring of polynomials in T is isomorphic 
with a direct sum of fields, that is, isomorphic with a linear space of 
scalar functions, while in case (A) the ring of all polynomials in T is 
isomorphic with a direct sum of reduced polynomial rings. Another 
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way of seeing the chief difference between the two cases is to observe 
that in case (B) we have no nilpotent elements, that is, no radical in 
the ring, while in case (A) we may have f*(T)=0, f(T) 0. It is ` 
formula (B) which symbolizes the classical theory of reduction of 
quadratic forms. This theory was extended to infinite forms by Hil- 
bert and his school and by E. H. Moore and his students. It is perhaps 
just to say that it is F. Riesz to whom we owe the advantages of the 
concept of a linear operator. To F. Riesz we owe the formula 


-o 
(B) AD = | Jam 


which replaces (B) in the case of a bounded self-adjoint operator in 
Hilbert space. It was J. von Neuman and M. H. Stone who developed 
the theory symbolized by (B^) in the case where T is an unbounded 
self-adjoint operator in Hilbert space. In recent years the formula 
(B’) has been rapidly disappearing from the theory of quadratic 
forms. In fact, the theory of bounded quadratic forms has become, in 
the hands of Stone,! Gelfand,? Kakutani,? and others, almost identical 
with the theory of continuous real functions on a bicompact Haus- 
dorff space. Each of these mathematicians has, I believe, taken 
roughly the point of view just mentioned, that is, that a commutative 
family of Hermitian matrices may be thought of as a family of scalar 
functions and each one has been led to a characterization of the 
family of a} real continuous functions on a bicompact Hausdorff 
space. While their starting points are somewhat different there are, 
in each case, postulates sufficient to rule out a radical in the system, 
that is, these mathematicians have all been working with systems 
generalizing formula (B). l 

With this very incomplete summary of what has been done with 
formula (B) let us return to (A) and ask the question:—when does a 
given sequence fa(T) of polynomials in a general matrix T converge? 
We shall describe two ways of answering this question, the first being 
fairly obvious, the second less so but in many wayg more practical than 
the first. The first method is illustrated by the following theorem. 


THEOREM 1. The sequence fa(T) converges if and only if f2(A,) con- 


1M. H. Stone, A general theory of spectra I, Proc. Nat. Acad. Sci. U. S. A. vol. 26 
(1940) pp. 20-283. 

27. Gelfand, Normierte Ringe, Recueil Math. (Mat. Sbornik) N.S. vol. 51 (1941) 
pp. 3-24, 

3 S, Kakutanl, Concrete representation of abstract (M) spaces, Ann. of Math. vol. 42 
(1942) pp. 994-1024. 
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verges for each4+=1,---,kandj=0,-- ,w—1l. Akso fa T)—f(T) vf 
and only if lima fr A) =f Ad), i=1,-- ,k,j=0,---,»,—1. 


The sufficiency of the conditions is obvious from (A) while their 
necessity is an immediate consequence of the definition of ». 

We shall reserve any general statement of the second method until 
later and here merely illustrate it by a typical example. 


EXAMPLE. The sequence (> %737")/n converges if and only if 
T*/n—-0. 


The truth of this statement is readily seen by applying Theorem 1. 
For if fa(A)=A*/n then f,(A)—70 if and only if |A| $1. Whereas all 
derivatives fy” (A)—0 if |A| <1, not even the first derivative f(A)—30 
if |A| =1. Thus by Theorem 1 we can say that T*/n—0 if and only 
if all roots A, of T have [^| S1, and also every root \, of T with 
|\.| =1 has the corresponding index »y,=1. A similar application of 
Theorem 1 shows that ().*237")/m converges if and only if the spec- 
tral points of T satisfy precisely the same conditions. 

It is not pure coincidence that these two statements about conver- 
gence have precisely the same spectral interpretation. It is a conse- 
quence of a general principle which will be discussed more fully later. 

The formal difference that we wish to emphasize between the theo- 
rem and the example is obvious; namely, in the example there is no 
mention of the spectrum of T. It is for this reason that a theorem of 
the type of the example, that is, a theorem asserting the equivalence 
of two statements about convergence, is in many ways more prac- 
tical than one like Theorem 1. For example if a deck of cards is re- 
peatediy shuffled in such a way that in any given shuffle there is a 
definite probability »,; that the card in the sth place goes into the 
card in the jth place, and this probability is fixed and independent 
of preceding shuffles, then one knows immediately that the probabil- 
ity of finding in the jth place, after » shuffles, the card which was 
originally in the sth place is the element p{* of the nth iterate of the 
matrix P = (p). Hence it is seen without any spectral considerations 
that P*/n-—>0. Similarly there are many examples of linear opera- 
tors T in analysis where for one reason or another (perhaps because 
| T*| < M) it is known that 7*/n-—0, and hence a theorem of the type 
of the example could be much more easily applied than one like Theo- 
rem i. 

Our main objective will now be the description of a method for 
arriving at a class of theorems similar to the example, that is, theo- 
rems asserting the equivalence of two statements about convergence, 
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but in the case where T is a bounded linear operator on a complete 
normed linear vector space not necessarily of finite dimension. In 
this general situation there are several different but closely related 
problems, for there are usually three and sometimes four different 
meanings for convergence. We always have the notions of conver- 
gence in thé uniform, strong, and weak topologies, and, in case the 
space in question consists of measurable functions we have the notion 
of convergence almost everywhere. I wish to outline a unified theory 
of convergence, in each of the four types, of a sequence f,(T) of func- 
tions of an operator T to a specsfied type of limit operator. 

In brief our method for arriving at this goal consists of two steps. 
The first and easiest step is the establishment of an operational cal- 
culus to replace formula (A). The second and more difficult one is the 
matter of applying the operational calculus. Here the chief tools are 
theorems corresponding to (a) the minimal equation theorem for 
matrices, (b) the theorem of Sylvester concerning the determinant of 
a polynomial in a matrix and (c) the various decompositions of the 


whole space into a direct sum.of its subspaces REN by the epee: a 


trum of a matrix. 

Returning our attention for a moment to a finite matrix T aadi in 
particular to equation (A) we observe that one formula, and perhaps 
the only one, which may be used to replace (A) and which does not in 
any way exhibit the finite character of the space ¥ or the operator T is 





1 f(Aydar 
A = — 
(A9 T) midon T 
where C is a set of small circles Ci, ---, Ca with C; surrounding ^. 


That formula (A^) is valid for any polynomial f(T) may be verified 
by direct computation or it may be derived from (A) by using the 
Hermite interpolation formula. Conversely, it is not difficult to pass 
from (A^) to (A) without going through the preliminary algebraic 
arguments used to derive (A). The reason for taking C as a set of small 
circles each one of which surrounds one and only one spectral point 
of T rather than taking C as one large circle containing the whole 
spectrum is the following. It is essential for our purposes that we do 
not have to restrict the operational calculus expressed by (A’) to the 
class of functions f(A) which are regular and single-valued on a con- 
necied domasn containing the spectrum of T. We shall consider the 
class F(T) of functions f(A) which are regular and single-valued in the 
closure of a domain D (which may vary with the function f€7(7T)) 
satisfying the conditions ~ 
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(i) D is a finite sum of connected open sets D, with D,D; =0, 1j. 

(ii) The boundary C of D consists of a finite number of disjoint 
closed rectifiable Jordan curves contained in the resolvent set p(T) 
of T. 
`- (ii) The spectrum e(T) of T is contained in D. 
A domain D satisfying (i) and (ii) but not necessarily (iii) will be 
called a T-admissible domain, in symbols D=D(T). These are the 
requirements whether T be a finite matrix, a bounded linear operator 
on a complex Banach space, or an element of a normed ring. Thus for 
example in the case of the finite matrix we may take f(A) =1 in and 
on C, and f(A) =0 in and on C; 74, and if we do the result is 

1 an 


ie 
2xt/o, Al — T 





This result, as well as the general one expressed by (A’), was discov- 
ered in 1928 by Fantappié,* who gave (A’) as a basis for an opera- 
tional calculus on finite matrices. Fantappié proved the standard 
rules for such a calculus, namely, 


(x) (of +Bg)(T) =of(T) +8 g(T). 
(8) € g)(T) =T) gT). 
(y) If JA)=} rA" then f(T) =} r-T". 


It was pointed out by E. Cartan* that formula (A’) could be used as 
a basis for an operational calculus on infinite matrices. In what fol- 
lows we shall think of T as a bounded linear operator on a complex 
Banach space and shall write p(T) for the resolvent set of T, that is, 
the set of complex numbers for which R,(T) = (AJ—T)~! exists as an 
everywhere defined and hence bounded linear operator. The symbol 
a(T) will be used for the spectrum of T, that is, the complex numbers 
not in p(T). It should be recalled that the index »=»y(A) (as defined 
for finite matrices) of a point à €g (T) may be 0 or œ. Recalling that 
R(T) is analytic on p(T) we define for every fE F(T) the operator 
f(T) by the formula (A’), where the integral is taken around the 
boundary C of any T-admissible domain D which contains o(7) and 


1 L. Fantappié, La calcul des matrices, C. R. Acad. Sci. Paris vol. 186 (1928) pp. 
619-621. In the case where f(\) Is a power series and C is a circle, formula (A^) has 
been given by H. Poincaré, Sær les groupes coniinus, Transactions of the Cambridge 
Philosophical Society vol. 18 (19€0) pp. 220-255. 

s The suggestion was made in a letter to G. Giorgi. For this reference as well as 
for others pertaining to an operational calculus see C. C. MacDuffee, The theory of 
matrices, Berlin, 1933, 
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upon which f(A) is regular and single-valued. We shall add to the basic 
rules (a), (8), (y) of Fantappié two more, namely, 


(8) F(T) =e 0T), FEF(T). 
(9 If JET), gE&70(T)), and FO =E) then FEF(T) and 
F(T) =g(f(7)). 


A frequently used corollary of (8) is the following. If fE7F(T) is 
identically 1 in a neighborhood of a spectral set o of T (a spectral set 
g of T is a subset of o(T) which is open and closed in ¢(T)) and iden- 
tically zero in a neighborhood of the complement o’=«0(7T)-—¢ 
of o then f(T) is a projection. In other words the operator 
E.[T]=(1/2x4) feR,(T)dd, where C is the boundary of a T-admis- 
sible domain D with g=D-a(T), is a projection. This result was 
proved recently by Lorch? who used methods independent of an oper- 
ational calculus. Lorch also showed that the Boolean algebra of all 
such projections is isomorphic with the Boolean algebra of all spec- 
tral sets of T. The fact that the mapping o—£,|T] is a homo- 
morphism is readily seen from (a), (8). That it is actually an isomor- 
phism follows from the following fundamental principle. 


THEOREM 2. When T 14s considered as an operator in the space 
X, =E [TIX ü has o for its spectrum. Furthermore for \Co any one 
of the following statements is true sf and only af ti ts true when T 4s re- 
garded as an operator in X.: A ts in the point specirum of T, ` is in the 
residual spectrum of T, \ is în the continuous spectrum of T, d is a pole 
of order v for Ri(T), ` 48 an essenital stngularsty for R:(T). 


This is all we shall say about the formal operational calculus. The 
finite dimensional space has been replaced by a complex Banach space 
%, the matrix by a linear operator T in %, the class of polynomials by 
the class F(T), and the formula (A) by the formula (A’). Now it is 
perfectly evident that the arguments used to derive Theorem 1 from 
formula (A) can not be applied immediately to formula (A’). Certain 
elementary facts can, however, be stated immediately. On the one 
hand, as a necessary condition for the convergence of a sequence 
fa(T) where f.€7(T), we have from (a) and (ô) that |fa(A) —fa A)| 
s ad) —fa(T)|,\€o(T), so that if fa(T) converges in the-uniform 
topology of operators to an operator U we must have f,(A) converging 
uniformly for A&e(T) to a continuous function f(A) defined for 
AGoa(T). This function f(A) which will be mentioned later is called 
the spectral function of U and depends only on U and not on the par- 


*E. R. Lorch, The spectrum of lincar transformations, Trans. Amer. Math. Soc- 
vol. 52 (1942) pp. 238-248. 
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ticular sequence f(T) with f,G7(7) used to approach U. On the 
other hand it is clear from (A’) that the uniform convergence of f,(A) 
on a fixed (that is, independent of n) J-admissible domain containing 
o(T) is a sufficient condition for the convergence of f,(7). Unfortu- 
nately, however, most of the interesting problems in analysis of this 
type are concerned with a sequence f,(A) whose points of divergence 
have a spectral point of T as a limiting point. Take for example the 
ergodic theorem and suppose that A\=1 is in the spectrum o(7) (this is 
, the only non- -trivial case), The sequence of polynomials (J) IA’) /n 
clearly diverges at points in every neighborhood of A=1. Thus it 
seems necessary to seek for more refined methods. To this end we 
shall virtually eliminate formula (A’) by deriving from it certain 
fundamental results of an algebraic nature which can be used as a 
basis for the convergence theory. We shall describe here three of the 
principal theorems of this type. 


The minimal equation theorem. For a finite matrix T this theorem 
is well known and asserts that a polynomial f(T) in T vanishes if 
and only if f(A) contains ][%.,(A—2,)” as a factor. The statement 
for a general linear operator is almost identical and reads as follows. 


THEOREM 3 (THE MINIMAL EQUATION THEOREM). If fE F(T) then 
S(T) =0 if and only sf 

(i) For every pole d of R(T) of order r, f(A) =0,7=0,1,- +, »—1. 

(ii) f(A) 0 on a neighborhood containing all the specirum o(T) ex- 
cept perhaps poles of R:(T). 


A corollary of this is 


COROLLARY 1. If f, gE F(T) then f(T) =g(T) sf and only if 

(i) For every poled of R,(T) of order v, f(A) =8P (A), j=0, >> -, v1. 

(ii) f(A) =g(A) for every A in a neighborhood containing all the spec- 
trum o(T) except perhaps poles of R(T). 


COROLLARY 2. Let ^, - - +, Aa be poles of R:(T) of orders vi, >> Va 
respectively. Let a' be the complement of the spectral sete = (Ai, > - , Ax). 
Then for every fEF(T) we have 

an AT) 
2 Iaa > Se ————— ONE, 
i=l el! J! 


- Corollary 2 follows from Corollary 1 as follows. If W(A) is the char- 
acteristic function of a emall neighborhood of A; then by Corol- 
lary 1 and (8) we have (DAD =4(T)P(T) =E, [T|P(T) where 
PA) =Z A ANSO A! 
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As is suggested by these theorems we have also the fact that if A 
is a pole of order » for R(T) then à has index v and also the mani- 
fold W is closed and W =N] for ngr, while NH! is a proper subset 
of Ny for #<y. Just as in the case of finite matrices (see equation (1)) 
there is the decomposition? 


(1) , X =N © MW, "2y, 


and conversely +f for some n we have JÈ a closed complement of DÈ then 
à 48 a pole of order v Sn. 

When À is a pole of order » we always have DY =m £ [T]E. When 
À is not a pole but has index » we frequently have the decomposition 


a^) X = M O Dh. 


The Sylvester theorem. This theorem generalizes the formula 
a(f(T)) SIEUN: For finite matrices this formula merely means that 
if An, Às are the distinct roots of an nXn matrix T then 
J) e JOa) are the roots of f(T). A theorem due to Sylvester 
asserts more, namely, if Ay, ---, A, are the distinct roots of T and 
if m, is the multiplicity of ^, then 


(i) Det (f(T) - AN = I (f(a) A. 


This means that if Ay, ---, A, are the roots of T, each repeated ac- 
cording to its multiplicity, then f(\1),---, f(s) are the roots of © 
f(T), where the number of repetitions of a given number in this array 
ig its multiplicity as a root of f(T). Recalling that the multiplicity 
m(d, T) of a root A of T of index » is the number of linearly independ- 
ent solutions of Al—T)"x=0, that is, m(A, T) is the dimension of 
My =X [T] =E [T]Z, we see that the Sylvester Theorem, that is, the 
formula 


(ii) m, {(T)) = e2 mA, T), e= fn), 


is an immediate consequence of 


(iil) UD) = 2 BIT], «= fH), 


(where the sum on the right is a vector sum). Whereas formula (iil) 


7 At this point reference should be made to F. Riesz, Uber Kusare Funktional- 
gleickungen, Acta Math. vol. 41 (1918) pp. 71-98, who proved similar theorems for a 


compact operator. 
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states the equality of two manifolds, formula (ii) merely states the 


equality of their dimensions. A more desirable form of this theorem 
than (iii) is 


(iv) E,[f(T)] z2 R |T] = E.[T], 


which states the equality of two projections rather than, as (iii) does, 
the equality of the manifolds upon which they project. It is, roughly 
speaking, the form (iv) that the Sylvester theorem takes in the in- 
finite case. To be more precise we have 


THEOREM 4 (THE SYLVESTER THEOREM). Let fE F(T) and let r be 
a spectral set of f(T). Then c=o(T)-f-'(r) ts a spectral set of T and 


This theorem has a further generalization which will be needed 
later. Let R(T) be the ring of all operators f(T) where fE7(T) and 
let R(T) be the ring of all operators which are limits in the uniform 
topology of operators of elements in R(T). Then, as we have seen 
earlier, with each UC R(T) is associated a unique continuous func- 
tion f(A) defined on o(T). This spectral function also has the property 
that f(o(T)) Co(U). Of course if U=g(T) ER(T) then f(A) =g) on 


a(T). In terms of these notions we have 








THEOREM 4’ (THE GENERAL SYLVESTER THEOREM). Let f be the 
spectral function of an operator UCR(T) and lett be a spectral set of U. 
Then o=f-1(r) is a speciral set of T and E,[T|=E,|U]. 


A typical decomposition theorem. There are many types of de- 
composition theorems that seem to be needed for a general theory of 
convergence. We shall content ourselves here with one illustration. 
This theorem to follow generalizes the theorem mentioned for finite 
matrices in connection with equation (1), and its comprehension needs 
the following concepts. Let fE F(T) and define the manifolds 


Ril= (Ne MI] = E [s E€ 2, Tx = 0]. 


THEOREM 5. Let fEF(T) and suppose that f(r) is not identically sero 
on any of the domains in which tt ts regular. Let 1, -- - , A be the roots 
of f(A) and m, ---, my thesr multiplicities. Then the following state- 
ments are equivalent. ` 

(1) £=M[flon[y], Nf] is closed. 

(2) For i=1, -- -, k, M ts esther in the resolvent set p(T) or else a 
pole of order v, Sm, of R(T). 
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(3) The finite set co=(x,---, As)o(T) és a spectral set of T and 
x= MIF], Ze =N[f]. 


When the roots X, of f(A) are not poles of R(T), perhaps not even 
isolated in the spectrum o(T), but have indices x, Sm, we often have 
a decomposition of the form 4=M[f] ONL}. 


Some convergence theorems, While it is clear that a certain type 
of convergence theorem may be obtained from Corollary 2 of the 
minimal equation theorem just as Theorem 1 was obtained from 
formula (A), we wish to restrict our attention here to a special case 
which presents unexpected features not found in the general situation. 
We shall be interested in when a given sequence f,(T), fE F(T), that 
is, a given sequence f,(7) C R(T), converges to a special type of pro- 
jection Æ. We shall first discuss the case of convergence in the uni- 
form topology of operators. As simple examples show we do not in 
general have R(T)=R(T), that is, in general U=lim, fa(T) is not 
in R(T). However in case U is a projection E it is necessarily in R(T). 
This is the first of the two fundamental necessity theorems, and it is 
the necessity of the conditions in the case of convergence in the uni- 
form topology of operators that presents the most difficulty. 


THEOREM 6 (THE FIRST NECESSITY THEOREM). Every projeciton 
EER(T) ts in R(T) and E=E,[T] where o is a spectral set of T and 
consists of ah NCo(T) where the spectral function f(\) of E has the value 
1. Thus H=0 sf and only sf there are no such À. 


This theorem is an immediate consequence of the general Sylvester 
theorem (Theorem 4’). To see this we observe the readily verified 
fact that the resolvent R(E) of a projection Æ is given by the equa- 
tion R;(Z) = E/(t—1)+(1—E)/t, £0, 1. Thus E [E] =E, and if we 
take r in Theorem 4’ to be the point A=1 then E=E,[E]=>£,[T] 
where o consists of all X\Go(T) with f(A) =1. 


THEOREM 7 (THE SECOND NECESSITY THEOREM). Let P be a poly- 
nomial not sdenticaly sero and let fxCT(T). If fa(T) converges to a 
projection E with EXCM (P| then either there are no Eo (T) where 
f.Q)1 in which case E=0 or else 

(1) The set co of points \Co(T) where f.(A) 1 consists of a finite 
number of poles di, +--+, An of RT). 

(2) If vi, +--+, aare the orders of the poles M, <- -, M then fat, 
JOR) 30, j2 1. eH 1S, © sk. 
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(3) For i= 1, ---, k, dy #8 a root of P(A) and sis multiplicity és at 
least v.. . 
(4) [[i-:Ac—-T)"E=0. 


This theorem is a consequence of the minimal equation theorem 
together with the preceding theorem. The proof goes as follows. Let 
ao be the set of AGo(T) where f,(A) 1. Then, by Theorem 7, ø is 
a spectral. set of T and E=E,[T|. Since EXCMI[P] we have 
P(T)E.[T|=0 and so (1), (3) and (4) follow immediately from the 
minimal equation theorem whereas (2) follows from its Corollary 2. 

We have now outlined all of the difficult steps encountered in the 
proof of the following basic theorem. We shall omit the rest of the 
details.® 


THEOREM 8. Let PA)=] L- .A.—))” be a polynomial whose dis- 
tinct roots are `M, © ©- , As. Let fa E F(T) satisfy 

(1) fa) 1, JLA) 0, 1=1,---,k,j=1, ---, xl. 

(2) P(T)f.(T)—0. 

Then the folowing assertions are equsvalent. 

(3) f. (NOE, P=E, EXoM|P |]. 


(4) For eacht=1, - - - , k, M 4s esther in p(T) or else a pole of R:(T). 

(5) For t=1, -- - , k, M 4s esther in p(T) or else a pole of R(T) of 
order at most v.. ; 

(6) X=N[Pl@OM[P], NLP] is closed. 

(7) NET, i=1, -- - , k, ds dosed. 


It is the two assertions “P(T)fa(T)—>0” and “fa(T) converges” (for 
if fa(T) converges it must, in view of (1), converge to a projection 
on M(P)) which in this situation (that is, in view of (1) and (4) for 
example) have precisely the same spectral significance. This theorem 
serves to illustrate the general principle mentioned in connection 
with the example following Theorem 1, for if P(T)=I—T and 
f.(T) =(>3257")/n then the condition P(T)fa(T)—0 is precisely 
T*/n—0. Thus for a transformation T which satisfies either 

(4’) The point \=1 is either in the resolvent set p(T) or a pole of 
R(T), 
or 

(1) (I—T)*¥ is closed, 
we can say that the uniform ergodic theorem holds if and only if 
T*/n—0, and conversely if the uniform ergodic theorem holds then 


$ The details of many of the results discussed here appear in the Trans. Amer. 
Math. Soc. vol. 54 (1943) pp. 185-217. 
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so do (4^) and (7⁄9). In fact if the uniform theorem holds we have 

(6^) (T—T)3 is closed, 
and, as we shall see, this condition is also necessary and sufħcient for 
the uniform theorem providing the strong (that is, mean) theorem 
holds and T*/n—0. 

We shall now pass to the case of strong convergence and state 


THEOREM 9. Let PA)=] [6 Ai—A)" be a polynomial whose dis- 
tinct roots are Mu >>>, Ar Let fa E F(T) satisfy 

(1) faQi.)—1, FA) 0, $51,- k, j=1, n1. 

(2) P(T)f.(Z)—0 strongly. 
Then the folowing assertions are equsvalent. 

(3) f.(T)-E strongly, =E, EX =M[|P]. 

(4) f.(T)x is weakly compact, «EX. 

(5) ¥=R[P|OM[P], IFT) SM. 


` Thus in a reflexive space if (1) and f(T) | <M are satisfied we 
can say that (2) and (3) are equivalent. ‘Fhis is another example where 
two statements about convergence have the same spectral signifi- 
cance. Taking P(T) =I-T, f(T) =Q_=oT")/s, as before, we can say 
that in a reflexive space if iT”) /n| SM then ()-%237")/n con- 
verges strongly if and only if 7*/n—>0 strongly. The usual condition 
| T*| S M assumed in ergodic theorems is not a necessary one. Hille 
and Szegd* have recently constructed operators satisfying the strong 
(that is, mean) as well as the almost everywhere ergodic theorem, 
` and for which |7*| is of the order of m4. The essential algebraic 
difference between the strong and the uniform theorem is seen by a 
comparison of (6) of Theorem 8 and (5) of Theorem 9. 

We shall omit any discussion of weak convergence and pass to the 
case of almost everywhere convergence. Here we have as a basis a 
space S of points 4. The space ¥ consists of scalar functions which are 
defined on S and which are measurable with respect to a completely 
additive non-negative measure function |e| defined for e in a Borel 
field including S. It is assumed that x =0 if and only if x(#) =0 almost 
everywhere, and that addition and scalar multiplication of the func- 
tions correspond to the similar operations in %. It is assumed that if 
x,—rx in ¥ and x,(#)—y(#) almost everywhere then x(#)=+(é) almost 
everywhere. It is also assumed in case | S| = © that Sis the denumer- - 
able union of sets of finite measure. For a linear operator U in & we 
shall write U(x, t) for the value of the function Ux at the point t. 


* E. Hille and G. Szegd, Remarks on ergodic theorems, to appear in the Trans. Amer. 
Math. Soc. 
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A fundamental theorem of Banach" enables us to state the follow- 
ing theorem as an immediate corollary of Theorem 9. 


Tororem 10. Let P, fa, E be as in the Pree theorem and satisfy 
(1), (2), (4) of that theorem. Then 

(1) For every xCX we have lime f.(T)(e, t)= E(x, t) almost every- 
where tf and only if 

(2) For every xE% lim supp, FAGay (x, t)| <æ almost everywhere and 

(3) For every x in a fundamental set in $ the lim, f(T) P(T)(e, $) 
extsis almost everywhere. 


Again let us interpret this theorem by taking P(T)=I—T, 
fa(T) = (92-177) /n where T is now a linear operator in the Lebesgue 
space L(S), | S| <œ, defined by a 1-1 point map ¢ of S into itself 
according to the formula 7f=g, g(#)=f(@#). Clearly (3) is trivially 
satisfied with no restrictions on ¢ by merely taking the fundamental 
set to be the set of bounded measurable functions. Thus (3) is redun- 
dant and (2) becomes the necessary and sufficient condition for almost 
everywhere convergence. But it has been proved!!! that T satisfies 
the strong (that is, mean) ergodic theorem if and only if 





1 #2} 
(4) = ee s Mel, 


and that this condition (4) implies (2). Thus (2) 4s also redundant and 
(4) alone ts the single condition which 1s equivalent to the strong theo- 
rem and which implies the almost everywhere theorem. In the case where 
œ is measure preserving (2) has been established by G. D. Birkhoff,” 
N. Wiener," K. Yosida and S. Kakutani,“ and H. R. Pitt™ by prov- 
ing an inequality of the type 


1 S, Banach, Ser lo convergence presqus partout des foncttonaliss linéasres, Bull. 
Sci. Math. (2) vol. 50 (1926) pp. 36-43. This theorem of Banach has also been used 
by Yosida in generalizing the ergodic theorem of G. D. Birkhoff, see K. Yosida, 
Ergodic theorems of ths Berkhoff-Khinichine's type, Jap. J. Math. vol. 17 (1940) pp. 
31-36. 

u This was discovered by D. S. Miller and the author who will publish the proof 
elsewhere. 

“u G, D. Birkhoff, Proof of the ergodic theorem, Proc. Nat. Acad. Sci. U. S. A. vol. 17 
(1931) pp. 656-660. 

u N, Wiener, The ergodic theorem, Duke Math. J. vol. 5 (1929) pp. 1-18. 

“ K, Yosida and S. Kalartani, Birkhoff’s srgodéc theorem and the maximal srgodsc 
theorem, Proc. Imp. Acad. Tokyo vol. 15 (1939) pp. 165-168. 

3 H., R. Pitt, Somes generaksaisons of the ergodtc theorem, Proceedings of the Cam- 
bridge Philosophical Society vol. 38 (1942) pp. 325-343. 
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oS 1 
(5). | eel] $> J soa 


where 4, is the set where > 2-df(¢"t)/n >a and f is positive. While the 
works of these authors make it clear that an inequality similar to (5). 
is valid providing |¢~’e| S M|e| it is not at all clear whether or not 
(4) will give anything like (5). Nevertheless (4) implies (2) which is 
all that is needed for the almost everywhere ergodic theorem. I be- 
lieve that the ergodic theorems outlined in these pages contain most 
of the known" ergodic theorems in the cycliccase. 


YALE UNIVERSITY 


“K, Yosida and S. Kakutani, Operator theoretical treatment of Markoff's process 
and mean ergodic theorem, Ann, of Math. (2) vol. 42 (1941) pp. 188-228. 


ANALYSIS IN COMPLEX BANACH SPACES 
ANGUS E. TAYLOR 


1. Introduction. Abstract spaces, and Banach spaces in particular, 
have played a prominent réle in recent years in connection with many 
problems of analysis. There has also been a notable tendency for the 
concepts and tools of analysis to take a place alongside the algebraic 

and topological notions which are characteristic of the whole subject 
` of abstract spaces. Thus analysis becomes more algebraic, and at the 
same time its range is broadened. 

For a great many purposes it is immaterial whether a Banach space 
be real or complex. It is well known that a large portion of the theory 
of linear operations, as developed in Banach’s book (Banach [1], 
is equally valid for complex or real spaces. There are, however, situa- 
tions in which the complex number system plays a crucial rôle. The 
theory of analytic functions in Banach spaces is a case in point. There 
are two large divisions of this subject: the theory of functions of a 
complex variable, the values of the functions lying in a Banach space, 
and the theory of analytic functions of an abstract variable. Our 
principal concern in this paper will be the first of these two theories. 
A brief survey of the second theory, and references to the literature, 
are given in §8. 

Henceforth, except as otherwise* stated, we shall use the term 
Banach space to mean a complex Banach space. The algebraic struc- 
ture of such a space is that of an additive Abelian group with the 
complex numbers as operators. The topology of the space is defined 
by a norm; the norm of an element x is written ||x||. It has the proper- 
ties of an absolute value. Then lx — || i is the distance between x and y, 
and the space is assumed to be a complete metric space. 


2. Analytic functions. The basic development of the theory of ana- 
lytic functions with values in a complex Banach space E, the inde- 
pendent variable being a complex number, follows the pattern of 
classical analysis. It seems to have been pointed out first by Wiener 
[1] that Cauchy’s integral theorem is valid in this general setting. 
The usual consequences, such as the Cauchy integral formula, Liou- 
ville’s theorem, and the Taylor and Laurent expansions, then follow. 
It is only when we come to theorems that deal in some way with di- 


An addres delivered before the Stanford meeting of the Society on April 24, 1943, 
by invitation of the Program Committee; received by the editors May 18, 1943. 
! Numbers in brackets refer to the bibliography at the end of this paper. 
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vision of function values that significant differences appear. 


3. Weak, uniform, and strong analyticity. If E is an abstract 
Banach space, the space of all complex linear functionals defined on £ 
is also a Banach space, denoted by #*. Let us consider a single-valued 
function x(s) with values in E, where s ranges over a region D of the 
complex plane. If f is an element of E*, fx(s) is a numerical function 
of z. If fx(s) is regular in D for each f in E* we shall say that x(s) is 
weakly regular in D. 


THEOREM 1. The funciton x(g) is regular tn D sf and only if 44 4s 
weakly regular there. 


This theorem, in a slightly more general form, is due to Nelson 
Dunford (Dunford [1, Theorem 76]). Instead of requiring fx(s) to be 
regular for each f in &*, it is sufficient to impose the requirement for 
each f in a determining manifold in E*. A subset S of E* is called a 
determining manifold if it is a closed linear subspace of E*, and if 
there is a constant M such that for each x in E the least upper bound 
of | f(x)| /|[fl], as f ranges over S, is not less than M]|x||. 

The theorem depends upon the following lemma. 


Lexma 1. If T is an arbitrary range, and x(t) is a function on T into 
E such that f(t) is bounded on T for each f in E” (or, more generally, 
for each f in a determining manifold), then ||x(i)|| is bounded on T. 

The proof of the lemma (Dunford [1, p. 354]) is of the category 
type. We shall give a new, brief proof of Theorem 1. Let us write 


O(s, k) = (x(s + k) — z(s))/h. 


Suppose that x(s) is weakly regular in D. Let C be a circle of radius r, 
with center at s, which, together with its interior, lies in D. By 
Cauchy’s integral formula 


Re, f(s, T Dag Pa Gesail bDE=—s) 


provided that |4| and |&| are less than r. Now, for each f, fx(#) is 
bounded on C; hence, by the lemma, there is a constant M such that 
\|x(4)|] < M on C. Thus | fx(ġ] S MILfl, and 

M| hk] 


Gala -Tp 


. | flQG, 4) — Os, 2] £ 


But then 


‘ 
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M|\|h— k| 
(r—| hl) = ikl) 
It follows, since E is complete, that Q(z, k) approaches a limit as 
h—0. This proves that x(s) is regular in D. That weak regularity is 
a consequence of ordinary (strong) regularity is, of course, trivial. 
The next theorem, discovered by the writer (Taylor [6, Theorem 


lOG, &) — 06, D| < 


oa ]), is closely related to Theorem 1. Let Erand E, be Banach spaces, 


and let [#1, E,] denote the Banach space of all linear transformations 
of E into Ey. The norm ||T|| of a transformation T is defined as the 
least upper bound of ||Tx|| for all elements x of E, such that ||x{|=1. 
Let A, be a family of linear transformations of E, into Fa, the parame- 
ter A ranging over an open set D of the complex plane. We say that 
A is Strongly analytic and regular in D if for each x in FE, the function 
Ax is regular as a function with values in Fy. We say that Ay, is 
uniformly analytic and regular in D if it is regular as a function with 
values in [F,, Es. 


THEOREM 2. The family A, ts unsformly regular in D sf and only sf 
ti is strongly regular there. 


The proof of this theorem may be modeled very closely after the 
above proof of Theorem 1. Instead of Lemma 1 we use an analogous 
lemma about linear transformations (cf. Banach [1, p. 80, Theorem 
5]). It is a corollary of Theorems 1 and 2 that the regularity of ġAxx 
for each x in Eı and each ¢ in Es implies the strong, and hence the 
uniform, regularity of A,. It is to be emphasized that Theorems 1 


and 2 are not true if we substitute continuity for analyticity. 


4. Concrete Banach spaces. A space E is said to possess a de- 
numerable basis {x} if to each x in E there corresponds a unique 
sequence of numbers {«.} such that 


wo 
g = Da HiT- 
hml 


If we define f,(x) =, Ja is an element of E* (Banach [1, p. 111 f). 
A number of familiar spaces have bases with the property that a se- 
ries > e āxa converges if the norms of the partial sums >_3_,as%, are 
bounded (Dunford and Morse [1, p. 415]). A space with a basis of 
this sort will be said to have property (A). The function spaces 
L?” (p> 1), and the sequence spaces P (p & 1) are examples. The space 
(c) of convergent sequences has a basis, but it does not have property 
(A). 


$ 
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THEOREM 3. Lei E be a space with a denumerable basis. Let {u.(3)} 
be a sequence of numerical functions of the complex variable z, each 
analytic and regular sn a region D, and such that 

(a) to each compact subset S of D and each f in E* there corresponds 
a constant M such that JO 1t44(8) 20) | SM if s1sin Sand n=], 2, 
Byes 

(b) the series > 2 ual2)x converges if s is in D. 

Then the function x(s) =) y-:4s(s)x_ îs analytic and regular in D. 
Its derivative is x'(s) =) xui (s)xp. . 


We first observe that if the space has property (A), condition (b) 
is automatically satisfied when (a) is, by virtue of Lemma 1. Because 
of Theorem 1, it is enough to prove that x(s) is weakly regular. This, 
however, follows directly from (a) and (b), by Montel’s theorem. We 
leave it for the reader to show that x’(s) is given by the series indi- 
cated. 

Theorem 3 furnishes a practical method for testing analyticity. For 
example, it shows at once that a sequence { t4n(3) } of functions with a. 
common region of regularity D may be regarded as an analytic func- 
tion on D into } if the partial sums 5 %.,|us(z)|* are uniformly 
bounded in each compact subset of D. For other results of the-same 
type, see Taylor [6, Theorem 3.1]. 

Consider next the space C whose elements are complex functions 
x(#) continuous on the closed interval [a, b], with the norm 


[z| = max | 2()]. 
aS tSb 


If x(t, z) is a function of ż and z which belongs to C for each value 
of z, we shall use the notation x({ *, 3) when we wish to regard x(t, 3) 
as a function of s with values in C. Bécher [1] used the term semi- 
analytic to describe functions x(t, s) which are continuous in the pair 
i, z and analytic as functions of z. Bécher’s results concerning such 
functions, insofar as the dependence upon s is concerned, may be re- 
garded as corollaries of the abstract theory with which we are con- 
cerned, as soon as it is shown that the hypothesis of semi-analyticity 
is sufficient to make x( °, z) an analytic function of z. The following 
theorem proves this and slightly more: instead of continuity jointly 
in # and s it is enough to require boundedness. 


THEOREM 4. A function x(t, z) defines a function x(°, z) regular in 
a region D sf and only if 
(a) x(t, 3) ts continuous on (a, b] for each z in D; 


2 Compact sets, as we use the term, are closed. 
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(b) x(t, 2) is regular in D for each ton [a,b]; 
(c) to each compact ses S in D there corresponds a constant M such 
that | x(t, z) | SM if tis on [a, b] and 2 is in S. 


By employing Cauchy’s integral formula much as in the proof of 
Theorem 1 we can show directly that the difference quotient 


(x, 3+ k) Ka z(t, s))/k 


converges to its limit as 4-0, uniformly with respect to # But this 
means that 


(a(*,s + h) T e(*, 2))/h 


converges to a limit in the topology of C. The conditions (a)—(c) are 
thus seen to be sufficient. Their necessity is trivial. 

The continuity of x(t, s) and 0x/dz jointly in ¢ and z is a conse- 
quence of the regularity of x( °, 3). 

The situation in the space L” is much more complicated. Wiener 
[1] studied power series in s whose coefficients are functions in L?. 
Taylor [6, Theorem 3.2] showed that a function F(s) which is 
analytic in D, with values in Z?, can be represented by a function 
x(t, g) which is defined when s is in D and t is on the interval fa, b], 
but not in a certain fixed set N of measure zero. The significant thing 
is that this exceptional set is independent of s. The function x(t, 3) 
is regular as a function of s, and the integral fix, z) | *di is bounded 
in each compact subset of D. The latter conditions are, conversely, 
sufficient to determine x( °, z) as an analytic function on D into L”. 

In the paper referred to above, Taylor studied abstract linear dif- 
ferential systems of the forms 


dz/d} = Ayx and dx/dd\ = Ayx + s(À), 


where A), is a linear transformation depending analytically on A, and 
s(A) is a given abstract function of A. In concrete realizations of the 
abstract theory such systems include a variety of types of equations, 
such as integro-differential equations, differential equations in an in- 
finity of unknowns, and so forth. 


5. Singularities. Isolated singularities may be classified, as in clas- 
sical theory, under the headings: (1) removable singularities, (2) poles, 
(3) essential singularities. An isolated singularity is removable if it 
disappears when a proper definition is given to the function at the 
point in question, We can prove Riemann’s theorem: an isolated 
singularity so is removable if ||x(s)|| is bounded in the neighborhood 
of so. An isolated singularity s» is a pole if, for a suitable positive 
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integer m, (s—0)"x(s) has a removable singularity at g). The smallest 
admissible integer m is called the order of the pole. An equivalent 
definition may be based upon the nature of the Laurent expansion 
about the point so. By Lemma 1 and Riemann’s theorem we may show 
that if, for each’f.in E*, fx(s) has a pole of order not greater than m 
at £o then x(s) has a pole of order not greater than m; and if the pole 
is of order exactly m, then there is at least one f in £* such that fx(s) 
has a pole of order m at Zo. 

Let us consider spaces with denumerable bases. It appears from 
Theorem 3 that in such a space the singularity of a function x(s) may 
arise either from a singularity of one of the component functions #.(s) 
or from the behavior of the series 


> 


x(s) = $, si(s) £r 
kee] 
as a whole. As an example, consider the Hilbert space #*, and the 
function x(s) with components #,(s) =s*. Since 


te) 


[zW = Z =, 


it is clear that x(s) is regular if |s| <1, but not defined if |s| 21. 
The component functions, individually, give no indication of the fact 
that |s| =1 is a natural boundary. 

We can prove, however, that an isolated singularity is always trace- 
able to one of the components. 


THEOREM 5. Suppose thai the condtiions of Theorem 3 obtain in a — 
region D: 0< | 3—80 < R, and suppose that each of the funciions u,(s) 
is, in addition, regular at zo. Then the series Y x-:ta(8)xy converges if 
|s—s0| <R, and defines a function regular, not only in D, but at zo. 


To prove the theorem, consider an element f of E*, and the series 
fala) = Do wils)f(m). 
dus}, 


The terms of the series are regular if OS|s—s| <R. If 0<Rı<R, 
there exists a constant M such that 


SM 





> uals) f x1) 





if |s— se| =R, and »=1, 2, - - - . The same inequality must hold if 
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Os | s—£6| <Rı by the maximum modulus theorem. Hence, letting 
n—o, we deduce that | farts) | SM if O< |s — £0 | SR; By Lemma 1 
we know that x(s) is bounded in the same range of s. By Riemann’s 
theorem, then, the possible singularity at % is removable. The con- 
clusion of the theorem is now easily proved. 


6. Resolvents. It has long been recognized that the methods of the 
theory of functions of.a complex variable are important in the theory 
of linear transformations. F. Riesz, in his monograph on the subject 
of infinite systems of linear equations (F. Riesz [1, pp. 117-121 ]) in- 
dicates briefly the potentialities of the calculus of residues as a means 
of studying the spectrum and the characteristic manifolds of a linear 
transformation. 

Let T be a linear transformation of the Banach space E into itself. 
If the transformation 7, m5 7—2XI (T the identity) maps E into itself in 
a one-to-one fashion, the inverse transformation, denoted by Ry, will 
also be linear. We shall call R, the resolvent of T, and the set of values 
of à for which R is defined the resolvent set R. All values of A notin R 
belong ‘to the specirum of T. A number A is said to be in the potni 
spectrum of T if it is a characteristic value, that is, if there is an 
x0 such that Tx=)x. 

Our discussion will center around A, as a function of A. As far as 
questions of analyticity are concerned, it is immaterial whether we 
study Ry or Rxx, because of Theorem 2. We shall study R directly. 


THROREM 6. The resolvent R, is analytic and regular in the resolvent 
set (which is open, but not necessarily connected). If X and u are in R, 


(1) R— R, = A — wRR,, 
(2) (JADR = nR. 
The set R contains every \ such that |d| 2||T||, and for these values 
(3) R= — $ T=.. 

i Rew | 
If C is a contour enclosing the specirum of T, then 

1 
(4) T= ——— ARA 
2Tt c 


Formula (1) is the well known functional equation of the resolvent, 
familiar in the theory of integral equations. Formula (3) is the Neu- 
mann expansion of the resolvent, in abstract form. Formula (4) ap- 
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pears to have been overlooked until now. For the proof of (1}+(3), see 
Taylor [2]. To obtain (4), multiply (3) by à and integrate, after 
deforming the contour, if necessary. Other references are: Stone [1, 
pp. 139-141]; Hildebrandt [1, pp. 195-199]; Nagumo [1]; Taylor (6, 
pp. 590-593 |; Lorch [1] l 

The resolvent set is the maximal domain of regularity of Ry. All 
the singular points of Ry belong to the spectrum of T, and a point of 
the spectrum is a singularity of Ry, provided that it is a limit point 
of the resolvent set. The resolvent R is regular at infinity, and van- 
ishes there, by (3). Hence, by Liouville’s theorem, it is either identi- 
cally zero (in the trivial case that the space E consists of a single 
element), or the spectrum of T contains at least one point. 

With each simple closed contour C lying in R we may associate a 
transformation P defined as follows: 


(5) P= —— | RA. 


These transformations play a fundamental rôle in the study of the 
singularities of Ry. Their use in studying the spectrum has recently 
been indicated by Lorch. We summarize the salient properties of 
these transformations in a theorem (Lorch [1, Theorems 5 and 6]). 


THEOREM 7. The transformation P is a projection, thai is, P?=P. It 
ss permutable with T. If Cı and Cs are two contours in R, and tf Pi, Ps 
are the corresponding projections, PPa PaP, and P,Py=P, af C, lees 
inside Ca, while P:Py=0 tif Ci les outside Ga. 


In proving this theorem, and in many other calculations involving 
contour integrals, equation (1) provides a valuable key. It may be 
shown that P=T if and only if the spectrum of T lies within C, and 
that P=0 if and only if the spectrum of T lies outside C. 

A partial analysis of the structure of T and R is possible with the 
aid of P. There is not space in this paper for a detailed account. Let 
us consider merely the case of an isolated point A» of the spectrum of 
T, that is to say, an isolated singularity of Ry. Let C be a small con- 
tour inclosing ào but no other pout of the spectrum. Then the Laurent 
expansion of Ry is 


(6) Ry = = (A — Ao)"4a + > (A — Ao)" Ba, 
wef) amt} 


where 
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1 
Be=— | A= ADRA, n=0, t1, +2,-- 
` 2xtVo i 
and we understand that 4,=B_,. One can show that Bupi = T nBa, 
n=1, 2,3,- --. Also, Bi = — P, and so 
(7) B= — Ti, P, enh ee ae eee 


The simplest case is that in which ào is a pole of Ry. 


THEOREM 8. If Xo ts a pole of Ry, it ts tn the point spectrum of T. 
If x is a corresponding characteristic element, Px =x. A suficient, but 
not necessary, condition for Mo to be a pole is that P project E into a 
finite dimensional linear mansfold. 


To prove the first statement, let m be the order of the pole. Then 
from (6) we infer that Ba 0 and B,=0 if n>m. Let y be chosen so 
that x= Byy+0. Then Tig = Buy =0, by (7). We may also prove 
that AoJ,,=1—P. Hence we see that Px=x. 

To prove the second part of the theorem, we define 


(8) 5 = 3 OA — A) Ba. 


It is easily proved that Sy is regular if Axo, and that om Sy. 
Furthermore, 

(9) AT = 

Now suppose that the range Hy of P i finite dimensional. Within Zo, 
P coincides with the identity. From the above remarks we therefore 
conclude that S, is essentially a transformation of Eo into itself, and 
that it is, within Æ», the resolvent of T. Its singularity at A» is there- 
fore that of the resolvent of a finite matrix, namely, a pole. 

There is a large class of transformations T for which the only singu- 
Jarities of R, aside from }\=0, are poles. The most familiar case is 
that when T is completely continuous. It is easy, in thik case, to show 
that the only possible limit point of the spectrum is the origin. For 
an isolated singularity Aa 0 it is readily proved that P is completely 
continuous and that its range Æo is finite dimensional. Theorem 8 
then shows that \, is a pole of the resolvent. This argument has been 
pointed out by several people (Schauder [1, p. 193]; Hildebrandt [1, 
p. 198]; Nagumo [1, pp. 79-80]). An extension to transformations 
which are in a sense “nearly” completely continuous has been indi- 
aes in various places (Hildebrandt, loc. cit.; Nikolskij [1]; Yoshida 
[1, 2]). 
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In case the only singularities of R, aside from ` =0 are poles, the 
transformation s=A7! carries R, into a meromorphic function which 
may be expanded by Mittag-Leffler’s theorem. If the numher of poles 
is finite, R is rational, and we get an explicit partial fraction repre- 
sentation. In fact, since R, vanishes at infinity, it is equal to the sum 
of its principal parts at the poles `n- - - , Xs. If we enclose each pole 
in a small contour C;, and denote the corresponding projection (5) 
by P;, we find, from (6), that 


(10) R= — 3 3 (A — A ee 


j=l =l 


where m, is the order of the pole A; By integrating around a contour 
enclosing all the poles we find the relation 


(11) Pui ia Py eT. 


Finally, by combining (4) and (10), we find that if \1,---, >, are 
simple poles, while 4,41, © © -, As are multiple poles, 


(12) T= DMP, +T Pi 

for +l 
Formulas (10}-(12) generalize certain results in the theory of finite 
matrices (Frobenius [1]; Schwerdtfeger |1, 2, 3]). In case the poles 
are all simple, T is completely reducible. This is the abstract general- 
ization of the reduction of a matrix to diagonal form. 

It is of some interest to record that if E is the Hilbert space P, 
and if the resolvent is defined by an infinite matrix with elements 
R.A), then if T is either Hermitian or unitary, the spectrum of T 
consists of the singular points of the functions R,,(A), together with 
the limit points of such singularities. This does not hold true for an 
arbitrary T, however (Wintner [1, pp. 178 and 213-214]). 


7. Functions of linear transformations. Formula (4) of §6 may be 
generalized as follows: Let D be a fixed simply connected open’ set 
containing the spectrum of T. Let F be the class of all single-valued 
numerical functions F(A) which are holomorphic in D. This class F 
is a commutative ring. Let us define 


a=. f rora 
(1) 2rivJ o ' 


where C is a contour lying in D and surrounding the spectrum of T. 
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If F(A) => 2. p@,A* is an entire function, formula (3) of §6 enables us 
to show that F(T) =) x. gGal®. 


THEOREM 9, The class of all linear transformaisons F(T) generated by 
(1) 4s a commutatwe sub-ring of the ring of all linear transformatsons 
of E imo stself. The mapping defined by (1) ts a homomorphism. 


The proof of the theorem consists in showing that the correspond- 
ence F(\)—>F(T) preserves sums and products. The preservation of 
sums is trivial. Suppose that F(A) and G(A) are in F. If T is a contour 
in D, enclosing C, and À is on C, 

i G i 
(u) $ 


GA) = — i 
N 251 a ae 





If we substitute the above formula into the integral 
i 
-— f reka, 
2x1 € 


reverse the order of integration, and use formula (1) of $6, the above 
integral around C is found to have the value F(T)G(7). This proves 
that products are preserved by (1). 

An immediate and important consequence of Theorem 9 is that if 
F(A) belongs to F and has no zeros in D, then F(T) has a multiplica- 
tive inverse [ F(T) }-!; the inverse corresponds to 1/F(A), and may be 





written I/ F(T). 
Formula (1) may be written in the equivalent form 
(2) Wie) E 
2aiJo AL — T ' 


by recalling that Ry=(7—AJ)“'= — (AT — T). In the finite dimen- 
sional case this formula seems to be due to Poincaré, who used it 
in the study of continuous groups (Poincaré [1, 2, 3]). It has ap- 
peared elsewhere (Buh! [1, pp. 37-38]; Schwerdtfeger [1, p. 311]; 
Giorgi [1, p. 7]; Wedderburn [1, p. 130]). A special case of the for- 
mula was used by Hille [1, pp. 3 and 22] in studying semi-groups 
of transformations in Banach spaces. Theorem 9 seems to be new, and 
apparently formula (1) itself is also new in the generality with which 
it is presented here. 

As an interesting application, we shall use the above theory to 
solve the linear diferential equation 


(3) d*x/di= + ad™tr/d t + -+ amr = yit) 
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with the initial conditions 
(4) x(0) zr x’(0) I fe ee Z z{*-D(Q) = 0. 


The coefficients a1, - - - , a, are assumed to be constants, and y(é) is a 
given function, continuous on the interval [0, 1]. 

If C is the Banach space of functions x(t) continuous on [0, 1], let 
Tx( + )=y(+ ) mean'that 


(5) y(t) = Í si 


One may show without trouble that the solution of the integral equa- 
tion 


a(t) — vf x(s)ds = y(t) 


6) os ~ 9) : 5 f “gO Dy(s)ds 


The spectrum of T consists of the single point \=0, and the resolvent 
of T is defined by (6). 
The differential system (3) and (4) is equivalent to the equation 


(7) 2-+aTx +--+: + baT" = T*y. 


If FA)=i+aA+ --- -+a,d*, (7) becomes F(T)x=T*y. Since F(A) 
and 1/ F(A) are regular at \=0, and hence in the neighborhood of the 
spectrum of T, the inverse of F(T) exists, and the solution of (7) is 


x = (T*/F(T))y. 
Thus, using formula (1), 
1 An 
: (8) T 2ri o F(A) 


where C is a contour enclosing \=0 and excluding the zeros of F(A). 
Since the resolvent is defined by (6), (8) gives us an explicit means of 
calculating x(#). It ig convenient to make the substitution s=d—!. We 
then obtain 


1 t a(s) ds 
KE weet as Se etn ea, Se ee , 
(9) A ax(#) =a y(s) f g" -+- ajg™ 1 + iea + On 


where T is a contour enclosing the roots of the polynomial s*-++a:s""* 





Ryd, 
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4+... -+āa. Formula (9) is due originally to Cauchy (see Darboux 
[1]). i 


8. Analytic functions of an abstract variable. In this section we 
shall survey briefly the theory of analytic functions where both the 
domain and range of the functions are Banach spaces. This theory 
has its roots in ideas which go back to Volterra and other pioneers in 
functional analysis. The most important early impetus was given by 
Fréchet, who in a series of papers developed the notions of functional 
polynomials and power series |1, 2, 4| and pointed the way to a 
successful calculus based upon his definition of a differential [3]. 
The work of Gateaux [1, 2] sketched the outlines of a theory of 
analytic functionals. The first systematic abstract theory of analytic 
functions was developed by Martin [1]. He was a pupil of A. D. 
Michal, under whose guidance an intensive study of the whole field 
of analysis and geometry in abstract spaces has been carried on for 
more than a decade (see the interpretation of the abstract point of 
view in Michal [2], and the references to the literature in Michal [1]). 
Various applications of the theory, in the shape given it by Martin, 
have appeared (Michal and Clifford [1]; Michal and Martin [1]). 

An abstract theory of analytic functions, along the lines indicated 
by Gateaux, was announced by Graves [1], and independently by 
Taylor ([1 and 5]; see especially the footnote on p. 466 of [5]). 
In Martin’s theory the basic notion is that of a power series expansion. 
The terms of a power series are homogeneous polynomials. For the 
literature on polynomials, see Fréchet [1, 4]; Martin [1]; Mazur 
and Orlicz [1]; Highberg [1, 2]; Taylor [3]; Banach [2]. In the 
theory of Graves and Taylor, F(x) is said to be holomorphic in a re- 
gion D if it is continuous there and if the limit 


aF(2; y) = lim (F(x +29) — F(a) AA 


exists for each y in the Banach space and each x in the region D. It 
can be shown that F(x; y) is the Fréchet differential, and that F(x) 
is analytic in the sense of Martin. The two different approaches re- 
sult in the same general theory. There are certain connections be- 
tween the above ideas and the work of Fantappié [1, 2] on ana- 
lytic functionals. Wintner’s theory of regular power series [2] is 
closely allied to the abstract theory described above. 

One illustration of the general theory is to be found in the study of 
_resolvents. If we regard the linear transformation T as a variable, 
and denote the resolvent by R(A, T), the resolvent is an analytic 


} 
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function, not only of A, but of T as well.* The Fredholm theory pro- 
vides an explicit exhibition of the dependence of the resolvent upon 
A and T. An abstract treatment of the Fredholm determinant and 
first minor was given by Michal and Martin [1]. Closely allied re- 
sults, for transformations of finite norm in Hilbert space, were given 
by Smithies [1], though without any explicit use of a theory of ab- 
stract analytic functions. It would seem to be worth while to pursue 
the study of RQ, T) and of the functions F(T) defined in $7 from 
this general point of view. 

A theory of analytic functions from Riemann’s point of view may 
be built up by starting from a real Banach space B, and constructing 
a complex Banach space in much the same way that the complex 
numbers are formed from the real numbers. The only part of the con- 
struction which offers the least difficulty is the defining of a suitable - 
' norm of the complex element x++-sy, where x and y are in the real 
space B. That (|[x||*+|]>||2)/2=||x-+45|| will not do, in general, was 
pointed out in a paper by Michal, Davis, and Wyman [1]. A satisfac- 
ad definition is the following, due to Taylor (Michal and Wyman 

1, p. 249]): 


lz + is = sup (Ly) P+] solo, FE BF. 


With the complex Banach space so constructed it is possible to de- 
velop analogues of the Cauchy-Riemann equations, and a correspond- ° 
ing notion of biharmonic functions (Taylor [4]). It is also possible 
to extend a “real” analytic function, defined by a series of homogene- 
ous polynomials, into the complex Banach space (Taylor [3, pp. 
312-315 ]). This process utilizes certain relations between abstract 
polynomials and their polars. There are various unsolved problems 
connected with bounds and inequalities which make the present state 
of this work unsatisfactory. 

There is a converse problem: can every complex Banach space Æ 
be decomposed into a real and an imaginary part? The question may 
be put in the following form (cf. Michal and Wyman [1, Theorem 3]): 
does there exist a continuous transformation T of E into itself, hav- 
ing the properties T%x =x, T(x+y)=Tx+Ty, T(ax) =dTx? We may 
call such a transformation a conjugation. Let us call a subset M of E 
a maximal essentiaHy real linear manifold if 


3 In this connection we note that a function F(A, x) of a complex variable A and 
a Banach variable x is analytic in the pair à, x if it is analytic in each variable sepa- 
rately (Taylor [5, Theorem 3.2 |). Whether the like is true of functions of two abstract 
variables is at present unknown. 
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(a) it is closed under addition and under multiplication by real 
numbers; 

(b) x and tx are both in M only if x=0; 

(c) M is not a proper subset of any set with properties (a) and (b). 
Then it is not difficult to show that there exists a conjugation of £ if 
and only if there exists in E a closed and maximal essentially real 
_ linear manifold. This whole problem has been studied by Taylor [7], 
but no complete solution has been reached. 
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HENRY SEELY WHITE—IN MEMORIAM 


Henry Seely White, emeritus professor of mathematics at Vassar 
College, died in Poughkeepsie, New York, on May 20, 1943, his 
eighty-second birthday. In his death mathematics has lost a distin- 
guished geometer, the college a wise and helpful guide, and his col- 
leagues and the community a much loved friend. 

Professor White was born in Cazenovia, New York, on May 20, 
1861, the son of Aaron White, principal and teacher of mathematics 
in Cazenovia Seminary. Of English stock, his first American ancestor 
was John White who came to the United States in 1632, one of the 
original settlers of Hartford. The schools and seminary of Cazenovia 
gave Mr. White his early training and preparation for college. He en- 
tered Wesleyan University and graduated with honors in 1882 at the 
age of twenty-one. During the following year he assisted in astronomy 
and physics at Wesleyan and returned there again in 1884 after a 
year at Centenary College where he taught mathematics and chemis- 
try. On completion of three years as registrar and tutor in mathe- 
matics in Wesleyan he went to Göttingen to work with the unusual 
group of mathematicians in the university at that time, and com- 
pleted his doctorate there in 1891. 

It was during this period that he received stimulus and training 
which gave shape and scope for his mathematical development, 
strengthening of his independence in research, and a beginning in 
reading in a variety of fields which is no longer such a common at- 
tribute of our great specialists. While his publications were in the 
field of his specialized geometry, his studies ranged over the entire 
field. It was this wide scope that made him such a valued adviser 
and guide both to his own generation and to younger mathematicians. 

On his return to the United States, Professor White spent two years’ 
in the department of mathematics at Clark University and then was 
called to Northwestern, one of a large group of unusually able young 
men. It was from Northwestern that he came to Vassar, in 1905, to 
be head and ‘guide of the department of mathematics until the age of 
75, and cloee friend and frequent lecturer for the remaining years of 
his life. Students as well as faculty members prized each opportunity 
to enjoy his mind. In the week of his death he was scheduled to lecture 
to a class in the geometry of space curves. 

In the mathematics organizations Professor White took an active 
part as organizer, editor and officer. He was on the editorial staff of 
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the Bulletin of the American Mathematical Society for a number of 
years, was editor of the Annals of Mathematics from 1899 to 1906, 
and editor of the Transactions of the American Mathematical So- 
ciety from 1907 to 1914. He served the American Mathematical 
Society as president from 1906 to 1908 and the American Association 
for the Advancement of Science as vice president in 1915. In the same 
year he was elected Fellow of the National Academy of Sciences. 
Honors conferred upon him included an LL.D. from Northwestern, 
1915, and D.Sc. conferred by Wesleyan at the time of its 100th an- 
niversary in June, 1932. 

Among Professor White’s publications were contributions to the 
Bulletin of the American Mathematical Society, the American Jour- 
nal of Mathematics, and a text of Plane curves of the third order. 
While his studies ranged over a large field in the subject and far out- 
side it, his main interest was in the theory of invariants, the geometry 
of curves and surfaces, correspondences, algebraic plane and twisted 
curves, homeomorphic sets of lines in a plane, and relativity in me- 
chanics. 

Professor White’s life in the community was broad and rich. He 
and Mrs. White had wide connections through church and city or- 
ganizations, especially through the University Club, the Yacht Club, 
and the Vassar Institute. Many in all these varied groups mourn the 
loss of an acute mind, a friendly, courteous wit, and a great heart. 

Mary EVELYN WELLS 


BOOK REVIEWS 


Analytic topology. By G. T. Whyburn. (American Mathematical So- 
ciety Colloquium Publications, vol. 28.) New York, American 
Mathematical Society, 1942. 10-+278 pp. $4.75. 


In an effort to place the subject matter of this book within the 
larger domain covered by the title, we take up two illustrations that 
are in some sense typical of the contents. The first selection is for 
those who prefer to think in terms of invariants. One finds many-to- 
one transformations each of which preserves, a priori, certain topclog- 
ical properties, and a subsequent search for new invariants, rather 
than a study of isometric or other invariants that might seem to fall 
within the title. Let F be a class of transformations and S be a clase 
of spaces. It is desired to choose S so that any element of S maps onto 
another element of S under every mapping from F, and that, further- 
more, there be in S a particular “generator” E, such that, given any 
element S* of S, there is an element f in F for which f(E) =S*. For 
the case of locally connected continua S, and the continuous mappings 
F, this result is well known; here E may be taken as an arc. Other 
examples are: boundary curves S, simple closed curve £, and non- 
alternating transformations F; cactoids S, sphere E, and monotone 
mappings F; or hemi-cactoids, 2-cell, and monotone mappings. In 
many instances f(.S*) =E is also possible for some f in F. The com- 
position of two elements of Fis always in F, at least on spaces from S. 
A similar situation in which F is unknown and S contains only one 
element, that is, when the original and image spaces are homeo- 
morphic, is of considerable importance and largely an open question. 

The second selection serves to emphasize the highly natural rela- 
tionship between the older structural ideas and the analytic concepts 
that form the major part of this work. In order that a continuum M 
should be a simple continuous arc it is necessary and sufficient that 
M contain at most two points that do not separate M. This charac- 
terization is due to R. L. Moore. By its use of an array of cut points 
between the two end points, it strongly suggests a powerful technical 
use of the notion of a cutting for singling out linear arrays in continua. 
One might say that the theories of dimension and regularity given 
by Menger and Urysohn are based on a similar, but not the same, 
approach. When the cuttings are points this technique, roughly 
speaking, culminates in the cyclic element theory for certain special 
continua. For non-separated cuttings of more than one point this 
technique yields other results that are unfortunately not as well 
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known (Chapter III). It also affords a simple and natural transition 
from the structural point of view to the analytic in the form of the 
non-alternating transformation, since this transformation has (in ad- 
dition to continuity) the property that those counterimages f-1(b) 
which are cuttings form a non-separated collection. When considered 
in conjunction with cyclic elements this mapping acts in a way that 
suggests a common background with these elements. But the non- 
alternating transformation also has properties in common with the 
strongly analytic (Chapter X) interior transformation which pre- 
serves open sets. These relations become more evident when non- 
alternating is specialized to monotone —f-1(b) connected for all b in B. 
In this connection see quasi-monotone. Finally, as was shown by 
Moore, the monotone image B=/f(E) of a topological sphere is again 
a sphere provided no continuum {~!(b) separates E. Since the general 
properties of these mappings are thoroughly treated it is evident that 
some parts of this book provide a highly appropriate setting for cer- 


tain results from the work of Moore, Menger and Urysohn. Various -` 


other selections would show a strong representation of other mathe- 
maticians. 

The author, apparently motivated by a desire to select a nucleus 
of basic material, has left out a considerable portion of his own work, 
that of his students, and others, particularly work dealing with local 
separating points and with property S. There is no extensive use of 
metric methods, combinatorial topology, nor group theoretic ma- 
terial. After brief study the book permits considerable flexibility, 
but the various chapters can not be read independently. 

Since the contents are self-contained and carefully integrated, this 
volume will have considerable interest for students and certain possi- 
bilities as a text. In this connection the various exercises in the first ‘ 
three chapters deserve mention; but it must also be said that it moves 
swiftly into the chosen course and does not contain many examples. 

Roughly, the purely analytic topology occupies the latter half of 
the book, but one finds a growing use of analytic methods beginning 
early (Chapter IT). In the following outline by chapters, some notices 
of errors or omissions are given, together with additional cross refer- 
ences and other comments, but these remarks are neither systematic 
nor complete. 

The first half of Chapter I leads from a set of six axioms to the 
metrization theorem. It is then assumed that all spaces are separable 
and metric. Compactness is used in the sense of self-compact (subsets 
conditionally compact). The student will probably wish to read sup- 
plementary material concerning the idea of compactness. A locally 
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compact and connected set is a generalized continuum. The chapter 
continues with connectivity for sets and their limits superior, and 
then takes up continua, the Brouwer reduction theorem, continua of 
convergence, and local connectivity. The concluding section on prop- 
erty S and uniformly locally connected sets makes a careful compari- 
son of these important properties. Some of the logical niceties of 
definition are absent, and on page 4, gC K should be gE K. 

The second chapter will probably overshadow many other parts 
of the book as an item of general interest because of its classical 
regults, the interesting nature of the proofs, and the way it gives 
emphasis to the title of the book. Using the familiar existence-exten- 
sion technique for uniformly continuous mappings, Whyburn reduces 
the existence part to a flexible central result which is subsequently 
used to characterize locally connected continua as continuous images 
of the unit interval, and compact sets as mappings of the Cantor 
discontinuum. Furthermore this central result yields an imbedding 
theorem which, paired with arcwise connectivity for locally connected 
continua, gives the Moore-Menger arcwise connectivity for complete 
connected and locally connected sets, and other results. This im- 
bedding theorem furnishes insight into “arcless” continua, but, due 
to the arrangement of the material, this comment (furnished by the 
Original paper) was omitted here. An altered form of the central result 
established by Harrold is included, although many of his related re- 
sults are not. The chapter begins with the necessary preliminaries on 
transformations, complete sets, and uniform continuity; it concludes 
with the arcwise connectivity theorem for continua. This final result 
is established in three ways, including the Kelley proof, so short that 
it once enjoyed considerable circulation in oral form. The symbols 
for closure and complete closure (dash and tilde, page 28) could be 
confused, and the waves over certain letters on page 30 are poorly 
done. Otherwise the typography is excellent through the whole book. 

The fundamental importance of the treatment of non-separated 
cuttings in Chapter III has been indicated earlier in this review. In 
addition to the author’s order (Menger-Urysohn) theorems for vari- 
ous separating points, the Moore characterizations of the arc and 
simple closed curve, and the theorem of W. H. Young, there is much 
basic material on (linear) order, Borel classes, and the nature and 
existence of cuttings. In particular the set E(a, b) of all points sepa- 
rating two given points has a natural order, is closed for some con- 
tinua, and—the author used the Wilder proof—compact in locally 
connected continua. Various examples might be given; the book has 
none. In line 5 from bottom of page 41, “points” should be “sets.” 
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That the order is “natural,” top of page 43, must be shown, 

Chapters IV and V might well have been prefaced by the author’s 
paper, Concerning maximal seis (Bull. Amer. Math. Soc. 1934), 
which does not appear in the bibliography. In every other sense 
these chapters are a polished presentation of the cyclic element the- 
ory, incorporating the recent extension to semi-locally-connected 
continua, the work of Ayres on cyclic connectedness and the Why- 
burn contributions to multicoherence (Eilenberg) and the classifica- 
tion of continua among curves. The results in section 7, Chapter IV, 
are particularly important; see also the theorems at the top of page 
107. The lemma page 175, top,;should be mentioned on pages 72 and 73. 
Those readers seeking a casual knowledge of cyclic elements may 
reach this end by studying dendrites (Chapter V), provided they use 
the pairings: cyclic element—point; cyclic chain—arc; H-set—con- 
nected subset; A-set—subcontinuum. On page 73, part (c) of (7.1), 
omit the vertical bar before H. The references for Chapter IV are 
particularly rich in worthwhile material; it would have pleased the 
reviewer to find the work of Kelley, Harry, and Youngs included in 
the text. Additional reference: Jones, Aposyndetic continua and cer- 
tain boundary problems (Amer. J. Math. 1941). 3 

The special properties that inhere in continua, their complements, 
and their boundaries, when the containing space is a plane or a sphere, 
are developed in Chapter VI. This chapter is fundamental—see, for 
example, the characterization of the sphere—for readers of the book 
as a whole, and is second to none in its appeal to the casual reader. It 
is of interest to note that boundary curves take their name from the 
property exhibited on p. 107. Separation theorems and acceasibility 
are covered, but all the work on primitive skew curves is omitted. 

The theory of semi-continuous decompositions is developed and 
integrated with that of continuous transformations early in Chapter 
VII. Certain types of transformations are then defined and charac- _ 
terized. One type, f(A) = B, with f-!(b) totally disconnected, called 
“light” becomes increasingly important in the next few chapters. 
Semiclosed sets, null collections, and related factorizations constitute 
the main material. However, the brief treatment of the question of 
finding an f(4)=8 such that A and B are homeomorphic should not. 
be overlooked. In this connection a marginal note on page 135 refer- 
ring to page 171 will prove valuable. In Chapter VIII retractions, 
quasimonotone transformations and the relative distance mapping 
are added to the list. The & to 1 mappings are noticeably absent; the 
Q-regular and local homeomorphism are only briefly considered later. 
This chapter is nevertheless full of material from the heart of the 
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analytic theory. It is highlighted by the monotone-light factorization 
theorem, the Wallace quasi-monotone theory (middle ground be- 
tween interior and monotone), some unpublished work on non-alter- 
nating mappings of simple links and A-sets, and new proofs in the 
work with the relative distance transformation. See the application 
page 206. In the references Wallace [4] should be [3]. 

Chapter IX deals with applications of monotone and non-alternat- 
ing transformations. It presents a pleasing blend of general results 
and particular applications which fix and enrich the concepts which 
are involved. The author adds materially to the interest by pausing 
to discuss the general characteristics of certain theorems. The last 
section is entirely new and the work of Morrey and Moore on the 
various cactoids is treated using new proofs. These invariants to- 
gether with some striking characterizations of non-alternating trans- 
formations on boundary curves form the major part of the chapter. 
The work of Steenrod and Roberts on the monotone images of two- 
dimensional manifolds is not included. Correction: last line page 181 
Lemma (3.41) should be (3.31). 

Chapter X is devoted exclusively to interior transformations: on 
linear graphs the one-dimensional Betti group maps homomorphi- 
cally; on simple closed curves the mapping is like w=s* on |z| ==, 
or the image is an arc. For the light interior transformation on a 
compact space, there is an arc in the original set that maps topologi- 
cally onto a given arc in the image space. This inversion of arcs 
recalls an open question. However, see the example in the book. The 
treatment of light interior mappings on a 2-cell virtually establishes 
the invariance of a 2-cell, but is conceived and used as a central tool 
in proving the invariance of the 2-manifold property, and the action 
of these mappings in the small on such manifolds. The manifolds are 
not required to be compact, and thus this new work further sup- 

lants pioneer results of Stotlow. The local analysis—w=s* on 

z| S1 inone instance—is used, together with some new resulta on 
local homeomorphisms, to introduce an analysis in the large. This 
culminates in a simple numerical relationship between the Euler 
characteristics of the manifolds and leads to a considerable number of 
examples and applications—closed surfaces retain orientability under 
the inverse, spheres map onto spheres, projective planes, or 2-cells, 
and so on, Certain results are then extended to pseudo-manifolds us- 
ing the relative distance transformation. Some outstanding new items 
are the proofs by direct analysis of the action of interior mappings. 
Open questions are: interior (non-light) action on manifolds; the spe- 
cial properties of the monotone factor of an interior transformation. 
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References to Puckett at end of the previous chapter, and his work on 
the inversion of local connectivity, are pertinent to this chapter. The 
latter is not in the bibliography. 

The first part of Chapter XI deals with locally connected continua, 
non-alternating interior transformations and retractions, and the ex- 
istence of these mappings. The second half of the chapter treats 
mappings onto the circle using the methods of Eilenberg. A second 
major type of factorization for transformations arises from the con- 
cept “equivalence to one.” Each mapping of one simple closed curve 
into another is homotopic to an interior mapping. Results such as 
these help to orient the student in the latter part of this chapter. 
Corrections: “onto” should be “into” page 219, line 6 from the bot- 
tom; 0 should be 1 in line 2 of proof (5.1) page 221; |#+(1—#f(0)| 
should be a factor of the right member of the equation in (6.1) page 
225, and in the line above, fo(X) should be fp(x). 

The last chapter opens with theorems concerning the fixed point 
property and fixed cyclic elements; it continues with characteriza- 
tions, necessary conditions, and other relations between pointwise 
almost periodic, regularly almost periodic, pointwise periodic, and 
periodic properties together with the newly defined Whyburn orbit. 
The central concepts of this chapter may be traced to many sources, 
but in general these developments are in the spirit of the work of 
Ayres. Nearly every page contains unpublished results and evidence 
of considerable improvement in the methods of proof. The full force 
of certain combinations of theorems becomes apparent only under 
systematic study, but the beginner should not find it difficult to 
progress using the individual theorems and numerous examples. 
There are numerous corrections. The third line in the proof of (1.11) 
page 240 should contain S and not X; p,, should be pa, in line 3, 
Lemma 2, page 244; and in line 1, §6, page 253, C should be =.Three 
others, all on page 225, are: line 1 of (6.2), C should be =; lines 8 
and 9, —n+1 instead of —n; lines 12 and 15, »+1 instead of n. 
Finally, page 264, lines 14 and 25, s* should be 


oni 
` ettfng or g exp (7), 
n 


This volume is obviously no catalogue of chance items of research. 
Some of its most striking general features are the new proofs, the 
integration of the material, and the way it stirs one’s interest in in- 
numerable allied topics without violating unity of form and flow of 
thought. To these virtues may be added a clear pithy style; many 
theorems are stated in one or two lines. References at the end of each 
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chapter, a large bibliography, a table of contents and an index, give 
flexible coverage of all items without being cumbersome. It should 
enjoy a long life and constant use by all who find interest in this type 
of work. 

G. E. SCHWEIGERT 


Poisson's exponential binomial limit; Table 1—Indtvtdual Terms; 
Table 11—Cumulaied Terms. By E. C. Molina. New York, Van 
Nostrand, 1942. viili+46+ii+47 pp. $2.75. 


If p is the probability of a “success” in a single trial, it is well 
known that the probability of x “successes” in n independent trials 
is given by 


(1) Cap"(1 — p)" 


which is the («+1)st term in the expansion of the binomial 
[p>+(1—p)]|*. If the limit of (1) is taken as p—0 and n—- in such 
a way that np =a, one obtains 


(2) a*e—*/x! 


which is the (x-+1)st term of a distribution originally published by 
Poisson in 1837. This function not only arises as an approximation to 
the binomial term (1) for large n and small p, but also arises in other 
problems, as for example in the integration of the chi-square distribu- 
tion, 

Table I of the present book is a tabulation of values of (2) to six 
places of decimals for a=0.001(0.001)0.01(0.01)0.3(0.1)15(1)100 and 
x =0(1)150; x, of course, being carried far enough for each given value 
of a to cover values of (2) to six places of decimals, not all zero. 
Table II gives the values of P(c, a) =) z a7e~*/x! to six places of 
decimals for the same range of values of a and for c=0(1)153.: 

The book has been lithoprinted by Edwards Brothers and is bound 
with a flexible paper cover. 

Various parts of the tables have appeared in earlier publications. 
For example, L. v. Bortkiewicz (Das Gesetz der kleinen Zahlen, Leip- 
zig, 1898) published tables of (2) to four places of decimals for 
a=0.1(0.1)10.0 and x=0(1)24. H. E. Soper (Biometrika, vol. 10 
(1914)) published a table of (2) to six places of decimals for 
a= 0.1(0.1)15.0 and x =0(1)37, which was reprinted in Karl Pearson’s 
Tables for statisticians and biomeiricians, Cambridge, 1914. E. C. 
Molina (Amer. Math. Monthly, 1913) published tables of c for 
P(c, a) =0.0001, 0.001 and 0.01; for a=0.0001 to 928, and similar, 
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but more extensive, tables were published by G. A. Campbell in the 
Bell System Technical Journal for January, 1923. The present tables 
are much more extensive than any of these earlier tables. 

These tables have great value in probability and statistical prob- 
lems. They have been used very extensively, for example, by mass 
production quality engineers in the development of sampling inspec- 
tion plans. The sampling inspection tables published by Dodge and 
Romig in the January, 1941, issue of Bell System Technical Journal 
were calculated primarily from Molina’s tables. Because of the fre- 
quent occurrence of the term a*e~*/x! in various functions, the tables 
will probably also be found very useful in the tabulation of such 
functions. 

S. S. WILKES 


Non-euchdean geometry. By H. S. M. Coxeter. (Mathematical Exposi- 
tions, no. 2.) University of Toronto Press, 1942. 15-4281 pp. $3.25. 


There seems to be a well established pattern for books on the non- 
euclidean geometries, according to which a more or less elaborate 
historical sketch is followed by a development of the foundations of 
the geometries. There is usually little space left available for develop- 
ing the geometries much beyond the foundations. Thus it not infre- 
quently happens that many interesting results not intimately 
connected with the beginnings of the subject are declared “beyond 
the scope of this book.” 

Though the plan of the book under review presents no radical de- 
parture from such a pattern it does offer somewhat more of the sub- 
ject proper than is usual, while the manner in which it accomplishes 
its aims sets a new high standard for such texts. 

The historical survey is confined to a short firat chapter (which 
the author observes “can be omitted without impairing the main 
development”). The emphasis being on the projective approach, 
there follow three chapters concerning the foundations of real projec- 
tive geometry. Chapters V, VI, and VII are devoted to elliptic 
geometry of one, two, and three dimensions. Introducing congruence 
axiomatically (IX) in a “descriptive” geometry (VIII), the author 
obtains an absolute geometry from which the euclidean and hyper- 
bolic geometries follow upon adjoining the appropriate parallel 
axiom. Two-dimensional hyperbolic geometry ia treated in Chapter 
X. The next three chapters, entitled Circles and Triangles, The Use 
of a General Triangle of Reference, and Area, deal, for the most part, 
with matters apart from the foundations, while the concluding chap- 
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ter of the book presents the usual euclidean models of the non- 
euclidean geometries. 

The book is heartily recommended as furnishing a very well 
written account of the fundamental principles of hyperbolic and 
elliptic geometry from the classical point of view. This was doubtless 
the author’s aim. The reviewer feels constrained to observe, however, 
that as a modern treatment of an old subject, the book might have 
recognized some of the contributions to its field made available 
during the last few years. Thus to the three traditional avenues of 
approach to the non-euclidean geometries there has been added a 
fourth—the abstract metric approach—which injects into the rigor 
of the classical axiomatic methods the stimulus of a rapid develop- 
ment. Still more within the spirit of the book, it seems, would have 
been a notice of the foundations of hyperbolic geometry due to 
Menger, Jenks, and Abbott based upon the sole operations of joining 
and intersecting. 

The typography is excellent, and the figures (for the most part 
simple) are carefully drawn. Those contemplating using the book asa 
classroom text are advised that it contains no exercises and that 
many proofs, especially concerning material in the latter part of the 
book, would have to be supplied. 

L. M. BLUMENTHAL 


NOTES 


The Navy is urgently in need of women with mathematical train- 
ing for the Aerology and Radar programs which are sponsored by the 
WAVES. For both programs it is expected that the candidates be 
college graduates. For the Radar program, the candidate must have 
completed with at least a “C” average not leas than one year of col- 
lege physics and one year of college mathematics. For the Aerology 
program, she must have had at least one year of Calculus and one 
year of Physics. Interested women should apply to any office of Naval 
Officer Procurement. 

Professor J. L. Synge, formerly of the University of Toronto now 
of the Ohio State University, has been awarded the Henry Marshall ` 
Tory medal of the Royal Society of Canada for achievement in sci- 
entific research. 

Professor R. C. Archibald of Brown University has retired with 
the title emeritus. : 

Professor H. F. Baker of the University of Cambridge, Professor 
G. D. Birkhoff of Harvard University and Professor Oswald Veblen 
of the Institute for Advanced Study have been elected honorary fel- 
lows of the Royal Society of Edinburgh. 

Professor P. W. Bridgman and Professor Harlow Shapley of 
Harvard University have been elected corresponding members of the 
Mexican National Academy of Sciences. 

Professor D. R. Curtiss of Northwestern University has retired 
with the title emeritus. He plans to make his home in California. 

Professor H. W. Kuhn of the Ohio State University, whose retire- 
ment has recently been announced, has been given the title emeritus. 

Professor S. E. Rasor of the Ohio State University has retired 
with the title emeritus. 

Assistant Professor Harriet W. Allen of Hollins College, Hollins 
College, Virginia, has been promoted to an associate professorship. 

Assistant Professor D. B. Ames of Rensselaer Polytechnic In- 
stitute has been promoted to an associate professorship. 

Dr. K. J. Arnold of the Massachusetts Institute of Technology 
has been appointed to an assistant professorship at the University of 
New Hampshire. 

Assistant Professor Theodore Bennett of Marietta College, Mari- 
etta, Ohio, has been promoted to a professorship. 

Assistant Professor M. T. Bird of Utah State Agricultural College 
has been promoted to an associate professorship. : 


681 


= 


682 NOTES [Septem ber 


Dr. R. P. Boas has been appointed visiting lecturer at Harvard 
University. 

Assistant Professor W. M. Borgman of Wayne University has 
been promoted to an associate professorship. 

Assistant Professor Richard Brauer of the University of Toronto 
has been promoted to an associate professorship. 

Assistant Professor F. J. H. Burkett of Union College has been _ 
promoted to an associate professorship. 

Dr. Herbert Busemann of the Illinois Institute of Technology has 
been promoted to an assistant professorship. 

Dr. Nathaniel Coburn of the University of Texas has been pro- 
moted to an assistant professorship. 

Associate Professor A. H. Copeland of the University of Michigan 
has been promoted to a professorship. 

Assistant Professor H. S. M. Coxeter of the University of Toronto 
has been promoted to an associate professorship. 

Dr. John DeCicco of the Illinois Institute of Technology has been 
promoted to an assistant professorship. 

Dr. R. P. Dilworth of Yale University has been appointed to an 
assistant professorship at the California Institute of Technology. 

Associate Professor Nelson Dunford of Yale University has been 
promoted to a professorship. 

Dr. Paul Erdte of the Unive of Pennsylvania has been ap- 
- pointed visiting lecturer at Purdue University. 

Assistant Professor D. G. Fulton of Ohio Northern University has 
been appointed to an assistant professorship at the University of New 
Hampshire. 

Associate Professor W. H. Gage of the University of British 
Columbia has been promoted to a professorship. 

Dr. Abe Gelbart has been appointed to an assistant professorship 
at Syracuse University. 

Sister Agnes A. Green of the Immaculate Heart College, Los 
Angeles, California, has been promoted to an associate professor- 
ship. 

Dr. P. R. Halmos of the University of Illinois has been appointed 
to an assistant professorship at Syracuse University. 

Assistant Professor O. G. Harrold of the Louisiana State Uni- 
` versity has been appointed to an assistant professorship at Pomona 
College. 

Assistant Professor G. G. Harvey of the Massachusetts Institute 
of Technology has been promoted to an associate professorship. 
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Dr. F. B. Hildebrand of the Massachusetts Institute of Tech- 
nology has been promoted to an assistant professorship. 

Dr. A. S. Householder of the University of Chicago has been pro- 
moted to an assistant professorship of mathematical biophysics. 

Assistant Professor G. B. Huff of Southern Methodist University 
has been promoted to an associate professorship. 

Professor R. D. James of the University of Saskatchewan has been 
“appointed to a professorship at the University of British Columbia. 

Assistant Professor Marie M. Johnson of Oberlin College has been 
promoted to an associate professorship. 

Dr. Mark Kac of Cornell University has been promoted to an’ 
assistant professorship. 

Associate Professor Claribel Kendall of the University of Colorado 
has been promoted to a professorship. 

Dr. J. P. LaSalle of the Massachusetts Institute of Technology 
has been appointed research associate at Princeton University. 

Professor C. C. MacDuffee of Hunter College has been appointed 
to a professorship at the University of Wisconsin. 

Assistant Professor M. G. Malti of Cornell University has been 
promoted to a professorship of electrical engineering. 

Dr. Rhoda Manning of Oregon State College has been promoted 
to an assistant professorship. 

Professor Deane Montgomery of Smith College is on leave at 
Princeton University. 

Associate Professor C. A. Nelson of New Jersey College for 
Women, Rutgers University, has been promoted to a professorship. _ 

Dr. H. E. Newell of the University of Maryland has been pro- 
moted to an assistant professorship. 

Professor Abba V. Newton of Hartwick College, Oneonta, New 
York, has been appointed to an assistant professorship at Smith 
College. 

Dr. Ivan Niven of Purdue University has been promoted to an 
assistant professorship. 

Dr. E. P. Northrop of Hotchkiss School, Lakeville, Connecticut, 
has been appointed to an assistant professorship at the University of 
Chicago. 

Assistant Professor Gordon Pall of McGill University has been 
promoted to an associate professorship. 

Assistant Professor P. M. Pepper of the University of Notre 
Dame has been promoted to an associate professorship. 

Dr. Harry Pollard of Harvard University has been appointed to 
an assistant professorship at Kenyon College, Gambier, Ohio. 


684 NOTES [Septem ber 


Dr. A. E. Poole of Montana School of Mines has been appointed 
to an assistant professorship at the University of Oregon. 

Associate Professor G. B. Price of the University of Kansas has 
been promoted to a professorship. 

Dr. S. E. Rauch of Santa Barbara Teachers College has been ap- 
pointed to an assistant professorship at the University of Oregon. 

Dr. J. K. Riess of Brown University has been appointed to an 
assistant professorship at Tulane University. 

Professor L. D. Rodabaugh of Shurtleff College, Alton, Illinois, 
has been appointed visiting lecturer at Oberlin College. 

Dr. Raphael Salem of the Massachusetts Institute of Technology 
has been promoted to an assistant professorship. 

Dr. Hans Samelson of the University of Wyoming has been ap- 
pointed to an assistant professorship at Syracuse University. 

Dr. O. F. G. Schilling of the University of Chicago has been pro- 
moted to an assistant professorship. 

Dr. Edith R. Schneckenburger of Michigan State Normal College 
has been promoted to an assistant professorship. . 

Assistant Professor A. J. Smith of the College of William and 
Mary has been appointed to an assistant professorship at the Montana 
School of Mines. 

Assistant Professor Domina E. Spencer of American University, 
Washington, D. C., has been appointed to an assistant professorship 
in physics at Tufts College. 

Professor C. C. Spooner of the Northern Michigan College of 
Education has retired. 

Assistant Professor F. H. Steen of Allegheny College has been 
promoted to an associate professorship and has been appointed head 
of the department of mathematics. 

Assistant Professor B. M. Stewart of Michigan State College has 
been appointed to an assistant professorship at Denison University. 

Assistant Professor I. D. Stewart of Whitman College, Walla 
Walla, Washington, has been promoted to an associate professor- 
ship. 

Assistant Professor A. H. Taub of the University of Washington 
has been promoted to an associate professorship. 

Assistant Professor E. P. Vance of the University of Nevada has. 
been appointed visiting lecturer at Oberlin College. 

Assistant Professor G. C. Vedova of the University of Maryland 
has been appointed to a visiting associate professorship at Haver- 
ford College. 
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Mr. M. L. Vest of West Virginia University has been Bons 
to an assistant professorship. 

Assistant Professor D. L. Webb of the Texas Technological Col- 
ege has been promoted to an associate professorship. 

Dr. Alexander Weinstein of the University of Toronto has been 
promoted to an assistant professorship. 

Assistant Professor F. M. Wood of McGill University has been 
promoted to an associate professorship. 

Dr. H. S. Zuckerman of the University of Washington has been 
promoted to an assistant professorship. 

The following appointments to instructorships are announced: 
University of Alberta: Dr. Max Wyman; Brown University: Dr. 
W. H. Pell; University of Buffalo: Miss Ruth A. Brendel; University 
of Chicago: Mr. Daniel Zelinsky; Clark College, Atlanta, Georgia: 
Dr. David Blackwell; Colorado College: Mr. E. J. Zadina; Columbia 
University: Dr. Howard Levi; Johns Hopkins University: Mr. W. L. 
Doyle; Harvard University: Dr. I. S. Cohen, Dr. H. A. Jordan, 
Dr. G. W. Mackey, Dr. W. J. Thron; Illinois Institute of Technology: 
Dr. Louis Garfin; Indiana University: Dr. George Whaples; Iowa 
State Teachers College: Miss Ethel M. Howe; University of Iowa: 
Mr. Edwin Halfar; Massachusetts Institute of Technology: Dr. 
Glynn Owens, Mr. D. L. Thomsen; University of Minnesota: Mr. 
Ernest Johnston; Muhlenberg College, Allentown, Pennsylvania: 
Mr. J. L. Howell; New Mexico State College: Mr. N. W. Wells; 
New York University: Mr. P. B. Norman, Mr. L. G. Peck; Uni- 
versity of Pennsylvania: Dr. H. D. Huskey; Princeton University: 
Mr. L. L. Rauch; Purdue University: Mr. Paul Irick, Dr. W. P. 
Reid; Rice Institute: Mr. George Piranian; University of Sas- 
katchewan: Dr. Peter Scherk; Tufts College: Mrs. Mary L. Boas; 
University of Virginia: Mr. C. L. Clark; University of Washington: 
Dr. J. M. Kingston; University of Wisconsin: Mr. R. A. Good; Yale 
University: Dr. S. P. Avann, Mr. William H. Durfee, Dr. C. E. 
Rickart. 

Associate Professor J. R. Bender of the University of Idaho died 
March 14, 1943. He had been a member of the Society since 1923. 

Dr. Guido Fubini, formerly of the University of Turin and re- 
cently of the Institute for Advanced Study and New York Uni- 
versity, died June 6, 1943. He had been a member of the Society 
since 1940. 

Professor Emeritus G. A. Harter of the University of Delaware 
died July 22, 1943. He had been a member of the Society since 
1922. 
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Professor James McGiffert of Rensselaer Polytechnic Institute 
died June 18, 1943, at the age of seventy-five years. He was a member 
of the Society for fifteen years. 

Professor Emeritus W. F. Osgood of Harvard University died 
July 22, 1943. He had been a member of the Society since 1895. 

The editors of the Bulletin wish’ to correct an error which appeared 
on page 346 of the current volume. In the second paragraph the words 
“the late” should not appear before the name C. A. Noble. 


ABSTRACTS OF PAPERS 
SUBMITTED FOR PRESENTATION TO THE SOCIETY 


The following papers have been submitted to the Secretary and 
the Associate Secretaries of the Society for presentation at meetings 
of the Society. They are numbered serially throughout this volume. 
Cross references to them in the reports of the meetings will give the 
number of this volume, the number of this issue, and the serial num- 
ber of the abstract. 


ALGEBRA AND THEORY OF NUMBERS 
199. A. A. Albert: Quastgroups. I. 


Associate with every quasigroup @ the group @, of nonsingular transformations 
on @ generated by the multiplications of @, and say that a multiplicative system Q’ 
is isotopic to @ if there exist nonsingular mappings A, B, C on @ to @’ such that 
xA yB m=(x'y)C for every sand y of @. Every quasigroup is isotopic to a loop (that 
ig, a quasigroup with a two-sided identity element ¢). The normal divisors of a loop G 
are then shown to be the subsets eW defined for normal divisors W of @,, @ is simple 
if and only if the only intransitive normal divisor of G, is the identity group. All 
loops isotopic to simple loops are simple. A system @ is homotopic to G’ if xA: yB 
m (x: y)C for equivalent mappings A, B, Con @ to Q@’ which may be singular. Then a 
loop @ is homotopic to a loop G’ if and only if G is homomorphic to an isotope of 8’. 
(Received June 7, 1943.) 


200. William H. Durfee: Congruence of quadratic forms over 
valuation rings. 

Let R be a complete valuation ring whose associated residue-class field has char- 
acteristic not two. An equivalent diagonal form for an arbitrary quadratic form over 
R is obtained, and it is shown that two such nonsingular diagonal forms are equiva- 
lent if and only if their corresponding subforms composed of those terms baving the 
same value are equivalent. Using this the author proves for forms over R a theorem 
stated by Witt for fields and extended by Jones to the p-adic integers, namely, if 
f. g, and k are nonsingular quadratic forms such that g and & each has no variables in 
common with f, then f+-g and f+k are equivalent if and only if g and k are equiva- 
lent. (Received August 2, 1943.) 


201. H. L. Lee: The sum of the kth power of polynomials of degree 
mina Galots field. Preliminary report. 

Let Meamcgx®toyxre i+ +++ Feat Ca be a polynomial in the Galois field 
GF(*). If comi, M is called primary and if coys0, write deg M=m. Let St and RE 
denote respectively the sum of the kth power of polynomials M of degree m, and 
of all M of degree less than m. By the use of two functions Walt) — Fa, Valt), which 
vanish when M is primary and of degree m in one case and when deg M<m in the 
other, the sum may be made to depend on an exponent less than k. Then Ss and R. 
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depend ox the remainder tn: therdividon af by. weld Fs and-well) eeapectively: 
(Cf. H. L. Lee, Duke Math. J. vol. 9 (1943) pp. 277-292.) (Received July 19, 1943.) 


202. W. V. Parker: Limtts to the characterssisc roots of a mairsx. 


Let A = (a) be a square matrix of order # with elements in the field of complex 
numbers; and define Seay bil, Ty talil, U,=2| a! —S4, and V,=2/4,,| 
—T,. Let S, T be the greatest of the S;, T,, respectively; and let U, V be the least of 
the U;, V,, respectively. It is shown that the absolute value of each characteristic 
root of A is not less than the greater of the numbers U and V and is not greater than 
the smaller of the numbers S and T. Similar bounds are also found for the real and 
imaginary parte of the characteristic roots, (Received July 23, 1943.) 


203. H. E. Salzer: Table of first two hundred squares expressed as a 
sum of four tetrahedral numbers. 

The following empirical theorem is conjectured: Every square integer is expressi- 
ble as the sum of four positive (including zero) tetrahedral numbers (W -—#)/6. It has 
been verified by a table prepared for the first 200 squares. This empirical theorem is a 
partial improvement of the statement that five non-negative tetrahedrals sufice for 
any integer. (See F. Pollock, Proc. Roy. Soc. London Ser. A. vol. 5 (1850).) (Re- 
ceived June 4, 1943.) 


ANALYSIS 


204. R. H. Cameron and W. T. Martin: Transformations of 
Wiener integrals under translations. , 


Let F[y] be a functional defined and Wiener summable over the space C consisting 
of all functions x({#) continuous in 09/31 and vanishing at f=0. In addition, let F 
be continuous and let it be bounded over every bounded set x{-) of C. (F is called 
continuous if Fly) |+F[,] whenever ¥™(#)—>y(i) uniformly in 0431, and 
F is bounded over every bounded set x{-) of C if for every positive constant B 
there exists a constant K= Kx such that | Fly]| SK for all y(-) of C for which 
[H| SB, OSt31.) Under these conditions on the functional F the authors obtain 
a transformation formula for Wiener integrals under translations of the form 
y(t) me x(f)} +2x9(¢) where z(t) is a given function of C with a first derivative x,(t) of 
bounded variation in 0 44 41. The transformation formula is fY Fly uy = J/g Flxt+xe] 
exp { —Jo[xi(t) Pot —2fexh(t)dx(t) } dux. The formula forms a basis for the calculation 
of various types of Wiener integrals. (Received July 30, 1943.) 


205. M. M. Day: Unsform convexity. IV. 


In this paper relationships between uniform convexity, factor spaces, and con- 
jugate spaces are discussed. Theorem 1: A normed vector space B is uniformly convex 
if and only if all the two dimensional factor spaces of B are uniformly convex with a 
common modulus of converity. The concept of uniform flattening is suggested by a 
description of a “sharp edge” on the unit sphere in terms of the norm of the space. 
It is shown [Theorem 2] that this is dual to uniform convexity; that is, B[B*] is uni- 
formly flattened if and only if B*[B] is uniformly convex. It follows that a complete 
uniformly flattened B is reflexive. The proof of Theorem 2 uses a computation for 
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two dimensional spaces of the flattening in B in terms of the convexity in B* and 
vice versa; Theorem 1 is then applied to complete the proof. (Received June 16, 1943.) 


206. G. M. Ewing: Existence theorems for multiple integral varia- 
tton problems. Preliminary report. 


This is a sequel to a previous paper by the author (abstract 49-1-30) shortly to 
appear in the Duke Math. J. The methods used there for the single integral case are 
extended to obtain existence theorems under fairly general hypotheses for the problem 
of minimizing a certain &-tuple integral, /f(x, X)dw, on a class of continuous &-sur- 
faces in euclidean #-space. Metric methods are used to obtain a convergent minimiz- 
ing sequence but the final theorems closely resemble the Tonelli pattern. (Received 
July 23, 1943.) 


207. Tomlinson Fort: The wetghted vibrating string and tis 
hams. 

In this paper the problem of the vibrating string weighted with discrete particles 
is studied following lectures given by Bécher years ago at Harvard. In addition to an 
outline of the work of Bécher, an interesting special case is studied. A careful passage 
to the limit is carried through, thus obtaining the solution of the problem of the vibrat- 
ing nonhomogeneous string in terms of Sturm-Liouville functions. It is believed that 
not only is the method new but the final form somewhat different from any previous 
presentation. Incidentally, under proper restrictions, the solution of a differential~ 
equation system is proved the limit of the solution of a recurrence system. The 
method of proof is the method of successive approximations. (Received August 4, 
1943.) 


208. Szolem Mandelbrojt: Quast-analyitctty and analytic con- 
hinuaiton. A general principle. 


The author proves a theorem which leads to results in different branches of the 
theory of functions. Results on quasi-analyticity on one hand, and results on the dis- 
tribution of the singularities of a Dirichlet series and the distribution of the values 
taken by its analytic continuation, on the other hand, may be considered as particular 
cases of this theorem. (Received July 29, 1943.) 


209. D. S. Miller: On Carathtodory and Gillespie linear measure. 


In this paper the relation between the Carathéodory linear measure L(A) and 
the Gillespie linear measure G(A) of a plane measurable point set will be considered. 
The inequality L(A) S$G(A) S(w/2)L(A) will be shown to be the best possible by 
presenting sets E and F such that L(E)™G(E) and G(F) = (xr/2)L(F). (Received 
August 2, 1943.) 


210. P. C. Rosenbloom: Sequences of polynomials, especially sec- 
tions of power series. 

The domain of boundedness B of a sequence of polynomials is defined as the set 
of points s such that the sequence is uniformly bounded in some neighborhood of s. 
Relations are obtained between B, the gap-like structure of the polynomials, and 
the distribution of their zeros. The connection between the moduli of the zeros and 
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the coefficients is studied in detail. It is proved that under certain rather general 
conditions the arguments of the zeros are everywhere dense. If f(s) =astais - - 
then the order of magnitude of the zeros of s.(x) is roughly ra= | «| -Y> for a certain 
subsequence of »’s. The arguments of the zeros are everywhere dense except if f(s) 
is an entire function of zero order. Fairly complete results for the case of a finite or 
zero radius of convergence, or of an entire function of infinite order, are obtained. 
For entire functions of finite positive order the author obtains eseentially all the re- 
sults announced by Carlson (C. R. Acad. Sci. Paris vol. 179 (1924) pp. 1583-1585), 
whoee proofs have never been published so far as is known to the author. A connection 
between the zeros of s,(s) and the conformal mapping w=s“*f(r.s) is also obtained. 
These results are applied to special power series. (Received July 31, 1943.) 


211. Raphael Salem: A SEO) of the kourser sertes of con- 
tinuous funchons. 


The following theorems are proved: I. There exists a continuous function f(x) of 
period 2x whose Fourier series converges everywhere uniformly, and such that the 
Fourier series of f(x) diverges at a point. II. There exists a continuous function f(x) 
of period 2r whose Fourier series converges everywhere uniformly, and such that the 
Fourier series of f*(x) diverges at an everywhere dense set of points having the power 
of the continuum. (Received July 29, 1943.) 


212. A. R. Schweitzer: On functional equations with solutions 
containing arbtirary functions. I. 


The author outlines a heuristic method of detecting functional equations (mainly 
of the iterative compositional type) whose solutions involve arbitrary functions, by 
means of generalization of linear functions of variables which are solutions and which 
contain arbitrary constants as coefficients. It is assumed hypothetically that if a 
functional equation has a solution of the indicated type then the solution persists if 
that part of the linear function containing arbitrary constants is suitably replaced 
by arbitrary functions of the corresponding variables. The method indicated is heuris- 
tic in the sense defined in the author’s article, Reoue de méicpbhysique ef de morais, 1914 
(Le principe de continuation). If the method does not succeed, other functional equa- 
tions frequently result whose solutions approach the solution of the original equation. 
The preceding effects a gradual transition from functional equations previously 
solved by the author by differentiation (such as certain of his quasi-transitive equa- 
tions) to equations at least not readily solved in the latter manner. The preceding 
type of solutions is contrasted with solutions of equations obtained analogously by 
generalizing linear functions of particular solutions containing arbitrary constants as 
coefficients. Reference is made to papers previously reported in this Bulletin (vol. 23 
(1917) pp. 300, 393; vol. 24 (1918) p. 279). (Received July 31, 1943.) 


213. A. R. Schweitzer: On functtonal equations with solutions 
containing arbtirary functions. II. 

The author applies the method of the preceding paper to the solution of functional 
equations previously defined by him and equations relevant to number systems (such 
as distributive and generalized associative equations) and in suitable instances, their 
formal inverses relatively to equations of the type: ẹ[ f(x, Jn 9n °°) Ja) Yu Yu ° 
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+. ] =x, Additional hypotheses are of the type: If f(x, Ta © > + , X41) isa solution, then 
vf ly(m), (xa), - ++, (%a42)] is also a solution where y(x) is an arbitrary func- 
tion with ad inverse. Example: f(#, mn, Yn '+°, un) =r(t, Ps, °>, Maur) where 
mer(x1, wt °°, Tapi) and D, m t (i, Yi, t °° + Ya). Solution: f(x, Ta," ty Lapi) =o 
(xe, -2 Ea Sapi) and (xi, *2, °°"; Sa) ™A(wi, Wa,° Wa)’ Tajl where 
t0, = x;/%.4: and a and £ are arbitrary functions. The preceding equation is abstractly 
self-inverse. Other examples with solutions are given. The solutions indicated are of 
course not exhaustive. Application is made in suitable instances to the domain of ab- 
stract groups; for instance, for s—1 the preceding equation has the solution: 
(m, xa) xi ri, r(t, xa) (xxr ?)t xy where p and g are arbitrary integers; and 
analogously for *>1. Reference is made to papers previously reported in this Bulletin 
(vol. 25 (1919) pp. 250, 257). (Received July 31, 1943.) 


214. Andrew Sobczyk: On the extension of linear transformations. 


By-the Hahn-Banach theorem, any linear transformation T on a subspace X of a 
oormed linear space Z, having a one-dimensional range, may be extended to the 
whole space with preservation of the norm. It is shown that the same is true for any 
linear transformation, provided that the range Y may be enlarged to a normed linear 
space WD Y. Specifically, a norm-preserving extension is always possible with range a 
subepace of the quotient space Z/X’, where X’C_X is the zero subspace of T, and the 
norm in 2/X‘ is an extension of the norm on YO=X/X’ with respect to the Banach 
norm infy-ex/|js +X Hl. Results are obtained on the question of when the existence of 
an extension requires the existence of a projection. A classification of linear trans- 
formations into four fundamental types is given, with examples showing the existence 
of each type. (Received July 29, 1943.) 


215. Otto Szász: On uniform convergence of Fourier series. 


The main object of this paper is to establish conditions for uniform convergence 
of a Fourier series at a given point. A necessary condition is that the function be con- 
tinuous at that point; the additional condition restricts the coefficients to a certain . 
type of slow oscillation, such as were used in Tauberian problems. The result yields 
Gibbs’ phenomenon for such series at points of discontinuity. A theorem of a con- 
verse nature is: If f(@)~>_b, sin #8 is continuous at @=0, and if for some positive 
constants K and C, 0S(#+DautKS(1+C/s) (nb. tK}, ngi; then 25.0. 
(Received July 26, 1943.) 


216. H. S. Wall and Marion D. Wetzel: Postitve definie forms and 
convergence theorems for continued frackons. 


The form (1) Es; (Bp-+y)z2—2203 7) apxp%ps1 is positive definite for all y>0 if 
and only if (2) p20, a = BpSpi: (1—gp4)e», 0S8 51. The J-fraction (3) 1/(b:+s) 
—a}/ (bs +8) —a}/(bs-+s) — - - - is called positive definite if 8p =—$(by), a2 =9 (ap) satisfy 
(2). There exists a nest of circles K,(s) DK p(s) such that the pth approximant of (3) 
is upon K,(s), ((s)>0). The distinction between the two cases r,(s)-+0, r»(s}>r(z) 
>0 (r,(s) radius of K,(s)) is invariant under change in the value of s in J{s)>0. 
If lim inf | ap] is finite, then r,(s) 0. This, along with (2), leads to the theorem that 
the continued fraction (4) 1/1+e/1+a/1+-:+-+ converges if lim inf [cs | <œ and 
| cp] ~ Rcs) cos (tater) tI) sin (pter) [2 cos p COB pnl! —Erm)E]/ 
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[City sec dp) (1+y sec dey) |, y>0, —(x/2) <¢p < +(x/2),0 Sep. Also, (4) con- 
verges if lim inf | cp] < œ and >> [| c| —R(cp) | <2. (Received July 2, 1943.) 


217. F. T. Wang: On Riesz summabdssty of Fourier sertes. 111. 


Denote by ¢,(+) the fractional integral of order a of an even integrable function 
¢(t), periodic, with period 2x. The following two results are proved: (i) If de(t) =o(f), 
y>a>0, then the Fourier series of ¢(#) is summable (R, 6** 7, y+8), 3>0, at m0. 
(i) If ¢q(é)=o((log )-), a>0, then the Fourier series of ¢(f) is summable 
(R, p0 aUa 441) at tmO. (Received June 11, 1943.) 


APPLIED MATHEMATICS 


218. Stefan Bergman: Solutions of linear pariial differenital equa- 
Kions of fourth order. 


Generalizing the known formula # = Re[f;(s) +8/4(s) |, s= 2-++y, 2 = x —4y, for the bi- 
harmonic functions (that is, functions # for which AAs = {6# we 0), the author proves 
that for every equation L(x) = U psss tite} Orte t-Og + Otieta tagi =O where 
Gy =G,(x, ¥) are analytic functions of s and # there exist two functions of s, £ and a real 
variable t, B,(s, 8, t); k= 1, 2, such that every solution of L(x) =0 which is regular ina 
star domain D can be represented in D in the form «(#) =Re{/ [04 Bas, 8, ffs 
` (s(1 —) /2)dt/(1 —2)¥2]}. The methods and results of the paper Léwsar operators in 
the theory of partial differential equations (Trans. Amer, Math. Soc. vol. 53 pp. 130— 
155) can be applied to the functions #, satisfying L(#) =0, (Received July 30, 1943.) 


219. G. E. Forsythe: Note on equivalent poltenttal temperature. 


Let a parcel of moist air be saturated with w,—w,(p, T) tons of water vapor per 
ton of dry air. Let the following quantities be measured in meter-ton-second-absolute 
degree mechanical units: T=—temperature; p=total air pressure; D=L(T) =latent 
heat of evaporation of water; cy=cp(T) [cy=cs(T) | =specific heat of dry air at con- 
stant pressure [volume]; ¢,—¢,(T)=vapor pressure of saturated water vapor; 
pam pte; bm (cy—Ce)/cy; Gam T(100/pa}*. Let AmA(p, T)—Lm/(GqT). Rossby 
(Massachusetts Institute of Technology Meteorological Papers, vol. I, no. 3 (1932)) 
defines the equivalent potential temperature 8. by the relation 6,—6, exp A. He asserts 
without proof that, as p—0 in a process for which @, is constant, one has 6.4, The 
present note uses elementary estimates to prove Roesby’s assertion: (i) under the | 
oversimplifying assumption that L and c, are bounded away from 0, as T—0; (ii) 
under weaker but physically artificial assumptions about L and c,. The note includes 
a further discussion of the important meteorological quantity à. (Received July 26, 
1943.) 


220. S. H. Gould: The Rayletgh-Rsis method for higher eigenvalues. 


An elementary proof is given of the following theorem, fundamental in applications 
of the Rayleigh-Ritz method for calculating the eigenvalues of a given variational 
eigenvalue problem: the # roots, arranged in order of magnitude, of the determinantal 
equation obtained by using # coordinate functions are upper bounds respectively for 
the first # eigenvalues of the original problem. (Received July 14, 1943.) 
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221. G. E. Hay and Willy Prager: On plane rigid frames contain- 
ing curved members. 


In a recent paper (Quarterly of Applied Mathematics vol. 1 (1943) pp. 49-60), 
the authors have extended the method of the conjugate beam to the case of plane 
rigid frames consisting of straight members and loaded perpendicularly to the plane 
of the frame, In the present paper, the method is again extended to include frames 
containing curved members, with loading both in the plane of the frame and per- 
pendicular to it. There is introduced a conjugate frame similar in shape to the original 
frame, but with different supports in general. This conjugate frame is subjected toa 
load which is a certain function of the distribution in the original frame of bending 
moment, Young’s modulus, and the moment of inertia of the croes section. The equi- 
librium conditions of this conjugate frame afford a simple determination of redundant 
reactions in the original frame. Also, the distribution of bending moment and shear 
in the conjugate frame are equal respectively to the distribution of displacement and 
rotation in the original frame, which fact affords a simple determination of the dis- 
tribution of displacement and rotation in the original frame. (Received my 31, 
1943.) 


222. F. B. Hildebrand: On the stress disirsbuiton in canislever 
beams. 


The problem of determining the stress distribution in a flanged cantilever beam of 
narrow rectangular cross section, supported in such a way that no distortion of the 
cross section takes place at one end of the beam, is treated as a problem in the theory 
of plane stresa. A limiting case of anisotropy is considered, in which the material of the 
beam is perfectly rigid in the direction of the prescribed transverse loading which acts 
in the plane of the web plate. The exact solution is found in terms of a rapidly con- 
vergent series of almost periodic functions and a corresponding approximate solution 
is obtained in closed form by a direct application of the calculus of variations. The 
results are evaluated numerically in representative cases and, on the basis of com- 
parisons with earlier solutions of related problems (F. B Hildebrand and E. Reisner, 
Journal of Appliéd Mechanics vol. 9 (1942) pp. A-108-A-116), conclusions regarding 
the validity of certain assumptions and approximations are drawn. (Received July 27, 
1943.) 


223. E. G. Kogbetliantz: Detaled quantitative interpretation of 
maps of gravitational anomalies wiih the aid of mathematical analysts. 
Preliminary report. 


The importance of gravific methods in geophysical surveying, especially in the 
prospecting for new oil fields, is very well known. The interpretation of gravity and 
other gravific maps is today limited to only qualitative conclusions. All attempts made 
for their qualitative interpretation, that is, for the numerical determination of im- 
portant geological parameters such as depth below the surface, thickness of the 
disturbing layer, slope of an anticlinal flank, were unsuccesaful. The reason for these 
systematic failures is the fact that the observed values, mapped after all usual cor- 
rections—correction for the regional anomaly included—teflect not only the effect 
due to the studied underground structure or body but also the gravific action of the 
immediate neighborhood under the station. This punctual anomaly due to the non- 
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homogeneity of the ground and affecting only one point-station cannot be evaluated 
and corrected. To eliminate from the interpretation the errors due to these unknown 
punctual anomalies, it is necessary to use in the computations of geological parameters 
only the average values. In these average values are melted all observed values and 
the effect of punctual anomalies is eliminated because their average values are negligi- 
ble. The importance of this new interpretation-method is illustrated by an anomaly 
map due to an anticlinal for which the numerical values of all its geological parameters 
are expressed by definite integrals, These integrals are easily computed with the aid 
of a planimeter if the gravific map is given. (Received August 2, 1943) 


224. A. N. Lowan and H. E. Salzer: Table of coefficients Jor inverse 
interpolahon. : 


Although many tables have been published to facilitate direct interpolation, there 
has been to date no table of coefficients to handle the more cumbersome task of in- 
verse interpolation. To meet this need, the Mathematical Tables Project has com- 
puted the polynomial coefficients of the ratios of differences of various orders in the 
formula obtained by the inversion of the Everett formula for direct interpolation 
(H. T. Davis, Tables of the higher mathematical functions, vol. 1, pp. 82-83), The co- 
efficients of the five fourth order terms were calculated to ten decimal places at inter- 
vals of 0.001 of the argument m = (# — 1) /(%; — #4). Also a short table gives the values 
of the coefficients of the ten sixth order terms. The values of the coefficients were com- 
puted at intervals of 0.1. It was not necessary to compute the coefficients of the second 
order terms, since these coefficients are tabulated at intervals of 0.0001 in the table of 
Lagrangian snterpolatson coeficienis to be published by the Columbia University 
Press. The table here described will be of particular value whenever inverse interpola- 
tion is to be carried out in a table with a fairly large tabular interval. It is proposed to 
designate the coefficients here discussed as “inversolants.” (Received June 11, 1943.) 


225. Morris Marden: On the stream functson of axtaly symmetric 
flows. 


- In his papers (Math. Zeit. vol. 27 (1926) p. 641 and Math. Ann. vol. 99 (1928) 
p. 629) Bergman studies the behavior of harmonic functions in the neighborhood of 
point and line singularities. Using the fact that the functions @=—,+4%,—(1/29r) 

Sef (sed and F Pipik (1/2r) fF f(s) (2 —u)dt, where #=x-++yc08 t-+issin $, 
are the potential and stream function of two three-dimensional axial-symmetric flows 
of an incompressible fluid, the author investigates the behavior of the stream function 
in the neighborhood of the above mentioned singularities. The author constructs cer- 
tain functions possessing infinitely many line singularities (periodic stream functions) 
and proves certain properties of these functions. (Received July 30, 1943.) 


226. Seymour Sherman: Fintte aspect ratio effect in the Glauert- 
Prandil regime. 


The usual simplified development of the Prandtl integral equation for the circula- 
tion about a wing of finite aspect ratio is not readily extended tothe case of compressible 
flow because the expression for the downwash due toa vortex line becomes more com- 
plicated. By first making the usual! assumptions of thin airfoil theory and linearising 
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the equations of compressible flow and then appealing to the work of E. Reissner 
(The equaitons of Kfting sirtp theory for tapered wings, Curties Research Laboratory 
Report SB-76-S-1) on the flutter of finite aspect ratio it is shown that the compressi- 
bility effect can be included in the Prandtl equation by substituting for ðCL tu(y)/da 
the quantity (1/(1-8%)""*)6Cy, im(7)/ðæ. This is done by setting up the problem asa 
boundary value problem for the appropriate elliptic partial differential equation. 
(Received July 26, 1943.) 


227. Alexander Weinstein: On the bending of a camped plate. 


Let {p.(x, ¥)} denote a complete, but not necessarily orthogonal, sequence of 
ic functions of integrable square in a domain S with the boundary C. Consider 
the equation AAw=f with the boundary conditions w=de/da=0. Let .=—GG/ 
ttm CPi, where Gf is the Green’s potential of f, andthe constants au; are de- 
termined by the equations ) 7 Gms(Pi, p1) = — (f, Ghi), k= 1, 2, +++, m. It is proved 
in this paper that w,, converges uniformly to w in S+C and that 6w./dz, btn / 3y con- 
verge uniformly to éw/éx, dw/éy in every domain interior to S. The approximating 
functions w, can be computed explicitly in the case when S is a rectangle. The proofs 
are based on the results of a paper by N. Aronszajn and A. Weinstein, Amer. J. Math. 
vol. 44 (1942) p. 625. (Received July 10, 1943.) 


GEOMETRY 


228. Herbert Busemann: On spaces in which two points determine 
a geodeste. 


Let R be a finitely compact, convex, and locally strictly externally convex, metric 
space. A geodesic in R is defined as a continuous curve which is locally isometric with . 
the real axis. (A symmetric variational problem in parametric form will satisfy these 
conditions, when the extremals are considered as geodesics). There is at least one 
geodesic through any two distinct points of R. If this geodesic is unique, then R is 
either simply connected and all geodesics are isometric with a euclidean straight line, 
oc R has a two-sheeted universal covering space and all geodesics of R are congruent 
to one euclidean circle. (Received July 26, 1943.) 


229. John DeCicco: Kasner’s pseudo-angle. 


The theory of functions of a single complex variable is identical with plane con- 
formal geometry. This is not the case in the theory of functions of two or more com- 
plex variables. A set of # functions of » complex variables induces a correspondence 
between the points of a real 24-dimensional space Re. The infinite group G of these 
correspondences has been termed the pseudo-conformal group by Kasner. In 1908, 
Kasner showed that for #2 a transformation of R, is pseudo-conformal if and only 
if it preserves the pseudo-angle between a curve and a three-dimensional variety. 
This pseudo-angle theorem can be carried over to 2# dimensions almost without 
change. A system of (2%~—1)-dimensional hypersurfaces is said to be bi-isothermal 
if it is peeudo-conformally equivalent to «1! parallel (28—1)-dimensional flats. Any 
system of (2# —1)-dimensional hypersurfaces is bi-isothermal if and only if the pseudo- 
. angle between the given hypersurfaces and any system of parallel lines is a bibarmonic 
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function. Many other results are obtained by using Kasner’s peeudo-angle. (Received 
July 27, 1943.) 


230. V. G. Grove: A general theory of surfaces and conpugate 
neis. 


This paper studies the projective differential geometry of surfaces and conjugate 
nets by means of a tensor analysis based on a connection appearing naturally in the 
theory. All congruences harmonic or conjugate to a surface are found. A simple geo- 
metric construction for reciprocal congruences is given independent of the quadrics 
of Darboux. A simple tensor method of studying conjugate nets is used. Among other 
applications, a certain interesting involution on each line protruding from the surface 
is studied. Finally some of the results are specialized to the metric geometry of sur- 
faces in euclidian space of three dimensions. (Received July 23, 1943.) 


231. C. C. Hsiung: An invarsant of iniersechon of two surfaces. 


Let two surfaces Si, 5; in ordinary space intersect at an ordinary point O with 
distinct tangent planes rı, ry; assume that the common tangent is distinct from the 
asymptotic tangents of the surfaces Si, Ss. The author proves the existence of a pro- 
jective invariant determined by the second order terms of the surfaces Sı, S: at the 
point O, and he gives the invariant a projective as well as a metric characterization. 
The metric characterization takes the following simple form. Let Ki, Ky be the total 
curvatures of the surfaces Sı, Sat the point O; and Ri, Rs the radii of curvature at O 
of the curves in which the tangent planes ry, r: intersect the surfaces S1, Sa respectively. 
Then RjX,/R(K, is the projective invariant under consideration. (Received Jaly 1, 
1943.) 


232. C. C. Hsiung: Projectsce tnvartanis of some particular patrs of 
space curves. 


It is known that if two plane curves have contact of order k—1 at a point P, and 
if nonhomogeneous projective coordinates are chosen so that the expansions repre- 
senting these two curves in the neighborhood of P are, respectively, ymax'+ +--+, 
yma- +++, ayáa, then the ratio a/a is a projective invariant studied for k= 2 by 
H. J. S. Smith (Proc. London Math. Soc. (1) vol. 2 (1867) pp. 196-248) and 
R. Mehmke (SchlSmilchs Zeitschrift far Mathematik und Physik vol. 36 (1891) 
pp. 56-60, 206-213). Their results were interpreted and extended by C. Segre (Rendi- 
conti dei Lincei (5) vol. 6 (1897) pp. 168-175 and vol. 33 (1924) pp. 325-329). The 
present paper supplements these investigations by studying pairs of curves in 3-space: 
(a) tangent at a general point with distinct osculating planes, (b) intersecting at a 
general point with distinct oeculating planes, (c) intersecting at a general point with 
common osculating plane. The existence of a projective invariant determined by the 
third order terms is shown for each of these cases; these invariants are characterized 
geometrically in terms of certain double ratios. (Received June 11, 1943.) 


233. C. C. Hsiung: Theory of intersection of two plane curves. 


This paper is concerned with the study.of the projective differential geometry of 
_ two plane curves intersecting at an ordinary point. The method used is similar to the 
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one given by the author in a previous paper (Profectwe défferential geometry of a pair 
of plane curves, to appear in Duke Math. J.). Here two projective invariants deter- 
mined by the fourth order terms in the Taylor expansions of the functions represent- 
ing the two curves, at the point of intersection, are obtained and characterized geo- 
metrically. Further, on the basis of the vanishing or nonvanishing of these two in- 
variants, the author arrives at four different types of canonical representation for 
the two curves at the point of intersection; the absolute invariants in the expansions 
of each type are interpreted geometrically in terms of certain double ratios. (Received 
Jane 11, 1943.) 


' 234. Edward Kasner: Moiton in a ressshng medsum. 


Consider the motion of a particle moving in the plane under a generalized field of 
force and influenced by a resisting medium, the resistance R acting in the direction 
of the motion and varying as some function of the position (x, y), the direction y’, and 
the speed s of the particle. Through a given lineal element E, there pasa œ! trajec- 
tories. If the osculating parabolas are constructed to these trajectories at E, the locus 
of the foci varies in shape with the nature of the resistance R. If the focal locus is a 
circle through the point of R, it is found that R must be of the form A(x, y, y) 
+B(x, y, y^). In the final part of the paper, this result is extended to space. Construct 
the oeculating spheres at E to the œ! trajectories passing through the lineal element 
E. If the locus of the centers of these spheres is a straight line, the resistance R is of 
the form A(x, y, 2, 9’, s‘}0'+B (x, y, s, y, 2’). Finally it is shown that if a single tra- 
jectory is known in the field of gravity with a resisting medium R(v), then the law of 
resistance R(p) can be completely determined. (Received July 27, 1943.) 


235. Edward Kasner and John DeCicco: A generalized theory of 
coniact transformahons. 


The authors present a generalized theory of contact transformations in the lane 
Any union-preserving tranaformation of differential elements of order # into lineal 
elements is obtained by considering the osculating (up to and including contact of 
order #) of a given parameterized family of owt! curves to an arbitrary curve. If a 
union-preserving transformation T is such that any two unions which possess # œ 2- 
as the order of contact are converted by T into two unions which have at least second 
order contact, then T must be a contact transformation between lineal elements, Asa 
consequence of this work, the authors find a general theory of evolutes and involutes 
which contains the osculating circle theory of Huygens and Bernoulli as a special case. 
(Received July 27, 1943.) 


LOGIC AND FOUNDATIONS 


236. Theodore Hailperin: A set of axtoms for logic. 


Two well known logical systems claiming adequacy for mathematics are currently 
studied. These are appellatively described as “Principia Mathematica” and “set- 
theory.” A third and stronger system, called “New Foundations,” has been proposed 
by W. V. Quine. (This system is not to be confused with his Mathewraiscal logic, 1940.) 
Quine’s system uses the usual logical primitives for the propositional calculus and 
the theory of quantifiers, and class membership, but makes no restrictions on the 
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ranges of the variables. To avoid the contradictions, Quine has a metalogical axiom 
to the effect that only “stratified” formulas determine clasees. The purpose of the 
present paper is the presentation of nine formal axioms and a demonstration of their 
equivalence with Quine's metalogical axiom in the presence of the restricted predicate 
calculus and the axiom for identity. (Received July 29, 1943.) 


NUMERICAL COMPUTATION 


237. H. E. Salzer: Coeficients for numerical tntegrahon wth cen 
tral differences. 


The numbers MumB2’(s)/(2s)!, where BẸ” (s) denotes the (2s)th Bernoulli 
polynomial of order 2s for argument equal to s, were computed for smi, 2,- ,10, 
the result being exact values in lowest terms. Then these quantities were all checked 
by a cumulative recursion formula. (Previous calculations went only as far as s=4.) 
The numbers Mu are coefficients of central differences of order 2s—1 in the well 
known formula for numerical integration, sometimes called the Gause-Encke formula 
or the second Gaussian summation formula. All important formulas for and references 
to these coefficients are included. This calculation was performed in the course of 
work done for the Mathematical Tables Project, National Bureau of Standards. 
(Received July 7, 1943.) 


STATISTICS AND PROBABILITY 


238. E. J. Gumbel: On the plotting of stattsiscal observations. 


It is well known that there exist two stepfunctions corresponding to a continuous 
variate. We may attribute to the mth observation the ranks # or m —1, To obtain one 
and only one serial number m, which will, in general, not be integer, we attribute to 
Xm an ddjusted frequency —A, namely the probability of the moet probable mth 
value. The correction A for the rank is unlimited and possesses a mode, A increases 
for increasing value of the variate from zero up to unity. The correction is important 
for small numbers of observations. For large numbers of observations and for the 
ogive it is sufficient to choose A= 1/2. The calculation of A allows a correct plotting 
of all observations (including the first and last) on probability paper (equiprobability 
test). For the return periods, the ranks m and m—1 correspond to the observed ex- 
ceedance and recurrence intervals. Generally the corrected return periods pass for in- 
creasing values of the variate from the exceedance to the recurrence intervals, 
provided the variate is unlimited and possesses a single mode. The asymptotic stand- 
ard error of the partition values may be used to construct confidence bands for the 
ogive, the equiprobability test, and the return periods. This control for the fit be- 
tween theory and observation may be applied to aut observations which are not 
extreme. (Received July 30, 1943.) 


239. Henry Scheffé: On a measure-theoretic problem arssing tn the 
theory of non-parametric tests. 


Let u be any measure on the real line, such that the measure of the whole line is 
unity, and form the “power” measure y»* in Euclidean k-space—that is, the product 
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measure obtained by using a on each axis. The problem is, for a given class C of 
measures u, what can be said about the existence and structure of sets of points in 
the k-space which have the property that their “power” measure is the same for all 
measures u in C? Necessary conditions and sufficient conditions for sets to have the 
above property are found for certain large classes C of statistical interest. (Received 
July 24, 1943.) 


‘TOPOLOGY 


240. H. D. Huskey: On polyhedra and polyhedral path surfaces. 


In the study of surfaces in parametric form there are several definitions of poly- 
hedra or of polyhedral path surfaces in common use. The equivalence of these defi- 
nitions is discussed in this paper. A single polyhedral path surface may have several 
representations; the paper goes on to show directly that the aree of a polyhedral path 
surface is independent of the representation (this result follows indirectly from results 
in the literature, see T. Radó: On the semiconiinusly of double integrals in parametric 
form, Trans. Amer. Math. Soc. vol. 51 (1942) pp. 336-361). Finally it is shown that 
the Lebesgue area of a surface is independent of the type of polyhedra used in the 
definition. (Received July 16, 1943.) 


241. A. D. Wallace: A siructural property of transformations. 


Let M and N be compact connected Hausdorff spaces and let f(A) = N be con- 
tinuous. Suppose further that f satisfies the condition: If M=4A -+B where A and B 
are closed and A -B isa point, then for any continuum K in M it is true that f(X : A) 
= {(K)- f(A). The following results have been obtained: (1) If B is a prime-chain in N 
there exists a unique prime-chain Fin M such that Æ is contained in f(F) and (2) If X 
is a Chain in M then f(X) is a chain in N. For f non-alternating and metric M and N 
the above results are due respectively to G. T. Whyburn and G. E, Schweigert. H f is 
non-elternating then the above condition on f holds, but not conversely. Indeed f 
may be completely alternating. (Received July 28, 1943.) 


242. Paul White: On r-regular convergence. 


In this paper the notion of regular convergence as introduced by G. T. Whyburn 
(Fund. Math. vol. 25 (1935) is further studied. It is shown that a sequence of irreduci- 
ble membranes of homologies or of irreducible carriers of r-dimensional cycles has as 
its limit under s-regular convergence (s 3r) a set of the same type. Finally it is shown 
that under this type of convergence a sequence of r-dimensional closed Cantorian 
manifolds converges to another r-dimensional closed Cantorian manifold. (Received 
July 2, 1943.) 
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RADICAL EXTENSIONS AND CROSSED CHARACTERS 
REINHOLD BAER 


E. Witt! has given a theory of abelian extensions of fields contain- 
ing sufficiently many roots of unity which consists essentially, as has 
been remarked before,? in applying the theory of characters of finite 
abelian groups. There exists now a sufficiently developed theory. of 
crossed characters,? and it is the object of this note to show that a 
_ fairly complete and simple theory of radical extensions may be ob- 
tained if one follows Witt’s treatment of abelian extensions, only 
substituting for the classical theory of characters the theory of 
crossed characters." 

Suppose that the commutative field’ K is a finite, normal, and 
separable extension of the field F, that the characteristic of the field 
K is either 0 or prime to the given integer m, and that E is the group 
of the mth roots of unity contained’ in K. The Galois group G of the 
extension K of F consists of all the F-automorphisms of the field K 
(automorphisms of the field K which leave the elements in F in- 
variant). Every automorphism g in G induces in E an automorphism 
which we also denote by g, and the correspondence mapping the 
automorphism g in G upon the automorphism g of E shall be de- 
noted by C. 

A C-character of the group G is a single-valued G to E function 
f(g), satisfying the functional equation f()*f(v) =f(uv). 


Lema 1. The function v'— of the element g in G, for v an element 
sn K,4s a C-character of G tf, and only tf, 0" +s an element, not 0, in F. 


Proor. If v1 is a C-character of G, then v7 is for every g in G 
an element in Æ, so that (vp™)!*=1 for every gin G. Thus v” is a fixed 
element of the Galois group of K over F, proving that o™ is an ele- 
ment, not 0, in F. 

Assume conversely that 9*><0 is in F. Then (o!-#)*"=‘(p")'-* =1 for 


Presented to the Society, April 24, 1943, received by the editors December 21, 


1 Witt [1], 
2 Baer i 3 
3 Baer 
‘Or the treatment as suggested in Beer [1]. 
s The importance of the theory of crossed characters for the theory of radical 
extensions has recentf been stressed by Maclane-Schilling [1]. 
t As all the fields will be commutative, we shall omit the word “commutative” in 
the future. ` 


T K need not contain ss distinct ssth roots of unity; cp. Theorem 3 below. 
701 


[2]; the references refer to the bibliography at the end of the paper. 
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every g in G, so that v! is a single-valued G to E function. If s, ¢ 
are elements in G, then of *!=p!-t-*' = (p) tyit, and we have shown 
that v'* is a C-character of G. 

We denote, as customary, by F* the multiplicative group of the 
elements, not 0, in F, and it will be convenient to denote by Kw the 
multiplicative group of those elements in K whose mth power is 
in F*, Clearly F* is a subgroup of Ka. 


THEOREM 1. An tsomorphism of the group K,/F* upon the group 
of all the (-characters of G ts effected by mapping the element v in Ka 
upon the funcion ot of the elements in G. 


Proor. It is a consequence of Lemma 1 that o! is a C-character 
of G whenever v is an element in Kw, and it is readily seen that a 
homomorphism of K, into the group of all the C-characters of G is 
effected by mapping v upon the function v! of the elements in G. 
Furthermore v!-*=1 for every g in G if, and only if, v is an element 
in F*, as follows from the fundamental theorem of Galois theory, 
and this shows that exactly the elements in F* are mapped upon the 
C-character 1. To complete the proof of our theorem we need show 
only that® every C-character of G may be represented in the form 
vi-s for some v in Ke. Suppose therefore that f(g) is a C-character of 
G. Assume that there did not exist an element w in K such that 
S, in a f(g) <0. Then oy in a (w*)*f(g) =0 for every h in G and 
‘every w in K. Since the elements f(g) are different from 0 as elements 
in E, this implies that the determinant D(w) =|w™|] =0 for every 
w in K. But this is impossible, since the normal basis theorem? as- 
“sures the existence of elements w in K such that D(w) +0. Conse- 
quently there exists an element win K such that v=), in g w*f(g) <0. 
If & is some element in G, then l 


f(k) = D, wf) = D, wAf(gh) = n, 
ginG qin G 


since f is a C-character and gh ranges over G with g. Since v0, we 
find that p'-4=f(k) for every k in G, and it is a consequence of 
Lemma 1 that v belongs to Kw, as was to be shown. 

The following restatement of Theorem 1 will prove helpful: If V 
is a coset of K,/F*, then V'-* is a C-character of G, and every 
C-character of G may be represented in one and only one way in 
the form Vi, 


' The following arguments are essentially a restatement of a proof of Speiser [1 ] 
p. 3. 
* Cp. Deuring [1]. 


va a 
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We recall that a group B of C-characters of G is termed?!’ complete 
if B(g) =1 implies g=1. l 


THEOREM 2. If Missa T A group between F* and Ka, then 
the following two properties of M are equatatent: 

Gi) K= F(M). 

(ii) The group of the C-characters V for Vin M/F* ts complete. 


Proor. The statement (ii) is obviously equivalent to the fact that 
1 is the only F(M)-automorphism of K, and that this fact is equiva- 
lent to (i) is readily deduced from the Galois theory. 

The group G has been termed! C-complete if 1 is the only element 
in G which is mapped upon 1 by every C-character of G. The follow- 
ing statement is an immediate consequence of Theorem 2. 


COROLLARY 1. The group G is C-complete sf, and only +f, K may be 
obtained by adjotnsng to F mth roots of elements in F. 


The C-characters of G which have the form e¢' for suitable e sn 
the group E have been termed principal C-characters of G, and the 
group of principal C-characters is called the principal genus. A com- 
plete group of C-characters of G is said to be sirtcily complete if it 
contains the principal genus.4 

COROLLARY 2. If M is a mulitplecattve group between F* and Ka, 
then the following two conditions are necessary and suffictent for the group 
of C-characters of the form V'—-* with Vin M/F* to be strecily complete: 

(a) K=F(M); 

(b) M is the set of all the elements in K whose mth powers are in the 
subgroup M" of F*. 


Proor. It is readily seen that condition (b) is equivalent to the 
inequality E S M, and hence (b) is true if, and only if, the group of 
C-charactefs of the form V+ for V in M/F* contains the principal . 
genus. Thus Corollary 2 is an immediate consequence of Theorem 2. 

The importance of Corollary 2 stems from the comparative rarity 
of strictly complete groups of C-characters which are different from 
the group of all the C-characters.¥ l 

If M is a group between F* and Ka, then M™ is a group between: 
F™ and KAC F*. However, the groups M/F* and M*"/F*" need not 
be isomorphic, since the homomorphism x—+x™" maps upon 1 all the 
mth roots of unity in M, and these need not be in F*. 


18 Baer [2] introduction to chapter IV. 
Baer [2] 1.3. 

2 Baer introduction to chapter IV. 
u Baer |2] Corollary IV.4.2. 
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In an investigation of extensions by mth roots it 1s clearly no loss 
of generality to assume that m has been chosen as small as possible. 
Then the positive integer m has been determined in such a way that 
K= F(K,,), though F(Kw)<K for every proper divisor m’ of m, and 
this signifies in group-theoretical language that m is the maximum 
order of the elements in the multiplicative abelian group K./F*. If 
we use the notation m=] | pp", where the product ranges over all 
the prime numbers p and where almost all the exponents m(p)vanish, 
then the maximum order of the elements in K,./ F* is m if, and only if, 
K../F* contains elements of order p™®) for every p, since the orders 
of the elements in K,/F* are clearly divisors of m. 


THEOREM 3. The folowing condthons are necessary and sufficient for 
m to be the maximum order of the elements in Ka/ F": 

(a) K contains m dishnci mth roots of untty, so that m 4s the order 
of E. 
` (b) If0<m(p), and if a pth root of unity different from 1 és contained 
in F, then K3 ts not part of FY. i 


Proor. If condition (a) were not satisfied by K, then the order m’ 
of E would be a proper divisor of m; and if w is an element in Ky, gan 
F-automorphism of K, then (w)*)*’=1, since w!” belongs to E, 
proving that w*’ = (w™’)* for every F-automorphism g of K, and that 
therefore every w”’, for win Kw, is in F*. Hence the maximum order 
of the elements in K,,/F* is a divisor of the proper divisor m’ of m, 
proving the necessity of (a). 

To prove the necessity of (b) we assume that (b) does not hold 
for some particular prime p. Then 0<m(p), F contains $ distinct pth 
roots of unity (so that every pth root of unity isin F) and KZG FY; 
and we are going to show that K,/F* does not contain elements of . 
order p*™®), Suppose namely that b is an element in K such that 
be" ig in F*. Then there exists an integer r, prime to p, such that 
rmp—=® m1 modulo p"®), since mp-™©®) is itself prime to p. Hence 
bmprme"" modulo F*, and there exists therefore an element fin 
such that b =b» “"F Since b= br" Pf—"® ig in F*, it is in KZ 
and therefore in F*. Thus there exists an element c in F* such that 
c?=b™, If we put d=cf?"”™”, then d is an element in F* and 
(pP™"g-1) ? xn po po? = 1, Hence e=b9""d-! is a pth root 
of unity and as such is contained in F*, proving finally that b=? ed 
is an element in F*. This completes the proof of the necessity of con- 
dition (b). 

Suppose conversely that the conditions (a) and (b) are satisfied 
by K. If p is any prime number such that m(p) =0, then it is obvious 
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` that Ka/F* contains elements of order p™™ (=1). If O<m(p), and 
if F* does not contain any pth roots of unity different from 1, then 
we infer from (a) that K contains a primitive p*®th root of unity e; 
and it is obvious that the order of e modulo F* is exactly :p™®), prov- 
ing again the existence of an element of order p™® in K,/F*. If 
finally 0<m(p), though F* contains pth roots of unity different from 
1, then we infer from condition (b) the existence of an element b 
in K2 which is not contained in F*’. It is clear that b is an ele- 
ment ir in F* and that there exists an element c in K satisfying 
es; =(cr7"™™)», Since b is not in F*’, it is impossible that 

S- belongs to F*, though o?”” is in F*, and this shows that 
cis an element in K whose order modulo F* is exactly p*®. Thus we 
have shown that K,,/F* contains elements of order p™®) for every Ð, 
and that consequently the maximum order of the elements in Ka/F* 
is exactly m, as was to be proved. 

REMARKS. 1. If K= F(K,,), then condition (a) may be seen readily 
to be equivalent to the following condition: 

(a^) K is obtained by adjoining to F all the mth roots of the elements 
in the subgroup K3 of F". 

On the basis of Theorem 3 we may restrict ourselves without loss 
of generality to the consideration of extensions K of F which meet the 
requirement (a^). , 

2. Since the second root of unity —1 is always contained in F, it 
follows from 0 <m(2) that the characteristic of F is different from 2, 
and that therefore condition (b) implies KŒ F*?. 

3. Suppose that 0<m(p). It is well known that an automorphism 
of a cyclic group of order »™®) possesses fixed elements different from 
1 if, and only if, the order of the automorphism under consideration is ` 
a power of p. We note furthermore that a pth root of unity different 
from 1 is contained in F if, and only if, it is contained in K and is 
left invariant by every F-automorphism of K. Thus it follows that the 
condition (b) is equivalent to the following condition (b’), provided 
(a) is satisfied by K. 

(b) If 0<m(p), and tf the group of automorphisms induced by 
F-automorphisms of K in the group of the p™™ th roots of unity in K is 
of order a power of p, then KRG FY 

For a further analysis it will be necessary to translate the funda- ` 
mental concepts of the theory of crossed characters into concepts 
from the theory of extensions of fields. We denote by E(p) the group 
of the p*®)th roots of unity in K so that E is the direct product of 
its cyclic subgroups E(p); we note that condition (a) of Theorem 3 
is equivalent to the assertion that E(p) is of order p*® for every p. 
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As we denoted by C the homomorphism mapping the F-automor- 
phism g of K upon the automorphism g of E which it induces in E, 
so we denote by Cp the homomorphism of G which maps g in G upon 
the automorphism g which it induces in E(p). The groups Go and Gos 
consist of all those elements in G which induce in E and E(p) respec- 
tively the identity automorphism, and we find that Ge is the group of 
F(E)-automorphisms of K, and that Gc, is the group of F(E(p))- 
automorphisms of K. The subgroup H(p) of G has been defined! as 
the group of all those elements in G which are mapped upon 1 by 
every Cp-character of G, and it is an immediate consequence of Theo- 
rem 1 that H(p) is the group of all the F(K ,=~)-automorphisms of K. 


THEOREM 4. There exists one and only one mulitplicaisve group S be- 
tween F* and F* such that K may be obtained by adjoining all the mth 
roots of elements in S to F sf, and only sf, the following condtitons are 
satisfied by K: ) 

(i) K contains m distinct mth roots of unity, and K=F(K.z). 

(ii) If the element gin Gop ts Oe modulo H(p), then ti 4s con- 
latned tn H(p)Ge. 

(ii) If 1<m(2), and if here eee an F-automorphism of K which 
maps every element in E(2) upon its inverse, then G/(H(2)Gty) ts not 
commutative. 


Proor. It is readily verified that condition (i) is necessary and 
sufficient for the existence of at least one group S between F* and F* 
such that K may be obtained by adjoining all the mth roots of ele- 
ments in S to F (take S=K&). If (i) is satisfied, then there exists one 
and only one group S with the required property if, and only if, Ka is 
the only group T between F* and K, such that K = F(T) and ECT. 
It is an immediate consequence of Theorem 2 and of Corollary 2 to 
Theorem 2 that K, is the only group T between F*E and K,, satisfy- 
ing K=F(T) if, and only if, the group of all the C-characters of G 
is the only strictly complete group of C-characters of G; and that this 
later property is equivalent to conditions (ii) and (iii) is an immediate 
consequence of Baer [2], Corollary IV.4.2. 

On account of the considerations centered around Theorem 3 we 
define: the field K ts an m-extenston of tts subfield F sf (1) K ts finte, 
normal, separable over F; (2) K contains m dtstsnct mth roots of unity; 
(3) K=F(K,). We.note that (2) implies in particular that the char- 
acteristic of K is either 0 or prime to m. 

If K is an m-extension of F, then K may be obtained by adjoining 
to F all the mth roots of elements in the multiplicative group Ay be- 


u Baer [2] 1.3; for a more detailed analysis of H(p), cp. Baer [2] ITT 2. 
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tween F*" and F*; and it is obvious that K is uniquely determined, 
up to equivalénce, by m and K3. 


THEOREM 5. If S is a multiplicative group between F* and F*, then 
the folowing condtteons are necessary and sufficseni for obtaining an. 
~ m-extenston of F by adjoining to Fal" the mth roots of elements in S. 
(i) The characteristic of F ts etther 0 or prime to m. 

(ii) S/F" is a finite group. 


Proor. The necessity of (i) has been pointed out before. To show 
the necessity of (ii), we consider an m-extension K of F which may be 
generated by adjoining the mth roots of elements in S to F. Then 
K=F(K,) and F CSCKECF*. It is a consequence of the finite- 
ness of K over F and of Theorem 1 that K,/F* is a finite group. 
A homomorphism of K./F* upon Kz/F*" is effected by mapping the 
element x in Ka upon the element x™ in Kg, proving the finiteness of 
K2/F*", and this implies the necessity of condition (ii). 

The sufficiency of the conditions (i) and (ii) is readily verified. 

Our theory would be complete if we could prove that different 
groups S between F* and F*, meeting the above requirements (i), 
(ii), lead to essentially different m-extensions. This, however, cannot 
be expected, as may be seen from Theorem 4. 

We are now going to impose two conditions upon the Galois group 
of the equation x*—1=0 in the field F. This equation is supposed to 
be separable, a property that may be expressed in two equivalent 
ways by saying either that the characteristic of F, if not 0, should be 
prime to m, or that the equation has m distinct roots in a suitable 
extension of F. Properties of the Galois group of «*—1=0 are best 
- described by using some finite, normal, and separable extension of F 
which contains m distinct mth roots of unity, as the Galois group of 
the equation is independent of the particular choice of this extension. - 
Thus we denote by E the group of the m distinct mth roots of unity 
contained in some finite, normal, separable extension H of F (for ex- 
ample, H= F(£)), and by E(p) the subgroup of E consisting of the 
p** th roots of unity. Now we may state our two requirements, as 
follows: 

(A) If 1<m(2), then none of the automorphisms of the group E, con- 
tained in the Galots group of x™—1=0 over F, maps every elemeni in 
E(2) upon its inverse. l 

(B) If the automorphisms of the Galots group of x*—1=0 over F 
induce in Elp) a group of order a power of p, and sf E(p) +1, then 

i This is best understood by restricting one’s attention to subfields of some fixed 
algebraically closed extension of the field F. : 


‘ 


708 . REINHOLD BAER | [October 


the order of every automorphism in the Galots group of x™—1=0 over F 
which leaves the elements tn E(p) invariant is prime to p. 

It should be noted that condition (A) concerns only the Galois 
group of x?" —1=0 over F, whereas (B) may be restated without 
reference to the groupe Æ, E(p) as follows: 

(B’) If the Galots group of x?” —1=0 over F is of order a power 
of p, and if 0<m(p), then the modulo x?” —1 =0 reduced Galois group 
of x™—1=0 over F 4s of an order prime to p. 

Witt in his theory of abelian extensions'* had to require that m 
distinct mth roots of unity are contained in F. If we substitute for 
this condition the above properties (A), (B), then we obtain an ex- 
tension of Witt’s theory which comprises certain classes of m-exten- 
sions, as may be seen from the next theorem together with our re- 
marks in connection with Theorem 5. 


THEOREM 6, If conditions (A) and (B) are satisfied by the field F 
and the integer m (which ts prime to the charactertshc of F in case the 
characterssisc of F should be dsffereni from 0), sf S and T are muli- 
plicative groups between F*" and F*, and if S/F*" and T/F are both 
jinsie groups, then the following two properties imply each other: 

(i) S=T. l 

(ii) The exiensions of F which are obtained by adjoining to F all the 
mth roots of demenis in S and in T respectively are equivalent. 


Proor. It has been pointed out before that (ii) is a consequence of 
(i). If conversely (ii) is satisfied by S and T, then there exists a finite, 
normal, separable extension K of F such that K = F(S’) = F(T") where 
X’ (for X= S or T) is the group of all the elements in K whose mth 
powers are in X and X” consists of all the mth roots of elements in X. 
Clearly X is a group between F* and Kẹ which contains m distinct 
mth roots of unity. It is a consequence of Theorem 2 and of Corol- 
lary 2 that X’/F* is (essentially) a strictly complete group of C-char- 
acters of G. It is a consequence of conditions (A), (B) and of Baer [2], 
Theorem [V.1.1, that the only strictly complete group of C-characters 
of Gis the group of all the C-characters of G. But it follows from Theo- 
rem 1 that this latter group is essentially the same as Ka/F*, proving 
that X’=K,. Thus we have shown that S’=T’=XKg,, and this im- 

‘plies clearly S=T. l 

REMARK. If m is in particular an odd prime power, then conditions 
(A) and (B) are satisfied by F and m; if m is a power of 2, then (B) is 
satisfied by F and m, and (A) would be satisfied, for example, if F 


u Witt [1]. 
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contained all the fourth roots of unity. In these cases the above theo- 
rem may be applied without reservation. 

In case condition (B) is not satisfied by F and m, we have to analyze’ 
the situation still further in order to obtain an extension of Theo- 
rem 6. 

If K is an m-extension of F, then K = F(K,), and the multiplicative 
group K» is the product of the multiplicative groupe Kya consisting 
of all the elements in K whose p*™th power is in F*. Clearly K is 
the composite of its uniquely determined subfields F(K saw) =K, 
and it is readily verified that K® is a p™®)-extension of F. It has 
been remarked just now that condition (B) is satisfied by F and p™©); 
and thus Theorem 6 may be applied upon K©’, provided (A) is satis- 


fied by F and 2*™. Furthermore it should be remarked that a com- < 


posite of p*)-extensions of Fis an m-extension of F. Combining these 
remarks with Theorem 5 we obtain the following result. 


THEOREM 7. Suppose thai the characteristic of the field F 4s esther 0 
or prome to the integer m. ) 
(a) The field K is an m-extenston of the field F sf, ee 
exists, for every prime , a multiplicative group Sp between Ft?” 
F* such that S,/F*?"” is finite, and such that K is obtained by ia, 
ing to F ah the pth roots of the elements in Sp 
(b) If condsiton (A) 4s saitsfied by F and am, sf Sp and T; are, for 
every P, , multiplicative groups between FO" and F* such that both 
S,/Ft"” and T,/F*?"™ are finite, then the following two properties 
are equivalent: 
(b, i) Sp=T, for every prime p. 
(b, ii) The m-exienstons of F which are determined by the Sp and by 
the T, respectively through statement (a) are equivalent exienssons of F. 


If, however, condition (A) fails to hold, then we have to fall back 
upon Theorem 4. 
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A NOTE ON DIFFERENTIAL POLYNOMIALS 
A. P. HILLMAN 


The following theorem indicates to what extent the expression of 
a differential polynomial! G as an element of the differential ideal 
determined by F is unique. 


THEOREM I. Let F¥0, Co, Ci, -- - , C, be differential polynomials in 


the unknowns Yı, **' , Ya with coefficients in an abstract differenital 
field F. Let F be the sth derivative of F and lei 


(1) CF + CF’ +--+ + CEO 
be identically zero. Then each Ci is in the perfect ideal generated by F.’ 
We need merely show that any solution y;=9,; (j=1,---, #), in 


any extension 7; of F, of the form F is a solution of each C,.? Since 
this is true if F has no solutions, we may assume that F effectively 
involves the unknowns. Make the substitution y;=s,+ 4, in (1). Let 
A consist of the terms of F of lowest degree in the z; and their deriva- 
tives. Collecting terms of the same degree, we see that 


(2) CoP)A + +++ + OAY = 0, 
where C;(4) is the element of Jı obtained by substituting y;= 9; 
(g=1,---, n) in C,. Let A be of order p20 in some which it 


effectively involves, let 3», be the mth derivative of z, and let S be 
the partial derivative of A with respect to s,,,. For +>0, A can 
be written as S2», „i +B: where B, is some form of order less than 
pt+s in s, Now (2) becomes 


where D has order less than p-+s in sy. Hence C,(9)=0. In turn 
Cai, +, Co must vanish for y;=94, as desired. 


Using the ideas of the above proof together with a uniqueness 
result of J. F. Ritt,‘ one can very easily prove the following generaliza- 
tion. 


Received by the editors January 4, 1943. 

1 For definitions of differential fields, polynomials, and ideals, see H. W. Rauden- 
bush, Ann. of Math. (2) vol. 34 (1933) pp. 509-517. 

2 For a result analogous to Theorem I for ordinary polynomials, see Satz 1 of 
E. Lasker, Zur Theorie der Moduln und Ideals, Math. Ann. vol. 60 (1905) pp. 20-116. 

7H. W. Raudenbush, Trans. Amer. Math. Soc. vol. 36 (1934) pp. 361-368. 

t On singular solutions: ++ , Ann. of Math. vol. 37 (1936) pp. 552-617, §§1-J. 


711 


ha" 


\ 


712 | ALFRED BRAUER [October 


“ 
TuHeoreM II. Let C,Pi4+---+C.P, be identecally zero, where the 
P, are distinct power products each of degree d>0 in a nonzero F and 
sts derivatives. Then each Ci ts in the perfect ideal generated by F. 


New Yor CITY 
ON THE NON-EXISTENCE OF ODD PERFECT NUMBERS OF 
FORM Pad Pao GG 


f ALFRED BRAUER! ` 

One of the oldest unsolved mathematical problems is the following 
one: Are there odd perfect numbers?? If such a number *# exists, it 
must have the form 


a 28; Ms, xt 
nap pgi G2 rqi 
where ~, qu qa, °° *, Qi are primes and peami (mod 4). This has 


been proved by Euler.’ Sylvester obtained estimates for #, in particu- 
lar #24, and ¢27 if n40 (mod 3). Recently, it was shown by 
R. Steuerwald’ that the case fı == +--+ =8,=1 is impossible, and 
by H. J. Kanold* that the same is true for 8: =8:;:= +- - =8,=2. More- 
over Kanold proved that » is not perfect if the greatest common 
divisor d of 281-+1, 264-+-1, - - - , 28;-+1 is divisible by 9, 15, 21, or 33, 
and some similar results. All these results deal with the case d>1. 
In the following, it wil be proved that no odd perfect number » of 
form HA - - - gig, exists. Here we have d=1. For the proof I use 


Presented to the Society, April 24, 1943; received by the editors March 1, 1943. 

1 The relation of the results of this paper to another paper by H. J. Kanold, 
Verschdrfung einer noiwendigen Bedingung fur dis Kxistens cinsr ungeraden voll- 
kommenen Zoki, J. Reine Angew. Math. vol. 184 (1942) pp. 116-124, will be consid- 
ered in an addendum to be published in the December Bulletin. 

2? For the history of the problem see Dickson, History of the theory of numbers, 


vol, 1, 1919, pp. 1-33. 


3 Commeniaitones aritheneticas collectae, vol. 2, Tractatus de numerorum doctrina 
1849, p. 514; Opera postuma, vol. 1, 1862, pp. 14-15. 

t Sur Pimpossththté de l'existence d'un nombre parfats impair qui ns conmtieni pas 
an moins 5 depisours premiers desitucts, C. R. Acad. Sci. Paris vol. 106 (1888) pp. 
522-526; Collected mathemabcal papers, vol. 4, 1912, pp. 611-614. Sur wne classe spt- 
cials des dietsours dela somme d'une série géomttriqus, C. R. Acad. Sci. Paris vol. 106 
(1888) pp. 446-450; Collected mathemaitcal papers, vol. 4, 1912, pp. 607-610. 

8 Verscharfung einer noiwendigen Bedingung ftir dis Existens ciner ungeraden voil- 
hommenen Zahkl, Sitzungsberichte der mathematisch-naturwiseenschaftlichen Abtei- 
lung der Bayerischen Akademie der Wissenschaften zu Munchen, 1937, pp. 68-72. 

8 Uniersuchangen wher ungsrads volkommens Zahlen, J. Reine Angew. Math. vol. 
183 (1941) pp. 98-109. 
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theorems of T. Nagell on’ Diophantine equations. With the same 
method similar results may be obtained. 


LEMMA 1. Let q be a possisve prime. The Diophantine equation 
— @+gti=y 
| has no solution for m>1., 


Proor. T. Nagell’ has proved the following theorem: If m>1 4s nol 
a power of 3, then the Dtophanisne equation x*-+-x+1 =y" has no solu- 
tions tn integers x, y with y= +1. In order to obtain all the solutions 
of 


(1) - peti m y, 

it is sufficient to solve the cubic Diophantine equation 
(2) a? — 3a? + bF = 1 

and to set 


(3) ama? — 34%) +b — 1 and z= — a? + 3a — b. 


It follows from the Theorem of ‘Thue-Siegel that (2) has only a 
finite number of solutions. Nagell gives the solutions 


(4) o=1, b=0; a=0, b=1; g=b=—1; o=2, b=—1; o=1, b=3. 


But it is unknown whether there are other solutions in integers a, b. 
Since. the discriminant of (2) is positive, we can not apply the general 
theorems of Delaunay and Nagell for cubic Diophantine equations. 
It follows from (3) and (4) that (1) has at least the following solutions: 
x=0, y=1; x= —1, y=1; 2=18, y=7; x= —19, y=7. 

By Nagell’s theorem we have only to consider the case m=3* for 
the proof of our lemma. But we do not need the complete solution of 
(1); it is sufficient to prove that this equation has no solution where 
x=q is a positive prime. 

For g=3 we have ¢@-+q+1=13. This is no cube. If g=1 (mod 3), 
then 


(5) g?+ q+ 1 = 0 (mod 3), 
but 
(6) q? +q + 1% 0 (mod 3?) 


| Des tquations indkermindes x°-+-x+1my* a x'-+x-+1—3y*, Norsk Matematisk 
Forenings, Skrifter (1) no. 2 (1921). Cf. L'analyse indétermanse de degré suptricure, 
Mémorial des Sciences Mathématiques, vol. 39 (1929), p. 58. 
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since it is well known that the prime divisors of the pth cyclotomic 
polynomial f (x), where p is a prime, are the primes of form ph+1 
and p itself; but f,(x) is not divisible by p? for any integer x. It follows 
from (5) and (6) that g?+ ¢+1 is not a cube for gm1 (mod 3). 
Now, let q be a prime of form 34+2. Since y?+y+1<y for 22, 
it follows from g*+g+i=y* that g>y. Moreover we have g(¢+1) 
=(y—1)(y*+y¥-+1). Since g is a prime and greater than y, it follows 
` that y—1 is relatively prime to q. Hence q is a divisor of y?+y+1. 
This gives a contradiction because y?+-y-+1 has no prime divisor of 
form 34+-2. 


Lemma 2. Let r and s be diferent possisve tniegers and p be a prime. 
The system _of simultaneous Dtophantine equaisons x*+-x+1=39", 
yity+i=3p’, has no solutions in postisve integers x, y. 


Proor. Nagell*® has proved that the Diophantine equation x?+2+1 
= 3s" (k>2) has no solution with s>1. Hence we have only to con- 
sider the case r=1, s=2. Then we have 


(7) o+taeti=3p, y+ y+1 = 392 


If these equations-have a solution in positive integers, then it follows 
from (7) that 


(8) O<2<p<y< 2h 
and, on the other hand, that 
(22 + 1)? = — 3 = (2y + 1)? (mod $), 
2g + 1m t+ (2y + 1) (mod 9) 


since $ is a prime, hence either 


ry (9) . x wm y (mod p) 
or 
(10) “ei — y ~ 1 (mod ). 
In the first case, it follows from (8) and (9) that p 
(11) ye p+ x 
and in the second case, from (8) and (10) that 
(12) y= 2p- r-l. 


On the other hand, it follows from (7) that p3 and that xrmy m 1 
t Loc, cit. 
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(mod 3). This contradicts (11) and (12). 
Now we are able to prove our theorem. 


THEOREM. An odd number of form n= ÀA - - - ggh is not perfect. 


Proor. We change the notation and write » in the following form 


m= p pga: gara ns (k 2, 0,4 & 0) 


where the primes q.: are congruent to 1 (mod 3) and where the primes 
ry are incongruent to 1 (mod 3). Let us assume that » is perfect, then 
we have 


2n = a(n) = o(P")o(qio(gs) -< o(gro(riolrs) «+ o(ro(s), 
where o(#) denotes the sum of the divisors of #. It follows that 


a 321i 2223 24 
2# = 2p qiga © ©- Qaia 738 
(13) i 


' 2 l f 3 
=o(p Tl Q+tatqli{dQtntn)}(tstststs). 
tes] Awe] 


Each factor 1+¢,+¢@ is divisible by 3, but not by 9; each factor 
1+ra+ is not divisible by 3. All the other prime divisors of 


b 


3 i 
Matat atat 
Àf 


zm} 


have the form 34+-1. We have now to distinguish between some cases. 

I. n0 (mod 3). Here we have k=0. Since n is not divisible by 3, 
it follows from Sylvester’s theorem mentioned above that # must con- 
tain at least 8 different primes; hence } 26. Moreover we obtain from 
(13) that [[}.1(1-+r,-+£) is a divisor of pes‘. It may happen that one 
of the } factors of this product equals p, but each of the }~1 remaining 
factors cannot be a power of p by Lemma 1. Hence each of these }—1 
factors must be divisible by s, and their product must be divisible 
by s*. This gives a contradiction. 

II. #=30 (mod 3), #940 (mod 27). Here £2. One of the primes f), 
say fı equals 3 since p=3 is not possible. It follows that » is divisible 
exactly by 3%, and hence by o(3) =13, because of (13). Therefore we, 
have either 13=), 13=q, or 13=s. 

Ila. p=13. Since a+1 is even, o(p*) = (pet!—1)/(p—1) is divis- 
ible by +1. Hence » must be divisible by 7, and it follows that either 

one of the primes q,, say gi=7, or s=*7, 
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Ilaw. g=7. n must be divisible by o(q{)=57, therefore by 19, and 
we have either q= 19 or s=19. 

Ilaœl. qa=19. n is divisible by o(q3)=381, hence by 127. Since 
127m1 (mod 3) and £S2, we have 127=s. Thus 


Ma a a AG 7 78a s,, 
9 as Tae id eoo 


2n 2-13%.9-49-361-1276 r3- ++ r? 
(14) 2 


{ (1/14) -0(13°)} (127 Jo(rs) «++ ord) | 
LIEN 19-12 7P 8 ae r? 


f i 


Since the prime divisors of 0({(127‘) have the form S5k4+1, they are 
different from 7, 13, 19, and 127. It follows now from (14) that they - 
are of form 34-+2, hence of form 1544-11. Since 


o(1274) mi +7+4+13+ 1 = 11 (mod 15), 


the number of prime divisors of (1274) must be odd if # should be 


perfect. 
Let us first assume that o({127‘) is a prime. Then we have o(127*) 
=7), 


Gy) SA aa Se 97 i eT 
POIRA 197 4497). 


Setting o (rà) =A it follows from (14) that A can have only the prime 
divisors 7, 13, 19, and 127. But, by (15), 


A A 0 (mod 7), A 4 0 (mod 19), A w 0 (mod 127). 


Since A>13, it follows that A is a power of 13. This contradicts 
Lemma 1. 

Let us assume now that o(127‘) is composite. Since the number of 
its prime divisors would be odd, there would be at least 3 factors ry, 
and at least one of them, say r, must be less than { o(1274) pass, But 


{o(1274)}us < {127127 +1 + .01)} "3 < 641, 


therefore rą would be one of the following primes of form 154-+11: 
11, 41, 71, 101, 131, 191, 251, 281, 311, 401, 431, 461, 491, 521. Since 
o(r3) 747, 13, 19, 127, it must be divisible by at least two of these 
primes, by Lemma 1. But f(x) =1+2+2!=0 (mod 7) for x=2, 4; 
f(~)=s0 (mod 13) for x3, 9; f(x) =O (mod 19) for +7, 11. Hence 


(15) 


~ 
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it is easy to see that o(r}) is relatively prime to 7-13-19 for n=41, 71, 
101, 131, 251, 281, 461, 491, 521. For r;=401 and 431 we have 
(a(i), 13-19)=1 and o(r$) %0 (mod 127). For the remaining primes 
11 and 191 we have o(1274) 40 (mod 11) and o(127*) %0 (mod 191). 
This is impossible since r} was a divisor of (1274). 

Ilaa2. s=19. Since (1) is divisible by 151, we have qa=151, and 
since ¢(151*) =22953=3-7-1093, we have g3=1093. This contradicts 
kS2. 

Iaf. s=7. Since o(7‘)=2801 is a prime and since ‘¢(2801?) 
= 37-43-4933, it follows that qi=37, q:=43, gy=4933. This is im- 
possible. 

IIb. qu=13. Since o(q/) =3-61, we have either p, qa or s=61. 

IIbe. p=61. Here # is divisible by (p+1)/2, hence either 
@=31 or s=31. 

IIbaæl. g:=31. Since o(@) =3-331 and kS2, we have s=331. 
Therefore ø is divisible by o(331*), hence by 5, and » has the form 


(16) m= 614-37-13%-317-5%-3314- M’. 


Since o(p*)/p°2 (pt-+ p77!) /p2=(p+1)/p, it follows from (16) that 
o(n)/2n > (62-13-183-993-31)/(2-61-9-132-312-25) = 331/325 > 1. 
This is impossible. 

Uba2. s=31. o(31*) m0 (mod 11) and o(11%)=7-19. Hence gy=7 
and g3=19. This contradicts k £2. 

IIb. qa=61. Since o(612)=3-13-97, we have either p=97 or 
s=97, If p=97, then » is divisible by (p+1)/2=7?, therefore s=7 
since g:=13, q@=61, and &S2. But it was proved in Hag that s=7 
is impossible. For s=97 the proof is the same as in IIba2 since 
97 =31 (mod 11). . 

IIby. s=61. o(61‘) is divisible by 5 and by 131. Therefore r,=131, 
and either p=5 or r3=5. If p=5, then e(t") contains the factor 
p+1=6. Thus e(z) can contain only one other factor 3, hence k=1. 
Since o(1312) 40 (mod 13) and o(1312) 540 (mod 61), it is necessary 
that o(131*) and » contain another prime factor of form 34-41. This 
is impossible. If rs=5, then » is divisible by e (5%) =31, hence @=31, 
g3=331. This contradicts k <2. . 

IIc. s= 13. Since o (134) =30941 is a prime, we have either p= 30941 
or f= 30941. But p= 30941 is impossible because # must be divisible 
by (p+1)/2 and 30941m: —1 (mod 27). Hence sm 0 (mod 27); this 
contradicts k 42. Therefore ra= 30941, and » is divisible by ¢(30941?). 

Let us first assume that o(30941%) is a prime, then o(30941) =q 
since o(309412)m3 (mod 4). Now o(gj])=0 (mod 151), therefore 


æ 
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gx=151, and » is divisible by o(151*), hence by 7. This contradicts 
k £2. 

Let us now assume that ¢(30941*) is composite. It is easy to see 
that all the prime factors of o(30941%) are greater than 151. Since 
these prime factors are congruent to 1 (mod 3), it follows that either 
' qı>150 and q> 150, or q> 150 and p>150. 

In the first case we have k=2 and hence p#2 (mod 3), therefore 
pel (mod 12). Since (p-+1)/2 is a divisor of n and since 19 cannot 
be a divisor of n, the case p =37 is impossible. It follows that p> 60. 

In the latter case we have q.>60 if k=2, because otherwise o(g}) 
is divisible by one of the primes 19, 127, 331, 7, or 631; this is im- 
possible since these primes are not divisors of o(309417). Hence, if 
k=2, two of the primes qi, gs, p are greater than 150 and the third is 
greater than 60. The product 


Pie H a)l] s(n) 


must be a divisor of 9p*giggs*. Each factor e(ġĠ) is divisible by 3. But 
only one of them may have the form 3p! by Lemma 2. Therefore at 
least one of the 8 prime factors of gig@s* is a divisor of o(q)o(q); 
hence only 7 of these factors may be divisors of the product 
a(rijo(rz) -+ - o(r}). It may happen that one of these } factors equals p; 
each of the others is not a power of p, by Lemma 1, and contains, | 
therefore, at least one of the remaining 7 prime factors of gigs‘. It 
follows that }S8. 

We have r1=3; r:=30941. The primes n, are different from 5, 11, 
23, 47, 53, 83, since qi: >60 and q,>60. Therefore r3217, 1.229, 
roa Al, re2,59, fre2/1, Tac 89 and 
o(m) o(151%)-151-61-13-30941-o(17%) -o(29%) 41-59-71 89-30941 

2n 2-151?-150-60-9- 134-177. 292.40. 58-70- 88 - 30940 
This is not possible. For $ =1, it follows similarly that }S7, and the 
proof is the same. 

III. s=3. Here we have £34. Since » must be divisible by 
o (34) =121, it follows successively that n is divisible by 7, 19, 127, 
5419, and 31. These five primes are congruent to 1 (mod 3) and 
congruent to 3 (mod 4). Hence k25; this is impossible. Herewith 
our theorem is proved for each case. 
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TWO NOTES ON MEASURE THEORY 
EDWIN HEWITT 


I. In a recent’ paper [1],1 Saks has indicated a construction 
whereby a Carathéodory outer measure can be produced on any 
compact metric space M, provided that a certain linear functional 
$ is defined on the set € of all continuous real-valued functions 
whose domain is M. The functional ® is required to be non-negative 
for non-negative functions, and to have the property that if the se- 
quence {f,} has the uniform limit 0, then the sequence ®(f,) is a 
null-sequence. (The measure itself can be defined without this last 
property.) The purpose of this note is to show that such a linear 
functional always exists, in a non-trivial form, specifically, so that 
(1) =1. 

We consider the set © as a linear space, and together with © the 
linear space RC, where & consists of all constant functions. On the 
entire space Q, we define a functional p(f) =supse m f(x). This least 
upper bound always exists, since M, being a compact metric space, 
is a bicompact space, on which every continuous real-valued function 
is bounded. It is easy to verify that p(f+g) Sp) +P), for all 
f, gE&, and that p(t) =tp(f) whenever # is a non-negative real num- 
ber. We define a linear functional ® on the subspace # as follows: 
®(f)=f(x) for an arbitrary x€ M. It is clear that #(f) =p(f) for 
JER and that @ is linear on Q. By virtue of the celebrated theorem 
of Hahn-Banach, it appears that ® can be extended linearly to all 
of © in such a fashion that ®(f) <p(f) for all fEC. We further ob- 
serve that $ may be taken non-negative for non-negative functions. 
For, if @ has been defined by the Hahn-Banach construction for 
all fEB, where RCBCE, Vç, and if ge €—B and g20, then the 
number a=infyes (p(f+g)—P(f)) is an upper bound to possible 
values for ®(g). a, however, is plainly non-negative, so that P(g) 
may always be taken non-negative. Suppose now that the sequence ` 
of functions {fa} has the uniform limit 0. The function «—f, is non- 
negative for all n> N(e), NW(e) being some natural number dependent 
upon the arbitrary positive number e. Accordingly, P(e- fa) = P(e) 
— (fa) =eP(1) — Pfa) =e— OY) Z0. Likewise, it is easy to show 
that e+ @(f,) 20 for all sufficiently large n. It follows at once that 
lim... (fa) =0. It is proved in Saks [1] that the functional ® can 


Received by the editors January 7, 1943. 
1 Numbers in brackets refer to correspondingly numbered articles in ne bibliog- 
raphy at the end of the paper. 
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be used to define a Carathéodory outer measure under which every 
Borel set is measurable. 


II. The present note has as its object the proof of the following 
result. 


THEOREM. If E is any infinite set, there exists a non-negative real- 
valued function T defined on aH subseis of E such that: 


(1) TAUB) ST (4) +0); 

(2) P(A) ST(B) f ACB; 

(3) TÈ An) =e (Aa) of ANA =O for men; 

(4) Te) =1; 

(5) PO) =0; 

(6) the funciton I assumes an snfintie number of dsfferent values; 

(7) T({p})=0 for all points pCE except for those in a countable 
subsei of E. 


Since Ulam has proved that a function enjoying properties (4) and 
(3) cannot vanish for all subsets containing exactly one point (where 
E has any of a wide class of cardinal numbers), it appears that the 
present theorem is the strongest result possible. 

The proof of this theorem depends upon a consideration of the 
family % of all bounded real-valued functions defined on the set E. 
As in the preceding note, it is easy to prove the existence of a linear 
functional ® defined on the family 8 considered as a linear space. 
The construction, for our present purposes, will be considered in 
- more detail. Let E be partitioned into No disjoint sets Ey, En By, °°, 
En -> - , each having cardinal number equal to the cardinal number 
of E. Let w. be the characteristic function of the set E,. It is obvious 
that on EB for every n. We shall first define the linear functional ® 
on the linear spaces Pı, Ba Pao +, Pa ++ obtained from #, the 
apace of constant functions, by adjoining wn ws, œp, © °C, Os, °° ine 
succession and forming all possible linear combinations. As in the 
preceding note, we define p(f) as supses f(x), and ®(f) as f(x) for 
JER, x being any point of E. By the Hahn-Banach construction, if 
(f) is to be bounded by p(f), we must have, when we calculate 
P(w), a S Pw.) Sh, where ai1=suppee (—p(—f—u1)— P(f)) and 
b=infree (+a) — P(f)). It is easy to show that 6:=1 and that 
aı=0. We may, then, in accordance with the Hahn-Banach construc- 
tion, take (w) as 1/2. | 

The numbers a;=supyes, (—p(—f—u:)- SY) and A=infyes, 
(f+) — &(f)) are lower and upper bounds, respectively, for 
Paa). Gg may be computed as 0, and dy, as it is easy to see, is equal 


A 
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to 1/2. We may thus put (as) =1/4. This process may be continued 
by finite induction; it is found that the function w, may be assigned 
the value 1/2* under the functional $. ® having been defined for 
the linear space generated by & and the sequence {w,}, the Hahn- 
Banach construction is carried out for the rest of @ in any fashion 
consonant with the restrictions of that theorem, provided that - 
Pf) 20 for non-negative functions f. We thus have a linear non- 
negative functional defined on all of the space B. 

The measure ['(A) for every subset A of E can now be defined: 
[T'(A) = (wa), wa being the characteristic function of the set A. 
Properties (1)-(7) can now be established. It is plain that 
waus Swa Hwer, whence P(wstwsa—ways) 20, and consequently 
(waus) a P(ws) + Pws), which inequality establishes (1). It is also 
obvious that ACB implies that w4 Swpg. From this, we infer prop- 
erty (2). 

We examine (3) in some detail. If A and B are disjoint sets, it 
follows that ways =wa +wp, and consequently (ways) = (w4) 
+ P(ws), that is, the measure is additive for all subsets of E. We 
may thus state that all subsets of E are measurable in the sense of 
Carathéodory. It is easy to prove from this fact that if {A,} is any 
sequence of pairwise disjoint sets, then (02.142) =) soil (Aa). The 
proof may be carried over word for word from a similar proof in 
Saks [2, chap. 2, §4, p. 44, Theorem 4.1]. 

Statements (4), (5), and (6) are immediate consequences of the 
. definitions of ® and T. 

To prove that T vanishes for all points except those in a countable 
subset, we assume the contrary. If an uncountable set T of points 
exist such that T({p})>0 for every PCT, then there is some «>0 
with I'({p.})>e, where p,CT, and n=1, 2, 3,---. On account 
of property (3), we have TUS, {Pa} ) = pot T({pa})= œ, Since 
t=I(EL)20OQ 2, {p.}), a contradiction is apparent. 
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ON CERTAIN PAIRS OF SURFACES IN ORDINARY SPACE 
BUCHIN SU . 


i. Introduction. In a-recent paper' Jesse Douglas has proposed and 
solved the following problem: To determine the form of the linear 
element of a surface in ordinary space upon which exists a family of 
oo 1 curves possessing two properties: (1) The angular excess of any 
triangle ABC formed by curves of the family 7 is proportional to the 
area of the triangle: 


(1) E=ALtB+C—2x= kA, 


, where & denotes a constant; (2) The curves of F are a isnear system; 
that is, a point transformation exists which converts them into the 
straight lines of a plane. It is natural to inquire what class of surfaces 
we shall obtain if, instead of using property (2), we make the less 
specific demand that a point transformation exists which converts the 
curves of F into the geodesscs of another surface. Here we have found 
certain pairs of surfaces S and Sı which furnish the complete solution 

. of our generalized problem. According to whether the constant $ is 
zero or not, the linear elements of S and S; take different types, 
whose derivation constitutes the purpose of the present paper. 


2. Conditions for the property E= k4. As was shown by Douglas,? 
the necessary and sufficient conditions that every curve of a family 7 
upon a surface S should have the property €= can be expressed 
_ ~ by the relation 


(2) dtoe Piu t Od, 
where 1/p is the geodesic curvature of the curve and P, Q obey the 
condition 
(3) Qu — P, = (k — K)W. sk 

For the subsequent discussion it is convenient to consider both sur- 
faces S and Sı, wherein the curves of F upon S correspond to the 


geodesics of Sı. Let (u, v) be general coordinates of the corresponding 
points on these surfaces, so that the first fundamental form of S is 


~> Received by the editors February 1, 1943. 

1 J. Douglas, A new special form of the hincar element of a surface, Trans. Amer. 
Math. Soc. vol. 48 (1940) pp. 101-116. 

1 Douglas, loc. cit., p. 108. 
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(4) ds? = Edu! + 2Fdudo + Gdr | 
and that of S; is 
(5) dst = Edu +- 2F dudy + Gide . 


According to the classical theorem of Tissot,’ there exists upon S 
one and, in general, only one orthogonal system of curves which corre- 
sponds to an orthogonal system upon S;. Suppose that these surfaces 
S and Sı are referred to the orthogonal curves which correspond to 
each other; then we have 


(6) | ds = Edu + Gdr, 
(7) ie mae Ads 


In orthogonal coordinates (u, v), the geodesic curvature 1/p of any 
curve »=0(#) upon the surface S is given by* 


ds/p = (EG)-(E + Ge’*)-1{ EGov" — (1/2) EE, 

+ (EGy — (1/2)GEx)0 + ((1/2) EG, — GE,)0? + (1/2)GG 0} du. 
Therefore, for a family 7, we have by (2): 
(9) os A + Bo’ + Co? + Dr”, 


(8) 


where 
A m (1/2)E,/G + (£/G)'"P, 
B = (1/2) E,/E — G./G + (£/G)", * 


(10) C = E,/E — (1/2)G,/G + (G/E)™!P, 
D = — (1/2)G./E + (G/EP”Q, 

and 

(11) ° Qu — P, = (k — K)(EG)"3, 


That is: the form (9) with additional condition (11) és characteristic of 
curves having the property Cake upon the surface S. 


3. Geodesic representation of the family 7. We now have to im- 
pose the further property on the family 7. 

Since the parametric curves on the surface Sı form an orthogonal 
system, the differential equation of geodesics of Sı is found to bef 


3 Cf. G. Darboux, Leçons sur lo théoris géntrale des surfaces, vol. 3, 1894, p. 47. 

‘Cf. W. Blaschke, Vorlesungen uber Differentialgeometris, 3d edition, 1930, p. 175. 
Write F=0, 0/1, y” m0. 

§ Darboux, loc. cit., p. 49. 
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. 1 ak, 1 3E 3G: 
of! e — — Gi + ~~ Se oe Ey — — G, j” 
2 ðv 2 On On 


ok 1 ôG 
e oye- 4 (8 /n)e ) 


' (12) 
OP 2 


In order that they should correspond to the curves of the family 7 
upon .S, it is necessary and sufficient that the differential equations 
(9) and (12) be coincident with each other. This gives : 


1 ðE G+(E/G)P 1 = e 
2 ðn 2 as/ 
i aE 1 ðE 8G 
TM —— /G+(E/6)"Q=— —/ h- / Gn 
(13) 2 ðu On 
Ja = /64+6/E"P = thy, z e 
do 2 ap, 2 ð l 
3G 
E- G/B "9=— — = / Ey. 
2 ðs 
From the first and dii last of these equations we have the expressions 
for P and Q: - 
i ðE dk 
P = — Glen} /c, Se \, 
2 dn! ov 
(14) 


1 rf 2G / p _ 1 | 
o = > earn} = / ant Bt. 


Substitution of these expressions in the remaining equations of (13) 
_ shows that the fundamental quantities E, G; Ey, Gi are related by 








ð EG, GE, ð log Ey 
NE log — = | 1 — — ) 
(15) Ov GE, FG; ov 
ð EG, (EG; r) ð log Gy 
atnemsana 0 eennraanin oem s 
l On 8 GE, Fy On 


In interpreting these conditions, it is important to distinguish the 
case (E/G): (E:1/Gı) = 1 from (E/G): (E:/Gi) #1. If ey: (E:/G) =1, 


then we can put 


(16) - E; = pE, Gi pG, 


1943] "ON CERTAIN PAIRS OF SURFACES IN ORDINARY SPACE , 725 
where p x0, so that the surfaces S and S, are conformal. In this case 
the equations (15) are satisfied identically, while the equations (14) 
give 
ð lo 
P = > (Ejo EP, 


(17) a 
0 
Q = = —G/mn re, 


Substituting these expressions in (11) we have 
<4 ejay = ð log owe <4 e/min “ert E i 
On 


+ 2(k — K)(EG)"? = 0, 


This condition can be interpreted geometrically as follows: by means 
of the formula of G. Frobenius for Gaussian curvature’ we obtain 
for the surface S with linear element (6) 


~ (18) 


(9) k= -iE (E/M += GW), 


where W= (EG)"?, and similarly, for the surface Sı with linear ele- 
ment (7) 


09 na EAE /n) (S/n) 


where Wy = (EG) 2, 
If the expressions of E, and G given by (16) are substituted in the 
right-hand member of (20), then i 





Pa 


2pWw 


~ Har ae BH Gee) +5, (er! GH) 


A reference to (18) and (19) gives immediately the relation 
(21) pK, = k, 


pes ows (B/W) + = Gal) 


which is, of course, equivalent to (18). 
If k0, then we have 


* Blaschke, loc. cit., p. 117. 
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aD 5 = (K:/ k) (Edu Gide), 


ds Seda Ge 


Therefore the surface Sı may be arbtirartly selected, the only resirtciton 
being that st is non-developable, and any surface S, necessarily conformal 
to Sı, with the linear element 


(23) ds = (K1/hk)dsy 


possesses the two stated properties, where K, is the Gaussian curvature 
of Sı and è a constant different from zero. In particular when a surface 
of constant Gaussian curvature è is taken for Sı, the corresponding 
surface S is applicable to Sı. 

This result not only proves the existence but also furnishes a re- 
markable class of the surfaces under consideration. 

On the contrary, if k=0 in the relation (21), then Kı must neces- 
sarily vanish, because p is by no means zero, so that the surface Sı ts 
developable. In this case, the surface S is arbitrary and 7 must be a 
conformal image of the œ? straight lines of a plane. That no other 
family of curves upon a generic surface S can be linear and such that 
the sum of the angles in every triangle of curves in the family is two 
right angles has been proved analytically by E. Kasner’ and syntheti- 
cally by J. Douglas. * 

We now consider the case where 


(24) (B/G) (E/G) 1. 
The partial differential equations (15) are easily integrated, and 
the result may be written in the form 


(25) (EG)/(GE) = 1 — EU”, GE)/(EG) = 14+ GV, 


where U denotes any function of u alone, and V any function of v 
alone. The assumption (24) shows that neither U nor V is zero. 
From (25) follows the relation 


(26) EU(GP + 2) = GP — BRU}. 


It may happen that both members of (26) are zero. Since Fi, Gi, U, V 
are different from zero, we have in this case 


TE, Kasner, A characteristic property of isothermal sysiems of curves, Math, Ann. 
vol. 59 (1904) pp. 352-354. 

3 J. Douglas, A criterion for the conformal equivalence of a Riemann space to a 
Exckhdeas space, Trans, Amer, Math. Soc. vol. 27 (1925) pp. 299-306. 
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J 
a 








(27) E, = 20, G= — 2V44, 

so that 

(28) E/G = V3/U35. 

The expressions (14) now become 

mo re bE Ime, ggg sme 


Substituting them in (18) and remembering the formula (19) in addi- 
tion to the relation (28), we obtain 


(30) k= 0. 


That is, te sum of the angles in every triangle formed by three curves of 
the family J under consideration must be two right angles, and the linear 
elements of the surfaces S and S, are, after a suitable transformation 


of the type 
(31) | a = o(s), Smp), 
reducible to the form 


Casi 


w = Alu, v)(du + do), 


de, de e. “x 


(32) 


It remains for us to consider the case 


(33) (2 — E,U*)(GiV? + 2) = 0. 

Setting (26) in the form 

(34) (E,0%)/(2 — E,U*) = GiV*)(GiV* + 2) = 7, 
we obtain 

(35) Ey =2r(t+)7U04, Gi = 2r(1 — V9 
and , 
(36) (E/G)? = (1 — 1)(1 + r) Y U- 


The expressions (14) for P and Q may be written in the form 


2\U æ W a0)’ 

(37) 
0 SE dlogG, 1 = 
| 2ly ðu W aus” 
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Consequently, we have 


O.—P : (= 1 Gx) : (v1 zs) 
.— P, = —— —(U— lo —~ — —|(V—lo 
OV Buh ae i ee ee 


+ S Gaim) ++ swt 
-2 lau * , ĝo i ' 
namely, . 
Q P i (v ° log G ) 
: i 2V ðu\ On uk 
(38) l 
1 ô 0 
- — = (v= 1g 21) — WK, 
2U ðv dv 


as may easily be seen on account of (19). By comparison of (38) with 
(11) it follows that 


o) mney 42 (72 topes) 2 2( v2 tog 2, 
> V ou ooo U ao a i 
- In virtue of (35) we reach the relation: 


(40) ziee (=) tog i +v) is i} 
VN ony tae N a ae 


It is important to distinguish the case k=0 from k0. The latter 
case is of more interest; we find by means of (40) an additional rela- 
tion between E and G, namely, 


(41) (BG) ~(1/2kUV) (ox) 108 — Ea (v=) log 7 | 


Therefore the linear elements of S and S are, from (35), (36) and 
(41), given by 


aoao aiae S] 
= — — —— } lo — } lo 
2k Om a T dv EF 


























Lee —2 32 1+r_-s 2 
42): . U d ——V do, 
2) = E ger a 
Fee O du F V de. 





where r denotes an arbitrary function of 4, v. 
If the parameters #, v are subjected to a suitable transformation 
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of type (31), then the pair of surfaces S and S; is characterized by the 
linear elements of a special form: 


2 1 clam T 1— 1+r 
oA aH shoe 











2k Vôu? ie 1 I 1— 
(43) +r +r T 
ae 2T j a 2T a 2 
i 1+r Ier k 


involving an arbitrary function T of u and v. 
If k=0, then (39) becomes, by applying a transformation of type 
(31),. 


9? 92 
a -3 Hito tog Gs = 0, 
Therefore we obtain 
E w = (E? GE dw Gdr’), 
ds = Edw +Gdr, 


where the quantities E and G are related by 
l g? ĝ? 
(46)  — log (1 — (E/G)"") + — log (G/E)¥* — 1) = 0. 
ðv? ðu? 


Thus the problem of determining the form of linear elements of a 
pair of surfaces S and Sı with the stated properties is completely 
solved. 

It should be observed that the analogous problem for higher di- 
mensional spaces may be of some interest. We hope to consider it in 
a future paper. 


M EITAN, Kweicnow, CHINA 
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SUBSERIES OF A CONVERGENT SERIES 
HARRY POLLARD 


In a recent paper J. D. Hil! has discussed the mean-value of the 
subseries of any absolutely convergent series s=) tua. Simplifying his 
method by use of the Rademacher functions, we obtain a mapping 
of the subseries into the interval 0 Sx £1 by defining? 


- 1+ Ra 
(1) g(z) = > EED p 


Hill's result states that if 5°] us| converges, then the mean-value is 
given by 


(2) Í Hirsi 
0 


In the theorem below we point, out the weakest condition on the 
series >, for which this result persists. 


Lema. If (1) converges on a set of positive measure it converges al- 
most everywhere. 


Let D be the set of points on which (1) converges. Let x = a148; - 
(in binary notation) be a point of D. If a finite number of the a; are 
changed then the new point still belongs to D, for by the definition 
of the Rademacher functions this operation changes only a finite 
number of the terms of the series (1). Then D is a “homogeneous” 
set not of measure 0; hence it must be of measure 1.? 


THEOREM. A necessary and sufficrent condtiton that the serses (1) con- 
verge on a set of positive measure ts that the two series > u, and > 18 
converge. Then (1) converges almost everywhere and (2) +s valid. 


(i) Suppose that (1) converges on a set of positive measure. Then 
it must, by the lemma, converge almost everywhere. Then there exist 


Presented to the Society, April 3, 1943; received by the editors February 15, 1943. 
I am indebted to Dr. R. Salem for helpful suggestions. 

1 Bull. Amer. Math. Soc, vol. 48 (1942) p. 103. 

1 The mapping is not 1-1 at the points x =k/2*,-but this does not affect the results. 
For the properties of the Rademacher functions used in this paper see Kacmarcz 
and Steinhaus, Le système orthogonale ds M. Rademacker, Studia Mathematica vol. 2 
(1939) p. 231. 

t C. Visser, The law of nonghi-cr-one in the theory of probalikty, Studia Mathe- 
matica vol. 7 (1938) pp. 146-147. 
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two points x, and 1—zx symmetric in x=1/2, at which (1) con- 
verges. Inasmuch as R,(x9)+R,(1—x,) =0 we have from (1) that 

(x0) +o(1—xe) =4./2, 80 that > u, converges. Hence > usR,(x) con- 
verges a.e., so that > 44 converges.‘ 

(ii) Sippo now that s=) u, and > nve Then the series 
of (1) converges a.e. to a function ¢(x). The R,(x) are orthonormal, 
so that by the Riesz-Fischer theorem the series } u.R,(x)/2 con- 
verges in the mean to a function of Z?; this function- must coincide a.e. 
with (x) —s/2. 

To establish (2) note that by the Schwarz inequality 


r 


N 
plr) — s/2 — D) (s4n/2)Ra(x) | dz 








I N 2 1/2 
ra Cf le — 3/2 — >) (#,/2)R,(2) iz) 


= 9(1) (N> œ). 





Since f} R.(x)dx=0, (2) is an immediate consequence. 

We epnelude with some remarks. 

(i) Hill points out that if in our theorem we take $u, to be condi- 
tionally convergent then D is of the first category! though of meas- 
ure 1,4 

Gi) Ulam notes that if Thu, converges then the set of values 
taken on by (x) is a perfect set and asks what perfect sets can be 
obtained this way.’ 

(iii) We can obtain part of the above theorem from the laws of o 
or 1 of probability.’ For (1) may be regarded as a series of independ- ° 
ent random variables of mean-value and standard deviation #,/2. 

(iv) The above method furnishes a simple proof of a theorem of 
Steinhaus: the series (1) is (C, 1) summable ae. if and only if X us 
is (C, 1) summable and > 12 converges." 


HARVARD UNIVERSITY 


4 Kacmarcz and Steinhaus, op. cit. p. 234. i 

s Written communication to the author. 

‘See, for example, Khintchine and Kolmogoroff, Uber Kowvergens von Roethen, 
deren Glieder durch den Zufall besitmmt werden, Rec. Math. (Mat. Sbornik) N. S. vol. 
32 (1925) p. 668. 

7 Incofporated into a paper of Paley and Zygmund, On some series of functions (2), 
Proc. Cambridge Philos. Soc. vol. 26 (1930) p. 473. 
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RANDOM SUMMABILITY AND FOURIER SERIES 
RICHARD BELLMAN 


Fejér’s theorem that the first arithmetic mean of the partial sums 
of the Fourier series of a function converges to the function p.p. is 
equivalent to saying the average values of the partial sums, taken in 
order, are close to the function. It is interesting to ask whether, if the 
partial sums are chosen af random, and then averaged, the new aver- 
ages will be close to the function. We shall show that this is true 
most of the tame. 

Let us define random summabilsty in terms of the existence of the 
limit 

tim D1 54(x)(1 + ra) 


iii 2 + r(t) 


where r,(#) are the Rademacher functions, r,(#) =sign sin 2*+4r#, and 
s,(x) are the partial sums of o (f) =dot+) (a, cos kx+ b, sin kx). 
- The only fact we require concerning the Rademacher functions is 
[1}t: If $ rai< om, X rawil) converges p.p. in t 
Now we have 


Diala + ral) >i 5a(2) . n 
"(1 rakh) s Daa +a) 
4 Dirso(z)ra() n 
n Tt + ril) 


Also > r rs(t)/k* log (k+1) converges p.p. in #, by the above, since 
> 7 1/k log (+1)? < œ, so that > ira (4) =0(n? log n), by Kronecker’s 
Lemma (much more is known, but this is more thar needed). Hence, 
certainly > tr, (f) =o0(n), and > -t(1+9,(f))~n. 

By Fejér’s theorem n~!)_3s,(x)— f(x) p.p. in x, so thafit remains to 
prove n Ù isa(x)ra(ġ—0 p.p. in x and t. 

But $C? (ss(x)/k)?< œ p.p. in x, since s(x) =o(log k) p.p. in x [2]. 
Therefore J r si(x)ra(t)/k converges p.p. in x and #, and using 
Kronecker’s Lemma again >—*s4(x)rs(#) =0(n). 

Thus, we have proved: If f(x) belongs to L, the Fourier series of 
f(x) is random summable p.p. in x, most of the time. 


Received by the editors February 16, 1943. 
1 Numbers in brackets indicate references at end of paper. 


732 


ON FIBRE SPACES 733 


-REFERENCES ~ 


1. Zygmund, Trtgomsomeirical sertes, chap. 5, p. 123. 
2. Ibid., chap. 2, p. 32. 


UNIVERSITY OF WISCONSIN 


ON FIBRE SPACES. I 
RALPH H. FOX 


This paper is primarily concerned with fibre mappings! into an 
absolute neighborhood retract. Theorem? 3 is a converse of the cover- 
ing homotopy theorem; it characterizes fibre mappings (into a com- 
pact ANR) as mappings for which the covering homotopy theorem 
holds. Theorem 4 is Borsuk’s fibre theorem;* the proof‘ which I pre- 
sent here is new. It seems to me that this theorem is a promising tool 
in function-space theory. Also I think that it furnishes conclusive 
justification for the generality of the Hurewicz-Steenrod definition 
of a fibre space. In fact, a fibre space of the type constructed by 
Borsuk’s theorem almost never has a compact base space and almost | 
never has its fibres of the same topological type. 

The common denominator of the proofs of Theorems 3 and 4 is a 
property which I call loca] equtconnecitoity. Local equiconnectivity is 
a strengthened form of local contractibility and a weakened form of 
the absolute neighborhood retract property (Theorems 1 and 2). Defi- 
nitions and notations are those of FS. I." 

Let A be the diagonal subset > )sc2(, b) of BXB. I shall call the 
space B locally equiconnecied (or,-to be specific, (U, V)-equiconnected) 

if there are neighborhoods U and V of A and a homotopy A in B be- 
tween the two projections of U which does not move the points of A 
and which is uniform® with respect to V. Precisely: 
(1) Arbo, b1) is defined for all (bo, b) E U, 

(2) Ao(2o, b1) = bo, ' 


Received by the editors April 2, 1943. 

1 W. Hurewicz and N. Steenrod, Proc. Nat. Acad. Sci. U. S. A. vol. 27 (1941) p. 61. 

1 This theorem was announced in Hurewicz-Steenrod, op. cit. footnote 3. 

3 K, Borsuk, Fund. Math. vol. 28 (1937) p. 99. 

4 This proof was announced in the author’s paper On ths deformation retraction of 
some functon spaces--+, Ann. of Math. vol. 44 (1943) p. 52. 

x(x, b) = (x(x), b) as in R. H. Fox, On fibre spaces. I, Bull. Amer. Math. Soc. 
vol. 49 (1943) pp. 555-557. 
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(3) Ar(do, bi) =b i 

(4) (b, b) =b for every (b, bD) EA, OSiS1, 

(5) there is a ô>0 such that |[#—-#’|<8 implies that 
È weg Ai (bo, bi), Ar (bo, bi))C y. 
Roughly speaking, B is locally equiconnected ‘if there are paths be- 
tween sufficiently nearby points such that the paths depend continu- 
ously on the end points. 


THEOREM 1. A locally equiconnected space ts locally contracishle. 


Let N be a neighborhood of some point bı of B and let M denote 
the set of points bo such that oc sgtd:(Bo, bi) CN. By (4), bEM; 
a simple continuity argument shows that M is a neighborhood of bi. 
Since M is contractible to & in N the theorem is proved. . 


THEOREM 2. A compact AN R-set +s locally egutconnecied. 


Let B be a neighborhood retract of the Hilbert parallelotope Q and 

let r be a retraction of an open neighborhood N of B onto B. Since 
Q—N and B are disjoint compact sets e=d(B, O—N)/2>0. Let U, 
be the closed neighborhood of A determined by the covering of B 
by espheres and let As(do, b1) =r((1—f do +i) for (bo JEU, 
01. Conditions (1), (2), (3), and (4) are obviously satisfied. Con- 
dition (5) follows, for any V, from the compactness of U.. 
-~ From Theorems 1 and 2 it follows,* for finite dimensional com- 
pacta, that local contractibility, local equiconnectivity and the ANR 
property are equivalent. For infinite dimensional spaces no more is 
known than is implied above. 


THEOREM 3 (CONVERSE OF THE COVERING HOMOTOPY THEOREM). 
Let B bea (U, V)-equtconnected space and lei x CG B*. Suppose that for 
every mapping gCXY and homotopy hin B which ts uniform with re- 
spect to V and has smtital value’ wg there exists a covering homotopy 
h* in X with sntisal value p. Then x is a fibre mapping relative to U. 


Let k(x, b) =di(x (x), b). Since A is uio with respect to V there 
is a covering homotopy &* such that kë (x, b) =x. Let d(x, b) =h (x, b). 
Then! ¢@ maps #-!(U) continuously into X and r(x, b)=b. Since 
hial, w(x)) =x(x) it follows thatd(x, r(x)) =A (x, aa het (x, x (x)) 
=x. Thus ¢ is a slicing function. 

Let A be a closed subset of X and let x denote the E opera- 
tion r(f) =f| 4, JE YT. 


t K., Borsuk, Fund. Math. vol. 19 (1932) p. 240, Theorem 32. 


t 
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THEOREM 4 (BoRSUK’S FIBRE THEOREM). If A ts closed in X and Y 
4s a compact ANR-set then x 1s a fibre mapping. 


By Theorem 2, Y is locally equiconnected and, if it is suitably 
metrized, there is a positive number e such that A,(¥o, 41) is defined 
whenever d(yo, 91) <€. Let Tro denote the graph of w and let I, de- 
note. the subset of FXX Y4 defined by the rule (f, p) €r., when 
d(r(f), g) <e. Because Y is compact T, is a neighborhood of T'e. Define 


uCf(2), g(x)) for GY; £, z) EFrRXA, 
vif, &: z) = P for (f, a z) = rox X. 


Thus Ņ is a homotopy in Y; each yı is defined on the closed subset 
C=T.XA+ToXX of f.XA. But Pol, g, x) =f(x) for every (f, g, x) 
€C, and this map has the extension ¥¢*(f, g, x) =f(x) defined for every 
(f, g, o) ET.XX. It follows’ that Yı can be extended tol,xX. Let 
Wi* denote an extension of yı and set d(f, g)(x)=wWFUf, g, x) for 
(f, p) Er. and xEX, so that ¢(f, g) E YT for every fixed (f, g) ET.. 
Then ¢ maps T. into YY, rọ (f, g) =g, (f, x(f)) =f. Thus ¢ is a slicing 
function for r. 

Since the image set of a fibre mapping is necessarily open and 
closed in the base space, an example’ “E” shows that Theorem 4 is . 
false for non-compact ANR-sets Y. However if neither X nor Y are 
compact (as in *&”) the topology of YT (and also of Y4) depends on 
the metrization of Y. Thus it may be possible (as it is in *€”) to re- 
metrize an ANR-set Y so as to make the sectioning operations fibre 
mappings. It should be observed that Borsuk has shown that Theo- 
rem 4 is false (with or without remetrization) if Y is not locally con- 
tractible.‘ ; 
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1 W. Hurewicz and H. Wallman, Dimension theory, Princeton, 1941, p. 86. 
t R. H. Fox, Bull. Amer. Math. Soc. vol. 48 (1942) p. 271 footnote 3. 


EXTENSIONS OF CERTAIN DYNAMICAL THEOREMS 
OF HALPHEN AND KASNER 


JOHN DrCIcco 


1. Introduction. We wish to present-here some extensions of cer- 
tain theorems of Halphen and Kasner concerning the dynamical tra- 
jectories of positional fields of force in space. 

Kasner has developed the differential geometry of the dynamical 
trajectories of general positional fields of force in the plane and in 
space in his Princeton Colloquium Tvectures.1 Recently Kasner. and 
the author have introduced the concept of generalized fields of force 
which depend not only upon the position of the point but also upon 
the direction through the point.? In a generalized field `of force in 
space, there are œ* dynamical trajectories just as in the ordinary 
positional case. . 

The theorem.of Halphen which we wish to extend to generalized 
fields of force is that all positional fields of force whose œ* dynamical 
trajectories are plane curves are of the central or parallel type. That 
is, the lines of force are all straight lines through a fixed point O 
(which may be finite or at infinity). Moreover the «* trajectories con- 
sist of the œ? systems of œ? ordinary plane dynamical trajectories of 
the central or parallel type, each such system lying in a plane through 
the point O. There are ~*® such systems of © dynamical trajec- 
tories,? and the number of central fields of force ig œH ®, 

We find that all generalized fields of force whose »©* dynamical 
trajectories are plane curves form a more extensive class. The œ* tra-- 
jectories consist, in general, of œ? systems of œ? generalized plane 
dynamical trajectories, each such system lying in a plane tangent toa 
base surface 2. The various degenerate situations are four in number 
and may be described as follows: (1) The base planes are tangent toa 
given curve C, (ii) the base planes pass through a given finite point O, 
(iii) the base planes are all parallel to the tangent planes of a given 


Presented to the Society, April 23, 1943; received by the editors January 2, 1943, 
and, in revised form, May 4, 1943. 

1 Kasner, Differential geometric aspects of dynamics, Amer. Math, Soc. Colloquium 
Publications, vol. 3, 1913, 1934. Also see Trans. Amer. Math. Soc. vols. 7-11 (1906~ 
1910). 

*See (1) A generalised theory of dynamical trafectories, Trans. Amer. Math. Soc. 
vol. 54 (1943) pp. 23-38; and (2) Generalised dynamical trajectories on space abstract 
49-3-120. 

3 The symbol œi denotes the oontent of a geometric manifold which depends 
on k functions of # variables only. See Kasner, A notation for infinite monsfolds, 
Amer. Math. Monthly vol. 49 (1942) pp. 243-244. 
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cone I, and (iv) the base planes are all parallel to a fixed line L. The 
number of such planar systems of generalized dynamical trajectories 
ig œ/(9+y%®, and the number of associated generalized fields of force 
ig of DH O+Y WO. 

The theorem of Kasner which we wish to generalize is concerned 
with arbitrary positional fields of force and may be stated in the fol- 
lowing manner. If a particle starts at rest from any given point O 
the resulting rest trajectory which it describes will be initially tangent 
to, and also will possess the same osculating plane as, the line of force 
at O; moreover, the ratio of the curvature of the rest trajectory to that 
of the line of force is 1:3. 

In a generalized field of force this theorem is no longer valid. It 
is true that the rest. trajectory and the line of force will be initially 
‘tangent, but, in general, they will have different osculating planes 
at O. We determine all those fields of force such that, at any point O 
of space, the rest trajectory and the line of force will have the same 
osculating plane. In the final part of our paper, we obtain a converse 
of Kasner’s theorem. 


2: The differential equations of the œ* generalized dynamical tra- 
jectories. We now consider any generalized field of force in space. 
Observe that an ordinary positional field, of force could be called 
isotropic whereas a generalized field of force could be termed antso- 
tropic. (A state of stress in a solid medium is an example of a general- 
ized field of force, although it is not of the most general character.) 

Let F(¢, Yy, x) be the rectangular components of the generalized 
force vector which corresponds to the lineal element E(x, y, £, y’, 5’). 
(Note that the primes denote differentiation with respect to x). We 
assume that the direction of our force vector F(¢, Y, x) does not iden- 
tically agree with that of the corresponding lineal cre E. The 
equations of motion of a particle of unit mass are 


Pad? = p(z, y, s, yY, 8), BPy/d = (x,y, 8, 7,8), 
Px /di = x(x, y, 8, y, s’), 


where, of course, ? is the time. : 

Upon eliminating the time ż from these equations, it is found that 
the œ* dynamical trajectories of a generalized field of force are given 
as the integral curves of either of the two Monge differential equa- 
tions of third order 


 — ypy” = [bet vb, +Y) — (be + by + ¥'b0) |” 
+ [by — yor — 3p] ya + We — Yory s", 


(1) 


(2.1) 


y 
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or 
(x = ses” = [Get xy rx) — ba t Vr Hro 

+ [xe — ror — 3] + (xy — 8'by) 978", 
solved together with the Monge differential equation of second order 
(3) x’ = [(x — '¢)/(b — ye)”. 


Therefore the generalized dynamical trajectories are of the three- 
dimensional type (G), namely 


g” = K(x, 4,38, 9,8)9",. 
y! P G(x, Y, 3, Y, x)’ T A(x, Y 5, yY, s)y". 


Conversely any system of * curves of the three-dimensional type 
(G) represents the dynamical trajectories of o/@ generalized fields 
of force. 

Kasner has shown that the three-dimensional type (G) may be 
characterized by the two geometric properties listed below. For each 
of the ! trajectories passing through a given lineal element £, con- 
struct the osculating plane and the osculating sphere at Æ. The two 
properties are: 

Property 1. The œ! trajectories possess the same osculating plane 
at E. 

Property II. The locus of the centers of the osculating spheres at £ 
is a straight line. 


(2.2) 


+ 


(G) 


3. Extension of Halphen’s theorem. Now we shall discuss our ex- 
tension of the Halphen problem. 


THEOREM 1. A system of «8 generalised dynamical irajectories con- 
sisis wholly of plane curves tf and only sf tt is represented by a sysiem 
of differential equations of the three-dimenstonal type (G) where the func- 
tion K ts defined as a solution of an equation of the form 
(4) Flt — yK, K, s — x(s’ — yK) — yK] = 0, 
where F is an arbttrary function of three variables. 

There are thus 0/(+¥® systems of generalized dynamical trajec- 
tories which consist wholly of plane curves. 

We proceed with the proof of Theorem 1. Upon substituting the 
three-dimensional type (G) into the condition »’’s’’ ~ y's” =0 for 
plane curves and simplifying, we obtain the equation l 


6) © (Ky + KK.) + (Ks + yK, +K.) = 0. 


- 


aw 
* 
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By this equation we see that, upon excluding the œt straight lines 
which are trajectories of any three-dimensional type (G), there are 
at most 4 trajectories in any system of % dynamical trajectories, 
which are plane curves. 

Now if our three-dimensional type (G) is to contain more than «0 4 
plane trajectories, we observe that (5) must be an identity in y”. 
Therefore the function K must satisfy the two partial differential 
equations of the first order 


(6) Ky+KK,=0, Ke+9'K,+#K,=0. 


First let us suppose that K is independent of y’ or s’. From these 
equations we see that K must be constant. This solution for K is 
given by the equation (4) where Fis a function of the second variable 
K alone. Therefore, we can henceforth suppose that K contains y 
or s explicitly. 

By the first of equations (6) and by the fact that K contains y 
or £’, we find that K must be a solution of a finite equation of the form 


(7) s — yK = MK, z, 9,8), 


where à is an arbitrary function of four variables.4 Obtaining the par- 
, tial derivatives of K with respect to x, y, and s from this equation 
and substituting into the second equation of (6), we find 


(8) As H YA ted, = 0. 
Eliminating r from this equation and equation (7), we find 
(9) ¥ (Ay + Kr) + (As + Az) = 0. 


Now this must be an identity in y’. Assume the contrary. We then 
can solve this equation for y’ and differentiate the result with respect 
to g. Since, by (7), K,-x0 we find 


Aw t+ Ms 
(10) A(a = Q. 
aK \), + KA 


This will mean that the equation (9) solved for y’ is independent of y’. 
This is absurd. Hence (9) is an identity in y’. 


By the preceding argument, the function À of (K, x, y, s£) must 
satisfy the two partial differential equations of the first order 


(11) Ay + KA. = 0, MtO. 
t This equation (7) arises in the characterization of ordinary positional fields of 


` force in space. See Kasner, Dynamical trajectories: The motion of a partide in ax arbi- 
trary field of force, Trans. Amer. Math. Soc. vol. 8 (1907) pp. 135—158. 
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Suppose now that A,=0. These equations show that À is independ- 
ent of (x, y, s). Therefore à is a function of K only. Substituting this 
result into (7), we discover that the function K is given by the equa- 
tion (4) where F is independent of the third variable. Henceforth we 
may suppose that A,>0. 

Since \,5£0, we find from the second of equations (11) that \ must 
satisfy an equation of the form 


(12) s— x= pr, K, y), 


where u is an arbitrary function of three variables. Obtaining the 
partial derivatives of à with respect to y and s from this equation, 
and substituting into the first of equations (11), we find 


(13) by = ÒK. 
The integration of this equation yields the following solution for p, 
(14) b= yK + fa, K), 


where f is an arbitrary function of two variables. Substituting this 
into (12), we find l 


Finally, eliminating A from this equation and equation (7), we dis- ’ 
cover that 

(16) s = x(’ — yK) + yK + fle — yK, K). 

This may be obtained as a solution of the equation (4) for the third 
variable. Thus the proof of Theorem 1 is complete. 

To obtain Halphen’s theorem as a consequence of Theorem 1, we 
first observe that, for the ordinary positional case, equation (3) 
demonstrates that equation (4) must be a function of a linear in- 
tegral function in (g —Ky^) and K with coefficients functions of 
(x, y, 8) only. If the third variable is missing in (4), then the coeff- 
cients must be constants and the field of force is of the parallel type. 
On the other hand, if the third variable is present in (4), the equation 
may be written in the form (16), where f is integral linear in the two 
variables with constant coefficients. Solving the resulting equation 
for K, we find that the field of force is of the central type. This com- 
pletes the proof of Halphen’s theorem. 


THEOREM 2. The © generalized dynamical trajectories of Theorem 1 
constst of œ? systems of œ? generalized plane dynamical trajectories, 
each such system lying in a plane which ts, in general, tangent to a 
base surface È. 
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The degenerate situations which arise are four in number and may 
be described as follows: (i) The base planes are tangent to a given 
curve C, (ii) the base planes pass through a given finite point O, 
(iii) the base planes are all parallel to the tangent planes of a given 
cone I’, and (iv) the base planes are all parallel to a fixed line L. 

To prove Theorem 2, we first observe that the differential equations 
of the dynamical ‘trajectories of Theorem 1 may be written as 


Fle — y's"/y', 8/9", 5 — x(a! — ysy) — ye'/ y] = 0, 
if! = Gy’ + Hy”, 


To find out what curves of this system (17) lie in the plane 
z=ax-+by-+c, we eliminate z between the first of equations (17) and 
the equation of the plane. The result of this elimination yields 


(18) F(a, 6, c) = 0. 


(17) 


Therefore we conclude that for a plane to contain at least one curve of 
(17), its parameters (a, 5, c) must satisfy the preceding equation. 
Moreover any such plane will contain œ? spatial generalized dynami- 
cal trajectories, and these form a generalized plane dynamical system 
of arbitrary character. The conclusion of our theorem is obtained 
from the observation that the œ? planes whose parameters (a, b, c) 
satisfy (18) are, in general, tangent to a surface X. The degenerate 
situations also can be obtained by a discussion of the various forms 
that the function F may assume. 

It must be noted here that any plane system of œ? generalized 
dynamical trajectories of Theorem 2 is of perfectly general character, 
whereas in Halphen’s theorem any such plane system must be of the 


central or parallel type. 

4. The lines of force and the rest trajectories. In the remainder of 
this paper, we shall suppose that : 
(19.1) (Hy —9/by —$) (xe 8b — 6) — (Yor — Vb") (Xe — 8 by) HO 
and 
(19.2) (vy — by — 3d) (xe —8/be — 36) — (de — be) (Xe — 8 by) 40. 


Let us first of all consider the lines of force in a generalized field of 
force. At any point O there is, in general, one (and at most œ!) lineal 
element E, whose direction coincides with that of the corresponding 
force vector Fo The lines of force are the integral curves of the dif- 
ferential equations defined by all the lineal elements Æo of a certain 
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region of space. This system of differential equations is 
(20) y — y$ = 0, x—fġ=0. 


By (19.1), it follows that there are, in general, œ? lines of force. 
Otherwise if the left-hand side of (19.1) is identically zero, there are 
of) or o1, or a finite number of lines of force. 

Consider next the rest trajectories in a generalized field of force. 
A rest trajectory is defined as the trajectory described by a particle of 
unit mass which starts at rest from any point O. By (19.2) there are, 
in general, œ? rest trajectories in a generalized field of force. Other- 
wise if the left-hand member of (19.2) is identically zero, there are 
-at most o/ rest trajectories. 

Thus it is obvious that under the assumptions (19.1) and (19.2) 
there are, in general, œ? lines of force and œ? rest trajectories. 


5. The extension of Kasner’s theorem concerning one-third of 
the curvatures. In this section we shall determine all generalized fields 
of force such that, at any point O, the rest trajectory and the line 
of force will have the same osculating plane. ` i 

In the first place, we can easily show that the rest trajectory 
through the point O is tangent to the line of force at O. This is an 
immediate consequence of the equations 


dy/di = ydz/di,  d'y/dP = y'dx/dP + y"(dx/di)?, 
ds/dt = s'dz/di,  d’s/d? = s'd¥x/dP + s'(dx/dù?, 
together with the initial conditions (dx/dt)o=(dy/dt)»= (ds/dt)»=0 


and the equations (20) defining the lines of force. 
We discuss our extension of Kasner’s theorem. 


THEOREM 3. The rectangular components F(b, Y, x) of any general- 
szed field of force for which, at any point O of space, the rest trajectory 
and the line of force possess the same osculaisng plane at O must be such 
that the single eliminant with respect to y’ and z' of the three equations 
(22) ¥—yo=0, x— zp =0, (AC + BF)/(DC + EF) = CJF, 


where A, B, C, D, E, F are defined by the expressions 


(21) 


A m= ýy — ¥ dy, : B = by — yee, 
(23) C = (Wat Why t+ obs) — ylos t bs tre), 
D = xy — dy, E = xe — voy, 


F = (xs + WX + 2Xs) — 8 ($. + Yor + Te), 
ts identically zero. ; 


1943] EXTENSIONS OF CERTAIN DYNAMICAL THEOREMS ` 743 


In the first place, the first derivatives (y’, s^) of the line of force 


and the rest trajectory through the point O are given as solutions of. 


the equations (20). 

By obtaining the total derivatives of equations (20) with respect 
to x and using the formulas (23), we find that the equations defining 
the second derivatives (Y’’, Z”) of the line of force through the point 
O are i 


(24) (4A — ẹ)Y" + BZ" 4+-C=0, DY"-4 (E — Z" +F o0. 


By equations (2.1) and (2.2), we see that the equations defining the 
second derivatives (y’’, z’) of the rest trajectory through the point 
O are 


(25) (A — 36)9" + Bs’ +C=0, Dy’ + (E— 3¢)s” +F = 0. 


It is obvious that, in general, the osculating planes can not be iden- 
tical. Let us impose the condition that the two osculating planes be 
identical. Then there must exist a number p such that 


(26) y” B pY”, g” = pZ”. 


\ 


Eliminating Y” and Z” from equations (24), (25), and (26), we find © 


y” = (1 — p)C/2g, s” = (1 — p)F/2¢, 
(27) p = (AC + BF — $C)/(AC + BF — 3¢C) 
= (DC + EF — ¢F)/(DC + EF — 3¢F). 
This last equation establishes the validity of Theorem 3. 
For the generalized fields of force of Theorem 3, let à be defined 
by the two equal expressions ` 
(28) h = (AC + BF)/¢C = (DC + EF)/$F. 
THEOREM 4. For the generalized fields of force of Theorem 3, tha ratio p 


of the curvature of the rest trajectory to that of the lane of force ts piven 


by the formula 
(29) p= (1 —d)/(3 —d). 


This result may be considered to be an extension of Kasner’s one- 
third theorem. 


6. Aconverse of Kasner’s theorem concerning one-third the cur- 
vatures. If, in addition to the possession of. the same osculating plane, 
we impose the condition that the ratio p=1/3, we obtain the follow- 
ing converse of Kasner’s theorem. 
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THEOREM 5. The rectangular componenis F(¢,¥, x) of any generalized 
field of force for which, at any poini O of space, the rest trajectory and ~ 
the line of force possess the same osculaisng plane and the ratto p of the 
curvature of the rest trajectory to that of the line of force is 1/3 must be 
such thai the two eiminants with respect to y’ and 3’ of the four equations 


¥— y =0, x +h = 0, 
AC + BF = 0, DC + EF = 0, 


where (A, B, C, D, E, F) are defined by equatsons (23), are identically 
sero. 


(30) 


Thus it is seen that, in the generalized fields of force in space, there 
are no general geometric relations between the lines of force and the 
rest trajectories except for the trivial one concerning the possession of 
the common tangent line. This is entirely different from the two- 
dimensional case (see footnote 2) where there is a theory—the gen- 
eral theorem being quite similar to our Theorem 4. 


ILLINOIS INSTITUTE OF TECHNOLOGY 


UNIFORM CONVEXITY. I ` n 
MAHLON-M. DAY 


It is the purpose of this note to fill out certain results given in two 
recent papers on uniform convexity of normed vector spaces.! A 
normed vector space? B is called unsformly convex with modulus of 
convexity 3 if for each e>0 there exists a 5(e) >0 such that for every 
two points. and b’ of B satisfying the conditions ||b|| =||o’||=1 and 
|| —b'|| Ze the quantity |b +0‘| $2(1—4(€). If ||bd|=1, B is said 
to be localy unsformly convex near bo if there is a sphere about bo 
_ in which the condition for uniform convexity holds. Theorem 1 shows ` 
that all properties of normed-vector spaces which are invariant under 
isomorphism are the same for uniformly convex and locally uni- 
formly convex spaces. Theorem 2 gives a necessary condition for 
isomorphism with a uniformly convex space. The condition is in terms 
of isomorphisms of finite dimensional subspaces and is suggested by 
examples given in [I]; it is not known whether the condition is.suff- 
cient. Theorem 3 is somewhat more general than Theorem 3 of [II]; 
it nt] uniformly convex function spaces instead of the /, spaces 
of JII]. 

A cone C in B is a set which contains all of every half line from the 
origin through each point of C. 








LEMMA 1. A normed vector space B is locally unsformly convex near bo 
A ade anes E N Ui i Sui C, with bo in tis sntertor, such 
that for every e there 4s a 5:(€)>0 such thai the condshons oll s4, 
lia” A and [è — b'|| ze imply ||b+b'|| S2(1—8:(€)) for every pair of 
points b and b'in C. 


If this condition is satisfied there is obviously a sphere about bo 
inside C, so that in that sphere (e) can be taken equal to 4:(e). 
On the other hand, if there is a sphere of radius 2k about bo in 
which ô can be defined, it can be shown that it suffices to let C, 
be the cone through points of the sphere of radius & about bo and to 
let & (€) =inf [€/10, A 


LEMMA 2. If the cone C of Lemma 1 contains a sphere about bo of 
radtus k, if iät S1 and sf ibe bol| Sk, thon ||b+bd| <2—61(&). 


Presented to the Society, April 24, 1943; received by the editors January 25, 1943. 

1 These papers are [I] Reflexive Banach spaces not isomorphic to uniformly convex 
spaces, Bull, Amer. Math. Soc. vol. 47 (1941) pp. 313-317, and [II] Some more uns- 
formly convex spaces, Bull. Amer. Math. Soc. vol. 47 (1941) pp. 504-507. 

* See Banach, Théorie des optraisons lin éaires, Warsaw, 1932, for general definitions. 
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This is obvious if ||b—bd| =. If ||bl| <1 and ||b —boll >k there exists 
a point b:=dAb+(1—A)bo, O<A<1, on the line segment from bo to b 
such that |b — || =k while ||i|| $1; hence ||b:+b0|] $2(1 — &:(&)). Let 
f be a linear functional such that f(b’) S|{b'|| for all b’ in B and such 
that the line {b| f(b’) =1} in the plane of 0, bo and b touches the unit 
sphere in B at the point of intersection of that sphere with the 
half line from 0 through b+bo so that f(6+b0) =||b+00|. Then 
, F(bo+h) S||bo+di| S$ 2(1— 8 (k)). Two caseg can now be distinguished: 
If f(bo) &f(b), 2— 28k) Sf(bi tbs) Zf +b.) =||b +e]. If fo) <f), 
2(1—8:(&)) =f(br+b0) =f (bs) +f (be) > 2f (bo), 80 |]b+-bol] = f(b +00) =F (bo) 
+f) <1—& (2) +1. 


THEOREM 1. If B ss locally unsformly convex near some potnt bo, 
then B is tsomorphtc to a unsformly convex space. If kis the radius of the 
sphere which extsts by Lemma 1 about bo, a sutiable modulus of con- 
vextty for the new space ts piven in terms of the old by & («)=1 
—1/ [1+ 51(8:(2) 6/4) /(R+ 8 (k) /4) J. 


Suppose the cone C of Lemma 1 contains a sphere fol |b —bol| Sk} 
about bọ; let a=1-—4(k)/4 and consider the two spheres 
E,= {b|||b—abol| $1} and E= {b| ||b+abd| 51}. If S is the inter- 
section of A; and Ea, it is clear that S is convex and symmetric about 
the origin, and that S contains the sphere {6||/d|| £ 8:(k)/4}. 

To show ||b|| Sk +8:(k)/4 for each b in S, it suffices to show that 
bES implies that b-+abo is within k of bo. If this is false, that is, if 
|b +aby—ol| >k, then, by Lemma 2, Aires, Be pat a How- 
ever |[b--abo+o|| =||b abo +(1+2a)bol| Z (1 +2a)|| bol] —||b —adel| = 1 
+2a—1=2a=2 — &(k)/2>2— & (k). ; 

Let |b| be the smallest non-negative value of # for which the point 
b/t is in S. Then |---| defines a new norm in B and it is clear 
from the inequalities thus far derived that [8:(k)/4]|6| s|]d|| 
< [k+8,(k)/4] bl, so this new norm defines a space isomorphic 
to the original and all that need be proved is that | - - - | ig uniformly 

`- convex. If by, &ES, and |b—b:| >e, then ||(b1+abo)— (b: +abo)|| 
=|[bi —bal] & &(k)e/4. Also ||b,+aba—bd| Sk by the preceding para- 
graph so, by the original hypotheses near bo, l EEA 
S2 [1—88 (k)e/4)]m2(1—u(e)); that is, (bi +0:)/2= Ef = {b |||b+abo 
'S1—u(e)}. The same argument with —abo and —b, shows that 
(bi +d:)/2E EY = {b| ||b—abd| S1—p(O}. 

It will now suffice to show that ‘there is a 6/(e€)>0 such that 
b| <1— 8 (© if bE! El. E! CE, i=1, 2, so for any b in Et -Ef 
there is a number #21 such that | #| =1; hence, either [| +abo|| = 1 
or ||t—abd|=1. These cases are interchanged by replacing b by 











f 
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—b so it suffices to consider the first; then 1—y(e) 2|lad.—dl| 
= |labo—t+0—2|| 2 lore Ada car = gaa | Therefore 
(¢—1)|[d]] Zulo or #2] 1+ (e)/|[b|] 21+ 88 (k)e/4)/ [k+ 8(k)/4]. Let- ` 
ting 1—8 (e) be the reciprocal of the last term in the preceding in- 
equality gives |b| =1/#S1—8/{(¢) if bCE{-Ey. 

We turn now to a necessary condition for isomorphism of B with 
a uniformly convex space. The effect of uniform convexity on the 
finite dimensional subspaces of an isomorphic space was used im- 
plicitly in [I]; it is given explicit formulation here. Let Bo and B 
be two normed vector spaces; then there exist linear operations of 
norm 1 defined on Bo with values in B. For each such operator 
U there is a largest number ky, 0 Skg S1, such that ||do| =I ool 
Z Ro||bol| for each be in Bo, and this number ky can be taken as a 
measure of the distortion of By under the mapping U into B. De- 
fine k(By, B) to be the least upper bound of ky as U runs over 
the linear operators from By, to B of norm not greater than 1; ex- 
plicitly, &(Bo, B) =supjiojis1 infi || U(b0)||. (Bo, B) is ther a 
measure of how nearly By approaches isometry with a subspace of B; 
if k( Bo, B)=1, there are operations which come arbitrarily near pre- 
serving distances; k{Bo, B)>0 if and only if By is isomorphic to a 
subspace of B. For the present it suffices to choose certain finite di- 
mensional spaces for Bo: Let M, and L, be the n-dimensional 
spaces of sequences t=(4,---,&) of n real numbers, where 
| Ma =|| (A, oe -, by) Ma = MAX isn lil and | ¢ ta=|| (A, EE ty) || ca 
=) igisa ||. Then &(M,, B) =k(L,, B) =0 if and only if the dimen- 
sion of B is less than #; also k(M,, B) and k(L,, B) are nonincreasing 
functions of n for each B. 








Lemma 3. If U ts a one-to-one linear operator from B: onto By such 
that for some a20, ||bi|| =|| Vbl] Ballbil| for each bı im Bi, then for any 
normed vector space T, R(T, By) 2ak(T, Bs) 2ark(T, By). 


If a=0, this is obvious. If a>0 and Fis any linear operator from T 
into B, with || Fi] $1, let UF be defined by UF(#) = U(F(#)) for every 
i in T. Then || UF S1 and | UF®|| 2a|| (|| for every t. Hence 
infi || UFO|| Be infia || F(@)|| so R(T, Bs) Zak(T, Bı). If Æ is 
any linear operator of norm 1 from T into B;, the same argument, 
using the operator a UF", shows that A(T, Bi) &ak(T, By). 

Note that if U maps Bı on only part of B, or is not 1-1 but is of 
norm <1, the first half of the proof still holds (although a=0 in the 
second case); it follows that if Bı is a subspace of Ba, then (T, By) 
SACT, Bì). l 
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Sobczyk has defined a special embedding of h into m which can 
easily be modified to define an isometry of La+ı and a subspace of 
Mr 80 R(Lau1, B)&k( Mm, B) for every integer n. In particular, La 
and Af, are isometric so k(La, B) =k( Ms, B). 


Lumma 4. If & satisfies Lemma 1 in the whole unti sphere of B and 
4s continuous on the left, then 

(1) k(M,, B)S[1—6,(2k(M,, B)) |", 

(2) k(Zm, B) S [1—8:(2k(Lm, B))]*. 


If Fis an operation from M, into B such that || dl 2|| F(#)|| 22|] ell 


for all t, where k>0, let e= 1 for i=1,---, n; then the points 
Fla, ---, &) lie in the unit sphere of B. since || Fla, - - é) || 
Slla,---, e,|| = 1. If q,---, & and e,---, e are different, 
[Flen ee, e) — — F(e, e le aes aE «| 
= 2B; hence | F(a, ty Caly 0)| =|| Fle, Tt ty Eqn dy 1) 

fat, -D]||/2 51- (2k); that is, || Fle, -> <, ei 0)/ [1 8,028) Jii 
S1 for all q,---, e& 4a. These points are at least 2k apart for 
different €;, 80 this process can be applied n—-1 times to show that 
|| F(1, 0, 0, - 0)/{1 828) mill <1. Hence k =k||1, 0, 0, , | 
S|[F(1, 0, 0, ++, 0)|[S[1—-4(28) ]*. Taking B=k(M,, B) or, if 


that is eaposaibls. taking the limit as k increases toward &(M,, B) 
gives (1). 

If F maps Ly into B so that ||¢| z| F| 2A|| 4], &>0, for all ¢, 
the same sort of argument can be carried through using the points 
of L> which have one coordinate equal to one, the others all zero. It 
leads to the inequality R=&||(2-*, - - - , 2-*)|| S|| F(2-*, -- -, 2-*)]| 
< [1 — & (2k) |" which gives (2). 


THEOREM 2. If B is isomorphic to a space which 4s locally uniformly 
convex near.any poini, then lim, k(M,, B) =lim, &(L,, B) =0. 


By Theorem 1, B is isomorphic to a uniformly convex space B’. By 
Lemma 4, k(Le, B) <[1—&(2k(Ls, B’))|* for all n. If R(Le, BY 
>k>O for all n, then O<ASA(Ly, BN) S(1—8:(2k))*-0 as nw; 
this contradiction and the monotony of k(La, B’) show that (La, B) 
—0. Lemma 3 shows that k(Z,, B)—0 also. A similar proof holds 
for k(M,, B); this can also be proved by using the remark before 
Lemma 4 and the fact that &(L,, B)—0. 

This theorem has as a corollary the result of [I]: If B=P(B,), 
where B,=1" or L”, and sf the numbers p: are not bounded away from 


7 A. Sobczyk, Projection of the space m on sts subspace ca, Bull. Amer. Math. Soc, 
vol. 47 (1941) pp. 938-947; the construction is given in the proof of Theorem 3. 
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land œ, then B is not ssomorphec to a untformly convex space. 

It is not dificult to give a direct proof of Theorem 2 not, using 
Theorem 1. I have also shown that if B* is uniformly convex, then 
k(L,, B)—0 (as does k(M,, B)); whether this condition is sufficient 
as well as necessary for isomorphism of B or B* with a uniformly 
convex space is a question which I am, so far, unable to answer. 

Some remarks may be made about the minimum values, k(L,) and 
k(M,), of k(Z,, B) and k( Ma, B) taken for n fixed and B varying over , 
the spaces of dimension at least n. k(M,, 1?) =n Y> if 2S p< @ and 
k(La, *)=n-VP’ if 1Sp82 where 1/p’+1/po1. Hence k(La) 
Sk(L,, P)=n-¥? and k(M,) Sk(M,, P) =n? for all n. The 
plane with a regular hexagon for unit sphere is an example showing 
that k(La) = k( M3) S2/3 (<2-"%). A tedious computation has shown 
that 2/3 is precise; that is, that k(Z2)=k( M) =2/3. So far all my 
attempts to show &(L,) and &(M,) 21/ have failed for n> 2. 

The rest of this paper is devoted to extending the results of [IT]. 
A normed vector space T of real-valued functions t= {#,} on some 
set of indices S will be called a proper functton space if for every 
sane t={t,} in T with 0&4, for all s (a) for every real-valued 

ction {i} with 0S4 Si for all s, the’function {#/}@T and 
ib) Os] {4 }il sil {z}]|. If Tisa aoe function space and B, SES, 
- a age apaces, let Pr{B,} be the space of functions 
ere b,€B, and the function {|[d,||}C7; in Pr{B,}, 
iol it "i =|| (Ilo, | Ja (In [II] S was countable and only the spe- 
cial product spaces P?{ B,} =P»{B,} were used.) 


THEOREM 3. If T is a proper function space, then Pr{B,} is uni- 
formly convex if and only if T is uniformly convex and the spaces B, 
have a common modulus of convexity. 


As the proof follows the lines of the proof of Theorem 3 of [II] 
except at one point it suffices to give the first half of the sufficiency 

roof; thatis, the special case in which [lall =lb'l = Wa —b'|| Ze and 
lb. =|b/ for every s. Let 8,=/||},|| and y.= then for each 
s, |b. +6/ || S$2(1 — 8(y./8.))8, where 8 is a common modulus of con- 
ae for all B,. Hence 


(1) lb + Bl] = || {lle + bel le s 2\| (1 — r86). 


Clearly y, 928, for all s; let E be the set of all s for which y./f, 
>¢/4; then in F, the complement of F, p, 24y7./e. If {t,} is any ele- 
ment of T, let t.y=t, if sCE, ka[=0 if sE; then 


1B ll {Behl & |] {far }]] & | {4rer/e}|] = 4/9 [rer } 
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Hence || {y.r}||Se/4 and 


| ran} = lir} — fr = lidl- irll & 3074 


Hence || {8.a} =| {vex} || /2 236/8. 

Now let t=({8.F}, t'= {By} and t’/=(1—26(«/4))t’; then 
le+e l slete] and ett- eten] el =25(€/4)]| | 
2, 36(€/4)e/4. Call this last quantity a(e); then 


(2) [| DE + el] = Dll H E tet el] S 1 ilala) 
where @; is the function which exists in T by Lemma 1. By (1) and (2) 


Ijo + bl] SI] {C — 8/8) Bie} + Bryll 3 [11 — 3/4) ¢ + 4 
S 1 — 8:(a(e)) m 1 — 3y(e), 


The remainder of the proof is exactly that given in [II] (beginnin 
with line 4 on p. 506); it shows that a suitable value of 4 in Pe{B,} 
is given if 3:(¢)=3:(7) where y is so chosen that »/2+41(m) < 4:(e). 
Since 8; depends only on the moduli of convexity in T and all B,, 
we have the following result, more general than Corollary 1 of [II]. 


COROLLARY. If {T} is a collection of proper function spaces, if {B} 

’ $5 a collectton of normed vector spaces, and 4f al these spaces have a 

common modulus of convexity, then all the spaces Pr{ B,} with Tin {T} 
and all B, in {B} have a common modulus of convexity. 


Some extensions of Theorem 3 may be made; for instance, it is 
clear that the condition (a) on a proper function space is imposed to 
make sure that such functions as {{1b,+5/||} are in T. For example, 
if S is a space in which a measure is defined and all B, are the same 
space Bo, it suffices to take T=L¥, 1<p< œ and to consider only 
Bochner- measurable functions {b,} for which {|[d,||}@T. In this 
case all the functions constructed are again in T so the proof can be 
carried through showing directly that L*(B,) is uniformly convex if 
1<p<o and B, is uniformly convex. In fact, if the norm in T satis- 
fies (b) and if it is assumed only that every measurable real-valued 
function dominated by a function in T is again in T, the proof can be 
carried through for the space of Bochner measurable non from S 
into B for which {|b|} ET. 
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t S. Bochner, Integration ton Funhktionsn, deren Werte dic Elemente eines Vektor- 
raoumes sind, Fund. Math. vol. 20 (1933) pp. 262-276. 


THE RADICAL OF A GROUP WITH OPERATORS 
GARRETT BIRKHOFF 


` In a-recent note (The radical of a non-assoctative algebra, Bull. 
Amer. Math. Soc. vol. 48 (1942). pp. 893-897) A. A. Albert has defined 
the radical of a general linear algebra, and deduced some of its prop- 
erties from his theory of isotopy. The purpose of the present note is 


to extend this concept to groups with operators, and to derive sintilar 


_ properties from lattice theory. 

Let G be a group with a class Q of endomorphisms including all 
inner automorphisms.! By an sdeal, we mean a subgroup S of G such 
that s&S and wEQ imply swCS. Clearly G and the group identity 
0 are ideals; any other ideal is called.a proper ideal. We recall that 
the ideals of G form a modular lanna we shall assume below that 
this has finite length. 

We define G to be prime if and only if it has no proper ideals; it is 
well known (and easy to prove) that G/S is prime if and only if S is 
maximal. Now let 8 be any class of groups with operators (specializing 
_ to zero algebras) which is invariant under isomorphisms,’ and let us 
define a simple group (with operators) to be any prime group not 
in the exceptional class 3. We define a direct sum of prime groups 
to be semiprime, and (following Albert and others) a direct sum of 
simple groups to be semisimple. 

We further define the ġ-sdeal ® of G as the intersection of all 
maximal ideals (by analogy with the ¢-subgroup of a group), the 
radical R of G as the intersection of all maximal ideals S such that 
G/S is simple, and denote by Z the intersection of all maximal ideals 
T such that (G/T) E€. 


THEOREM 1. The quottent group G/S 4s semiprime if and Only if S 
contains ®. 


Proor. If G/S is semiprime, then it can be written as a direct 
sum G/S=(S:/S)+ +--+ +(S,/S), where the (S,/5) are prime. The 
B= 5U -- > US; Spi - - + US, are maximal ideals; and 


_ Received by the editors February 24, 1943. 
1 If Gis commutative, Q may-be void. The case of a linear algebra is included by 
requiring Q to consist of all scalar multiplications x—Ax, all left multiplications x—az, 


and all right multiplications x—+xa. It follows that ideals and direct sums correspond. _ 


1 In the sense of the author’s Latitcs theory, Amer. Math. Soc. Colloquium Publi- 
cations, vol. 25, New York, 1940. This will be referred to below as [LT]. 

3 It is to be observed that a zero algebra is not a “zero” group with operators: 
Arx<0 for ia operators À. 
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Ss A B, a Ẹ, 
fm] 

To prove the converse, note that ® is the meet of dual points (in 
the sense of lattice theory), and hence (by [LT, Theorem 4.1]) the 
modular lattice of ideals X satisfying PSX SG is complemented. It 
follows (ibid, §65) that we can find ideals Dı, » » - , D, prime over X 
such that 


(DU +++ Daa) OD: = X for all k, 


whence G/X =(Di/X)+ +--+ +(D,/X), in the sense of being a direct 
sum. , i 


THEOREM 2. The quotient group G/S is semisimple tf and only if S 
contains R 


a 


G 


$ 


Proor. We consider the complemented modular lattice just de- 
scribed. “Projective” quotients (in the sense of lattice theory) are 
operator-isomorphic .[LT, Theorem 3.16]; hence no S for which 
G/S is simple is projective with an S for which G/S is in 8. It follows 
[LT, Theorem 4.6 and Corollary] that R/® and Z/® are “neutral” 
complements in G/®. Consequently any S such that G/S is semi- 
prime (let alone semisimple) fits into the lattice just described ac- 
cording to the scheme indicated graphically above. We have, by well 
known theorems, the isomorphisms 


i 


\ 
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G/S & (RU S/S) + @U S/S), 
S/@& (RM S/®) + (Z A S/®), 


where RUS/SSR/RMSG/ZUS is a direct sum of groups in 8 
and ZUS/S2Z/Z0S2G/RUS is semisimple. We omit the details, 
which are identical with those of the second part of the proof of 
Theorem 1 as regards representation as direct sums of prime groups, 
and involve [LT, Theorem 4.5], for the basic isomorphisms. Theorem 
2 appears as an obvious corollary of these facts and Theorem 1. 

The remarkable fact about the radical of a linear associative alge- 
bra from this point of view is that it is nilpotent. Also, the radical 
of a complex Lie algebra A is solvable, and [A, A | is nilpotent. The 
radical of an alternative algebra is also nilpotent. The generalization 
of these properties to more general classes of algebras would be ex- 
tremely important. 
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“MINIMAL A-SETS, INFINITE ORBITS, 
AND FIXED ELEMENTS 


G. E. SCHWHIGERT 


Throughout this note 5S denotes a semi-locally-connected con- 
tinuum? and T(S)=S an onto-homeomorphism. If E is a set of S 
such that T*(E) =E for some positive integer k, then E has a finste 
pertod, otherwise the period for E is tnfinste. The set of all images of 
E under T and its inverse T~ is said to be the orbst of E. If E is of 
period k=1, then E is tnmrartant under T. We investigate the least 
invariant A-set which contains the orbit of a cyclic element E£, when 
the period and orbit for E are infinite. This work occupies an inter- 
mediate position between a previous paper,? wherein certain general 
results are directed toward the study of finite orbits, and the problem 
of the action of T(.S) = S in general. We follow here the spirit of the 
work of Ayres begun in his paper, On transformations having pertodtc 
properties, Fund. Math. vol. 33 (1939) pp. 95-103. With Ayres we 
denote the unique cyclic chain between two cyclic elements # and 
D by C(&, D). 


THEOREM? A. If E ts any cyclic element of S with an infinite period 


, and B 4s the least (snvartant) A-set containing the orbu of E then one 


of the following cases must occur: 

(a) B contains exactly one fixed element F. In this case if B is cyclic 
then E is a single poini which ts a cut potni of S lying tn B. The sei 
S— B then kas infinitely many distinci components bounded by images 
of E. (Of course st may also have other componenis not bounded by these 
images.) If B is not cyclic then for any elemeni E' of the orbi of 'E the 
set B ts the closure of the orbsi of the cycltc chain C(E’, F). 

(b) B contains exactly iwo fixed elemenis X and Y. In this case X 


Presented to the Society, April 23, 1943; received by the editors March 15, 1943. 

1 See G. T. Whyburn, Analytic topology, Amer. Math. Soc. Colloquium Publica- 
tions vol. 28, 1942, pp. 64-98. It is assumed that the reader is familiar with the cyclic 
element theory and the general terminology of this publication. We refer to this book 
hereafter as ATW with the numbers for theorems in parentheses. 

1 Fixed elements and periodic types for homeomorphism on s.J.c. continua, Proc. Nat. 
Acad. Sci. U. S. A. vol. 29 (1942) p. 52. To appear in full in the Amer. J. Math. under 
the same title. This peper will be referred to as F; the numbers in parentheses refer 
to theorems of the complete paper. 

3 Compare F(2.4). Each theorem of this paper has as a corollary the special case 
in which S is a dendrite. The farm used in stating Theorem A and the general nature 
of the proof are at the suggestion of the referee. 

í The least A-set containing an invariant set is invariant. 
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and Ege oe ee ere i are ane Y have 
infinste pertods. Furthermore: 

(1) tf B=C(X, Y) then the images TE) are linearly ordered on 
C(X, Y) as they occur under T for n in the range of all integers. 

(2) if BÆC(X, Y) then C(X, Y) contains an element E* satisfying 
(1) and such that C(X, Y) is the minimal invariant A -sei in S containing 
the orbit of E*. Moreover, if E, and Ef denote the nih images of E and E*, 
respechsvely, under T, then the cyclic chatn C(E,, Ex) in B contains the 
component of B—E,* which has E, as a subset of tts closure. 


Proor. By a theorem of Ayres’ B must contain at least one invariant’ 
cyclic element. If it contains exactly one such invariant element F then 
(a) holds and the results in this case are a very easy exercise for the 
reader. Otherwise, B must contain at least two invariant cyclic ele- 
ments and we denote any two such elements by X and F. Thus the 
cyclic chain C(X, Y) is invariant under T and every element which is 
not fixed has an infinite orbit. Now if CX, Y) contains an element of 
the orbit of E then it must contain the entire orbit and we have 
B=C(X, Y). It follows at once that C(X, F) can contain no other 
invariant element by the fact that B is minimal and X and Y were 
arbitrary. From the minimal character of B we see that X and Y 
are end points of B, and (1) holds. In the event that no element in the 
orbit of E is in B there is again no third invariant element in B. 
Such an element Z would imply that ZCK, where K is some com- 
ponent of B—C(X, Y). From the minimal property of B it follows 
that K must contain an element of the orbit of E. Thus the entire 
orbit of E must lie in both of the S cyclic chains C(Z, X) and C(Z, Y). 
This easily gives an A-set which contains the orbit of E and is a 
proper subset of B, contrary to the definition of this set. Thus B con- 
tains exactly two invariant cyclic elements X and Y. Let K(E) de- 
note the component of B—C(X, Y) having £ as a subset of its closure, 
and p the boundary point of this component. Then if #* is the mini- 
mal cyclic element of C(X, FY) containing p we see that H* has an 
infinite orbit. This gives us (2) without difficulty and completes the 
proof of Theorem A. 


The property mentioned below is one of five previously shown to. 
be equivalent. 


COROLLARY. Let E be any cyclic element in S such that E and 
E:=T(E) are distinct. In order to insure that C(E, Ei) has the third 
property of Ayres—contains exactly one invariant element Z—1ti ts sufi- - 


ë ATW (2.51) p. 242. 
F (2.6). 
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cieni (and necessary) to assume thai an invariani element in C(E, E) 
extsis provided E has an infintie period. There ss no assumption when E 
has finste period. 

Proor. If the period for E is infinite this follows from Theorem A. 
If E has finite period, the least A-set M containing the orbit of E 
also contains a fixed cyclic element Z by virtue of the theorem of 
Ayres. It is readily shown that: (1) M is the finite orbit of C(E, E), 
(2) ZCC(E, Fi), (3) Z is unique. 

If M is a sum of cyclic elements of S and each element of M has 
`a finite period. then T is said to be elementusse periodic on M. The 
case M=S—L, where L is the set of all end points of S, has received 
considerable attention; however, the question treated below awaited 
a study of infinite orbits. 


THEOREM B. If T(S) =S ts elementwise periodic on S—L and pCL 
has an infinite orbit, then the least A-set M containing the orbit of p 
has a unique invariant element (“hub”) E, and the cydic element hyper- 
space of M ts structurally simslar to an n-adtc tree. 


Proor. The set M is invariant and contains the closure of the orbit — 
of p. In view of the density of the elements of finite period and Theo- 
rem A it is evident that M contains a unique invariant element E. 
Let k be the least positive value of the period function on M-E 
and I(k) the set of all cyclic elements of M fixed under 7*. It follows? 
that [(&) is an A-set. Furthermore the minimal property for M in- 
sures that M—E is a component-orbit, the finite orbit of some com- 
ponent K of M—E. We select one particular K and consider K =K +g, 
with g a cut point of M on E. (Note: T(q) ¥q although T?(q) =q is 
possible.) Let qEC, where C is a true cyclic element of K, then 
gClI(k) implies CC I(k). If C does not exist, q is an end point of K, 
and hence, by a previous theorem,!° we again get I(k)-K 0. Thus, 
in any case, there is a node X of I(k) in K by virtue of well known 
results. Finally C(X, E)CI(k) also follows from a previous theo- 
rem.!2 We now let N=I(k)-K and investigate the nature of this 
A-set and its complement. If R is a component of K—N, F(R) =x, 


1 F (4.2) and ATW (4.6) p. 248. 

t Tree =dendrite of ATW. For the dyadic tree see A nots om the limit of orbis, 
Bull. Amer. Math. Soc. vol. 46 (1940) p. 968. Also see Leo Zippin, Transformation 
groups, in Lectures in topology, University of Michigan Pres, 1941, p. 196. 

* ATW (4.4) p. 248 adapted in F (2.6). 

1 F (2.1), 

1 ATW (8.1) and (8.2) p. 77. 

n ATW (4.3) p. 248 adapted in F (2.6). 2 
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and Es the cyclic element of N which contains x, then 7*(R)-R=0 
and T*(x) GE,; for otherwise 7*(R)=R and I(k) R0 by the argu- 
ment used to establish X above. Thus K—WN is a component-orbit 
under 7* and each component in this finite orbit is bounded by a 
point of E» If xX then it is possible to construct an A-set M* which 
is a proper subset of M and contains the orbit of p. This would be con- 
trary to the definition of M. A similar set M* is possible if there is a 
node of I(k), other than X, in N. Hence N+H=C(X, E)=C(X,Q+E 
is the only possibility. Moreover each component of K —N has as its 
boundary a point of X; that is, X =E» This suffices to give the struc- 
tural character of M “near” the “center of rotation” E in M; namely 
C(X, q) and its k—1 images extending radially as “spokes” from the 
“hub” E, or a variant of this (when the period of q is less than $) in 
which several spokes meet in the same cut point on the orbit of q. 
More specifically, I(k) => 2_,T*(C(X, g)) +E and the interior of this 
A-set contains I(k)— TX). 

Since I(k) contains no point of the orbit of p we may iterate the 
discussion above using K and T* in the roles M and T. If [>& is the 
least positive value of the period function on K— N and I({F) is the 


set of all elements in M fixed under T', then / is an integral multiple | 


of k, I(k) CI), and I(} is an A-set. The argument proceeds to show 
that, when N*=I(D)- R, we get N*+X=C(X*, X) where X* is 
uniquely the node of I(f) in N*. Then I/D) => 4. TC(X*, g)) +E 
and this fact, together with results concerning the interior of I(/), are 
sufficient to introduce the third stage. The third stage introduces the 
fourth, and so on. When these inductive steps have all been carried 
out, we find that (as we progress from E toward the orbit of p) the 
spoke C(X, E) branches into //k chains at X, these in turn branch 
at the images of X*, and such branching continues indefinitely. This 
branching occurs only at the designated elements. 

The expanding approximation due to Whyburn® (and adapted" to 
this type of homeomorphism) insures that the above process will en- 
velop all but the end points of M, that is, M —L. But M—L=M; 
and it can be readily shown that L is the closure of the orbit of p, 
hence perfect, one-dimensional, and uncountable. This ends the dis- 
cussion of Theorem B. 

In conclusion it is evident that the proof of Theorem B does not 
require the full strength of the elementwise periodicity assumption; 
a study of the general onto-homeomorphism and the subsequent selec- 
tion of convenient restrictions will clarify this matter. It may also be 


3 ATW (4.7) p. 249. 
MF (4,2)... 
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remarked that Theorem A may well carry, in such a study, a weight 
greater than that indicated by its relatively minor role in the proof 
of Theorem B. 


UNIVERSITY or Missouri 
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THE EQUIVALENCE OF »-MEASURE AND 
LEBESGUE MEASURE IN E, 


ARTHUR SARD 


Consider a set A of points in euclidean #-space E.. For each count- 
able covering TA of A by arbitrary sets consider the sum 


g m >D Cnb(A,) i 
í 


where m is a fixed positive number, Ca =7r™3/2"T [(m+2)/2], and 
5(4) is the diameter of A. The constant Cw is, for integral m, the m- 
volume of a sphere of unit diameter in En. Let L4(A; a) be the great- 
est lower bound of all sums o corresponding to coverings for which 
l (A ) <a for all $ (a2>0). We define the m-measure_of A as L(A) 
=lim,.oLm(A ja). We denote the outer Lebesgue measure of A by | A]. 

We shall show that n-measure and outer Lebespue measure are equal: 
L,(A)=|A|. A statement on this matter by W. Hurewicz and 
H. Wallman is true but misleading: these authors assert that L.(A)/c, 
and |4| may be unequal.! 

F. Hausdorff has introduced an m-measure L4(A) defined as is 
L(A) except that coverings by spheres are used instead of coverings 
by arbitrary sets. He has shown? that L3(4)=|A|. However La(4) 
and L3(A) are unequal in general, as A. S. Besicovitch has shown? 
for m= 1, n=2. S. Saks‘ and others define m-measure as Lw(A)/Cm. 

Our proof, which is an obvious extension of Hausdorff’s proof, de- 
pends on two known theorems. 


THEOREM I, Of aH sets in E. having a given diameter, the n-sphere 
has the greatest outer Lebesgue measure.’ 


Received by the editors September 23, 1942, and, in revised form, April 2, 1943. 

1 W. Hurewicz and H. Wallman, Dimension theory, Princeton, 1941, p. 104. 

?F, Hausdorff, Dimension und Susseres Mass, Math. Ann. vol. 79 (1919) p. 163. 

7 A. S. Besicovitch, On the fundamental geomstrical properties of linearly measurable 
plans ssis of points, Math. Ann. vol. 98 (1928) pp. 458-464. R. L. Jeffery, Sets of 
h-extent in "-demsnsional space, Trans. Amer. Math. Soc. vol. 35 (1933) p. 634. 

4S. Seks, Theory of ihe integral, Warsaw, 1937, pp. 53-54. 
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THEOREM II. Suppose that to each point x of a set A in E, there 
corresponds a set of closed n-spheres centered at x of arbitrarily small 
postieve diameter. Then for any piven «€>0, a countable number of the 
spheres cover A and are such that the sum of their Lebesgue measures is 
at most |A| +e. 


We now prove that i 
|A| SL,(A) SLA) S| A]. 
For any countable covering {4;} of A, 


lalasa D/A Ss È b(A)" 


by Theorem I. Hence | A| SZ.(A; a) for all œ and | A| SL,(A). 

The definitions imply that L.(4) SL3(A). 

Finally, given e>0 and a>0, assign to each point x of A the set of 
all closed spheres centered at x and of positive diameter less than a. 
Then by Theorem II a countable number of these spheres {.5;} cover 
A and are such that 


Eis 


Hence L4(4; a) S| A| and 18(4) S| 4]. 
QUEENS COLLEGE 





= Di 6d(S)* S|Al +e 
t 


! W. H. and G. C. Young, The theory of sets of poinis, Cambridge, 1906, pp. 293- 
294. L. Bieberbach, Uber sins Extremaleigensckafi des Kreises, Jber. Deutschen 
Math. Verein. vol. 24 (1915) pp. 247-250. T. Kubota, Uber die konsex-peschlossenen 
Mannigjaltigkoien im n-dimensionalen Roums, Science Reports, Tóhoku Imperial 
University, vol. 14 (1925) p. 98. T. Bonnesen and W. Fenchel, Theorse der konsexen 
Körper, Ergebnisse der Mathematik vol. 3 (1934) pp. 76 and 107. W. Feller, Soms 
geomsiric inequalities, Duke Math. J. vol. 9 (1942) pp. 889-892. The diameter of an 
arbitrary set B equals the diameter of the smallest closed convex set containing B. 

*H. Rademacher, Einsindouiigo Abbildung und Messbarkoti, Monatshefte fir 
Mathematik und Physik vol. 27 (1916) p. 190. The case | A| = œ is not excluded. 


A CONVERGENCE THEOREM FOR LEBESGUE-STIKLTJES 
INTEGRALS 


FUMIO YAGI 
This paper deals with the following theorem. 


THEOREM. Let g(x) be a bounded Borel measurable function defined 
everywhere on (— 0, ©), Let p,(x) be a sequence of normalised func- 
tons ,} hs y, such that 


(1) 2 VOTRA 


Then $X opala) is absolutely and uniformly convergent to a normalised 
functton p(x) CV, and 


(2) > faeces = f eaa 


We shall first prove this theorem in the following special cases: 

(a) g(x) is a bounded piecewise absolutely continuous function? in 
(— œ, ow), 

(b) g(x) is continuous in a finite interval and vanishes identically 
outside this finite interval. (It need not necessarily be continuous at 
the end points of the interval.) 

(c) g(x) is a bounded continuous function in (— œ, œ). 

First let us prove our assertion concerning p(x). Since p,(x) are 
normalized, we have? J`: | Pax) | Ke PaX<) 2-1 V (pa) where P, is 
the upper bound of | p.(x)| for — œ <g< œ. Because of (1), it fol- 
lows that the series > ¢_ipa(x) is absolutely and uniformly con- 
vergent. Let p(x) be the limit function. Evidently p(x) is right- ~ 
continuous and normalized. To show that p(x) C V it is sufficient to 
show that p(x) is of bounded variation on (— œ, œ). For &>0 and 
any subdivision of (—&, £), ~E=xo<a< +--+ LXIa—ı Lm =E, we 


_ Received by the editors March 16, 1943. This was Part I of the author’s doctor’s 
thesis written at the Massachusetts Institute of Technology. Thanks are due to Pro- 
feasors W, T. Martin and R. H. Cameron for their supervision of the research. 

1 p(x) CV means that p(x) is right-continuous and of bounded variation on the 
infinite interval (~ ©, œ). It is normalized if p(0) =0. V(px) denotes the total varia- 
tion of pa over (— œ, œ), 

* f(x) is piecewise absolutely continuous in (— œ, œ) if we can divide (— ©, œ) 
into a finite number of intervals suoh that in each of these intervals f(x) is abeolutely 
continuous. 

3*< <" is to be read “is dominated termwise by.” 
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have 
D| plea — ple) | S E E| pale) — pala). 
fund ae if 
This implies that‘ V(p; —£, )SD2iV (ba; —£, 8 SDr V (pa). 


Hence V(p)< œ. 
Let x; (¢=1, 2, -> - , N) be the points of discontinuity of g(x) un- 
der condition (a), where xı <x3< --- <xy. Then g(x) is absolutely 


continuous on ¥;<x <x, and g(x)= žogi (x)dx+g(x,+0), where 
gi(x) is the absolutely continuous part of g(x) in the Lebesgue de- 
composition. For the infinite interval we then have 


ne) œ% N 
fate =f eiit Died 


where i (xs) is the jump of g(x) at x=. Since g(x) is bounded, it is 
evident that {°.g(x)dp(x) exists. In addition we have 


D Ef llldas OV < = 
where G= u.b.—e< sew | g(x)|. Hence > 2_, f*.g(x)dp.(x) exists. 


We shall now show that (2) holds for case (a). Let A be any posi- 
tive number. Then because of the above remark we have 


È f saipa) = DADA- l Ael A) 


z f pa(z)dg(2) 
—A 
= KAA — e A- A) 
= 2 pala je ee. 


a=] =] 


By the _— convergence theorem of Lebesgue, this becomes 


(4) 


2 sl 2)dpala) = £(A)p(A) — g(— DE A) 
(5) _ = f i Gis SG) 
—A i=l 


a 


A 
= f «(z)ap(s) 


1 V(pa; — $, £) denotes the total variation of pa over (—¢, £). 
s E, C. Titchmarsh, Theory of funcions, Oxford, 2nd ed., p. 345. 


762 o : FUMIO YAGI [October 
- Letting is o, we get 


an N 


O-` >o im H dpa) = f eagla) 
Now consider 


L| S Dia 


r aml h 


/ 


K xf. | (x) | | dpa(x) | 


ri 








seif lento: 


KG: 2 ¥ (ba). 


Thus > if fse(x)dp.(x) is absolutely and uniformly convergent in A. 
Hence by a known — we have 


lim > ladga) 2 2 f eana. 


y. er y] 


Combining this with (6), we get 
E f seats) = f D, 


which concludes case (a). 
To prove the theorem for case (b), it is sufficient to show that the 
expression 


N e © 
Df Dia- S da) 


can be made arbitrarily smali for all sufficiently large values of N. 
Let [M, M2] be the interval within which g(x) is continuous. By the 
Weierstrass approximation theorem, there exists a sequence of poly- 
nomials g(x) which converge uniformly to g(x) in [Mi, My]. Consider 
the functions defined by 








fal), Mis 2S Ms, 
falz) = a 
0, otherwise: 
We note that f.(x) for m=1, 2,- -»- all satisfy the hypothesis (a). 


Hence we have 


s See Hobson, Theory of funcions of a real warstable, vol. 2, p. 121. 


1943] LEBESGUE-STIELTJES INTEGRALS l 763 


0) D f adla) = f paladel 
mal V —o Za a Se 
form=1,2,---. Furthermore we have ` 


N w ð 
p> f ana- [espe 





= [sane 7 3 [per 





(8) 
+ 








N el = 
Df padela) f falada) 


n | f mawa es fap 





Because of (7) it follows that 
N Ce) N æ 

d n B m d a 
Df oid- E f adea) 


where &(m)—>0 as N-> for every m=1, 2,---. Since fa(x) con- 
verges uniformly to g(x) in [Mi, Ma] we also have 





(9) 





< en(m), 





| f tala rate) f edet 
(10) = Ü 
s tm V (p) zi Cm, 





Ms 
=| fo fen(2) = e690) 
AM 


where = MaxaisesM,|gn—g| and where ex —0 when m— since 


V(p) is finite. Also 


“| N © N £ 
d n SESK m d ” 
| 2 f &@ aa) -È fis (x) dpa(a) 





N id; 
sE f le = sale) }apa2) 
(11) n=l Ay m 


N 
See DL 
feel M 





dp,(x) 





S em DV (Pn) = ew! 
tqem S 


where ex’ —0 when m—o, since > r1 V(pa) is finite. 
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Now let å be an arbitrary positive number and take m large enough 
80 that 


(12) l tn F ém < 28/3. 
With m fixed, take N large enough so that 
(13) enzr(m) < 6/3, y= 0, 1, 2,- 


It follows that [using (12) and (13) in (8) | 


<å 








3 ele )dpala) - f eaaa) 


for all sufficiently large N and arbitrary >00. : 
. Coming to case (c), let œ be a positive number and define 


(x) a —-aSxzSa, 
Bane 0, otherwise. 
Since falx) satisfies the conditions of hypothesis (b), we have 
(14) D f edea) = f eia. 
mej Y go a n 
f 

By dominated convergence we have 
(15) im f gdp) = f eaa. 
Let G=u.b.—ocscol g(x)|. Then 

(2)dp,(2) | « 2)|| ds 

Df eoid |< Of allaa 








KG > V (Pn). 


Thus >a. f *ege(x)dp.(x) converges absolutely and uniformly in æ, 
and it follows that 


<s ene = > lim f pda 


(16) cme mal  —ap - 
' E 2 ga dpla), 


the last step being justified by the theorem on dominated conver- 
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gence. Combining (14), (15) and-(16), we obtain (2). This proves the 
theorem under hypothesis (c). 

To complete the proof of the theorem we need the following 
lemma. 


LEMMA. Let pa(x) satisfy the condtitons of the theorem. Suppose (2) 
is true for ah bounded functions g(x) of Batre class less than a. Then 
(2) ss true for al bounded functions g(x) in the class a. 


Let fx) be any convergent sequence in a Baire class a:<a such 
that f,(x) is uniformly bounded. Let limp. fx) =f*(x). Clearly f*(x) 
is also bounded. By hypothesis, we have 





a7) D f Aada) = f fipa) 
for j=1, 2, -+ ,. By a theorem on bounded convergence, we have 
18 wT ey ene t roaa. 
(18) lim fi (2) dpa) J re (2) 
Consider also 
2 f flx)dp(z)|«KF- >) | | dp.(2)| 





=F- D VG), 


where F is u.b.w<s<w min, ---(f,(x)|. Hence Drif” afx)dpa(x) 
converges absolutely and uniformly in j. Therefore 


tim Sof oda) = E im S aade 
fmm næ] Y teen] jao 1 


(19) D ae 
w 2 f*Cx)dp, (z). 


Combining equations (17), (18) and (19), we get 
Df Paaa = f peep, m 


which completes the proof of the lemma. 
Finally we return to the original hypothesis. Itis known’ that the 


! For example, see de la Vallée Poussin, Iniégrales de Lebespus (Borel Monograph), 
1916, pp. 36, 37. 
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- get of bounded functions in classes 0,1, 2,- - of Baire is the same 
as the set of bounded Borel measutable functions. Under (c) we have 
proved the theorem for any bounded continuous function, that is, 
for bounded functions in class 0 of Baire. By the lemma it holds then 
for functions in classes 0,1, 2, - - - of Baire and hence for all bounded 
Borel measurable functions. This completes the proof of the theorem. 

We note in the theorem above that the boundedness of g(x) was 
sufficient to insure the existence of the integral f".g(x)dp(x), pro- 
vided that p(x) satisfied the conditions of this theorem. Now we shall 
` prove a partial converse of this. 


THEOREM. Let g(x) be a given Borel measurable function defined 
everywhere in (— œ, œ), with the property that [".g(x)dp(x) exisis® 
whenever p(x)GV. Then g(x) ts bounded everywhere in (— œ, œ). 


_ Let E, be the set of points x for which nSg(x)<n+1. We shall 
‘show that the family of non-empty sets E,, is finite. 

| Suppose the contrary. Then there must exist an infinity of distinct 

Xa, since En, are mutually disjoint. Consider a particular sequence 


Xap En» Fay °° *, ONC Xe, from each non-empty Ean 
At this SEH let us note that given any sequence of integers 
O<m<m<:-- there exists a number £ such that > /72.,1/n§ di- 


verges and al /nft * converges. In class L put all real numbers p 
such that > aa11/7 is divergent. Put all others in R-class. To the 
R-class belongs the number 2. The number 0 belongs to the L-class. 
If p belongs to L, then all numbers less than ġ also belong to L. Thus 
we have a Dedekind cut. Let c be the number defined by this cut. 
. Then >02.,1/nf'? diverges, while 5°2,1/nft?? converges. Hence 
=c— 1/2 satisfies the required condition. 

With this in mind, let us return to the proof of the theorem. Using 
the sequence x., defined previously let us form the function 


1 
(x) = 5 5 Ue GE wn, (x), 


w0 (n + 1) 
where 
(x) {" i ie. “ae 
a) m 
= 1, 4 ty, 


and £ is such a number that > >f51/ (mip 1) converges and 
ol /(#.+1)§ diverges. 
Since w., (x) is right-continuous and the series uniformly conver- 


*M. H. Stone, Lincar transformations în Hilbert space, Amer. Math. Soc. Col- 
loquium Publications, vol. 15, 1932, p. 206. 
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gent, p(x) is also right-continuous. Also p(x) is a monotone increasing 
function. To show that p(x) € V, we make use of the theorem proved 
earlier. In fact we have 


f lene - f ao 5 f> | È = = on (2)} 


= zi { 
= = dug, 
Dj. (s, + 1) A 
r) 1 n 
2 (a; + 1) ) 
To complete the proof of this theorem it is sufficient to show that 
f2ag(x)dp(x) does not exist for this p(x). Let 
g(z), Ejga] SM, 
u(x) = 


Q, otherwise. 


Then 


J lella] = JO leuta) | danta) 


2 Ta a 


È p 


22 


n, <M i 1)eH 
the first step being justified by the first theorem. Hence 
im Ss T 
im E grym ij lel ere] ` 


which proves that the integral does not exist, since the series 
-oL/(#,+1)§ was constructed to be divergent. 


MASSACHUSETTS INSTITUTE OF TECHNOLOGY 


DECOMPOSITIONS OF A 7, SPACE 
B. H. ARNOLD 


Introduction. Several authors have proved theorems of the type: 
The “structure” of a ‘certain class of transformations defined on a 
“suitable” space A to a fixed “suitable” space B “determines” the 
space A. 

As examples, we have: 

Banach [3, p. 170, see also 6, 7, 13]:1 The Banach space of all real, 
continuous functions defined on a compact metric space A “deter- 
mines” Á.. 

Eidelheit [5, see also 2, 10, 11]: The ring of all bounded operators 
on a real Banach space A “determines” A. 

In the present paper, we prove an analogous theorem (Theorem 
2.5). Intuitively, it says that a 7; space A is “determined” by a 
rather weak ordered system structure of the collection of all continu- 
ous mappings of A onto an arbitrary (variable) Tı space B. More 
exactly, it states: If two 7; spaces A, B are such that the ordered 
system of upper semi-continuous decompositions of A is isomorphic 
to thatof B, then A and B are homeomorphic. 

In §1 we give a discussion of ordered systems which is sufficient 
for our purposes. In §2 we prove the theorem mentioned above. In 
§3 we characterize separation and connectedness properties of a T; 
space in terms of order properties of its upper semi-continuous de- 
compositions. In §4 we discuss compactness properties of the space 
and their relations to order properties of the decompositions, and in 
§5 we give some examples and counter examples. 


1. Ordered systems.? We assume that the reader is fairly familiar 
with the nomenclature of ordered systems and lattices. 

An ordered system is a collection, M, of elements, D, with an order- 
ing defined in M. That is, there is given a binary relation, >, which 
is defined for some pairs of elements in M, and which is transitive, 
reflexive, and proper. 

We use less than and greater than to refer to the ordering in M; 
contatns will be used only in the point set sense. 

Most of the ordered systems we consider will be directed and will 
contain atoms. Throughout the paper, we use the letters a, b, c for 


Presented to the Society, April 23, 1943; received by the editors February 11, 
1943, and, in revised form, March 22, 1943. 

1 Numbers in square brackets refer to the bibliography at the end of the paper. 

? For a more complete discusion, see [4, 12, 14]. 
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atoms of ordered systems. 

A multiplicative system is an ordered system in which each pair of 
elements has an inf; we use o-complete and complete in the usual 
sense. 


THEOREM 1.1. A are aca. system M with a unt is a 
- complete laittce. 


For any non-empty collection {Da} of elements of M, define? 
D = A {D|D>D,, alle}. 


Since M has a unit, {D|D>D,, all a} is not empty, and D’ exists; 
also, from the definition of A, D’ > Da for all a. Suppose D” > D, for 
all a. Then 


Da A {D|D > Da} =D" A (A {D| D > Da D = D} < D" 


so that D’ =V D. and M is a complete lattice. 

Two ordered systems M, M’ are tsomorphic if there is a one-to-one, 
order preserving correspondence between them; that is, if there exists 
a one-to-one mapping f(M)= M" such that D' <D” is equivalent to 
f(D!) <f(D"). 

Some examples of ordered systems which we shall use in the sequel 
are: : 
1. The collection of all open neighborhoods of a fixed point of 
any topological space, ordered by point set inclusion. That is, U< V 
means UC VY. This system is directed both by > and by < (< is 
the “interesting” direction), in fact, it is a lattice. It contains a unit, 
but usually not a zero, and even if it has a zero, it may contain no 
atoms. 

2: The lattice of all closed subsets of a Tı space, again ordered by 
point set inclusion. Since this lattice is complete, it has a zero and a 
unit. The closed sets containing just one point are atoms, and these 
are the only atoms. 


2. The reconstruction of S from M. Throughout the-paper, S will 
denote a topological space which contains an infinite number of points 
(four points would be sufficient), and in which each subset containing 
exactly one point is closed; that is, S is a Tı space. By a decomposi- 
tion of S we shall mean a collection of non-empty, closed, disjoint 
subsets of S whose union is S. 


DEFINITION 2.1. A decomposition of S ts upper semi-continuous 


3 We use V, A for sup, inf; U, O for union, intersection, respectively; and 
folg} | for the set of all elements p with property g. 
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(u.s.c.) if, for any set X of the decomposition and any open set UDX, 
there extsis an open sei VDX such that any set of the decompostiton 
which meets V ts contained in U. 


It is well known that every upper semi-continuous decomposition 
(u.s.c.d.; the same abreviation will be used for the plural) of S gives 
rise to a continuous mapping of S onto a 7; space—the Zerlegungs- - 
raum of Alexandroff and Hopf [1, p. 61 ff. |. Thus any statement con- 
cerning u.s.c.d. may be interpreted as a statement about continuous 
mappings of S onto a Tı space. 

Let M= ÍD} be the ordered system of ws.c.d. of S, where D'< D” 
means each set of the decomposition D’ is contained in some set of 
the decomposition D’’. It is easy to see that M has a zero, 0, (the 
decomposition of S into the single points of S) and a unit, 7, (the 
decomposition of S into the single set S) and is therefore directed 
both by > and by <. However (Example 5.3), M is in general nota 
multiplicative syatem. 

If xe, Ya are any two distinct points of S, the decomposition of S 
which consists of the set x.y, and the single points of S—(x,.uy.) is 
u.8.c. and is an atom of M. Conversely, any atom of M has this form. 
We shall say that a is generated by Xe, Ye; the generators of an atom 
are unique, and completely determine the atom. Even though M is 
not necessarily a lattice, it is clear that Va, (¢=1, 2, » -+ , n) exists 
for any finite number of atoms and a,Aa;=0 if a; 7£a}. 


DEFINITION 2.2. Two atoms a, b are concurrent, in symbols, a-~b, 
sf and only if at +s false that ab is greater than exactly two atoms. 


THEOREM 2.1. A necessary and sufficient condttton that a~b ts that 
(xe Ve) Nn lnu) 0 (a; b generated by xs, Ye; Xe, Ve respectsvely), 


Nore. From this theorem, it will be observed that the relation ~ 
is reflexive and symmetric but not, in general, transitive. 

Sufficiency. We may assume x,=x,. Then either y= so that 
a=bxaVb and aVb is greater than just one atom, or Ya ys. In the 
latter case, aVb is the decomposition of S into x.uyeUy and the single 
points of S—(x,.uysu%). But then there are three distinct atoms, 
namely a, b, and the atom generated by Ye Y», which are less than 
aV/b. 

Necessity. Suppose a and b are not concurrent, then a0 since 
otherwise aVb =a and is greater than just one atom. But we have 
seen above that if ab and (x.uy.)n(xsuys) ~0, there are three atoms 
less than a\Vb. Therefore, since ayb is greater than only two atoms 
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by hypothesis, we must have 
(te U Ve) N (zU MH) =O. 


DEFINITION 2.3. An u.s.c.d., D, of S is traotal sf, for any iwo atoms 
a, b less than D, there exists an atom c less than D satisfying a~c, b~c. | 


THEOREM 2.2. An u.s.c.d., D, of S 4s trivial if and only if at consists 
of single points of S except for one closed sei X (which may be empty, 
but cannot contain just one poini). We say that D is generated by X, 
and use the notaiton Dy for 4. 


Sufictency. We may suppose X 0, since otherwise D=0 and is 
trivial. If a, b are any two atoms less than D, the atom c generated 
by £a, Ya (which will be distinct points under suitable labeling) satis- 
fies our requirements. 

Necesstty. If there are two sets X, Y of the decomposition D, each 
containing at least two points, say Xe, ¥GX, %, WEY, then a, b are 
two atoms less than D such that no atom c less than D satisfies a~c, 
b~e. 


DEFINITION 2.4. An infinie collection of atoms of M is a C-set tf 
each patr of atoms of the colledion are concurrent. 


Let us order the C-sets of M by inclusion, that is C’>C’’ if each 
atom in C’’ is also in C’. Then by Zorn’s Lemma (or see below) there 
exist maximal C-sets. We denote the collection.of all maximal C-sets 
of M by S’. 


THEOREM 2.3. There ts a one-to-one correspondence between the porinis 
of S and the maximal C-sets of S’. 


Let x be any point of S and define f(x) as the collection of all 
atoms generated by x, y for arbitrary y€ S —x. Then, by Theorem 2.1, 
f(x) is a C-set. (It is infinite since S has an infinite number of points.) 
Moreover, it is a maximal C-set, for if C’ is any C-set containing f(x), 
and c'E C’, then (Theorem 2.1) one of the generators of c’ must be x, 
and c’€f(x). Thus f(x) is a single-valued transformation of S into S’. 

The inverse function f~! is single-valued. For, if f(x) =f(y), then 
any atom of M which has x as a generator also has y as a generator, 
and x=. 

f(S) covers S’. For, if C is any maximal C-set, and a, b are any two 
distinct atoms in C, then a~d and we may suppose Xa™ Xp, Ver Ne. 
Now, if c is any atom in C, we must have 


(tau Ya) N (Te U Ve) £ 0 £ (zru Ya) A (ZU Yd 
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so that (with suitable labeling) either (1) x, == Xp, or (2) Xe = Ya and 
Y=. But the latter case is impossible because C must contain an 
infinite number of atoms whereas if (2) holds no atom of M — (audbue) 
can be concurrent with each of a, b, c. Thus (1) is the case, and 


J (xa) =C. 


THEOREM 2.4. If M is the ordered system of al u.s.c.d. of a 11 
space S, then, using only the order properties of M, a Ti space S’ may 
be defined which 1s homeomorphic to S. 


The points of S’ will be the maximal C-sets of M. A subset, Q, of S’ 
will be closed if either (1) Q consists of exactly one point of S’, or 
'(2) there exists a trivial decomposition, D, of S such that Q is the col- 
lection of all maximal C-sets which contain at least one atom less 
than D. 

It is easy to see that S’ is a Tı space. We prove that the transforma- 
tion f(S)=S’ defined in the proof of Theorem 2.3 is a homeomor- 
phism. We must only show that f and f~! are closed. 

Let X be any closed subset of S which contains more than one 
point. Then the closed subset of S’ given by condition (2) above with 

D = Dz is exactly f(X). 

Conversely, if X’ is closed in .S’ and contains more than one point, 
and if Dy is the trivial decomposition given by condition (2).above, 
then f1(X’) =X. 

Since both S and S’ are T, spaces, f and f~! are closed and f is a 
. homeomorphism. 


THEOREM 2.5. A necessary and sufficient condition that two T, spaces 
be homeomorphic ts thai iheir ordered systems of u.s.c.d. be isomorphic. 


The proof is immediate from Theorem 2.4. 
' 3. Separation properties of S.- 
THEOREM 3.1. If Sts normal, M ts a multiplicaisve system. 
Let D'={X}, D''={ Y} be any two elements of M, and define 
D= {XnY| XED, YED, XnY xO}. 


Clearly D is a decomposition of S; we show that it is u.s.c. If 
ANYED and U is any open set containing XnY, then X — U, Y—U 
are closed, disjoint subsets of S so that there exist open, disjoint sub- 
sets W’,W’’ containing them, respectively. Now Uu W'DX, Uu W” DY 
and, since D’, D” are u.s.c., there exist open sets V’DX, V” DY such 
that any set of D9 which meets V“ is contained in UUW (¢=’, ”’). 
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Set V= V'nV"". Then, if X’nY’ is any set of D which meets V, we 
have 

X’ nV’ 0, and XX CUuUW', 

¥'nV" #0, and Y’CUuUW", 
so that 

X nY’ C(UuWNn Uu Ww”) = U, 


and D is u.s.c. Clearly D=D’AD"’. Hence, M is a multiplicative 
system. 
The converse of Theorem 3.1 does not hold. See Example 5.2. 


DEFINITION 3.1. Two trivtal u.s.c.d. of S, D', D” are concurrent, 
in symbols D'~D"', if some atom less than D’ is concurrent with some 
atom less than D”. 


Notice that the trivial decomposition zero is not concurrent with 
any decomposition, and if D’, D’’ are atoms, Definition 3.1 agrees 
with Definition 2.2. 


THEOREM 3.2, A necessary and sufficient condition thai two nonsero 
iriotal decompostitons Dr, Dy be concurrent ss that Xn Y3<0. 


Suffictency. Let xe XnY, yE Y—x, s€© X —x. The atoms generated 
-by x, 8; x, y are less than Dy, Dy respectively, and are concurrent, 
go that Dr~ Dy. 

Necessity. lf Xn Y=0, then no atom less than Dy can be concur- 
rent with any atom less than Dy, so that Dx and Dy are not concur- 
rent. 


DEFINITION 3.2. Two nonzero, irtotal decompositions D’, D” run 
over M 4f each atom of M ts concurrent with at least one of D’, D”. 


THEOREM 3.3. A necessary and suficient condition that two nonsero, 
irsotal decompositions, Dr, Dy run over M is ihat S—(XuY) contains 
at most one potnt. 


` 


If S— (Xu Y) contains two distinct points x, y, then the atom gen- 
erated by x, y is not concurrent with either Dr or Dy. 

If S—(XuY) contains zero or one points, then any atom of M 
must have one of its generators in Xu Y and, by Theorem 3.2, must 
be concurrent with either Dy or Dy. 


THEOREM 3.4. S ss a Hausdorff space +f and only sf, for any atom 
aC M, there extsi trivial decompostitons D’, D" whitch run over M, such 
that 

D ~a, aÊ D’, Da aq D”. 
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Suppose S is a Hausdorff space, and let a be any atom of M. Then 
Xa; Ya have disjoint neighborhoods U, V, and X=S— U, Y=S—V ' 
form a closed covering of S. The trivial decompositions Dr, Dy satisfy 
the conditions of the theorem. 

Conversely, if £e, Ye are any two distinct points of. S, let a be gen- 
erated by Xe, Ya, and let Dr, Dy be the trivial decompositions satisfy- 
ing the conditions of the theorem. Then (under suitable labeling) 


%EXnS-Y), YyYkEYn(S-—X) 


and U= S—X, V=S—Y are neighborhoods of Xa, Ya respectively. If 
_S—(Xu Y) is empty, UnV=0, if S—(XuY) contains just one point, 
g, then s is an isolated point and U—s, V—s are disjoint neighbor- 
hoods of xa, Ye, 80 that S is a Hausdorff space. 

The proofs of the following theorems are similar to the proof of 
Theorem 3.4, and will not be given here. 


THEOREM 3.5. S ss regular sf and only 4f, for any nonzero trivial 
decomposition D, and any atom a not concurrent with D, there exist 
irivial decompositions D’, D” which run over M and such that D' >a, 
a is not concurrent with D", D' is not concurrent with D, D<D". 


THEOREM 3.6. S is normal sf and only sf, for any two nonsero trimal 
decompostttons D’, D”, such that D’ and D” are not concurrent, there 
extst trivial decompositions D, D” which run over M such that 
D''>D', D’ is not concurrent with D””, D'” is not concurrent 
with Dp, D” € D'r, 

THEOREM 3.7. S has at least one isolated porni if and only if one of the 
following two equivalent conditions is fulfilled. 

(I) There exists a irsotal decomposition D, and an atom a <D a 
run over M. 


(II) There extsts a nonzero trivial decomposition D and an atom 
a xD such that, for any atom b, b 4D implies b~a. 


THEOREM 3.8. S is connected, except possibly for one isolated point, 
sf and only tf every two irnal decompossitons which run over M are 
concurrent. 


4. Compactness properties of S. 


THEOREM 4.1. If Sts a compact Hausdorff space, then M is a com- 
plete lattsce. 

‘ A topological space is compact if every open covering has a finite subcovering or, 
equivalently, if every collection of closed subsets whose intersection is empty contains 
a finite subcollection with empty intersection. 
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By Theorem 1.1, we need only show that M is a complete multi- 
plicative system. Let {Da} be any non-empty collection of u.s.c.d. 
of S and set 


D= [A Kal Xa E De, N Xa OF 


Clearly D is a decomposition of S; we show that it is u.s.c. If XmOX, 
is any set of D and U is any open set containing X, then each of the 
sets Xa— U is closed and their intersection is empty. Since S is com- 
pact, there must be a finite number of the sets X«— U whose inter- 
section is empty, say - 


Maanen 


But S is normal, hence there exist open sets WiDX.,—U (=1, 
_2,--++,) such that OW, =0. Now for each +, UU W; is an open set - 
containing Xa, and, since each D, is u.s.c., there exist open sets 
ViDXaq, Such that any set of Da, which meets V, is contained in 
UuWi Set V=C\Vi. Then VDX, and any set of D which meets V 
is contained in U. For, if X’=(\XJ meets V, then X2OV,+0, and 
Xi.C UUW,, +=1, 2,---, , so that 


VX.COXs, CO(UUW) =U 
« æl i=l 


Thus D is an u.s.c.d. of S. Clearly D=AD,, and M is a complete 
lattice. 


THEOREM 4.2. If S 4s regular, and each set of the u.s.c.d. D = {Xx} 
is compac, then DAD! exists in M for any D'={Y} GM. 


In the proof of Theorem 3.1, the only use which we made of the 
normality of S was in concluding that, since X— U, Y—U were 
closed, disjoint subsets of S, they could be separated by disjoint 
open sets W’, W’’. Suppose X is compact and S is regular, then, for 
each point x CX — U, there exist disjoint open sets V,, W, containing 
x, Y—U respectively. Since X is compact, a finite ee gay 
Va, =d -+,) of the V, cover X—U and 


W'=VUYVS,, Ww" =(\We, 
i a oe 


are disjoint open sets containing X —U, Y—U respectively. 
THEOREM 4.3. If Sis a Hausdorff space and D', D" are two u.sc.d. 
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of S such that each set of esther decomposition is compact, then D'AD” 
extsis in M. 


The proof is similar to that for Theorem 4.2 and will not be given. 

The author believes that the compactness hypotheses in Theo- 
rems 4.2, 4.3 are necessary, but has been unable to construct an ex- 
ample to prove their necessity. However, Example 5.3 shows that the 
separation hypotheses cannot be dropped. 


THEOREM 4.4. If Sis metric, then a necessary and sufficient condsison 
that M be a complete latitce is that S be esther discrete or compac. | 


By Theorem 4.1, if S is compact metric, M is a complete lattice; 
if S is discrete metric, then any decomposition of S is u.s.c. and M 
is a complete multiplicative system, hence, by Theorem 1.1, a com- 
plete lattice. 

If S is metric but neither discrete nor compact, there exist two se- 
quences of distinct points, x;, y, such that lim x, =x, {y,} has no limit , 


point. Then the set 
Y = gzu (Ua) u Uy) 


is closed. Let a; be the atom of M generated by xi, Yı then D = Va; 
does not exist in M. 

For suppose DEM. Consider the u.s.c.d. Da (s=1, 2,---) 
consisting of the sets (1) single points of S—Y, (2) the » sets 
XUY XUV, °°, XaUYa, (3) the set xu(U yardu(Usey,). Each 
D, >a; for all 4, hence D <D, for all n. Thus the decomposition D 
must have the single point x as one of its sets. But then D is not 
u.8.c. since each neighborhood of x meets all but a finite number of 
the sets xuy; of D, whereas the neighborhood S— (Uy) of x does not 
contain any of the sets x,Uy,. 

In this connection, see also Examples 5.1, 5.2, 5.4. 


5. Examples. In this section we give several examples which have 
been referred to in the other sections of the paper. No proofs will be 
given. 

EXAMPLE 5.1. S is the real line. M is not a o-complete multiplica- 
tive system. 

For each n> 1, let 
D, = 41/202, 1/3u3,---,1/suR%, (V 1/8) v0u(U3), 

>s >a 


and single points of S elsewhere} 
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Then AD, does not exist in M. See Theorem 4.4. 


EXAMPLE 5.2. S is not discrete, not compact, not a Hausdorff space. 
M is a complete lattice. 

Let S be the set of real numbers with “closed set” defined as (1) the 
whole space or (2) any countable (empty, finite, or denumerable) 
subset. Any decomposition of S is u.s.c. See Theorems 3.1, 4.4. 


EXAMPLE 5.3. S is compact, not a Hausdorff space. M is not a 
multiplicative system. 

Let S be the point set of the xy-plane consisting of the two line 
segments 

L: y= 4, |x| 81, f= 1,2, 

but the topology of S is not its relative topology. The closed subsets 
of S are any finite union of the sets (1), single points of S, or (2), any 
subset of S which is closed in the topology of the xy-plane and con- 
tains its projection on L, (¢=1, 2). (Intuitively, (2) says: any set 
which is the union of the “same” two “closed” subsets of the seg- 
ments Li, La.) Let 


a; = (— 1/4, 0), b; = (1 — 1/4, 0), ` t= 2,3, 
Y = U (a, u b.) u (0, 0) u (0, 1) u (1, O) u (4, 1), 
and set 


D’ = {single points of S — F, (0, 0) u (1, 0), 
(0, 1) u (1, 1), (œu b) (i= 2,3, )}, 
D” = {single points of S — Y, (0, 0) u (1, 1), 
(0, 1) u (1, 0), (m@m u bò (E = 2, 3,--- df. 
Then D’AD” does not exist in M. See Theorems 3.1, 4.1, 4.2, 4.3. 


EXAMPLE 5.4. S is the xy-plane. M is not a lattice. 


Let f 
Y= U (1/n, s/s), 
m,a>d 


and set 


DY = {aingle points of S — F, (1/n, m/n) u (1/7, (m + 1)/n) 
(n = 1,2,--- ;m= 1,3,5,---)}, 


p" = {sing points of (S — F) u (Y (1/1, 1/n)), 


(1/m, m/n) u (1/1, (m + 1)/n) (a = L, peen m= 2, 4, Ó, )\. 


\ 
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Then D'V D” does not exist in M. See Theorems 3.1, 4.1, 4.4. 

In a future paper, the author will discuss an interesting related 
problem which was suggested to him by A. D. Wallace. Namely: 
Characterize intrinsically thoee ordered systems which are “M's” for 
some space S from a specified class, for example S compact Haus- 
dorff. 
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PURDUE UNIVERSITY 


THE ADDITIVITY OF THE LEBESGUE AREA 
J. W. T. YOUNGS 


A triple of continuous functions T: x'(u!, 47), ¢=1, 2, 3, defined 
on a closed square Q [0OSu'Si, 0Su!S1] represents a surface © 
(1.6, 1.17, 1.21).1 If r is any closed rectangle in Q then we may speak 
of the triple T, consisting of the above triple T with its range of defini- 
tion restricted to r. This triple generates a surface ©(r). If ri and rs 
have no interior points in common, and r:+r;=Q, it is natural to 
hope that L(6)=L(6(r1)) +Z(6(r)) where L is the symbol used to 
indicate the Lebesgue area (3.13). This statement is certainly true 
whenever the Lebesgue area is given by the standard integral for- 
mula, since the Lebesgue integral is additive. However, in general it 
is false. It may be said that this note is concerned with the statement 
that if the triple is constant on 7:73, the Lebesgue area is additive. 

Stated in this fashion the theorem may appear to be new. Actually 
it is but a very special case of a fundamental problem in the theory 
of area. The classical conjecture is that the area is additive under the 
much weaker requirement that the triple be rectifiable on r;-r,. No 
proof of this conjecture has, to our knowledge, appeared. (In this 
connection see McShane [1, p. 138].) 

In relation to existing literature the theorem of this note is in- 
cluded in a more general theorem due to Morrey [1]. In fact, the 
first case in Morrey’s proof [1, p. 314] is essentially the theorem 
of this paper. A discrepancy in his argument was rectified by Radé 
and Reichelderfer [1] in an independently interesting discussion of 
stretching processes. 

This result, therefore, is not new. 

The point of this treatment is the utter simplicity of the stretching 
process here employed. The development serves to make a known 
result more accessible. 


THEOREM 1. If a polyhedron $ (3.11, 1.21) has a quast-linear (1.7) 
representation T: x(u), uCQ, such that the image of the side s [u'=1, 
Osu?si| 45 sntersor to a sphere of diameter less than e about the posni 
a |a}, a’, a*|, then there exists a polyhedron P* with quast-linear repre- 
sentation T*:x*(u), «EQ, such that 


Presented to the Society, February 27, 1943; received by the editors March 23, 
1943. 

1 The notation and terminology of this note are largely due to Radó [1]; in fact, 
numbers in parentheses refer the reader to appropriate paragraphs in his paper. 
Numbers in brackets refer to the bibliography. 
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(1) E(P*) = E(B). 
- (2) x*(u) =a for ucs. 
(3) \|x*(s) — x (u)|| <e, hence d(Q*, B) <e (1.1, 1.22). 


PROOF. Define xalut, #7) =x(au!, u?), a>1. Since T is continuous 
we may choose æ so that || 72 (4) —x(u)]| <e, for uCR.|0Su'S1/a, 
0<u?S1]|, and further the image of S=Q—R, under T is in a sphere 
of diameter less than ¢ about a. The representation x(u) is certainly 
quasi-linear in Rg. 

Define x*(u) to be equal to x_(#) on Ra. Now x*(#) is a quasi-linear 
representation of P on Rg. 

We have yet to define x*(«) on the rest of Q. There is a set of in- 
tervals Iı ©- - , Ina 0n [u!=1/æ, 0Su?S1] such that x*() is linear 
on each of them and consecutive I's abut. Their end points, in order, 


are 
po|1/a, 0], Pitt, bs-s[1/a, 1]. 

Add to this sequence »,_-[1, 1] and »,[1, 0]. 

Let p be the point [(a+1)/2a, —1] and consider the segments 
. (b, fa), R=1, - ++, 2-1. Each segment cuts [1/agu'sS1, u?=0] in 
exactly one point gs. Join fa to qap, k=1, -- + , #—2. The rectangle 
S is now subdivided into 2# — 2 triangles whose vertices are in the set 
Po °° a Pay Qi * * * 5 Gute 

The triple x*(u) has been defined at the vertices po ++, Des. 

Let xt (pei) = x" (De )=a, and x*(qy) = x* (ps), k=l, -,n—ti. 

Since the mapping is defined at the vertices of each dangle of the 
subdivision there is a unique linear extension over each triangle. The 
extensions will match along the side two triangles may have in com- 
mon, and hence we have a quasi-linear* extension on S. Define x*(#) 
over S to be this extension. 

Now T™*:x*(u) is quasi-linear on Q and so represents a poly- 
hedron &*. 

It is important to notice that the map of each of the triangles in S 
is a segment or a point and hence contributes zero area. Therefore 
E(P*) = E(B). 

Secondly, x*(u) =x*(p,.) =x*(pa_1) =a for uGs. 

Finally, T(S) CTS) + [the segment from T(p,_1) to a]. But T(S) 


* E(P) is the elementary area of the polyhedron §, that is, the area in the ordinary 
geometric sense. It is not necessary, for the purpose of this note, to kmow that this 
coincides with the Lebesgue area. The fact that this is so, though sometimes ignored, 
is by no means obvious (3.20). i 

3 It is important to notice that a quasi-linear representation need not be a map 
which carries each triangle of tke subdivision into a nondegenerate triangle. The point 
set covered by a quasi-linear map may, for example, be a single point. 
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is contained in the sphere of diameter e about a. Therefore 7*(.S) is 
in the same sphere. Now in view of our choice of a it follows that 
||æ* (u) —x(u)|| <e for «EQ. 

REMARK. The theorem may be stated with any rectangle R replac- 
ing the square Q. P 

Let us turn at once to see how this stretching process is applied 
in the proof of the additivity result. 

Consider a continuous triple T: x(u), «CQ. Let Q be divided 
by a line u!=c into two rectangles Ri [(OSu!Sc, OSu?S1] and 
Rs [cSu'!S1, OSu?S1]. Let T, be the triple x(u), wER,, ¢=1, 2. 
Now T is a representation of a surface ©, while T, is a representation 
of a surface 6,,+=1, 2. It is both well known and easy to see that 
L(6) a £(Gi) +L(&,). The reverse inequality is usually false. We are 
interested in a case in which it is true, making the Lebesgue area 
additive. l 

THEOREM 2. If x(u) is constant on u! =c, then L(S) = L(&) +L(5). 


Proor. Grant, for the moment, the existence of two sequences 
of polyhedra {Ba} and {sBa}, having the property that for #=1, 2, 
E(.%.)-L(6,), and each ‚Pa has a quasi-linear representation ,%,(1) 
on R; such that || en (14) — x(u) || <i/n for wCR,. 

The justification of this will be taken up presently. 

It is enough to obtain a sequence of polyhedra {Ba} with quasi- 
linear representation x.(#) on Q such that E(%,) is within 1/n of 
E(B.) EGP), and 3.6. 

As a matter of fact, we are going to obtain the stronger result, 
E(P.) = E08.) +Z£G8,), and $,6. 

The theorem will then follow, since by the definition of the Lebesgue 
area, L(S) Slim inf E(Pa)=lim inf [EGP.)+E£GB,)]=lim EGP.) 
+lim EGB.) =L(S1) +L(&). 

The process by which the sequence of polyhedra {%,} is obtained 
is based on Theorem 1. Were we to define x(u) to be .x,(#) on R, the 
x,() would fail to represent the required sequence of polyhedra only 
by virtue of the fact that continuity, in general, would be lacking 
along #!=c. Theorem 1 essentially enables us to alter ixa(u) and 
ax,(u) slightly as to position and mot at all as to area so that they will 
match along u! =c. 

Consider any a and its quasi-linear representation .ra(u), «CG R,. 
Theorem 1 guarantees the existence of a polyhedron ,$.* with quasi- 
linear representation æ (u), u ER, such that: 

(1) EPa) = EBs). 

(2) æ*(u)=x(u), a constant, on [u!=c, 0S4’ S1]. 
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(3) || P(e) — a(u)||<2/n. 

Now define Tn: x.(u) = æn (u), uC Ry, ¢=1, 2. 

This is a continuous triple due to condition (2), and so it is a quasi- 
linear triple representing a polyhedron P.. We shall show that (Ba? 
has all the desired properties. 

First, E(B.) = £03.) +E£G%.) since the elementary area is addi- 
tive. 

_ Next, for s=1, 2: 


le(s) — zis) = |] ,ay*(se) — x(se)]) on Ri 
s (æt (u) = ita (#)]| F || 0 (8) — (u) on Ri 
S$ 2/n-+1/n on Q. 


Therefore x,(#) converges uniformly to x(u) on Q and hence ER. 
certainly converges to ©. l 

It now remains but to consider the statement deferred in the first 
paragraph of the proof. 

Briefly the problem amounts tó this: Given a representation x(u) of 
a surface © on a rectangle R we need to know that there exists a poly- 
hedron P whose area ts close to the area of © and admits of a quasi- 
linear representation on R which is close to the prven representation of ©. 

Given «>0, by the definition of the Lebesgue area (3.13) there is 
a polygon P such that d(%, 6) <e and | E(B) —L(S) | <e 

Since $ is a polyhedron it has a quasi-linear representation 2(u), 
«CB. The set B is the closure of a Jordan region with polygonal 
boundary. The set B may be R but this is by no means certain, or 
even useful. By the definition of distance (1.17) there is a topological 
transformation 7(R) =B such that ælu) — #(r(u))] <e. 

Pon continuity of #(u) guarantees that there is a 8>0 such that 
ps u(R) =B satisfying ||u(u)—r(u)|| <ô have the property that 

PHa 2(r(u))|| <e. Hence |/x(#) — alu(u))|| <2e. 

We can select u(u) so that in addition to satisfying the above inequalsty 
st is quast-limear and topological on R. The proof of this assertion fol- 
lows as a result of some remarks of Franklin and Wiener [1, pp. 
764-766 |. 


LEMMA (FRANKLIN AND WIENER). Given €>0 and a topological 
transformation t(s)=S (where s and S are closed squares) we may 
subdivide s and S inio corresponding convex polygons +--+ having the 
property that any topological transformaton u(s)=S which maps each 
polyhedron of s onto the corresponding polyhedron of S ts at a dislance 
less than ¢ from rT. 
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The reader will readily make the necessary adjustments from s to R 
and S to B. The convex polygons mentioned above may be chosen 
as triangles and a u may be exhibited which is linear on the triangles - 
of R. 

Now 2(u(#)) is clearly quasi-linear on R. Moreover, it is a repre- 
sentation of %, and so P has a quasi-linear representation on R within 
2¢ of the given representation of ©. Since | E(B) — L(©)| <e the proof 
is complete. 

We have incidentally proved the independently important theo- 
rem: 


THEOREM 3. Any polyhedron has a quass-linear represeniation on a 
rectangle. l 


REMARK. The square Q in the additivity theorem can be replaced 
by a simply connected Jordan region and its boundary, the dividing 
line can then be replaced by any crosscut on which the mpe is 
constant. 

It is possibly of some interest, in conclusion, to compare the sur- 
face stretching done here in Theorem 1 with that of the paper by 
Radó and Reichelderfer. Briefly, their process stretches a surface 
direcily towards a fixed point. Each point of the surface sufficiently 
close to the fixed point is moved along the ray to the fixed point. The 
stretching is managed, however, so that the increase in area, though 
generally positive, is ingeniously kept within bounds. Here the 
stretching is by no means directly towards the fixed point, and it is 
precisely the rather circuitous route taken to the point which enables 
us to keep the added area equal to zero. If a polyhedron undergoes 
their stretching process it will, in general, no longer be a polyhedron; 
the stretching done here will preserve the polyhedral character of the 
surface. On the other hand their stretching process applies to situa- 
tions which this cannot touch. For example, it will deal with the case 
in which r; is a square interior to Q, the set rr=Q—r,, and the triple 
is constant on f1-fs. 
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Porpus UNIVERSITY 


SOLUTION OF THE “PROBLÈME DES MÉNAGES” 
IRVING KAPLANSEY 


The probléme des ménages asks for the number of ways of seating n 
husbands and øn wives at a circular table, men alternating with 
women, so that no husband sits next to his wife. Despite the consid- 
erable literature devoted to this problem (cf. the appended bibliog- 
raphy), the following simple solution seems to have been missed. 

It is convenient first to solve two preliminary problems, perhaps 
of some interest in themselves. 


LEMMA 1. The number of ways of selecting k objects, no two consecu- 
hive, from n objecis arrayed 4n G row 4S «nit» 


Let f(m, k) be the desired number. We split the selections into two 
subsets: those which include the last of the » objects and those which 
do not. The former are f(#—2, k—1) in number (since further selec- 
tion of the second last object is forbidden); the latter are f(n—1, k) 
in number. Hence 


f(s, k) = f(n S k) + f(s — 2, k — 1), 


and, combining this with f(n, 1) =n, we readily prove by induction 
that f(s, k) =s—niiC». 


LEMMA 2. The number of ways of selecting k objecis, no two consecu- 
we, from n objects arrayed in a circle ts a—Cn/(n— k). 


This differs from the preceding problem only in the imposition of 
the further restriction that no selection is to include both the first 
and last objects; and the number of such selections which are other- 
wise acceptable is f(n—4, k—2). Hence the desired result is f(n, 2) 
—fin—4, R—2)=4 -,Cin/(n—R). 


Presented to the Society, September 13, 1943; received by the editors May 4, 1943. 
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We now restate the probléme des ménages in the usual fashion by 
observing that the answer is 2nlu,, where u, is the number of per- 
mutations of 1, : - - , n which do not satisfy any of the following 27 
conditions: 1 is ist or 2nd, 2 is 2nd or 3rd, - - - , n is nth or ist. Now 
let us select a subset of & conditions from the above 2n and inquire 
how many permutations of 1,---, n there are which satisfy all $; 
the answer is (s—z)! or 0 according as the k conditions are compat- 
ible or not. If we further denote by v, the number of ways of selecting 
k compatible conditions from the 2#, we have, by the familiar argu- 
ment of inclusion and exclusion, #,.=)_(—1)49s(n—&) |. It remains to 
evaluate v», for which purpose we note that the 2” conditions, when 
arrayed in a circle, have the property that only consecutive ones are 
not compatible. It follows from Lemma 2 that 93— 4,_4Cs2"/(2n—8&), 
and hence 








% 
n—1Cil(m — 1)! 
ae ie iCi(n a ae 


From this result it follows without difficulty that ua / nie? as 
h—> 2, 


= al — 5 sts — Dl— +>. 
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HARVARD UNIVERSITY 


THEORY OF INTERSECTION OF TWO PLANE CURVES 
CHUAN-CHIB HSIUNG 


1. Introduction. This paper is concerned with the study of the pro- 
jective differential geometry of two plane curves intersecting at an 
_ordinary point. The method used is similar to the one given by the 
author! in a previous paper. 

In §2 we show the existence of two projective invariants I, J de- 
termined respectively by the fourth order of the two curves at the 
point of intersection. | 

In §3 by introducing a certain covariant triangle of reference asso- 
ciated to the two curves at the point of intersection, we reduce the 
invariants J, J to simpler form and give them geometrical character- 
izations. 

Finally, in §4 a covariant point is suitably chosen for the unit point 
of the coordinate system in order to obtain the canonical power series 
expansions of the two curves at the point of intersection. With refer- 
ence to the vanishing or nonvanishing of the two invariants I, J 
we have four different types of expansions. The absolute invariants 
in the expansions of each type are interpreted geometrically in terms 
of certain double ratios. 


2. Derivation of invariants. Let us establish a projective coordinate 
system in a plane, in which a point has nonhomogeneous coordinates 
x, y and homogeneous coordinates 41, x3, xs, connected by the rela- 
tions x = 23/1, y =%3/x. The context will show in any instance which 
coordinates are being used. Then let us consider two curves C, C in 
the plane which intersect at an ordinary point O with distinct tan- 
gents #, 2. If we choose the point O to be the vertex (1, 0, 0) of the 
triangle of reference, and the tangents #, } to be the sides y=0, x =0 
of the triangle, then the power series expansions of the curves C, C 
in the neighborhood of the point O may be written in the form 


a y m aya" + at + mart t+ aude, 
C: z= hy t Gy? + Gy t+ uy Hee, a1 40. 


Let us now make a most general! transformation of coordinates 
which shall leave the point O and the tangents t, F unchanged. This 


(1) 


Presented to the Society, September 13, 1943; received by the editors March 27, 
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transformation is expressed in terms of the nonhomogeneous coordi- 
nates by the equations 


° aan B,x*/(1 + Ayx* + Asy*), 
y = Cyy*/(1 + 4x" + Ay”). 


The effect of this transformation on equations (1) is to produce two 
other equations of the same form each of whose first three coefh- 
cients, indicated by stars, are given by the formulas 


(2) 


Caan = Bit, 
Ci(Asa1 — 43) = By(2A40, — B303), 
Cx(Asa, — Asay — Aras + a3) = Ba(34301 — 2Asaiar 
; — 3AB + B303); 
(3) + 2 
Bydy = Cydh, 
Bild, = 1) CA a = Can), 
Bidi — Ad, — Aad + de) = GGA Ada, 

l — 3A OF FE + C38). 
Solving the first four of equations (3) for As, As, Bs, C: and subsitut- 
ing the results in the fifth, it is easily seen that 


(4) I = (1/ a(adi) as (a181/ å, + as/ a; — 3/41) 


is an invariant. In a way similar to the foregoing we have from the 
last one of equations (3) another invariant 


(5) J = (1/4 (0181) )(&0:/%1 + 42/81 — 03/42), 


which can be obtained also immediately z interchanging a, & 
(¢=1, 2, 3) from equation (4). 


3. The canonical triangle and geometrical characterizations of the 
invariants J, J. By suitable choice of the other two vertices of the 
triangle of reference, expansions (1) can be simplified. For thig pur- 
pose we consider the pencil of conics having contact of the third order 
with the curve C at the point O. The equation of a general conic of 
this pencil is readily found to be 


(6) an -+ ary — my + ky < 0, 


where & is arbitrary. The coordinates of the pole O, of the tangent }, 
x=0, with respect to this conic are 


788 Ċ. C. HSIUNG [October 


(7) (ar, G1, 0). 


Similarly, the pole Oe of the tangent #, y=0, with respect to any 
conic having contact of the third order with the curve C at the point 
O has the coordinates 


(8) (ds, 0, a1). 


It is convenient to call the points O, O, the assoctaie potnts of the 
curves C, C at the point O. If these points be taken for the vertices 
(0, 1, 0), (0, 0, 1) of the triangle of reference, then a, = d;=0 and there- 
fore equations (1) become 


(0) i, 
Ci x= hy + by + aytt+---, aid; 0, 
while the invariants J, J take the simpler form 
(10) I = — a;/a,(a,d) , 
(11) J = — falas)”. 


Thus the coordinate system except the unit point has been deter- 
mined, and the triangle OO,0, will be called the canonical triangle of 
the curves C, Č at the point O. 

We are now in position to characterize geometrically the invari- 
ants I, J by expressing them in terms of certain double ratios. To. 
this end let us consider the conic which passes through the associate 
point Os and has contact of the third order with the curve C at the 
point O. Hereafter we shall call this conic Me associate contc of the 
curve C at the point O. From equation (6) its equation with respect 
to the canonical triangle 


(12) ar — y=0 


follows immediately. Similarly, we obtain the equation of the associ- 
ate conic of the curve Č at the point O, 


(13) ayi— «= 0. 


The two associate conics (12), (13) intersect, besides in O, in three 
points P, (¢=1, 2, 3) with coordinates 


(14) (enaa) e /(aids) N 


where &=1. Let P; be the intersections of the lines OP., P,P „p where 
4, J, k=1, 2, 3 and are all distinct. It is evident that P/ Pý is the 
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unique real one among the three lines P; Pj. Its equation may be 
easily found to be 


(15) 1 — (a0) x — 2(a10) y = 0, 


and we shall call it the real associate line of the curves C, Č at the 
point O. This real associate line intersects the tangent ?, x =0, in the 
point R, 


(16) (0, 1/2(a1d1) ). 


On the other hand we consider a general cubic curve which has 
contact of the fourth order with the curve C at the point O and a 
node at O with #, f for nodal tangents. A simple calculation suffices 
to give the equation of this nodal cubic curve, namely, 


(17) aiz + asy — airy + ky = 0, 


where & is arbitrary. The line containing the three inflexions of the 
cubic (17) has the equation 


(18) y = 41/5, 
which is intersected by the tangent f, x =0, in the pojnt S, 
(19) (0, @;/a3). 


From equations (10), (16), (19) it follows at once that the double 
ratio of the four points O, Os, R, S is equal to 
(20) (00s, RS) = — 1/2.’ 


i 


Hence we obtain the following geometrical characterization of the 
invariant J. 

Let two plane curves C, C intersect at an ordinary point O with dis- 
tinct tangents. t, I. Let Ox be the associate poini of the curve C at the 
poini O, and C3 a general cubic curve which has contact of the fifth 
order with the curve C at the poini O and a node ai O with t, i for nodal 
langenis. If the tangent } intersects the real assoctate line of the curves 
C, C at O in point R, and intersects the line containing the three inflex- 
tons of the nodal cubic curve C, în point S; then the invariant I associated 
with the poini O of the curves C, Č is, except for sign, equal to two times 
the double raito (OOs, RS). 

The other invariant J can be danca geometrically in a simi- 
lar manner. 


. 4. Canonical power series expansions. In this section we shall com- 
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plete the characterization of the coordinate system by suitably choos- 
ing a covariant point for the unit point, and obtain the canonical 
power series expansions of the curves C, Č in the neighborhood of 
the point O. It will be convenient to discuss four cases with reference 
to the vanishing or nonvanishing of the two invariants I, J. 

Case I. IJ 0. Here we can choose for the unit point the intersec- 
tion of the line of inflexions (18) and the similar one 


(21) z = 1/ds, 

so that a; =a}, da= 4). Thus we arrive at the canonical power series ex- 
panstons of the curves C, C in the neighborhood of the point O, 

z y m ar pe d e., 

Č: ne ay tay rs G14, È 0, 
tm which the coefficients ai, & can be expressed in terms of the two in- 
vartanis I, J, namely, 

(23) ge —-T/F, ge —J/T. 

Case II. I=0, J+0. In this case we observe that in the pencil (17) 
of nodal cubic curves there is a unique one having contact of the 
fifth order with the curve C at the point O. Making use of the first of 
equations (9) and noticing that a3=0 we find at once the equation 
of this cubic, namely, 

(24) ar + uy — airy = 0. 

The join m of the two real intersections of the cubic curve (24) and 
the associate conic (13) of the curve C at O is given by the equation 
(25) aya, x + (a, — ad) y =Q., 


If the unit point of the coordinate system be taken at the intersection 
of the lines (21), (25), then a4=a?(d,—a;), d= 4], and therefore the 
canonical power series expansions of the curves C, C in the neighborhood 
of the point O are reached: 


(26) = y= ax +l- as t, 
Č: s=hy tay +, 41d, = 0. 


(22) 


Accordingly, the invariant J becomes 
(27) mL as 


In §2 we have shown that there are only two independent invari- 


A 
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ants determined by the neighborhoods up to and including the fourth 
order of the curves C, Č at the point O, one of them vanishing now. 
In order to exhaust the two independent coefficients in the caponical 
expansions (26) it is sufficient for us to find another independent 
invariant of the curves C, C at the point O. For:this purpose let r 
be the join of the two real intersections of the two associate conics 
(12), (13), whose equation is found to be l 


(28) ors — dr y = 0. 
From equations (25), (28) the following double ratio is immediate: 
(29) A sa (Ñ, mr) = (i/a). 


Thus the two coefficients ai, d; in expansions (26) have been com- 
pletely expressed in terms of the invariant J and the double ratio A, 
namely, 


(30) a-—1/JA, a5 —A1/J. 


Case III. IT=0, J=0. Similarly, with the rôles of the curves C, C 
in Case II interchanged we obtain Me desired canonical power sertes 
expanstons for this case, 


2 24 
i y = axr tax +», 
Č: z> fig + ala — ij + eae G10, Æ 0, 


in which the two coeficients a1, a: can be expressed also in terms of the 
invarianti I and a double ratio similar to (29). 

Case IV. T=0, J=0. It is useful for this case to consider the cubic 
curve which has contact of the fifth order with the curve C at the 
point O and a node at O with #, ? for nodal tangents. The equation 
of this cubic can be written immediately by interchanging x, y and 
Gi, di (¢=1, 4) from equation (24). The result is 


(31) 


(32) Ox -+ ay — diry = 0. 


The line » joining the associate point Oy to the real intersection, other 
than O, of the cubic curve (32) and the associate conic (12) of the 
curve C at O is given by the equation 


(33) y (1/08) (a18: — lu/&) i l 


If the unit point of the coordinate system be taken at the intersection 
of the lines (25), (33), then a=0} (4:—a1), da=a0:®(1—aid), and 
therefore we reach the required canonical power series expanstons, 


792 C. C. HSIUNG 


(34) 5 ENE E E E at, 


Č: T = ay -f- aali oe a)y + ae G10; xe 0. 


In order to interpret geometrically the coefficients in the canonical 
expansions (34), let us assume s to be the line joining the associate 
point O, to the real intersection, other than O, of the two associate 
conics (12), (13), whose equation is found to be 


(35) x1 — (aiā) EAT 


From equations (33), (35) we obtain at once the following double 
ratio, 


(36) l Dimi G00. wy a 


Thus the two coefficients c1, d; in expansions (34) have been com- 
pletely expressed in terms of the two double ratios A, D, namely, 


(37) a, = D/A, čı = DA, 


Some of the results of this section are contained in the following 
summary. 

Let two plane curves C, C intersect at an ordinary point O with dis- 
tinct tangents t, F. The projective differential geometry of the curves C, C 
in the netghborhood of the poini O can be studied by means of expansions 
(22), (26), (31), (34) of four different types, all of whose coefficients 
are absolute envariants of the curves. The covariant coordinate system 
for each type of expanstons has the folowing geomeirsc description. The 
vertex (1, 0, 0) of the irsangle of reference is the poini O under consid- 
eration, and the other verisces (0, 1, 0), (0, 0, 1) are the associate points 
O;, Os of the curvos C, C ai the point O. Lei Cs(C;) be a general one of a 
pencil of cubic curves which have contact of the fourth order with the 
curve C(C) at the point O and a node at O with i, i for nodal tangents, 
KK) the unique cubic of this pencil having contact of the fifth order 
with the curve C(C) at the point O, and IKD the line of inflexions of the 
nodal cubic curve C;(C3). Further, let m(®Ħ) be the join of the two real 
intersections of the cubic K3(Rs) with the associate conic Ca( Ca) of the 
curve C(C) at O, and n the line joining the associate point Oy to the 
real sntersectton, other than O, of the cubic K, with the associate conic Cx. 
Then the unit point of the covariant coordinate system for each type of 
expansions ts respectively one of the intersections of the four pasrs of 
lines: (i) Land I, (ii) Tand m, (iii) Land @, and (iv) m and n. 
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A TRANSFORMATION OF JONAS SURFACES 
CHENKUO PA 


It is well known, that when an analytic surface SS is referred to its 
asymptotic net (u, v) the homogeneous point coordinates x*(u, v) 
(¢=1, 2, 3, 4) of a generic point on S can then be normalized, so 
that they satisfy the differential equations, 

{= = Bx, + px, 

Tes © YEs + Gx, 


(1) 


where the coefficients 8, Y, p, q satisfy the conditions of integrability, 


(2) a + 2p). = (By)u t+ Bry (Ya + 2g)u = (Br)e + Bs 
(ps + Bg)» + Bog = Gut Yh) + Yb: 
The conjugate net Q of S defined by 
Cds? + Ddr’ = 0, 
has equal point invariants when and only when! 
(3) (log (C/D)) ue — (¥(C/D))+ + (B@/C))a = 0. 


The necessary and sufficient condition that Q should have equal 
tangential invariants is obtained from (3) by replacing 8, y by —8, 
—y respectively. If Q has equal invariants, both point and tangential, 
then it is a Jonas net, and S then becomes a Jonas surface.*? For a 
Jonas net we have thus the following relations: 


(log (C/D)) =e = 0, (y(C/D)) « = (6(D/C)). = 0. 


By a suitable transformation of asymptotic parameters, leaving the ` 
asymptotic net unaltered, the above equations reduce to 


Bu ™ Yr, Cm D, 


Hence a Jonas net on a Jonas surface S may be represented by the 
equation 
(4) du? — dr? = 0, 
and the surface is characterized by 
Recetved by the editors May 5, 1943. 
1 Cf, G. Fubini-E. Cech, Geometria Protetisva Differenstals, vol. 1, Bologna, Zani- 


chelli, 1927, p. 105. 
3 Cf, Fubini-Cech, ibid. p. 106. 
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(5) Bu = Ye. 

The main object of this note is to prove the following theorem: 
. THEOREM. The projection in a fixed plane of a Jonas net of a Jonas 
surface ts a plane net with equal poini invariants, and stands for the 
propectton of the asymptotic net of another Jonas surface. 

A point P, with the coordinates 6=rx+sx,+,+k,, is fixed in 
space if 
(6) r=], — IBY, s= —f,, jm — f,, 
where } satisfies the system of equations 


lau = — Bl, + (B, + pl, 
tn = — yla + (Ys + Ol. 
A point P, on the straight line P,P,, is evidently given by y =A0 +x. 
In virtue of (1), we find by differentiation that 
y = (1 + r)r + Asay + Mex, + Ney, 
Ya = Aare F (1 + Aus) au F Atto + Attur, 
Yo = Mra F Asta + (1 + Add) ry + Attus 
Yur E Awol T F Ausu F Aatto + (1 + Aud) rus, 
Yuu m (Auat + D)e + AusStu + Anat + B) te + Aneltas, 
Yor = (Aver + ge + Ars +) tu + Avelts + orius 


In order that P, be in a fixed plane, it is necessary and sufficient 
that 


(7) 


(8) 


Yuu ™ Ayu t+ By, + Cy, 
(9) Yur ™ Alyy + By, + CY, 
Yor = A’ Ya + By, + C4. 
Substituting (8) in (9) and reducing, we obtain 


A= 0, B=p, C= ĝ, 
A’ = (log I)», B’ = (log I) w C’ = By ae t,,/l, 
A” = y, B” 0, Cv _ q, 


and the conditions for the parameter À 
Aun = Bd, + PA, 
Ass = YAu + gr, 
ro FSu + AS + Pa, + 1 2.0. 
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Thus we have a plane net given by the equations 
Yuu ™ By. + $Y, 
(10) You = YY + qy; : 
Yar = (log oyu + (log Daye + (By — Ia/D)¥. 


The curves of this net are the perspectives on the fixed plane of the 
asymptotic curves of a Jonas surface S obtained by projecting from 
the centre Py. In order to obtain the perspectives on the same fixed 
plane of the Jonas net Q, we have to use the transformation 


B = y — 0, D= u+, 


so that 
= u ` . 2; 

(11) p (y ¥e)/ 

y; = (ys t+ Y»)/2, 
namely, 
(119) " = Ya + Yz 

ve = Yy Ve 
Putting i 


log | = 9, by —t,/h = ¢, 
we find after a simple calculation that 
Yaa = (1/4) (Y — B+ 284 — 264) Ya 
+ (1/4)(y + B.— 28, — 20a) y; + (1/4) (b + q4 — 20)y, 
(12) 4 ya = (1/4)(y — 8 — 204 + 26s) Ya 
+ (1/4) (vy + B+ 28, + 26.)9, + (1/4) + q + 2c)¥, 
Yer = ~ (1/48 + v)¥5 + (1/4)(B — v)95 + 1/4) — 9) 
which represent the perspectives of the Jonas net du?—ds?=0. Since 
— (B +y = (8 — Y); 


this net is of equal point invariants and therefore asymptotic. That ia, 
it may be regarded as the perspectives of the asymptotic curves of a 
certain surface Q. The projective linear element of the surface Q is 
easily found to be l 


a (Bda? + ọğdë’)/2düdt, 
wiere 


* The projective linear element of a plane net has been defined by E. Cech. Cf. 
Fubini-Cech, Introduction å la géomdiris projective différentielle das surfacas, 1931, 
chap. 10. 
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B= (y +8 — 20, — 26)/4, Y= (y — B8 — 2+ 26,)/4. 
The relation Bu =Y» gives, however, the similar relation 
Bs = Yy ae 


Hence Q is also a Jonas surface, which completes the proof. 

As a special case of the theorem we have the result: 

Any Jonas net of a Jonas surface S ts perspective to the asymptotic 
net of another Jonas surface Q from a fixed porni. Conversely, tf a Jonas 
net of a Jonas surface ts perspecisve to the asymptotic net of another sur- 
face Q, then Q is also a Jonas surface. ` 


THE NATIONAL UNIVERSITY OF CHEKIANG 


A NEW DEFERMENT PROCEDURE FOR MATHEMATICIANS 


In April, 1943, a deferment procedure for mathematicians, involv- 
ing the National Committee on Physicists and Mathematicians, was 
authorized under Activity and Occupation Bulletin No. 35. This was 
explained fully in a memorandum distributed to chairmen of depart- - . 
ments of mathematics on May 11, 1943, and reproduced in the July 
issue of this BULLETIN and in the June-July issue of the American 
Mathematical Monthly. By this procedure employers were advised 
to send the original copy of form 42A to the National Committee for , 
evaluation. From the Committee, the form was returned to the local 
board with an appropriate statement by the Committee concerning’ 
the advisability of the deferment. The National Committee was also 
empowered to appeal cases of registrants for whom occupational de- 
ferment was not granted by the local board. Under this arrangement, 
the Committee has performed its duties well and effectively. 

Activity and Occupation Bulletin No. 35, which authorizes the ac- 
tivities of the National Committee, is to be rescinded in the near 
future, over the strong protests of representatives of mathematics and 
physics. The Committee will therefore cease to exist and will no longer 
be available to advise local boards on problems connected with the - 
deferment of mathematicians. The new procedure for persons engaged 
in the occupations defined as critical in Local Board Memorandum 
No. 115, revised August 16, 1943, is described in Local Board Memo- 
randum 115B which is reproduced at the end of this memorandum. 
Only those cases in which occupational deferment is refused by the local 
board will become involved in thts procedure. 

In the August 16 revision of Local Board Memorandum 115, a list 
of critical occupations, which includes mathematicians, was set up. 

The following represents a summary of the occupational deferment 
procedure for the critical occupations: 

1. The employer continues, as in the past, to present his case for 
deferment to the local board through the use of Form 42A. 

2. The local board will arrive at a classification for the registrant 
on the basis of the evidence submitted to it by the employer, It may, 
if it so desires, consult with.the local United States Employment Serv- 
ice Office concerning classification. (LBM 115 and LBM 115-C) 

3. The local board will then make its decision. If occupational de- 
_ ferment is granted, no further action is involved during the period 
covered by the deferment. If, however, deferment is refused, and the 
registrant is placed in I-A, the case is continued as follows. 
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4. If no appeal is taken within the 10-day period allowed for this 
_purpose, the local board is dsrected to refer the case to the local (local 
with respect to the registrant’s local board) office of the United States 
Employment Service and a 30-day stay of induction is granted to per- 
mit action by this office. 

5. If an appeal 4s taken and the local board's decision is reversed, 
the registrant will be reclassified, and the case is closed for the dura- 
tion of the deferment period. If, however, the I-A classification made 
by the local board is supported by the appeal board, the case must be 
referred to the local U.S.E.S. office. 

6. When the local U.S.E.S. office receives a case from the local 
_board either directly (4, above), or after appeal (5, above), it may 
certify to the local board either that 

a. the registrant should be deferred in his present position, or 

b. that they have succeeded in placing the registrant in a new posi- 

tion. 
In the first case the local board is directed to reopen the classification 
of the registrant, and presumably will grant occupational deferment. 
In the second case, a further period of 10 days is given the registrant 
for the filing of a new Form 42A requesting occupational deferment 
~ in his new position, and on the basis of which the local board shall 
reopen the classification. 

7. If the U.S.E.S. fails to present any sonnan to the local board 
during the period allowed, or if it certifies that the registrant is needed 
- in new employment, but does not succeed in placing the man in such 
employment, the local board may proceed with the induction of the 
registrant. 

8. The local offices of the U.S.E.S. can refer ¢ cases reaching them 
and involving persons in “critical” professional and scientific occupa- 
tions to the National Roster of Scientific and Specialized Personnel. 
The details of the relation between the U.S.E.S. offices and the Roster 
have not.been fully defined. | 

The following suggestions are made to facilitate the proper func- 
tioning of the procedure herein outlined. 

(1) It becomes of even greater importance than heretofore that an 
employer's original presentation of a case to the local board for oc- 
cupational deferment or continuation of deferment be made as strong 
as possible. No opportunity for strengthening a case should be over- 
looked. 

(2) The employer having once requested occupational deferment 
should be prepared to appeal every case in which such deferment is 
refused by the local board. This again implies that the original presen- 
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tation should be as:strong as possible, so as to stand up under an 
appeal. 

(3) If an appeal does not secure deferment, the employer should 
take it upon himself to see that the case is referred to the local 
U.S.E.S. office, as directed by Local Board Memorandum 115-B. It 
is pogsible that the local board may not be familiar with the require- 
ment that they do this. l 

(4) The employer should take steps to insure that a case which has 
reached the U.S.E.S. office is actually referred by it to the National . 
Roster. 

(5) It should be noted that there is no clear statement as to whether 
an appeal may be taken after the action of the U.S.E.S. Presumably 
an appeal could be taken at this time, but it is implied in LBM 115-B 
that the proper time for an appeal is immediately (within 10 days) 
after the local board’s original I-A classification. 

(6) In case the procedures here listed have been followed and mis- 
classification of important personne] nevertheless results, the Na- 
tional Roster should be informed regarding the particulars of the case.- 

The Secretary of the Society will be interested in learning of the 
experiences of department chairmen with the new procedure. Such 
information will give our representatives in Washington and the War 
Policy Committee a basis for judging the effectiveness of the plan. 


J. R. KLINE, 
October 20, 1943 Secretary 


National Headquarters 
SELECTIVE SERVICE SYSTEM 
Washington, D. C. 
LOCAL BOARD MEMORANDUM NO. 115-B 
Issump: 9/1/43 
SUBJECT: REGISTRANTS IN CRITICAL OCCUPATIONS 


1. Importance of crsfical occupations.—Attached to Local Board Memorandum 
No. 115, amended August 16, 1943, is a List of Critical Occupations. Only 149 oc- 
cupations are included on the list, and it is estimated that there are not more than 
400,000 registrants of military age throughout the country who have the skills re- 
quired of the critical occupations, This number is erceedingly small in comparison 
to the total working force in industry. It can be safely said that the critical occupa- 
tions as listed by the War Manpower Commission represent the highest levels of 
skills within industry and that, therefore, all production necessary to the war effort 
is directly dependent upon the most efficient use within industry of persons qualified 
in these occupations. 

2. Need for extending every consideration for occupational deferment to registrants tn 
critical occupations.—It is of the utmost importance that registrants (1) who have 
the necessary qualifications, (2) who are utilizing them to the fullest extent in a criti- 
cal occupation in war production or in support of the war effort, and (3) whose removal 
from their present employment would have an adverse effect upon the maintenance 
of required production schedules, be given the most serious consideration for extended 
occupational deferment before being reclassified out of a deferred classification into a 
class available for service. 

~ 3. Referral to Unsted States Employment Service—(a) Local boerds are directed 
that whenever, after the most careful consideration, they conclude a registrant who 
is alleged to be in a critical occupation in war production or in support of the war 
effort is not entitled to occupational deferment on the basis of his present employ- 
ment, to refer the registrant’s name and present occupation, together with a statement 
of his skills and qualifications and place of present employment, to the local office of 
the United States Employment Service in the area in which the local board is located. 

(b) This reference is mandatory and will be accomplished— 

(1) If no appeal is taken, upon the expiration of the period afforded the regis- 
trant to take an appeal following classification of the registrant in Clase I-A, or 

(2) If an appeal is taken, upon the return of the file to the local board with the 
decision that the registrant is continued in Class I-A on appeal. 


(c) Io all such cases, local boards will delay the issuance of an Order to Report 
for Induction to such registrant for 30 days from the date of referral to the United 
States Employment Service. 

(d) If, during such 30-day period, the United States Employment Service certifies 
to the local board that— 

(1) The registrant possesses and is fully employing the qualifications required 
of a critical occupation in war production or in support of the war effort and his 
removal from his present employment would adversely affect the maintenance of 
his employer's required production, or 
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(2) The United States Employment Service has succeeded in placing the regis- 
trant in a critical occupation in war production or in support of the war effort 
with another employer who requires the registrant’s skills and qualifications and 
will fully utilize such sills and qualifications, j 

the local board will delay the issuance of an Order to Report for Induction to such 
registrant for a furthtr period of 10 days from the receipt of such certification so as 


to permit the filing of a new Form 42A requesting the occupational deferment of the ‘ 


registrant. 

(e) In the event that either a Form 42A is filed by a new employer with whom 
‘the registrant has been placed or certification is received from the United States 
Employment Service stating that the registrant is necessary in his present employ- 
ment, the local board will reopen the classification of the registrant and will consider 
the new evidence as a basis for further occupational deferment. 

(Ð If, however, no notification is received from the United States Employment 
Service prior to the expiration of the original 30-day period following referral or, in 
the event certification is made, that the registrant is needed in new employment but 
ea Form 42A is not received before the expiration of the 10-day period allowed for the 
filing of a new claim for deferment, the local board may proceed with the induction 
of the registrant. 

4. Cooperation by Untied States Employment Service.—The War Manpower Com- 
mission is informing the United States Employment Service of the need for expediting 
investigation of the cases of any registrants qualified for critical occupations which 
are referred to it by local boards. Even though a registrant is not employed in the 
area in which his local board is located, reference by the local board will, nevertheless, 
be to the local United States Employment Service office in the local board area, and 
any further reference of the case to the United States Employment Service office in 
the area in which the registrant is employed will be undertaken and accomplished 
-~ by the United States Employment Service. 

5. Registrants between ages of 18 and 25 im critical occupations —Men who are 
utilizing their full skills in critical occupations when the necessity for their continued 
retention is clearly demonstrated by their employer should be considered as regis- 
trants who are utilizing the highest skills or professional qualifications, which is the 
exception to the general policy expressed in Local Board Memorandum No. 158-A, 
requiring the release of registrants between the ages of 18 and 25 during the first 
6 months of a replacement schedule. In the lower age brackets, however, employers 
should be required to supply complete evidence that the registrant’s qualifications 
and skills are exceptional, are being fully utilized, and cannot be replaced. 


Lewis B. Hersury, 
Director 
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DEFERMENT OF A.S.T.P. TEACHERS 


The following is a copy of an undated notice sent through Service 
Commands to presidents of institutions participating in or scheduled 
to participate in the Army Specialized Training Program. It is not 
known as yet whether the instructions given therein are modified or 
altered by the provisions of LBM 115-B. - 


~ 


NOTICE CONCERNING DEFERMENT OF ASTP TEACHERS 
(Sent through Service Commands) 


To Presidents of Institutions Participating in or Scheduled to Participate inthe Army - 
Specialized Training Program: l 


It is of the utmost Importance that quallfed and irreplaceable teachers who are 
at institutions under contract to the Army Specialized Training Program and who 
are providing Instruction under the program be permitted to continue this work. 

The requirements of the Army Specialized Training Program indicate that very 
serious disruption is probable if the responsible officials of these institutions do not 
sufficiently emphasite to Selective Service Authorities the necessity for the occupa- 
tional deferment of these teachers. 

As a first step, it ia requested that all teachers in institutions under contract to 
the Army Specialized Training Program register their qualifications with the National 
Roster of Scientific and Specialized Personnel, Washington, D. C. The National 
Roster is concerned with the proper utilization of professional personnel and is an 
important source of information in this matter to the Selective Service System. 

The Selective Service Form 42-A, completely filled out, should be used for indi- 
vidual teachers for whom deferment is considered necessary, to furnish the appropri- 
ate local board with specific information reflecting the considered judgment of the 
institution with respect to qualifications, degree of training, and experience required 
to engage in the profession; and to inform the board either (1) that no replacement 
can be obtained and that replacement training time is too great to afford relief, or 
(2) that no replacement can be obtained immediately, In which case the time required 
for replacement should be indicated. Special attention should be devoted to furnish- 
ing complete information concerning the capacities and duties of the individual 
teacher. In cases where teachers can be replaced, it should be emphasized that the 
replacement should not break into the term during which the incumbent teacher is 
giving instruction. 

It is essential that all possible means of procuring replacement be employed, in- 
cluding the transfer of non-vulnerable teachers who are engaged in civilian training, 
the conversion of teachers from cognate fields or from administrative duties, the 
recruitment of teachers not now engaged in essential activities, and in general the 
maximum practical use of existing teaching personnel. 

Where deferment is not obtained at the local board level, appeal should be made 
within ten days to the area or district appeals board and if necessary the case should 
be called to the attention of the State Director with a request for a Presidential appeal. 
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You are requested to adhere strictly to all Selective Service procedures regarding 
occupational deferment. You are also requested to advise the Military Commandant 
of your institution immediately when any irreplaceable teacher is classified by Selec- 
tive Service authorities as available for military service. ; 

In the event that the Military Commandant at the institution considers the de- 
ferment of the teacher to be essential to the success of the Army Specialized Training ` 
Program, representations to that effect may be made by him to the State Director of 
the Selective Service System. Such representations are not to be made, however, un- 
less all appeal procedure provided under the Selective Service Act Is being pursued 
and unless in fact the particular teacher is irreplaceable in the institution, 

In the event that the deferment is denied after all appeal steps through the state 
level have been complied with, the institution should immediately transmit the mät- 
ter to the Labor Branch, Industrial Personnel Division, Headquarters, Army Service 
Forces, for representations at the Washington level. 

In the case of the irreplaceable teacher whose induction into the Army has taken 
place, causing serious jeopardy to the Army Specialized Training Program, institu- 
tions may submit a full statement of the facts to the Labor Branch, Industrial Per- 
sonnel Division, Headquarters, Army Service Forces, Washington, D. C., for con- 
sideration of methods for remedial action, 


COMMITTEE ON AVAILABLE TEACHERS OF 
COLLEGIATE MATHEMATICS 


The Committee on Available Teachers of Collegiate Mathematics, 
established by the War Policy Committee of the American Mathe- 
matical Society and the Mathematical Association of America, has 
been in existence since the beginning of April, 1943. During this time 
‘it has received and answered numerous inquiries from colleges and 
- universities needing teachers of mathematics, as well as from teachers 
who were free to accept appointments. 

A total of 149 persons have registered with the Committee. Of 
this number, 129 have at least the master’s degree. The Committee 
has answered requests for teachers of mathematics from 67 different 
institutions. To these institutions a total of 348 names, representing 
111 different persons, have been suggested. According to the Commit- 
tee’s records, 57 of the persons registered are no longer available. It 
should be pointed out that of the remaining candidates some have in- 
dicated that they are available only for summer or part-time teaching, 
others have had only secondary school teaching experience, while 
others are available for appointment in restricted geographical areas. 
~ It is anticipated that thé demand for teachers will increase con- 
siderably during the next two or three months. On the other hand, the 
= number of available well-qualified candidates who have registered 

with the Committee for such appointments has been reduced to such 
an extent that the remaining supply has become quite inadequate to 
meet the expected demand. 

For this reason, the committee requests that (a) individual teach- 
- ers report their availability and (b) departments of mathematics in- 
form the Committee at the earliest possible date of their needs during 
the next half year, giving as full details as they can concerning the 
qualifications expected, the salary offered and other pertinent facts 
relating to their vacancies, and of members who are free to fill tem- 
porary positions in other institutions. 

The effectiveness of the work of this Committee will be enhanced 
if registrants will report positions which they have accepted’ and if 
inquiring institutions will report appointments that have been made. 


Committee on Available Teachers, — 
110 Bennett Hall, University of Pennsylvania 
W. D. CAIRNS 
ARNOLD DRESDEN 
September 2, 1943. J. R. KLINE 


-* 


COMPLEX METHODS IN THE THEORY OF- 
FOURIER SERIES 


A. ZYGMUND 


1. General remarks. Two new ideas which greatly influenced the 
theory of Fourier series in this century are the Lebesgue integral and 
the applications of complex functions. The original impetus due to 
the discoveries of Lebesgue would have been spent long ago, but for 
the fact that its combination with complex methods opened entirely 
new prospects for trigonometric series. 

The essential tool of Lebesgue theory is the fact that the integral 
is differentiable almost everywhere and that the derivative is equal 
to the integrand almost always. Most of the fundamental results 
of the theory of trigonometric series which were based on that fact 
had been known, roughly, before 1920. Although some important re- 
sults have been discovered since then, the progress of purely real 
methods in the last twenty odd years has been relatively slow and 
limited to isolated problems. It seems quite likely that the structure 
of real functions must be investigated in more detail before purely 
real methods can resume their progress. On the other hand, it seems- 
that the complex variable approach to many problems of the theory 
is the most natural one and may even be of considerable help in the 
analysis of the structure of real functions. 

Every trigonometric series 


(1) $a, + >> (a, cos of + b, sin r8) 
ym Í 
` is the real part of the power series 
Eo jao + È (a — ib)? 
pam 1|, 


on the unit circle s=e*, The imaginary part of the series (2) for 
s=¢e* is the series 


(3) >> (a, sin »9 — b, cos 76) 
pom | 
and is called the conjugate of (1). 


Similarly, the harmonic function 


An address delivered before the New Brunswick meeting of the Society on Septem- 
ber 12, 1943; received by the editors September 12, 1943, 
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(4) u(r, 6) = kay + > (a, cos r8 + b, sin wW)r’ 


associated with the series (1) is the real part of the analytic function 
(z), z=re?, defined by the series (2). The harmonic function 


(5) r(r, 0) = 5 (a, sin rf — b, cos ré)r’ 


Pow i 
of 


associated with the series (3) is conjugate to the function u(r, 0) and 
is the imaginary part of the function ¢(a). 

Thus the problems of trigonometric series may be treated as prob- 
lems (boundary value problems) of the theory of analytic functions. 
By complex methods in the theory of trigonometric series we however 
mean something more special, namely the application of the methods 
of analytic functions and in particular of the fact that the latter form 
a field. Elementary operations performed on analytic functions lead 
to analytic functions, as does also the operation of taking a function of 
a function. Nothing like that holds for harmonic functions, since even 

, the square of a harmonic function need not be harmonic. Thus dealing 
directly with analytic functions instead of with their real parts gives 
obvious advantage. 

The complex methods 1 in trigonometric series have been systemati- 
cally developed in the last quarter century, although some isolated 
applications can be traced back to an earlier period. Roughly speak- 
ing, in the development of complex methods we may discern three 
major trends: 


(a) The method of the classes HP, 
(b) The method of conformal representation, 
(c) The Littlewood-Paley method, 


and it is the purpose of this talk to say a few words about each of 
these methods. It goes without saying that in a talk like this the pres- 
entation may be only very sketchy and must be limited to a discus- 
sion of a few particular results. 


2. Classes H” of analytic functions. One of the important prob- 
lems of the theory of trigonometric series is to establish conditions 
under which a given trigonometric series (1) is a Fourier series. In 
other words: when is there an integrable function f(x) such that the 
coefficients Ga, ba are’given by the familiar formulas 


1 ir 1 tr 
(6) Ga m f f(z) cos nxdzx, ba = — f(x) sin ngdz? 
Tvoo T 
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In the theory of Fourier series we often consider besides the most 
general integrable functions (by “integrable” we always mean L-in- 
tegrable) classes of more special functions, for example, continuous, 
bounded, of the Lebesgue class L”, p2,1, and so om, and we may ask, 
in addition, under what condition does f belong to one of those classes. 
The Fourier character of the series (1) may be easily detected by 
means of the harmonic function (4) associated with the series. For 
functions of the class L?, p>1, we have a very simple test: a neces- 
sary and sufficient condition that (1) is the Fourier series of a function 
f of the class L? is that the integral 


(7) f7 | (r, 0) |>d8 


be bounded for OSr<i. For p=1 this result is no longer true: a . 


necessary and sufficient condition for the boundedness of the integral 
îr 
(8) f seola 
$ 


is that there exist a function F(x), 0 Sx &2r, of bounded variation 
and such that 


ir ir 


(9) a, = = cos #xdF (x), ba, = Es sin sxdF (x). 


TJO 
Of course, if F(x) is absolutely continuous and F’(x) =—f(x), these for- 
mulas reduce to (6), but in general it is not true. The seriea (1) with 
coefficients (9) is called a Fourster-Siteltjes series. The series (1) is a 
Fourier-Stieltjes series if and only if the integral (8) is bounded for 
Osr<i. A necessary and sufficient condition that (1) should be an 
ordinary Fourier series is slightly more complicated: it is 


(10) lim if u(r, 0) — ulr, 8) | d9 = Q. 
i . 


P, -+1 


(For the proofs of all these results see, for example, Evans [2]! or 
Zygmund [33]; in-the sequel, the latter book will be quoted TS.) 


Let us now consider any function : 


(11) ¢(s) = > on 


i Nainbers ta brackets relon to the pelerences tiated at the eid Gi the paper 
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regular for |s| <1. If the integral o 
(12) Í | (re) | ”do 


(analogous to (7)) is bounded for 04r<1, the function @(s) is said 
to belong to the class H? (H stands for Hardy); p is here any positive 
number, The case p=2 is of special interest since in this case the in- 
tegral (12) is easily expressible in terms of the coefficients œ by means 
of the Parseval formula 


1 ir © 
a) | olre) 2d0 = X| a |1. 
2T a] pom () 


Hence the function ¢(s) belongs to the class H? if and only if the 
series >| c|? converges. No result of this kind holds for p»2, and 
this makes H” a central class (“central” in more than one sense), 
whose propertjes are the easiest to study. The fact that if J| c]? is 
finite then the series 


5 cere 
p=) 


is the Fourier series (with respect to the system fe?) of a function 
of the class L? is the classical Riesz-Fischer theorem. 

Of course, given any function ¢(s) regular in |a| <i and of the 
class H” we might set , 


(13) $7(s) = Ps) 
so that the boundedness of the integral (13) is equivalent to that of 


J i | Y(ret") |340, 


that is to say to the fact that Ņ is of the class H?, but the formula (13) 
defines a function Ņ regular in |z| <1 only if ¢ has no zeros there. 
If ġ(s) does have zeros, the argument has to be modified slightly, and 
following F. Riesz [26] (TS, [6]) we may proceed as follows. Let 
Bi, Sa, ° - (|s| <1) be the zeros (counted according to their multi- 
plicity) of the function #(s) 0, of the class H”. It may be shown that 
the product 


(14) Ul s, | 


æi 
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converges. In other words, the sum } (1 — | s|) is finite. Conversely, 
given any sequence, finite or infinite, of numbers %, | z, | <1, such that 
the product (14) converges, there is a function B(s), regular and 
bounded in |s| <1 (and so, in particular belonging to every class H”), 
having zeros at the points s, and only there. If, for example, the points 
Z, are all different from the origin, the function B(s) may be defined 
as the product (“Blaschke product”) 


£—-£ Í 








(15) B(s) = [J 


P s—s* |s] 


where g,* = 1/8, is the point conjugate to s, with respect to the circum- 
ference |s| =1. (If @ has a zero of order & at the origin, we have to 
insert the factor s* on the right of (15).) It may be easily shown that 
| B(s) <i for |z| <i. Thus the function ¢(s)/B(s) =y(s) is regular 
for |s| <1, does not vanish there, and we have the decomposition 


o(s) = B(s)y(s). 


If #(s) has no zeros we set B(s) m1. It is an important fact that the 
function ¥ also belongs to H” (more precisely, if for the function ¢ 
the integral (12) does not exceed a constant M for all r<1, the func- 
tion y has the same property). Since we may write 


p(s) = ¥(s) + (Bs) — 1)¥(s) = o(s) + ¥als) 


say, and since B(s)—1i does not vanish in |z| <1 and is absolutely 
less than 2 there, we get the following decomposition theorem: every 
function of the- class H? may be represented as a sum of two funcions 
of the class H? which have no seros in |z| <1. Sincé the functions of 
the class H” and without zeros are reducible to functions of the class 
H?, whose properties are particularly simple, those properties may be 
extended to classes H”. In particular, we get the following fundamen- 
tal theorem (in which by a non-tangential path we mean any con- 
tinuous curve approaching a point 0, | 80, =1, from inside the unit 
circle and contained between two chords through Zo of that circle). - 


Suppose that o(s) ts of the class H”. Then for almost every point e” 


on |s| =1, 


(16) lim $() 


` 


exisis and is finite provided that s approaches e“ along any non-tan- 
genital curve. Moreover, ¿f (e) denotes the limit (16), 


4 
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(17) f | (ret) ~ aen paso, 


(18) [| ere = een | x20 0; 
6 


as r and r' tend to 1. 


It must be added that for p> 1 this result had been known before 
the decomposition theorem was proved (for then, by what was said 
before, the series 9 c," is a Fourier series, and so may be studied 
directly by familiar methods), but in the case 0 <p <51 it brings to 
light some new facts. 

The most important case here is that of p=1. Cpa that ¢(z) 
belongs to H (that is H?), say 


f 


(19) [lotro | ao < 


for 0S7 <1. The function ¢(s) is a (complex-valued) harmonic func- 
tion. Thus (by what was said before) the series 


(20) | > cet = 2 C, (COS 4 + ¢ sin 8) ; 
pont} 


“is a Fourier-Stieltjes series. On the other hand, since (19) implies 
(18) with p=1, we see that the series (20) is an ordinary Fourier 
series. Thus it turns out that for the trigonometric series (20) which 
are generated by power series on the circle of convergence, the dis- 
tinction between ordinary Fourier series and Fourier-Stieltjes series - 
disappears. If we take into account the familiar fact [TS, 16] that 
Fourier-Stieltjes series are obtained by differentiating formally Fourier 

series of functions of bounded variation we obtain the following result. 


_ If the sertes 
(21) . 2 Cre! 
poet) 


ts the Fourser series of a funcion of bounded variation, this function 
must be absolutely continuous. In paritcular, if (z) is regular in 
|s] <1, continuous in |s| <1, and sf P(e") is of bounded variation, 
` then P(e) is absolutely continuous (F. and M. Riesz [27]). 


This fact is of great importance for the theory of conformal mapping. 
Another result which may be obtained by means of the decompoei- 
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oo 


tion theorem, and which shows the difference that exists between 
ordinary trigonometric series and the series (20), is the following 
theorem. 


If (21) is the Fourier series of a function of bounded variation the 
series )_|C,| converges (Hardy and Littlewood [5]). ve 


There exist such simple proofs of ‘this result that one of them may 
be reproduced here (See Hardy, Littlewood and Pólya [7]). The prob- 
lem reduces to showing that if the function $(s) => c,8” is of the class 
H, the series 5»|c,| /(>+1) converges. We may assume that $(s) has 
no zeros in | s| <1, so that 6=y? where (s) =) d,s” is of the class H?. 
If we use the fact that $| d,| ?< + œ, the convergence of} | c| (v-+1)7? 
follows from the fact that 





Set) lol= tri 
peel] paf) 





>. dadi 

b+ baw 

SLOD DY | did: 
rf b+ lmay 


=) | da| | di| /(k +14 1) 


and from the familiar theorem of Hilþert asserting the convergence 
of the series > x}xı/(k+1+1) if > x? is finite. 

The following theorem due to Hardy and Littlewood [6; TS, p. 249] 
throws additional light on the behavior of the functions of the class H”. 


Suppose that ġ (2) ts of the class H”, and let 
@*(6) = sup | olre") |. 
OSr<l 
Then 6*(0) is of the class L?, and 
ir ir 
f tet@}ra0s cy f |an |a, 
8 8 


where C, depends on p only. 


Hence every function of the class H” has a majorant which depends 
on the argument @ only and which is of the class L?. An analogous - 
result holds for harmonic functions, and is an important tool in many 
problems of the theory of Fourier series. A result similar to the theo- 
rem just stated holds if instead of *(@) we consider the upper bound 
of (8) in a sector with vertex at the point e# and directed to the in- 
terior of the unit circle. 


4 
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Let d(s) =u-+40 be a function regular for |x| <1. It is natural to 
ask for the relation between the behavior of the two integrals 


fo u(re”) |”d0, im o(ref) |”d9. 


The fundamental theorem of M.. Riesz (28; TS, p. 147] asserts that, 
sf p>1, these two integrals are stmultaneously bounded or simultane- 
ously unbounded. Thus, ihe series conjugate to the Fourier series of a 
function of the class L? is also the Fourter serses of a funciton of the 
class L*. The result is not true if p=1, that is to say for functions 
merely integrable. 

How the method of the complex variable may be applied to prob- 
lems of real functions is illustrated by the following example which is 
by now quite familiar, but deserves mention here. Let f(@) be a func- 
tion of period 2x, and let (3) be the series conjugate to the Fourier 
series of f(0). If f(@) is sufficiently regular, for example if it has a 
continuous derivative, or even if f(@) only satisfies a Lipschitz con- 
dition of positive order, the series (3) converges to the sum 


Jo = — — [so + Dh cot pai = ->i (f “+ f’), 


which is called the function conjugate to f(@). Under the conditions 
imposed on f, the integral converges, even absolutely. The problem is 
whether this integral converges, at least almost everywhere, for the 
most general function f integrable L? That this is so for f continuous 
was-shown already by Fatou [3] and even that rather special result 
is far from obvious. For the most general integrable f it is easy to show 
that almost everywhere the existence of f(0) is equivalent to the 
existence of the radial limit of the function f (r, 0) conjugate to the 
Poisson integral of f. If we use rather elementary facts from the 
theory of the complex variable, we may easily show that the radial 
limit of f(r, 0) exists almost everywhere, and this proves that the in- 
tegral f (0) exists almost everywhere (Privaloff [24], Plessner [19]; TS, 
p. 145). E , 

Although there exist purely real proofs of the existence of f(0) 
(Besicovitch [1], Titchmarsh [30], Marcinkiewicz [14]), the one 
sketched above is the simplest, and seems to lead to the roots of the 
matter. : - 

In the case that f(@) is the characteristic function of a measurable 
set E, the existence of the function f(0) has a certain geometric sig- 
nificance. It shows that in the neighborhood of almost every point of 
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E that set has a certain symmetry of structure (for otherwise the 
integral defining f(8) would be divergent). This property is not easily 
deducible from the familiar properties of measurable sets (for ex- 
ample, from the theorem on the points of density), for otherwise we 
should have a simple real function proof of the existence of f(@). 

One might argue that the study of the conjugate functions is 
strictly speaking outside the scope of the theory of Fourier series. 
But this is not so, and there seems to be a close relation between the | 
behavior of the partial sums 5S,(@) of a Fourier series and certain 
conjugate functions. Let us consider instead of S.(0) the modified 
partial sums S,*(6) differing from S,(@) in that only half of the last 
term is taken. Hence 


ai 


S*(6) = $a, + >> (a, cos ¥ + b, sin r0) + $(a, cos nO + ba sin n8). 
pron | 


For Sa (0) we have a formula similar to the classical Dirichlet formula, 
sso f etom 
= 2 tan (4/2) | 

(TS, p. 21) and it may be written emally 


cos s z. 
Sa(9) = aE, f EEE n(9 + DF cot (4/2) 





(6 + #4 cot (t/2)di 
ee gn(8) cos nô + A, (8) sin nf, 


say, where g,(#) and &,.(@) denote functions conjugate to f(@) sin #0 
and f(@) cos nô. From this formula and from the slightly strengthened 
form of the theorem of M. Riesz just stated, the following fact (also 
due to M. Riesz) follows easily: For every function f(6) of the class L”, 
p>, 


ir ` ` f 
f | (@) — S,(6) |?d9 — 0 asn— -+ o, 
: -, 


It is a curious fact that in order to prove this result from the the- 
ory of Fourier series (in the narrow sense of the word) we have to 
use properties of conjugate functions. No other proof seems to have 
been discovered so far. 

The theory of the functions H?-has an analogue for functions regu- 
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lar in a half-plane. The latter theory (developed mainly by Hille and 
Tamarkin [8]) has its applications mostly in the domain of Fourier 
ifitegrals, and for this reason we omit its discussion here. Also to the 
domain of Fourier integrals belong the complex methods developed 
by Paley and Wiener [18]. 


3. The method of conformal representation. We first recall familiar 
facts. Let A be any domain in the {-plane limited, say, by a simple 
Jordan curve I, There is a function [{=A(s) defined and regular in 
the unit circle 


(D) |s| <1 , 


- and mapping D conformally onto A. The function (s) may be ex-. 
tended continuously to the closed domain D+C, where C is the cir- 
cumference |s|=1, and gives a one-one correspondence between 
D+C and A+T. If we add some normalizing conditions, the func- 
tion A(s) is unique. 

Let us assume from now on that the curve T is rectifiable. For point 
sets situated on a rectifiable curve we have, of course, a theory of 
measure analogous to that of Lebesgue. In particular, we may speak 
of sets of measure 0, of “almost everywhere,” and so on. 

In our case, since T is of finite length, the function ¢(s) must be of. 
bounded variation on the circumference C. This means, as we know, 
that ¢(s) must be absolutely continuous on C. In particular, it trans- 
forms every set of measure 0 on C into a set of measure 0 on I’. The 
converse is also true, the sets of measure 0 on T correspond to sets 
of measure 0 on C. In other words, in our case, the sets of measure 0 
on the boundaries are invariants of conformal mapping. This result 
was first proved by F. and’M. Riesz [27]. 

There is another property, obtained by Prvan [24], of the 
mapping function A(s): the mapping is conformal at almost every 
point of the boundary. This is to be understood as follows. If we 
exclude a certain point set of measure 0 on C, each of the remaining 
points g; has the property that if C’ and C” are any two paths leading 
from the interior of D to the point s) and making angle a, the images 
I’, T” of C’, C” make angle Q at the point fa =¢(80). 

In order to see how the above results can be applied, let us sketch 
the proof of a theorem òf Privaloff [23 [23]. Suppose that a function (s) 
=u-+4v is regular in |s <1,and that there is a point set E on the 
circumference |s] =1 with the following property: for every s»=e™* 
belonging to E there is a circular sector Q(g) with vertex at zo lying 
except for s) entirely inside C, and such that the real part u(s) of 
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(8) is bounded in Q(z). Then, the function (z) has a nontangentsal 
limit at almosi every poini so of E. 

A special case of this result worth a separate statement is: $f the 
real part u(s) of a regular function (s), |z] <i, has a nontangential 
limi at every posnt z, of a set E of the circumference |s] =1, the smagi- ` 
nary part o(s) has the same properiy ai almost every poini of E. 





Let us assume, to fix the ideas, that Q(s,) is symmetrical with re- 
spect to the radius (0, so). Without loss of generality we may also as- 
sume that the function «(s) is bounded uniformly in all the Q(s,), 
% CE. For the upper bound M (z) of u in Q(s,) is a function of £9 and 
is finite on Æ, so it follows that if we reject from E a subeet of 
arbitrarily small measure, M(s) will be bounded on the rest of E. 
By a similar argument we may assume that the angles of the sectors 
Q(z) are the same, or even that all these sectors are congruent.-Let 
|z| = 8 be the circle tangent to the rectilinear sides (or their continua- 
tions) of the sectors O(s,). Without loss of generality, we may replace 
each Q(z) by the domain Q’(g») limited by the two tangents from zo 
to |s| = 8, and by the more distant arc of the circle. One more remark: 
we may assume that £ is a perfect set. 

Let now A denote the sum of all the domains Q’(s9) for sCE; 
A has a starlike shape (see the figure). It is connected. The points 
of its frontier T, which is a simple Jordan curve, may belong either 
(a) to the set Æ, (b) to a number of arcs (nonexistent on the figure) 
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of the circle 3 | = §, (c) to the denumerable set of segments s belong- 
ing to the boundaries of some 0)’(z,). Since the regions Q’(z9) are all 
congruent, it is clear that the total length of the segments s does not 
exceed a fixed multiple (depending only on the shape of the Q’s) 
of the total length of the intervals contiguous to Æ. Thus the curve T 
is rectifiable. 

The function u(s) is bounded in A. Hence, if s=A(w) maps A con- 
formally onto the unit circle | w| <1, the function 


u(s) = w(h(w)) = m(w) 
is harmonic in the circle | w| <1. It is the real part of the function 
$(A(w)) = p(w) 


regular in lwl <1. The real part of ¢:(w) being bounded, the latter 
function is of the class H?, and so has a nontangential limit at almost 
every point of the circumference | w| =1. If we go back from (w) 
to the function ¢(s), and take into account the results of F. and 
M: Riesz and of Privaloff mentioned above, we see that $(s) has a 
nontangential limit at almost every point of F, in particular almost 
everywhere in Æ. This completes the proof. 

Without changing the idea of the proof we may generalize this re- 
sult considerably (see Plessner [21]). We prefer, however, to give a 
different application. 

Let ¢(s) be a function regular in |z| <i and of the class H*, and 
-let Q’(s) = 0’(6@) have the same meaning as before. Lusin proved that 
then the integral 


(22) I(8) = Sf. '(s) |2de 


(dw an element of area) is finite for almost every 0. This integral 
represents the area of the domain (generally non-schlicht) obtained 
from (0’(@) by the mapping w=¢(s). By an argument similar to the 
above we may show (see Marcinkiewicz and Zygmund [15]) that, ¿f 
p(z) is any function regular in |s| <1, and sf it has a nontangential 
limt at every poini e" of a set E of positive measure, then the integral 
(22) is finie almost everywhere in E. Recently, Spencer [29] proved a 
converse of the above result, namely that the finsteness of the integral 
I(6) in a set of 6 of positive measure implies the existence of the non- 
tangential limit at almost every point of that set. Thus we see that al- 
most everywhere the existence of the nontangential limit is equivalent 
to the finiteness of a certain area. 


y 
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The method of conformal representation, as presented above, seems 
to have originated with Golubeff [4]. If we are to use it, we must 
know the behavior of the function in certain sectorial domains from 
which we build up a new domain whose boundary has “many” points 
.in common with the boundary of the domain in which the function is 
defined. It would not work if we wanted, for example, to prove that 
the existence of the radial limit of u(s) along a set of positive measure 
of radii implies the existence of the radial limit of v(s) along almost 
every radius of the set, and the problem itself is open (u and v here 
are the real and the imaginary part of a function regular in | 3] <1). 
In other words, we do not know whether the Abel summability ọf a 
trigonometric series does or does not imply (almost everywhere) the 
Abel summability of the conjugate series. 

For some other methods of summability, in particular for eediaay 
convergence, the problem is solved. A very important step in this di- 
rection was first made by Kuttner [12], who showed that $f a Fourier 
series converges in a set of positsve measure, the conjugate sertes converges 
almost everywhere in that set. This result was later on extended to the 
most general trigonometric series, and to the Cesàro summability. 
The existing proofs (see Plessner [22], Marcinkiewicz and Zygmund 
[16, 17]) are quite difficult and are essentially based on complex 
methods. 

The problem of the convergence of power series(or trigonometric 
series) leads naturally to the problem of the distribution of the partial 
sums of divergent series. It turns out that under certain conditions 
the distribution of those partial sums displays a very simple geometric - 
character. 

We shall say that a sequence of points {s,} is of circular siructure 
with respect to the point s, if the derived set of the sequence TA 
consists of a certain number (finite, denumerable, or nondenumerable, 
but in any event a closed set) of circles with center at the point s. If 
' for the sake of simplicity we confine our attention to power series 


(23) Sree 


with bounded coefficients, we have the following result (Marcin- 
kiewicz and Zygmund [17]). 


Suppose that 
lim (re) = (6) 
f-t 
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exists for every 0 of a set E of positive measure. Then, for almost every 0 
- of E, the sequence {s (e) } of the partial sums of the series (23) is of 
_ csrcular siruciure with respect to the poini s(0), In particular, tf the co- 
cficsents c, tend to 0, then for almost every OCE the derived set of the 
sequence \s,(e*)} is a circle (finite or infinite) with center at the point s(0). 


Quite recently new applications of conformal mapping to the the- 
ory of trigonometric series were obtained by F. Wolf. He combined 
conformal mapping with certain extensions of the Phragmén-Lindeldf 
‘principle. I would like to mention here one of the important results 
he obtained. 

The problem whether a given function can be represented by more 
than one trigonometric series (not necessarily a Fourier series) may be 
reduced, by subtracting these series, to the following problem: can 
a trigonometric series 


(24) l ba, + J (a, cos rô + b, sin v6) 
Pj 


which does not vanish identically represent zero? This “problem of 
uniqueness” of trigonometric series has various aspects. It is a classi- 
‘cal fact that in the case of convergent series it admits of a positive 
solution: if the series (24) converges to 0 at every point, the coef- 
cients a, and b, all vanish. The next step is to consider summable se- 
ries. The case of Abel summability is of particular importance since it 
means studying the radial behavior of the harmonic function 


(25) u(r, 9) = ha, + > (a, cos vf + b, sin rO)r’ 


associated with the series (24). Rajchman [25] proved that if the 
_ function (25) tends to 0 along every radius and if in addition 
|a| +|b,|—+0, the series (24) vanishes identically., Verblunsky [31] 
replaced the last condition by |a,| +|b,| =O(»). If we consider only 
radial limits, we cannot go much further since there are trigonometric 
series with coefficients O(»), summable A everywhere, and yet not 
vanishing identically: the series 


>,» sin vO 
p | 


is an instance in point. Thus we must impose new restrictions if we 
wish to obtain positive results. Wolf [32] proved that: 
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If (i) u(r, 0) is harmonte for r<i, (ii) for every bo, u(r, 0)—0 
as (r, 0)—>(1, 60) along any nontangential path, (iti) | u(r, 6)| 
Sexp A/(1—r)", where A and m are independent of r and 6, then 
the series (24) vanishes sdenttcally. 


4. The Littlewood-Paley method. This method (see Littlewood and 
Paley [13]) cannot be easily described without going into technical 
details, and by necessity I shall have to be rather brief here. Let me 
start with some of the results they achieved. Suppose that f(@) is an 
integrable function of period 2z, and let S,(8) denote the nth partial 
sum of the Fourier series of f(@). It is a familiar fact that S,(@) may 
diverge at some points even if f(@) is a continuous function. Whether 
there exists a continuous function f such that S«(0) diverges every- 
where, or at least almost everywhere, is still an open problem. For f 
merely integrable, the divergence of S,(6) may actually occur every- 
where, as shown by Kolmogoroff [9; TS, p. 175]. It is a curious fact 
< that so far it has not been possible to construct a similar example for ° 
functions of any class L”, p>1, and the problem seems to be much 
more difficult there. 

Of course, from a certain.point of view the function f(@) is ade- 
quately represented by the Fejér means of its Fourier series, but the 
behavior of the partial sums S, is of considerable intrinsic interest. 
For functions of the class L”, p>1, Paley and Littlewood proved the 
following result (the special case p=2 was solved earlier by Kol- 
mogoroff [10; TS, p. 257]). 


Whatever the sequence of positive integers ni, ns, +--+ satisfying an 

inequality f ; 
neyi” > q > i, 

the parital sums S.,(0) converge to (6) at almost every poini. l 

The result is false for p=1 (although it holds for power series of 
the class H; see Zygmund [34]). Its significance consists in the fact 
that the sequence #, is independent of the function f. : 

Another result which Littlewood and Paley proved concerns the 


convergence faciors of Fourier series. It is a familiar fact due to Hardy 
that if (24) is the Fourier series of an integrable function, the series 


ee eae T 
ped _ 


converges for almost every 9. If f is of integrable square, even the 
eeries : 
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~ 


(26) 5 (a, cos r0 + b, sin rf) /(log v)1/? 


converges almost everywhere (Kolmogoroff and Seliverstoff [11], 
Plessner [20]; TS, p. 252). Littlewood and Paley proved the inter- 


médiate result: if fEL?, 1<p<2, the series 


S` (a, cos r8 + b, sin v)/(log r)!” 
po? , 


converges almost everywhere. Nothing is known about the case p> 2. 
In particular, about convergence factors for continuous functions we 
know no more than for functions of the class L?, that is to say that 


' the series (26) is convergent almost everywhere. The latter fact is 


equivalent to saying that the partial sums S,(9) of the Fourier series 
satisfy the relation 


Tula) S,(0) = e(log n)” 


at almost every point. It may be that the estimate (27) is the best 
result for the Fourier series of continuous functions. 

- The Littlewood-Paley theory is based on the use of the function 
g(@) defined by the formula 


(0) = ( J KEPI par) 


where ¢(2) is any function regular in |s| <1. The function g(@) has 
no simple geometric interpretation, but has some connection with the 
integral [(@) (see (22)) whose geometric significance and relation to 
the existence of the nontangential limit was already mentioned. Let 


i s(0) = I™*(0), 


so that s(@) is of dimension 1. It may be shown that s(§) is, effectively, 
a majorant of g(9); more precisely, g(@)SC.s(@) where Ca depends 
only on the angle a. The results obtained by Littlewood and Paley for 


>- the function g(0) when interpreted in terms of the function s(@) may 


be stated as follows: If é(s) EHP”, p>1, then 


ar ir i ` 
f PODS Anaf |e [zas 
fa] 9 


Ir ir 
f | pleth) |”d0 S Bpa s?(0)do. 
ĝ 9 


i - 
t 


ane 
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Here A,,. and B,.. depend on p and æ only; in addition, for the valid- 
ity of the second inequality we have-to assume that (0) =0. aaup the 
integrability of s(@) imitates that of Iele]. a 


REFERENCES 


1. A. S. Besicovich, On a general matric property of summabls functions, J. London 
Math. Soc. vol. 1 (1926) pp. 120-128. 

2. G. C. Evans, The logarithmic potential, Amer. Math. Soc. Colloquium Publica- 
tions, vol. 6, New York, 1927. 

3. P.-Fatou, Séries irigonomAriques et séries de Taylor, Acta Math. vol. 30 (1906) 
pp. 305-400. i 

4. V. V. Golubeff, Sur les fonctions analytiques uniformes admetiont un ensemble 


parfait de points singukiers, Moskva, Zapiski Universiteta, Otdiel fisiko-matematiche- 


akii vol. 29 (1916). r 

5. G. H. Hardy and J.E. Littlewood, Some new properties of Fourier constants, 
Math. Ann. vol. 97 (1926) pp. 159-209. 

6. ———, A maximal theorem with function-theoretic applications, Acta Math. vol. 
54 (1930) pp. 81-116. 

7. G. H. Hardy, J. E. Littlewood, and G. Pólya, Imequatsises, Cambridge, 1934. 

8. E. Hille and J. D. Tamarkin, On the absolute imtegradisty of Fourier transforms, 
Fund. Math. voL 25 (1935) pp. 379-352. 

9. A. Kolmogoroff, Une série de Fourter-Lebesgue dteergenis partoni, C. R. Acad. 
Sci. Paris vol. 183 (1926) pp. 1327-1328. 

10. , Une contribution å F Aude de la convergence des séries de Fourier, Fund. 
. Math. vol. $ (1924) pp. 96-97. 

11. A. Kolmogoroff and G. Seliverstoff, Sur la comvergence des séries-de Fourier, 
~ Rendiconti della Accademia dei Lincei (6) vol, 3 (1926) pp. 307-310. 

12. B. Kuttner, A theorem on trigonomeirtc series, J. London Math. Soc. vol. 10 
(1935) pp. 131-140. 

13. J. E. Littlewood and R. E. A.C. Paley, Theorems on power sertes and Fourter 
series. I, II, HI, J. London Math. Soc. vol. 6 (1931) pp. 230-233; Proc. London Math. 
Soc. vol. 42 (1937) pp. 52-89; ibid. vol. 43 (1937) pp. 105-126. 

14. J. Marcinkiewicz, Sur les séries de Fourier, Fund.. Math. vol. 27 (1936) pp. 
38-69. 

15. J. Marcinkienicz and A. Zygmund, A tkoorem of Lusin, Duke Math. J. vol. 4 

(1938) pp. 473-485. 
16. , On the differentiability of functions and the summability of trigonometric 
sertes, Fund. Math. vol. 26 (1936) pp. 1-43. 

17. , On the bekavior of irigonometric series and power sertes,-Trans. Amer. 

Math. Soc. vol; 50 (1941) pp. 407-453. 











18. R. E. A, C. Paley.and N. Wiener, Pure ads oras talks ONDUR ONGIA, ; 


Amer. Math. Soc. Colloquium Publications, vol. 19, New York, 1934. ; 

19. A. Plessner, Zur Theoris der honjugierten trigonometrischon Reikon, Mitteil- 
ungen des Mathematische Seminar, Universitat Giessen, 1923. 

20. , Uber Konver gens von trigonometrischen Roiken, J. Reine Angew. Math. 
vol. 155 (1926) pp. 15-25. 

21. 
tionsbereiches, ibid. vol. 158 (1928) pp. 219-227. 








, Uber das Verhalien analytischer Funktionen auf dem Rande des Defini- 


822 A. ZYGMUND 





22. , Uber konjugiorte trigonometrische Reihen, C. R. (Doklady) Acad. Sci. 
URSS. vol. 4 (1935) pp. 251-253, 

23. I. Privalof, Sur une généraltsation du théoréme de Falow, Rec. Math. (Mat. 

Sbornik) vol. 31 (1923) pp. 232-235, 
. 24, , Intégrals de Cauchy (in Ruselan), Saratoff, 1919, pp. 1-94, 

25. A. Rajchinan, Sur les séries trigonomuriques sommables par le procédé de 
Poisson, Prace Matematyczno-Firyczne. 

26. F. Riesz, Über die Randwerts einer analytischer Funktion, Math. Zeit. vol. 18 
(1922) pp. 87-95. 

27. F. and M. Riesz, Über Randwerts ciner analytischen Funktion, Quatrième 
Congres des mathématiciens scandinaves, 1916, pp. 27—44, 

28. M. Riesz, Sur les sáriss conjuguées, Math. Zeit, vol. 27 (1927) pp. 218-244. 

29. D. C. Spencer, A Juncdion-theoretic ideniiiy, Amer. J. Math. 

30. E. C. Titchmarsh, On conjugate functions, Proc. London Math. Soc. vol. 29 
(1928) pp. 49-80. 

31. S. Verblunsky, On the theory of irtgonometric series. I, Proc. London Math. 
Soc. vol. 34 (1932) pp. 441-456. 

32. F. Wolf, The Poisson integral, Acta Math. vol. 74 (1941) pp. 65-100. 

33. A. Zygmund, Tregonomeiric series, Warsaw, 1935 Gtechert, New York). 

34. ————, On the convergence and summabslity of power series on the circle of con- 
vergence. I, Fund. Math. vol. 30 (1938) pp. 170-196. 


Mr. HoLtyvoxk COLLEGE 





i THE SUMMER MEETING IN NEW BRUNSWICK 


The forty-ninth Summer Meeting of the Society and the twenty- _ 
fifth Colloquium were held at New Jersey College for Women, Rut- 
gers University, on Sunday and Monday, September 12—13, 1943. 
The Mathematical Association of America met on Saturday, Septem- 
ber 11, and the Institute of Mathematical Statistics met on Sunday 
and jointly with the Society on Monday morning. About three hun- 
dred fifty persons attended the meetings among whom were the fol- 
lowing two hundred forty members of the Society: : 


1 


C. R. Adams, E. B. Allen, C. B. Allendoerfer, Warren Ambrose, T. W. Anderson, 
H. E. Arnold, K. J. Arnold, L. A. Arocian, W. L. Ayres, A. V. Baez, F. E. Baker, 
D. H. Ballou, Valentin Bargmann, J. L. Barnes, P. T. Bateman, B. M. Bennett, 
Stefan Bergman, Lipman Bers, J. H. Bigelow, Garrett Birkhoff, G. D. Birkhoff, 
B. H. Biæinger, E. E. Blanche, W. A. Blankinship, E. M. Boggs, T. A. Botts, J. W. 
Bower, A. H. Bowker, S. E. Brasefield, H. W. Brinkmann, B. H. Brown, C. T. Bumer, 
L. H. Bunyan, Herbert Busemann, Hobart Bushey, J. H. Bushey, S. S. Cairns, 
J. W. Calkin, Achille Capecelatro, M. E. Carlen, W. B. Carver, C. R. Casity, 
Abraham Charnes, M. D. Clement, A. B. Coble, H. R. Cooley, T. F. Cope, Byron 
Cosby, Richard Courant, A P. Cowgill, C. C. Craig, E. L. Crow, H. B. Curry, 
J. H. Curtiss, E. H. Cutler, J. F. Daly, D. R. Davis, F. F. Decker, C. L. Dolph, 
Arnold Dresden, R. F. Dressler, William H. Durfee, M. L. Elveback, Benjamin 
Epstein, Paul Erdts, G. M. Ewing, W. K. Feller, F. G. Fender, F. A. Ficken, W. W. 
Flexner, Tomlinson Fort, R. M. Foster, F. H. Fowler, J. S. Frame, Hans Fried, 
Bernard Friedman, K. O. Friedricha, Orrin Frink, R. E. Fullerton, A. S. Galbraith, 
G. N. Garrison, R. E. Gaskell, Abe Gelbert, B. P. Gill, S. H. Gould, H. S. Grant, 
J. W. Green, Lewis Greenwald, C. C. Grove, V. G. Grove, E. J. Gumbel, Theodore 
Hailperin, D. W. Hall, P. R. Halmos, G. E. Hay, G. A. Hedlund, M. H. Heins, 
Aaron Herschfeld, Fritz Herrog, T. H. Hildebrandt, Einar Hille, T. R. Hollkcroft, 
Harold Hotelling, S. E. Hotelling, E. M. Hull, Witold Hurewicz, H, D. Huskey, 
L. C. Hutchinson, R. E. Johnson, B. W. Jones, Edward Kasner, R. B. Kershner, 
J. R. Kline, E. G. Kogbetliantz, Arthur Korn, W. D. Lambert, K. W. Lamson, 
H. G. Landau, V. V. Latshaw, Solomon Lefschetz, Joseph Lehner, BEIN Lehr, 
D. C. Lewis, Marie Litzinger, J. N. B. Livingood, Simon Lopata, E. R. Lorch, 
R. T. Luginbuhl, P. H. McGrath, E. J. McShane, C. C. MacDuffee, G. W. Mackey, 
Saunders MacLane, H. F. MacNeish, W. G. Madow, M. P. Martin, W. T. Martin, 
A. E. Meder, F. H. Miller, K. S. Miller, L. W. Miller, E. B. Mode, Deane Mont- 
gomery, R. K. Morley, Richard Morris, D. S. Morse, E. J. Moulton, F. D. Murnag- 
han, W. R. Murray, C. A. Nelson, P. B. Norman, C. O. Oakley, L. F. Ollmann, P. S. 
Olmstead, F. W. Owens, Gordon Pall, C. W. Pflaum, R. S. Phillips, Everett Pitcher, 
Hillel Poritsky, Willy Prager, M. H. Protter, Hans Rademacher, J. F. Randolph, 
C. H. Rawlins, G. E. Raynor, O. H. Rechard, C. J. Rees, Mina Rees, C. F. Rehberg, | 
R. G. D. Richardson, D. E. Richmond, C. E. Rickart, J. F. Ritt, H. E. Robbins, . 
M. S. Robertson, R. E. Root, J. H. Rosenbloom, P. C. Rosenbloom, A. E. Ross, 
J. B. Rower, S. G. Roth, Raphael Salem, Hans Samelson, F. E. Satterthwaite, 
R. H. Scanlan, Henry Scheffé, S. A. Schelkunoff, I. J. Schoenberg, Abraham Schwartz, 
H. M. Schwartz, G. E. Schweigert, Seymour Sherman, Max Shiffman, J. A. Shohat, 
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D. T. Sigley, L. L. Smail, D. M. Smiley, M. F. Smiley, T. L. Smith, W. M. 
Smith, Ernst Snapper, Andrew Sobczyk, R. D. Specht, E. P. Starke, H. W. 
Steinbaus, R. W. Stokes, R. R. Stoll, R. E. Street, R. C. Strodt, W. C. Strodt, Ethel 
Sutherland, J. L. Synge, Otto Szász, J. D. Tamarkin, J. I. Tracey, C. A. Truesdell, 
H. F. Tuan, A. W. Tucker, J. W. Tukey, D. F. Votaw, Abraham Wald, G. L. Walker, 
R. J. Walker, A. D. Wallace, R. M. Walter, G. C. Webber, K. W. Wegner, A. P. 
Wheeler, P. M. Whitman, Hassler Whitney, G. T. Whyburn, J. E. Wilkins, S. S. 
Wilks, W. L. G. Williams, Jacob Wolfowitz, Bertram Yood, J. W. T. Youngs, Oscar 
Zariski, Antoni Zygmund. i 


The Colloquium Lectures on the subject Extstence theorems in the 
calculus of vartathtons were delivered by Professor E. J. McShane of the 
University of Virginia on Sunday morning and Monday morning and 
afternoon. Acting President C. C. MacDuffee presided at the first and 
third lectures and Vice President J. D. Tamarkin at the second. 

On Sunday at 2:00 p.m., Professor Antoni Zygmund of Mount 
Holyoke College gave an address entitled The complex method of the 
theory of trigonometric sertes. Professor G. D. Birkhoff presided. 

At 3:15 p.M., Sunday, Professor F. D. Murnaghan of Johns Hop- 
kins University gave an address entitled Finite deformations of an 
elasitc solid. The-discussion was led by Professor J. L. Synge of Ohio 
State University. Dean R. G. D. Richardson presided. 

There was a business meeting Monday morning at which the So- 
ciety voted to suspend for the duration of the war the first sentence of 
Article VIII, Section 1, of the By-Laws which reads “The Annual 
Meeting of the Society shall be held between the fifteenth of Decem- 
ber and the fifteenth of January next following.” 

The presiding officers for the sessions of short papers were: Applied 
Mathematics, Sunday morning, Professor Hobart Bushey; Analysis, 
Sunday morning, Professor Hassler Whitney; Probability and Sta- 
tistics (a joint session with the Institute of Mathematical Statistics), 
Monday morning, Professor C. C. Craig; Algebra, Geometry, and _ 
Topology, Monday morning, Professor G. A. Hedlund; Applied 
Mathematics, Monday afternoon, Professor F. D. Murnaghan; Anal- 
ysis and Logic, Monday afternoon, Professor J. B. Rosser. 

Headquarters for the meeting were in the Little Arcade on Jame- 
son Campus. Rooms in the dormitories were made available to those 
attending the meetings. 

On Saturday afternoon Dean Margaret T. Corwin received the 
mathematicians and their guests at her home. 

A photograph was taken at 1:15 P.M., Sunday. 

On Sunday evening there was a dinner for members of the Society, 
the Association, and the Institute and their guests. Professor Richard 
Morris was toastmaster. Dean Corwin welcomed the guests on behalf 
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of President R. C. Clothier of Rutgers University. Dean R. G. D. 


Richardson of Brown University spoke of the importance of applied l 


mathematics in the war effort. Professor G. D. Birkhoff of Harvard 
University urged mathematicians and scientists to maintain a proper 
balance of values during the emergency. Professor W. L. Ayres of 
Purdue University presented a resolution of thanks to the President 
and Dean of New Jersey College for Women of Rutgers University, 
the local committee and all who assisted them for their excellent 
arrangements and cordial hospitality. 

Following the dinner, members of the Department of Music of 
New Jersey College for Women gave an excellent musicale. 

The Council met on Sunday, September 12, at 9:00 p.m. in the 
lounge at Jameson Campus. 

The Secretary announced the election of the following twenty-eight 
persons to membership in the Society: 
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Professor Ernest Willard Anderson, Iowa State College; = 


Dr. Melvin Avrami, Columbia University; 

Mr. Ralph Herbert Beard, New York Telephone Company; 

Mr. J. Olrver Brown, Hampton Institute, Hampton, Va.; 

Dr. Wei-Zang Chien, New York, N. Y.; 

Mr. Murray Ellis, University of Chicago; 

Mr. Eugene Fately, U. S. Army, Camp Murphy, Fla.; 

Dr. Casper Goffman, Westinghouse Electric and Manufacturing Hi Pitts- 
burgh, Pa.; 

Mr. Clarence Frederic Hall, Rensselaer Polytechnic Mente, 

Dr. Robert Griffith Helsel, Ohio State University; 

Professor Gerald Boone Huff, Southern Methodist University; 

Mr. Solomon Hurwitz, Brooklyn College; 

Mrs. Florence Jacobson, University of North Carolina; 

Mr. Robert Kates, University of Chicago; 

Dr. Ervand G. Kogbetliantz, Lehigh University; 

Dr. Zbigniew Lepecki, University of Paraná, Paraná, Brazil; 

Mr. Simon Lopata, Columbia University; 

Mr. Elbert D. Miller, Yuba Junior College, Marysville, Calif.; 

Mr. Kenneth S. Miller, Yonkers, N. Y.; 

Dr. Alfonso Gándara Nápoles, Institute of Mathematics, National University of 
Mexico; 

‘Dr. Paul Felix Nemenyi, University of Colorado; 

Dr. Leonard Nicholl, Kay-Fries Chemicals, West Haverstraw, N. Y.; i 

Mr. Robinson Henry Parson, Houston College for Negroes; 

Mr. George’Paul Roland, Department of Public Works, Aluan, N. Y.; 

Dr. Fritz Rothberger, Acadia University; 

Dr. Feodor Theilheimer, Trinity College, Hartford, Gu: 

Mr. Milton Albert Treuhaft , Westinghouse Radio Division. Baltimore, Md.; 

Professor Wyman Loren Williama, University of South Carolina. 


The following appointments by the President were reported: as 
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representative of the Society at the meeting in tribute to Nicholas 
Copernicus in New York City on May 24, 1943, Professor C. C. Mac- 
Duffee; as a Committee on Arrangements for the Annual Meeting in 
Chicago on November 26-27, 1943, Professors L. R. Ford (Chairman), 
W. L. Ayres, W. B. Carver, A. S. Householder, R. G. Sanger, and 
H. S. Wall; as liaison officer of the Society in connection with the 
editorial management of the Quarterly of Applied Mathematics, Pro- 
‘ fessor Einar Hille; as a member of the Committee to Select Hour 
Speakers for Summer and Annual Meetings, to replace Professor 
M. H. Stone during his absence from the country, Professor J. F. 
Ritt. 

It was announced that a report was sent in July to the Carnegie 
Corporation regarding the grant to Mathematical Reviews. Attention 
was called to the fact that the number of Mathematical Reviews sub- 
scribers for 1943 is 1239. This subscription list is undoubtedly larger 
than that of any mathematical journal which is not provided by a 
mathematical society to its members as one of the privileges of 
membership. 

Certain invitations to give invited addresses were announced: 
Professor Reinhold Baer for the 1943 Jannual meeting in Chicago; 
Dr. Alfred Tarski, Professor M. A. Zorn, and Professor Theodore von 
Karman for the November, 1943, meeting in Pasadena; Dr. D. H. 
Hyers and Professor R. M. Robinson for the 1944 spring meeting in 
Berkeley; Professors J. L. Synge and I. S. Sokolnikoff for the 1944 
_ spring meeting in Chicago. 

It was reported that fifteen microfilm reading machines had been 
sent to the London Mathematical Society for distribution to scientific 
organizations in Great Britain. It was also reported that a microfilm 
reading machine and copies of the Semicentennial volumes had been 
donated to the library of the American Philosophical Society. 

On recommendation of the Colloquium Editorial Committee, the 
Council voted to invite Professor Tibor Radó to deliver a series of 
Colloquium Lectures in 1945. 

Dr. Warren Weaver was appointed_representative on the National 
Research Council for a period of three years beginning July, 1944. 

Professor E. J. Moultdén and Dean W. G. Simon were reappointed 
representatives on the Council of the American Association for the 
Advancement of Science for 1944. 

Dean R. G. D. Richardson was appointed as an additional member 
of the Committee on Addresses in Applied Mathematics. The other 
members of this committee are Professor Richard Courant (Chair- 
man), Mr. R. M. Foster, and Professor Harold Hotelling. 
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The Secretary reported the foundation of the Mexican Mathema- 
tical Society on June 30, 1943. (The inaugural ceremonies were origi- 
nally planned for April 9, 1943, as reported on page 517 of the July 
Bulletin.) Professor Alfonso Nápoles Gándara is the president of the 
new organization. Greetings were sent to the group on behalf of the 
American Mathematical Society. 

The Council adopted resolutions on the deaths of the following 
persons who have been prominent in the work of the Society: 


HOWARD HAWKES MITCHELL 


The Council of the American Mathematical Society records ita deep sense of loes 
in the death on March 13, 1943, of Howard Hawkes Mitchell, Professor of Mathe- 
matics at the University of Pennsylvania. 

Professor Mitchell was prominent in all phases of the Society’ s activity. He was 
a member of the Council from 1920 to 1922 and Vice President from 1932 to 1933. 
He was made an Associate Editor of the Transactions of the Society in 1920 and in 
1925 was elected to the Editorial Committee of that journal. He served as a member 
of this Committee with distinction until 1930. His keen insight and excellent mathe- 
matical intuition fitted him particularly for the exacting duties of an Editor and, in 
every way, he maintained the high standards of the Transactions. He was most sym- 
pathetic in the handling of the work of younger mathematicians and was a valuable 
source of inspiration to them for their further research. 

He was a kindly gentleman with broad interests and high ideals. In every manner . 
he exemplified the finest in American mathematics and it is with deep emotion that 
we present this expression of our feelings on his passing. 


WILLIAM FOGG OSGOOD 


William Fogg Osgood, thoroughly representative of the mathematicians of his 
time, was self-disciplined in method, painstaking in detail, rigorous and clear in arriv- 
ing at his results. For him mathematics was a way of discovery, and each individual 
function was an object worth knowing in all of its details. The method of strict 
analysis was a keen tool whoee fineness he reverenced, and no labor was too great for 
him if he could create an end product that was smoothly machined in every part. 
At a time when scholarship and technique were of the highest repute, he was of the 
best of artist craftsmen. Some of his ideas were instrumental in forging new concepts. 
Yet he was innately conservative, because he felt that he had at his command all the 
tools which he needed in investigating those things which were vital to him. 

` He had his share in building the Harvard Division of Mathematics to an out- 
standing world position in teaching and research. But perbape it is as a teacher of the 
first course in calculus that most of his pupils remember him. His classes in Mathe- 
matics 2 contained men of all ages, from the young freshman or sophomore who was 
stepping abroad in mathematics for the first time, to the experienced teacher who 
spent his sabbatical leave in learning how to solve the teaching difficulties which had 
plagued him. Osgood carried his mathematical straightforwardness fully into his in- 
struction. His aim was to teach ideas, and to make clear the difficult ones, so that they 
might serve as a basis of further knowledge. The way of mathematics is long and diffi- 
cult and makes great demands on will and conscience. Osgood wanted no false starts. 
His purpose sank deep into his students’ „minds, and they have never ceased to be 
grateful. i 
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CLARA ELIZA SMITH 


The Council of the American Mathematical Society desires to record its grateful 
appreciation of the service of Clara Eliza Smith, Professor of Mathematics at Welles- 
ley College, deceased on May 12, 1943. Professor Smith's devotion to the Society was 
such that in the dozen years beginning with 1922, when it was necessary greatly to 
increase thé membership of the Society in order to find financial support for its pub- 
lications, she labored faithfully and unobtrusively as a member of the Committee 
on Membership, doubling the roll of members. Much of the success of that committee 
was due to her laborious and painstaking assembling of data regarding teachers of 
college mathematics, On behalf of the Society, the Council wishes to acknowledge 
her loving interest in its welfare. 


t 


EDWARD BURR VAN VLECK 
June 7, 1863-June 2, 1943 


The American Mathematical Society notes with sorrow the death of Professor 
E. B. Van Vleck, whom it honored as an erstwbile active participant and leader in its 
affairs, and as a noted mathematical scholar and investigator, 

Professor Van Vieck’s membership i in thjs Society extended over more than a half 
century, dating from the year 1893, when he was fresh from the attainment of his 
doctorate. Over the course of many years he was a frequent attendant at the Society's 
meetings, and marked many of these occasions by the presentations of results of his 
investigations. The mathematical literature of those years is dotted with_ papers of 
his on infinite series, on functions defined by ordinary differential equations, on con- 
tinued fractions, on point sets, on functional equations, on the roots of polynomials 
`~ and on other subjects. 

l In recognition of his Soducive mathematical work Professor Van Vleck was 

variously and highly honored by this Society. The posts which were bestowed upon 
him include those of: Member of the Council, 1902-1904; Colloquium lecturer (The 
Boston Colloquium), 1903; Editor of the Transactions, 1905-1910; President, 1913- 
1914. Honors bestowed upon him by other sources include the Doctorate of Laws 
(Clark University), 1909; Election to the National Academy, 1911; the chairmanship 
of Section A of the American Association for the Advancement of Science, ‘1912; 
the Doctorate of Mathematics and Physics (University of Groningen), 1914; the 
Doctorate of Science (University of Chicago), 1916; Decoration by the French Gov- 
ernment as “Officer del’instruction publique,” 1920; the Doctorate of Laws (Wesleyan 
_ University), 1925. 

In his person Professor Van Vleck was modest and kindly. He was a sensitive man 
of broad cultural interests. As a teacher he stood on all occasions and steadfastly for 
the highest standards of achievement and of scholarly integrity. 

The American Mathematical Society is indebted to Professor Van Vleck for his 
participation and counsel, which came to it during thoee important years when its 
membership was to be counted by hundreds rather than the present day's thousands. 
It gratefully acknowledges this, and mourns his departure from this life. 


_ HENRY SEELY WHITE 


Inasmuch as Henry Seely White, ninth President of the Society, 1903-1904, died 
on May 20, 1943; and 

Inasmuch as he was very. much one of a amall number of enthusiastic young 
Americans, trained in Europe, who, near the close of the last century; determined to 
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give their lives to bringing American mathematical study and research up to the 
standard attained in Europe; and 

Inasmuch as a most necessary element in accomplishing this purpose was founding 
and cherishing our Society, guiding its meetings and caring for its publications; and 

Inasmuch as he was an unselfish and helpful friend to all who came to him for 
counsel or encouragement, were they contemporaries or youthful pupils; and 

Inasmuch as his interest in mathematics never alackened, so that his most sus- 
tained piece of writing, a treatise on cubic curves, appeared near the clove of his 
career; be it therefore 

Resolved that the Society hereby place on record its deep sense of logs in his death. 


The Council passed unanimously the following resolution: that 
it is the sense of the Council that the roster of scientific meetings of 
the Society should be continued at at least the same level as in pre-- 
ceding years. The Council designated the November 26-27, 1943, 
meeting in Chicago as the Annual Meeting of the Society. At this 
meeting the Bécher Prize for papers in analysis published during the 
period of 1938-1942 will be awarded and Professor Marston Morse 
will deliver his retiring presidential address on New seitengs for 
topology tn analysts. Times and places of meetings during 1944 were 
set as follows: February 26-27 in New York City; October 28 in 
New York City. - 

The committee on Mathematical Surveys reported the publication 
of the two monographs, The theory of rings by Professor Nathan 
Jacobson and The problem of moments by Professors J. A. Shohat 
and J. D. Tamarkin. The Council voted to continue the new series 
by publishing other books of the same general character as these two 
monographs. | 

Professor MacDuffee, Acting Chairman of the War Policy Com- 
mittee, reported for the committee the following items: (1) Professors- 
‘Stone and Morse have been representing the American Mathematical 
Society and the Mathematical Association of America in Washington 
on matters affecting the use of mathematically-trained and qualified ` 
personnel, working in close cooperation with Dean H. L. Dodge, Di- 
rector of the Office of Scientific Personnel. (2) The Rockefeller Foun- 
dation has made a grant of $2500 to defray the expenses of the War 
Policy Committee. Of this amount $1,000 has been appropriated to 
the support of the Office of Scientific Personnel. (3) A subcommittee 
of the War Policy Committee to gather information as to the actual ` 
effect of the mathematical aspects of the Army and Navy training 
programs, and to formulate suggestions for their improvement, has 
been established. Professor W. L. Hart is: Chairman and the other 
members are Professors C. R. Adams, H. M. Bacon, B. H. Brown, 
H. J. Ettlinger, C. V. Newsom, G. B. Price, and W. M. Whyburn. 
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(4) The War Policy Committee has recognized the desirability of 
gathering information concerning the war activities of mathemati- 
cians but at present sees no way of carrying out a plan for doing so. 
Members of the Society and Association are urged to cooperate in 
making this undertaking possible at a later date. By keeping a careful 
and detailed record of his own activities and experience during the 
war period, each mathematician will contribute to the preservation 
of the data without which a record of this extraordinarily significant 
period in our history would be impossible. (5) The Committee on 
Available Teachers of Collegiate Mathematics has been functioning 
since April, 1943. A report on the activities of this Committee ap- 
pears elsewhere in this Bulletin. 

Titles and cross references to the abstracts of papers read are given 

below. The papers were read as follows: papers 1—8 in the section for 
Applied Mathematics on Sunday morning; papers 9-15 in the section 
for Analysis on Sunday morning; papers 16—20 in the section for 
Probability and Statistics on Monday morning; papers 21-26 in the 
section for Algebra, Geometry, and Topology on Monday morning; 
papers 27—32 in the section for Applied Mathematics on Monday after- 
noon; papers 33—36 in the section for Analysis and Logic on Monday 
afternoon; and papers 37-88, whose abstract numbers are followed by 
` the letter #, were read by title. Professor Lee was introduced by 
Professor Leonard Carlitz, Mr. Handelman by Professor Willy 
Prager, Dr. Merrill by Professor E. B. Allen, Mr. Hsiung and Mr. 
Wang by Professor J. A. Shohat, and Mr. Salzer by Professor A. N. 
Lowan. Paper 3 was presented by Professor Hay, paper 7 by both 
authors, paper 11 by Dr. Herzog, paper 12 by Professor Martin, 
paper 14 by Dr. Fried, papers 19 and 20 by Professor Wald, and paper 
24 by Profeasor Pall. 

1. L. C. Hutchinson: Free vibrations in a rectangular a Prelimi- 
nary report. (Abstract 49-11-284.) 

2. E. G. Kogbetliantz: Detailed quantitative interpretation of maps of 
gravitational anomalies with the aid of mathematical analysts. Prelimi- 
nary report. (Abstract 49 9-223.) 

3. G. E. Hay and Willy Prager: On plane rigid frames containing 
curved members. (Abstract 49-9-221.) . 

4. Garrett Birkhoff: Reverssbslsty paradox cad camber. (Abstract 
49-11-277.) 

_ 5. Arthur Korn: Compressshility with viet to vsbraitons of high 
frequency. (Abstract 49-11-285.) 

6. Stefan Bergman: Solutions of linear partial differential equations 

of fourth order. (Abstract 49-9-218.) 
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7. D. W. Dudley and Hillel ‘Poritsky: The geometry of cutting and 
hobbing of worms and gears. (Abstract 49-11-279.) 

8. Otto Szász: On uniform convergence of Fourier series. (Abstract 
49-9-215.) 

9. C. E. Rickart: An absiract Radon-Nikodym theorem. (Abstract 
49-11-270.) 

10. B. H. Bissinger: Generalizations of continued fractsons. (AD- 
atract 49-11-252.) 

11. Fritz Herzog and B. H. Bissinger: Generalisation of Borel s and 
F. Bernstein's theorems on continued fracitons. (Abstract 49-11-253.) 

12. R. H. Cameron and W. T. Martin: Transformations of Wiener ` 
integrals under iranslations. (Abstract 49-9-204.) l 

13. Tomlinson Fort: The wetghted vibrating string and ts limit. 
(Abstract 49-9-207.) 

14. Paul Erdëös and Hans Fried: On the connection between gaps in 
power series and the roots of their partial sums. (Abstract 49-11-258.) 

15. P. C. Rosenbloom: Sequences of polynomials, especially sections 
of power series. (Abstract 49-9-210.) 

16. Jacob Wolfowitz: Asymptotic dssirtbuitons of ascending and 
descending runs. (Abstract 49-7-197.) 

17. E. J. Gumbel: On the plotting of statistical observations. (Ab- 
stract 49-9-238.) 
18. W. K. Feller: On a general class of “contagious” dasirsbuitons. 

(Abstract 49-11-301.) 

19. Abraham Wald and Jacob Wolfowitz: An exact test for random- 
ness in the non-parametric case based on serial correlation. (Abstract 
49-11-303.) . 

20. H. B. Mann and Abelan Wald: On the statistical treatment of 
linear stochastic difference equations. (Abstract 49-11-302») 

21. William H. Durfee: Congruence of quadratic forms over valua- 
tion rings. (Abstract 49-9-200.) 

- 22. Edward Kasner: Motion in a resisting medium. (Abstract 49-9- 
234.) 

23. V. G. Grove:.A pene: theory of surfaces and conjugale nets. 
(Abstract 49-9-230.) ` 

24. R. E. O'Connor and Gordon Pall: On integral quadratic forms in 
many vartables. (Abstract 49-11-247.) 

25. H. L. Lee: The sum of the kth power of polynomials of degree m 
in a Galois field. Preliminary report. (Abstract 49-9-201.) 

26. H. D. Huskey: On polyhedra and polyhedral path surfaces. (Ab- 
stract 49-9-240.) 
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27. C. A. Truesdell: The dtfferentsal equations of the membrane 
theory of shells of revoluiton. (Abstract 49-11-294.) 

28. G. H. Handelman: On a principle of M. A. Sadowsky. Prelim- 
inary report. (Abstract 49-11-282.) 

29. A. E. Ross: A note on forced oscillations of a conducting sphere. 
(Abstract 49-11-292.) 

30. S. H. Gould: The Rayletgh-Rtis method for higher eigenvalues. 
(Abstract 49-9-220.) 

31. R. E. Gaskell: On moment balancing in siructural dynamics. 
(Abstract 49-11-281.) 
32. L. L. Merrill: The mathematscal determination of cooling rates 

during arc welding. (Abstract 49-11-287.) 

33. J. E. Wilkins: Multiple tniegral problems in parametrsc form in 
the calculus of variations. (Abstract 49-11-275.) 

34. F. A. Ficken: On iwo crtterta for convexity in a symmetric Ba- 
nach space. (Abstract 49-5-134.) 

35. Theodore Hailperin: A set of axioms for logic. (Abstract 49-9- 
236.) 
~ 36. Andrew Sobczyk: On the extension of linear transformations. 
(Abstract 49-9-214.) 

37. A. A. Albert: Quastgroups. I. (Abstract 49-9-199-Ł.) 

38. E. F. Beckenbach and R. H. Bing: Conformal minimal varieises. 
(Abstract 49-7-182-t.) 

39. Stefan Bergman: Fundamental solutsons of partial diferential 
equaitons of the second order. (Abstract 49-11-251-4.) 

40, L. M. Blumenthal: Meirec study of generalised ellapitc spaces. 
Preliminary report. (Abstract 49-11-304-#.) 

41. L. M. Blumenthal: New formulations of some smbedding theo- 
rems. (Abstract 49-11-305-#.) 

42. R. P. Boas: Almost periodic funchtons of exponential type. (Ab- 
stract 49-7-183-2.) 

43. Herbert Busemann: On spaces in which two potnis determine 
a geodesic. (Abstract 49-9-228-2.) 

44, Vincent Cowling and Walter Leighton: On convergence regions 
for continued fractsons. (Abstract 49-7-184-2.) 

45. M. M. Day: Unsform convexity. IV. (Abstract 49-9-205-2.) 

46. John DeCicco: Kasner’s pseudo-angle. (Abstract 49-9-229-t.) 

47, Nelson Dunford and D. S. Miller: On the ergodic theorem. (Ab- 
stract 49-11-257-2.) 

48. C. J. Everett: Closure operators and galois theory in latitces. 
(Abstract 49-7-180-é.) 

49. G. M. Ewing: Existence theorems for multiple integral variation 
problems. Preliminary report. (Abstract 49-9-206-4.) 
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50. F. A. Ficken: Note on the existence of scalar products in normed 
linear spaces. (Abstract 49-5-133-2.) 

51. G. E. Forsythe: Note on equivalent potential temperature. (Ab- 
stract 49-9-219-?.) 

52. D. W. Hall: A note on primitive skew curves. (Abstract 49-11- 
307-1.) 

53. M. H. Heins: On a problem of Walsh concerning the Hadamard 
three circles theorem. (Abstract 49-11-261-2.) 

54. M. R. Hestenes: The tsopertmeirsc problem of Bolsa in para- 
meiric form. (Abstract 49-11-263-t.) 

55. F. B. Hildebrand: On the stress distribuiton tn cantilever beams. 
(Abstract 49-9-222-t,) 

56. Carl Holtom: Permanent configurations in the n-body problem. 
(Abstract 49-11-283-é.) 

57. C. C. Hsiung: An invariant of intersection of two surfaces. (Ab- 
stract 49-9-231-#.) 

58. C. C. Hsiung: Projectioe tnvartants of some particular pairs of 
space curves. (Abstract 49-9-232-?) 

59. C. C. Hsiung: Theory of intersection of two plane curves. (Ab- 
stract 49-9-233-2.) 

60. Nathan Jacobson: An exienston of Galois theory to non-separable 
and non-normal fields. (Abstract 49-11-245-4.) 

61. Irving Kaplansky: Solution of the “problème des ménages.” 
(Abstract 49-7-181-2.) 

62. Brockway McMillan: Random poini Palleras: Preliminary re- 
port. (Abstract 49-11-265-t.) 


63. Szolem Mandelbrojt: Quast-analyitetiy and analyisc continua 


ton. A general principle. (Abstract 49-9-208-4.) 

64. Morris Marden: On the stream function of axtaly symmetric 
flows. (Abstract 49-9-225-#.) 

65. A. D. Michal: An analogue of the Maupertuss-Jacobt “least” 
achon principle for dynamical systems of snfinste degrees of freedom. 
(Abstract 49-11-288-#.) 

66. A. D. Michal: Physical, models of some curved diferential- 
geometric metric spaces of infinite dimensions. I. Wave moon as a study 
on geodesics. (Abstract 49-11-289-42.) 7 

67. D. S. Miller: On Carathtodory and Gillespie linear measure. 
(Abstract 49-9-209-#.) ' 

68. H. T. Muhly: Independent sniepral bases and a characterisation 
of regular surfaces. (Abstract 49-7-195-2.) ` 

69. H. E. Newell: On the asymptotic forms of the solutsons of a linear 
mairic dsfferential equation in the complex domasn. (Abstract 49-11- 
269-4.) 
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70. Isaac Opatowski: Cantilever beam of circular cross section and 
consiant strengih under the aciton of its own wetght. (Abstract 49-11- 
290-4.) 

71. W. V. Parker: Limts to the characteristic roots of a matrix. (Ab- 
stract 49-9-202-1.) 

72. M. O. Peach: Simplified technique for constructing orthonormal 
functtons. (Abstract 49-11-291-2.) 

73. Harry Pollard: A new criterion for completely monotonic func- 
tions. (Abstract 49-7-190-2,) 

74. Raphael Salem: A sengulartty of the Fourier series of continuous 
funcisons. (Abstract 49-9-211-2.) 

75. H. E. Salzer: Table of first two hundred squares Fama as a 
sum of four teirahedral numbers. (Abstract 49-9-203-t.) 

76. Henry Scheffé: On a measure-iheorettc problem arising in the 
theory of non-parametric tests. (Abstract 49-9-239-t,) 

77. H. M. Schwartz: Riemann tntegration with respect to additive 
sntercal funcittons. Preliminary report. (Abstract 49-11-271-2.) 

78. A. R. Schweitzer: On funcional equations with solutions contain- 
tng arbiirary functions. I. (Abstract 49-9-212-4.) 

79. A. R. Schweitzer: On functional equations with solutions contain- 
sng arbttrary funcions. II. (Abstract 49-9-213-4.) 

80. Seymour Sherman: Finite aspect ralio effect in the Glaueri- 
Prandil regime. (Abstract 49-9-226-1.) 

81. W. J. Thron: A general theorem on convergence regtons for con- 
tinued fractions bo) +K(1/b.). (Abstract 49-7-191-4.) 

82. W. J. Thron: Convergence reptons for the general continued frac- 
tion. (Abstract 49-7-192-2.) : 

83. A. D. Wallace: A structural property of transformahons. (Ab- 
stract 49-9-241-?.) 

84. F. T. Wang: On Riess summabtltty of Fourter series. III. (Ab- 
stract 49-9-217-2.) 

85. Alexander Weinstein: On the bending of a damped plate. (Ab- 
stract 49-9-227-2.) 

86. Paul White: On r-regular convergence. (Abstract 49-9-242-t,) 

87. Hassler Whitney: On the extension of differentiable functeons. 
(Abstract 49-7-193-é.) 

88. D. V. Widder: Positive temperatures on an infinite rod. (Ab- 
stract 49-11-295-2.) 

T. R. HOLLCROFT, 
Associate Secretary 


- BOOK REVIEWS 


Development of the sciences. Second series. By Oystein Ore, Frank 
Schlesinger, Henry Margenau, John Arrend Timm, Chester Ray — 
Longwell, Lorande Loss Woodruff, Walter Richard Miles, John 
Farquhar Fulton. New Haven, Yale University Presa; London, 
Humphrey Milford and Oxford University Press, 1941. 104-336 pp. | 
$3.00. 


' Keyed to the present interest in scientific advance, these chapters 
form a short introduction to science, its methods and ideas, -back- 
ground and trends. The presentation is not technical but designed for 
the general reader. The material was first offered during the winter 
and spring of 1940 as a series of public lectures sponsored by the 
Yale University chapter of Gamma Alpha. It comprises discussions 
by eight well known Yale scientists, representing the fields of mathe- 
matics, astronomy, chemistry, physics, geology, biology, psychol- 
ogy, and medicine. Each of the first seven lectures traces the develop- 
ment of one of the basic sciences from its beginnings to its most 
recent results. The last lecture shows the interdependence of these 
various sciences as illustrated by specific examples in the history of 
medicine. 

The preceding statements are quoted literally from the jacket of 
the book under review. Since the book comprises less than three 
hundred and fifty pages, it is obvious that the presentation is ex- , 
tremely concise. But the reviewer found that it makes interesting 
and stimulating reading, and feels that the book cannot fail to convey 
to the general reader an overwhelming impression of the power of the 
human mind engaged in unselfish and purposeful endeavors. The 
chapter on mathematics, written by O. Ore, comes up in every way 
to the well known standards of depth of thought and clarity of pres- 
entation of its author. This chapter should be very valuable to 
graduate students of mathematics who, as a rule, have little help in 
obtaining an integrated picture of mathematics from the historical 
point of view. It is to be hoped that this chapter may be made avail- 
able to this particular group of readers in some mathematical jour- 
nal, possibly in somewhat extended form. f 
l Trpork Rapé 


The methodology of Pierre Duhem. By Armand Lowinger. New York, 
Columbia University Press, 1941. 184 pp. $2.25. — 


Pierre Duhem (1861-1916) was an outstanding French physicist 
whose work was mainly concerned with thermodynamics, but he 
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waa one of those scientists who not only walk on scientific paths but 
want to understand the history of discoveries and the different meth- 
ods used in scientific proceedings. 

The greater part of the present book is a well ordered report on 
the writings of Duhem on methods in theoretical physics. These 
investigations have two aspects. On the one hand, Duhem tries to 
describe objectively the actual methods; on the other hand, he can- 
not suppress his temperament and speaks, appreciatingly or blam- 
ingly, about the different methods and gives prescriptions about 
the aims and the proceedings. He belongs to that- group of physicists 
of the latter half of the last century who could be called methodical 
ascetics. They asserted that the theoretical physicist has only the 
task to describe and order the physical phenomena but not to explain 
them. They tried to suppress the natural demand to find out causes 
for the phenomena, a demand which requires the connecting of the 
phenomena through intermediate tensions and phases which are 
not directly observed. A more detailed analysis would show that it 
is impossible to avoid in the description such intermediate, invisible, 
“theoretical” phases of the pair, cause and effect. 

Another object of dislike for Duhem are the “models” in physics, 
for instance the electrical models of the English school of physicists. 
He admits that the models sometimes suggest valuable ways of prog- 
ress but he does not like them. They are not abstract enough, too 
near to the tempting but forbidden field of “explanation.” He would, 
probably, have been astonished to see the progress of modern molec- 
ular physics made with the help of the atom model. From the logical 
point of view there is no precise distinction between representation 
through mathematical symbols and through models. 

Duhem is somewhat subjective in his views and indulges in dan- 
gerous generalizations and summaries in describing the different 
kinds of minds. There is the broad but feeble mind (mainly English) 
which uses models, and the narrow but strong mind using the method 
of abstract reasoning (French and German). Later, after the first 
world war had started, he discovers also some characteristics of the 
“German mind.” It is “geometric”; it treats all things by the axio- 
matic method and gives birth to theories which deny obvious truth, 

` for instance, the various non-Euclidian geometries. This assertion 
is a good example of the innate tendency of the human understanding 
to order and simplify the wealth of phenomena, outside physics as 

, well as in it, and of the manner in which prejudice, antipathy, and 
sympathy help to achieve this order. 

The last chapter gives critical remarks and conclusions of the 
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author. Some of the remarks are given above. I do not quite share 
his opinion that the “methodologist” has only to describe the methods 
used by the physicists or the scientists in general. Even a non-expert 
may see sometimes, by general considerations, ways which the re- 
searchman should go. Plato and Aristotle were no mathematicians, 
Bacon no physicist in a proper sense, but, undoubtedly, they fur- 
thered the development of mathematics and physics. That Aristotle 
was an impediment to the development of physics was the fault of 
“experts” who adhered in a slavish way to his physical theories. The 
outsider sometimes sees more of the general landscape of science, 
where the scientific workers go the toilsome ways which lead to 

discoveries. ' 

In his conclusions the author presents certain “indefeasible facts” 
of the scientific situation, for instance that in modern physics meta- 
physical explanatory theories are excluded. His last “conclusion” 
is somewhat metaphysical and not easily accepted, namely that sci- 
ence approaches “asymptotically” a perfectly adequate account of 
reality. And it is given as an “indefeasible fact of the human situa- 
tion—that the Human Spirit is one and that the different activities 
in which it expresses itself must in the end arrive at the same con- 
clusion.” It is difficult for me to imagine common conclusions which 
will be reached “asymptotically” by the Human Spirit in its meta- 
physical, social and scientific activities. 

Only one little critical remark: the mathematical reader will be 
astonished to find on page 94, quoted from Poincaré, an erroneous 
description of the method of mathematical induction. l 

M. DEHN 


Transients in linear systems, studied by the Laplace transform. Vol. I. 
By M. F. Gardner and J. L. Barnes, New York, Wiley; London, 
Chapman and Hall, 1942. 9+389 pp. $5.00. l 


This book is remarkable in that it is perhaps the first serious at- 
tempt to present the theory of the Laplace transform to the mathe- 
matics or engineering student at an early stage of his studies. For 
the complete understanding of this transform it is necessary to have 
mastered the theory of functions of a complex variable. This fact has 
hitherto barred many a student from the use of a valuable analytic 
tool until rather late in his mathematical career. The present work 
shows conclusively that this delay is unnecessary. 

The authors are able to place the fundamental idea of the method 
before the reader even in the first chapter. The essence of the matter 
consists in replacing by the Laplace transform one function space 
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by another in such a way that differential.and integral operations on 
the functions of the first space become algebraic operations on the 
functions of the second. Then an integrodifferential equation be- 
comes an algebraic equation. Let us illustrate by finding that solution 
of the differential equation dy/dx—y =x for which y(0)=0. One first 
defines the Laplace transform Y(s) of the required solution y(x): 


¥(3) = f PEE 
EE by parts shows that 
f yaiz = = 10) +470, 


so that the given differential equation transforms into 
sY (s) — y0) ~ Y (s) = 5-7. 


After introducing the boundary condition y(0) =() one easily solves 
the algebraic equation and finds that 


Y(s) = (s — 1) ~ s! — 3°}, 


It now only remains to find the function y(x) which has this function 
for its transform. This is easily read off from a table of transforms and 
is found to be y(x) =e*—x—1. 

A critical examination of the above solution will show that certain 
assumptions have been made, notably that the unknown function 
y(x) and its derivative have Laplace transforms. The authors take - 
the perfectly acceptable point of view that such.assumptions are 
justified by the results. It is always possible to check directly the solu- 
tion of a differential system. If it is correct, no further investigation 
of the method is necessary. If the brilliant success arouses the curi- 
osity of the student, so much the better. He can learn why it all | 
works when he is better equipped with mathematical tools. One out- 
standing advantage of the method is brought out in the above ex- 
ample. Due to the fact that the transform is unilateral (the integra- 
tion runs from 0 to +œ and not from — œ to +- æ), one-point 
‘boundary conditions are brought automatically into the solution. 
Thus no general solution of the differential equation with arbitrary 
constants is involved. 

There is a very welcome second chapter in which the physical 
background of the electrical and mechanical problems treated is dis- 
cussed in great detail. Most comparable texts assume that the stu- 


~ 
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dent is already familiar with the physics of the situation, and if he 
is not, he must look elsewhere for help. This chapter is independent 
of the Laplace method and could be used in connection with any 
course where practice in setting up differential systems from-physical 


problems is required. 


1 


It is natural that the authors should wish, in'a book of this char- 
acter, to keep the proof of theorems a secondary matter. Thus in 
chapter 3 the Laplace transform is introduced by analogy with the 
more familiar Fourier series and integrals. Even in chapters 4 and 5, 
where a more formal approach is undertaken, demonstrations of 
theorems are either omitted entirely (Theorems 1, 2, 3 and 4) or 
sketched briefly. This procedure seems not to detract from the es- 
sential clarity of the presentation. The remainder of the book, with 
the exception of chapter 8, elaborates further and illustrates pro- 
fusely the method of solving integrodifferential and difference 
equations. - 

The reviewer's chief adverse criticism of the book has to do with ` 
chapter 8. Here the authors seem to abandon the general plan of the 
book. Some twenty theorems of a more advanced nature about the 
Laplace transform are developed. Demonstrations are given. No use 
of the results is made in the present volume. In several cases the 
theorems are incorrectly stated, in others the proofs are wrong or at 
least inadequate. One of the more important errors stems from in- 
discriminate interchange of limit and integral operations (though 
elsewhere the authors are careful about this), Another is based on the 
incorrect assumption that a Laplace integral defines an analytic 
function which must have a singularity on the axis of convergence. 
No doubt the chapter was included to prepare the way for a second 
volume on partial differential equations and related material which 


- is to follow. The flaws in the chapter need not impair essentially the 


usefulness of the present volume. For, the student who is looking 
merely for technique may omit the chapter, the brilliant student 
may read it with circumspection. It may be worth while to call at- 
tention to one other misstatement in chapter 4. Here it is stated 
that a function of a complex variable which has a first derivative at a 
point necessarily has all higher derivatives there also (compare the 
function ||). 

In conclusion it may be well to summarize the special features 
of the book. First and foremost, it places a vital tool well within the 
grasp of a student with meager mathematical training. It dispells the 
mystery of the Heaviside operational calculus by showing the real 
basis of that technique. It gives complete physical background for the 
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integrodifferential and difference equations it solves. It has a wealth 
of illustrative examples, done in the text, and many problems for the 
student at the ends of the chapters (no answers). There is a very ex- 
tensive table of Laplace transforms, as useful as a table of integrals in 
a calculus course. In chapter-1 and in’appendix B a valuable com- 
parison of the Laplace method with other possible ‘techniques is 
given. Historical notes on the mathematical theory appear in ap- 
pendix C. Finally there is one of the most extensive bibliographies 
on the subject yet to appear. 
D. V. WIDDER 


A treattse on projective differential geometry. By Ernest Preston Lane. 
Chicago, University of Chicago Press, 1942. 9+466 pp. $6.00. 


Since the appearance of the author’s earlier volume, Projechve 
differential geometry of curves and surfaces (University of Chicago 
Press, Chicago, 1932), significant contributions to the field of pro- 
jective differential geometry have been made by geometers in vari- 
ous parts of the world. In the preface the author does not claim 
that the present treatise is exhaustive, but states that it represents 
the fruit of ten years of study and investigation and gives an account 
of the author’s experience with those portions of the subject which 
interested him most. It is with respect to those portions of the sub- 
ject, then, that the reviewer interprets the author’s statement, ap- 
pearing earlier in the paragraph, that “the present volume integrates 
the new material with the old and gives a connected exposition of the 
theory to date.” The treatise reports results of studies made by many 
workers in the field, and expounds a wide range of topics. It is also 
notable, however, that some of the newer topics that have attracted 
rather general interest have not been mentioned. Parts of the proofs, 
involving calculations that are difficult for the uninitiated, are so 
frequently left to the care of the reader that only the more advanced 
` students of the subject can use the volume successfully as a text- 
book. The treatise is properly designed to serve as a reference book 
for the research worker in the field. Geometric concepts and results 
are consistently described in a lucid graphic manner. 

It is satisfying to observe that the present volume devotes con- 
siderably more attention to the methods of Wilczynski on the study 
_ of curves by means of linear differential equations than does the 
earlier volume. It is disappointing; however, to find no mention 
made of Stouffer’s simplifications of Wilczynski’s methods of de- 
termining (i) canonical power series expansions for the local equa- 
tions of plane and space curves, and (ii) the geometric characteriza- 
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tions of the vertices of the associated reference triangles ahd tetra- 
hedra. About three times as much space is afforded the theories of 
curves as was allotted to this subjéct in the. earlier volume. A simi- 
larly expanded amount of space is afforded the subject of surfaces 
in the present volume. The metric and affine applications are omitted. 
The Fubini method of the use of differential forms is omitted. The 
theorems stated in the earlier volume as exercises appear without 
proofs at the ends of the sections as supplementary theorems. Topics 
in the study of conjugate nets are treated much more fully than .in 
the former volume. In particular, three types of sequences of La- 
place are treated extensively in the present volume, whereas the 
subject of sequences of Laplace received scant attention in the earlier 
volume. A twenty page chapter is devoted to the study of plane nets. 


Grove’s studies of the neighborhoods of singular points of surfaces 
- are not mentioned. Their omission represents a distinct loss. A brief 


treatment of Fubini’s theory of W-congruences is given. This theory 
could have been brought more nearly up to date had the contribu- 
Aions of Jonas (1937) and Fubini (1940) been added. | 
‘The subjects of plane and space curves in hyper- and ordinary space 
are treated in the firat three chapters. The next three chapters deal 
with surfaces in ordinary projective space. Two chapters are de- 


voted to the study of conjugate nets and one is devoted to the theory . 
of plane nets. Transformations of surfaces and surfaces and varieties’ 


in hyperspace are studied in the last two chapters. The exposition is 
uniformly excellent throughout the volume. No attempt will be 
made to review each chapter by topics, but to give an indication of 
the nature of the relationship of the material included in the treatise 
to other material in the literature a topical review is here given of 
the subject matter contained in the two chapters on surfaces in 
ordinary space. 

Chapters V and VI contain expositions of fundamental topics in 
the theory of analytic surfaces in ordinary three-dimensional space. 


The parametric curves on each surface ufider consideration have been - 


selected to be the asymptotic curves. The form of the fundamental 
system of defining differential equations is deduced from a considera- 
tion of the curvilinear differential equation of the asymptotic curves 
of a surface. Integrability conditions are discussed and a study is 
made of the effects on the differential equations of the most general 


_ transformations of variables which leave the surface undisturbed 


and preserve’ the parametric character of the asymptotic curves. 
Use is then made of special transformations of proportionality factor, 


_ from original homogeneous coordinates x to new coordinates 4, to 


ya 
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obtain reductions of the system of differential equations to canonical 
forms. The first canonical form results from the choice of coordinates 
2, defined by 2, =x;:/xı. The second and third canonical forms are 
‘Wilzynski’s and Fubini’s, respectively. Both are obtained by mak- 
ing a transformation of the form x,=A%. For Wilczynski’s canonical 
form X=e"!?, and for Fubini’s canonical form \ = (e*/By)'*, wherein 
6, 8, y are coefficients of the original differential equations of the 
surface. The. canonical forms of Wilczynski and Fubini have been 
used extensively by various geometers. In order to arrive at Fubini’s 
canonical form it is necessary that the surface under consideration 
be not ruled. No mention is made in the present volume of Grove's 
important class of canonical forms. This class not only contains 
Fubini’s canonical form but also contains other canonical forms of 
similar geometric interest which, in marked contrast with Fubini’s 
canonical form, exist whether or not the surface is ruled. A brief but 
interesting account is given in the present treatise of a method of 
calculation of an expansion which represents one nonhomogeneous 
coordinate g as a power-series in the two nonhomogeneous co- 
ordinates x and y of a point X of a surface. A great expenditure of 
labor is involved in the calculation of the terms of the fifth and sixth 
degrees of this power-series. The theory and method of procedure are 
adequately explained; the tedious details of the calculations are 
appropriately omitted. The author has contributed much to the 
development of such power-series expansions. A canonical form for 
the differential equations of a ruled surface is obtained in a direct 
and simple manner. The relations between the coefficients of these 
equations and those on which Wilczynski based his theory of ruled 
surfaces are then established. At this point properties of the curves 
.of sections by planes through an asymptotic tangent are deduced. 
The flecnode curves are briefly considered. The quadrics of Dar- 
boux are defined and their equations with reference to a local co- 
ordinate system are obtained. The quadric of Lie and the asymptotic 
osculating quadrics of Bompiani are also- defined- and their local 
equations are calculated. Bompiani’s characterization of. the quadric 
of Wilczynski as a special asymptotic osculating quadric is deduced. 
A somewhat similar characterization of the quadric of Fubini-is 
reached. Reciprocal congruences are defined and studied, and their 
developables and focal surfaces are determined. Although G. M. 
_ Green pioneered in this subject of reciprocal congruences by his study 
of congruences in the relation R, no reference is made to Green’s 
work. The author's presentation appears to be essentially an inter- 
pretation of Green’s work in terms of a different system of differen- 
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tial equations than was employed by Green. The equations and ex- 
pressions are simpler in the forms in which they were originally ex- 
pressed by Green, in terms of the coefficients of Wilczynski’s canoni- 
- cal form. Considerable attention is given to the geometric character- 
ization of various canonical lines, but no reference is made to a known 
unified geometric characterization of the canonical pencil. 

Chapter VI opens with the introduction of the point-to-plane cor- 
respondence in which each point of a surface corresponds to the 
tangent plane to the surface at the point. This correspondence, has 
been thoroughly studied by the author and Fubini and Cech. The 
axis, ray, associate axis, and associate ray are défined at a point in 
connection with a conjugate net, and relations among these are estab- 
lished. The author's studies of a general pencil of conjugate nets and 
the associated ray-point cubic and ray-conic are presented. The cones 
which correspond to the ray-point cubic and the ray-conic by the 
point-to-plane correspondence mentioned above are determined. 
These are the axis plane cone and the axis quadric cone, respectively. 
` Hypergeodesics are defined on a surface by means of a curvilinear 
differential equation of the second order. Several properties of hyper- 
geodesics are enumerated. A cone of the third class is determined as 
the envelope at a point of the surface of all of the osculating planes 
of the hypergeodesics of a family passing through that point. The 
cone has three cusp planes which intersect in a line called the cusp- 
axis. of the system of hypergeodesics at the point. It is shown that 
the curves of a pencil of conjugate nets on a surface form a family 
of hypergeodesics. Other families of hypergeodesics are discussed, 
among which are the projective geodesics and the union curves of a 
congruence J’; on a surface. The projective geodesics are the extremal 
curves of the invariant integral 
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known as the projective arc length of the curve along which it is 
calculated. - 

The property of the projective normal which Fubini discovered is 
established, namely, at a point on a surface the cusp-axis of the pro- 
jective geodesics is the projective normal. The quadric of Moutard 
for a direction at a point of a surface is defined and its local equation 
is calculated. The author describes some propérties of the transforma- 
tions of Cech and presents his own construction for the point P, 
which corresponds to a given plane in the general transformation of 
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Cech at a point P, of the surface S. The author fails to mention the 
generalization of this transformation by Fubini and Cech. A simple 
construction is known for the elements which correspond in this 
more general transformation. The pangeodesics are defined as the 
- extremal curves of thè integral invariant : 
f j (: Pye 
ii y 

The geometric characterizations of the pangeodesics obtained by 
Lane and Segre appear in the volume. Formulas for the differentia- 
tion of local point coordinates are deduced and it is proved that with 
the use of these formulas the ordinary theory of envelopes may be 
applied in finding the envelope of a family of surfaces S, defined by 
f (x1, Xs, Xs, Xa U, 0) =O in which x; - ++, x4 are the local coordinates 
of a variable point on the surface Sı and #, v are the curvilinear co- 
ordinates of the point x on the surface S. An application of this theory 
of envelopes is given in the determination of the local coordinates of 
the vertices of the tetrahedron of Demoulin. Results of L. Green, 
B. Segre, Su, and Thomsen’and Mayer, on the respective subjects, 
the envelope of the quadric of Moutard, projective curves, projec- 
tively minimal curves, and projectively minimal surfaces, are re- 
ported as‘supplementary theorems. Important concepts which might 
have been included are those of projective curvatures and torsions 
of a curve on a surface, with respect to differential forms of the 
surface. New characterizations of the curves of Darboux, the curves 
of Segre, and of the Darboux-Segre pencil of conjugate nets could 
have been given. Also simple geometric characterizations of the im- 
portant integral invariants 
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are known, but none are given. 

The author has on former occasions called the attention of differ- 
ential geometers to the need of an intrinsic tensor calculus for the 
study of a variety V» immersed in a projective space S., where 
n>k>i and kæžn—1. In the present treatise he has neglected to 
announce that Grove has recently developed such a tensor calculus. 
Grove has shown that certain tensors arising in the theory of the 
geometry of paths on a variety V» can be expressed in terms of ten- 
sors arising in the study of the variety from the point of view of 
classical projective differential geometry. The works of E. Cartan 
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on projective differential geometry. have also been overlooked. Car- 
tan has used his method of moving reference systems with out- 
standing effectiveness to study both classical projective differential 
geometry and the generalized projective differential geometry of 
spaces with a projective connection. 

To form a fair estimate of the treatise, in view of numerous omis- 
sions of important topics, we must keep in mind that the aim of the 
author was not to write an exhaustive treatise on the subject but to 
present an account of his experience with those pence of the sub- 


= - ject which interested him most. ~= 


The style of the book is attractive, the pean nee is clear and 
restful to the eye, and the proofreading has been carefully done. The 
research worker will find the volume informative, suggestive, and 
stimulating. 

P. O. BELL 
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- NOTES 


The Indian Mathematical Society will hold its next conference at - 
Annamalai University at Annamalainagar about the end of Decem- 
. ber, 1943. In connection with the conference, it is proposed to have 
a mathematical exhibition intended to illustrate the richness and 
variety of the subject and the wide range of its applicability to life 
situations. 

Miss Louise Adams has been appointed to an assistant professor- 
ship at High Point.Collegé, High Point, North Carolina. 

Assistant Professor C. K. Alexander of Occidental College,. Los. 
Angeles, California, has been promoted to an associate professorship. 

Associate Professor H. F. Archibald of Keuika College, Keuka Park, 
New York, has been promoted to a professorship. 

Dr. H. G. Ayre of Western Illinois State Teachers College has been 
promoted to an associate professorship. . 

Assistant Professor H. M. Bacon of Stanford University has been 
_ promoted to an associate professorship. 

Dr. G. A. Baker of the University of California at Davis has been 
promoted to an assistant professorship. l 

Associate Professor A. C. Berry of Lawrence College, Appleton, 
Wisconsin, has been promoted to a professorship. 

Assistant Professor J. W. Blincoe of the University of Tennessee 
has been appointed to a professorship at Randolph-Macon College. 

Dr. J. O. Blumberg of the University of Pittsburgh has been pro- 
moted to an assistant professorship. 

Mr. W. H. Bradford of the John McNeese Junior College of the 
Louisiana State University has been promoted to an assistant pro- 
fessorship. 

Mr. R. L. Calvert of the Utah State Agricultural College has been 
promoted to an assistant professorship. 

Assistant Professor C. E. Clark of Bradley Polytechnic Institute 
has been appointed to an associate professorship at Emory Univer- 
sity. 

Dr. J. B. Coleman has been appointed to a professorship at the 
University of Richmond. 

Dr. M. W. Dehn of Illinois Institute of Technology has been ap- 
pointed to a professorship at St. John’s College, Annapolis, Maryland. 

Dr. R. W. Gibson of the University of Illinois has been appointed 
to an assistant professorship at Kansas State College. 

Dr. Edward Helly of Monmouth Junior College has been appointed 
visiting lecturer at the Illinois Institute of Technology. 
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Dr. Fritz Herzog of Cornell University has been appointed to an 
assistant professorship at Michigan State College. 

Mrs.. Phyllis H. Hutchings has been appointed assistant professor 
of astronomy and mathematics at Whitman College, Walla Walla, 
Washington. 

Associate Professor Nathan Jacobson of the University of North 
Carolina has been appointed to an associate professorship at JO 
Hopkins University. 

Dr. S. A. Jennings of the University of British Columbia has fet 
promoted to an assistant professorship. 

Dr. Lois Kiefer of the University of Illinois has been appointed 
head of the department of mathematics at State Teachers College, 
Silver City, New Mexico. 

Professor M. G. Moore of Tri-State College Angola, Indiana, has 
been appointed to an assistant professorship at Bradley Polytechnic 
Institute. 

Dr. Haim Reingold of the Illinois Institute of Technology has been . 
promoted to an assistant professorship. 

Assistant Professor M. A. Sadowsky of the Illinois Institute of 
Technology has been promoted to an associate professorship. 

Dr. Robert Schatten has been appointed to an assistant professar- 
ship at the University of Vermont. 

Dr. C. L. Seebeck of the University of North Carolina has been 
appointed to an assistant professorship at the University of Alabama. 

Dr. W. S. Snyder of Illinois Institute of Technology has been ap- 
pointed to an assistant professorship at the University of Tennessee. 

Dr. C. J. Thorne of Washington University has been appointed to 
an assistant professorship at Louisiana State University. 

Assistant Professor T. L. Wade of the University of Alabama has 
been appointed head of the department of ERE at' Florida 
State College for Women. 

Assistant Professor L. R. Wilcox of the Illinois ee of Tech- 
nology has been promoted to an associate professorship. 

The following appointments to instructorships are announced: 
Bard College, Columbia University: Dr. H. B. Mann; Harvard Uni- 
versity: Mr. R. E. Lane; Illinois Institute of Technology: Mr. Furio 
Alberti, Dr. Ruth Ballard, Mr. P. L. Browne, Mr. H. J. Miser; 
Indiana University: Dr. Marion D. Wetzel; Massachusetts Institute 
of Technology: Mr. G. N. Raney; Michigan State College: Dr. B. H. 
Bissinger; University of Minnesota: Dr. Louis Garfin; University of 
Pennsylvania: Mr. R. T. Luginbuhl; University of Rochester: Dr. 
H. S. Kieval; Syracuse University: Mr. F. L. Celauro, Mrs. Ruth E. 
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Goodman; Vassar College: Miss Janet C. Durand; Whitman College: 
Mre. Pearl C. Miller. ; 

Mr. J. K. Gore, president of the Prudential Insurance Company 
since 1934, died June 22, 1943, at the age of 79 years. 

President C. C. Jones of the University of New Brunswick died 
August 19, 1943, at the age of 71 years. 

Mr. L. L. Locke who retired in 1942 died August 28, 1943. He had 
been a member of the Society since 1900. ; 

Mr. T. C. Rafferty, consulting actuary, Missouri State Life In- 
surance Company, died September 10, 1943. He had been a member 
of the Society since 1925. 

Mr. H. M. Showman, lecturer and registrar of the University of 
California at Los Angeles, died June 24, 1943. 

Professor Emeritus E. B. Van Vleck of the University of Wisconsin 
died on June 2, 1943. He had been a member of the Society since 1893. 

Mr. A. W. Whitney died on July 27, 1943. He had been a member 
of the Society since 1902. 


- ABSTRACTS OF PAPERS 


SUBMITTED FOR PRESENTATION TO THE SOCIETY 


The following papers have been submitted to the Secretary and the 
Associate Secretaries of the Society for presentation at meetings of 
the Society. They are numbered serially throughout this volume. 
Cross references to them in the reports of the meetings will give 
the number of this volume, the number of this issue, and the serial 
number of the abstract. 


ALGEBRA AND THEORY OF NUMBERS | 


243. Angeline J. Brandt: The free Lis ring and Lis representations 
of the full lanear group. 


The present paper is a continuation and amplification of a paper of Thrall (Amer. 
J. Math. vol. 64 (1942) pp. 371-388). In the latter paper a recursion formula was 
developed from which the irreducible constituents of the sth Lie representation 
for m 310 were obtained. The main result of the present paper is a direct formula 
for the character of the sth Lie representation, namely [m]= [> u(d)s$ ]/m where 
dd’ =m, the sum is over all divisors d of m, u(d) is the familiar Mobius function and 
Sais the trace of A‘, A being an arbitrary elerhent of the full linear group. The nature 
of the irreducible invariant subspaces of Le (all forms of degree m in the free Lie 
ring) is determined by this formula for #314. Certain necessary and certain sufficient 
conditions are determined in order that a given ideal I be charatteristic, Since the 
intersection of J with the module L™ is an invariant subspace of L= relative to the 
representation of the full linear group afforded by L=, it becomes important to know 
what elements constitute such a subspace and a method for determining this is de- 
veloped, (Received October 1, 1943.) 


244, R. H. Bruck: Some results in the theory of quasigroups. 


This paper is primarily intended as an illustration of the usefulness of isotopy in 
quasigroup theory and as ground work for a later paper on linear non-associative 
algebras, It is largely devoted to the theory and construction of quasigroups with the - 
inverse property. A quasigroup Q, finite or infinite, has the inverse property if there 
exist two one-to-one reversible mappings L, R, not necessarily distinct, of Q on itself, 
such that bL- ba mab- bE ma for all a, b of Q. Also contained in the paper are several 
new tieorems on Monfang quasigroupe, an explicit construction of all (Murdoch) 
abelian quasigroupe, end necessary and sufficient conditions that the direct product 
of two finite quasigroups should contain no sub-quasigroup except itself. eee 
August 13, 1943.) 


245. Nathan Jacobson: An extension of Galois theory to non-separa- 
ble and non-normal fields. 

The extension of Galois theory obtained in this paper is based on two important 
concepts: self-representation of a field P, that is, a representation of P by matrices 


with elements in P, and composite (ring) of P with itself. The latter is a generalization 
of the usual concept of a composite field. With any two self-representations, associate 
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a product self-representation obtained by substituting for the elements of the matrices 
of the first representation the matrices that represent these eleménts in the second 
representation. This leads to a definition of the product of composites, The latter 
concept is used to define Galois composites. The fundamental theorem then estab- 
lishes a (1-1) correspondence between the Galois composites of P and the subfields @ of 
P over which P is finite. This result gives a theorem recently announced by Kalujnine 


‘and specializes still further to the classical theorem for subfields ¢ over which P is 


finite, separable and normal. In addition to the main result a general study of self- 
representations of fields is given in this paper. (Received August 9, 1943.) 


246. R. E. Johnson: On the equation xa=yx+8 over an algebraic 
division ring. 


The main purpose of this paper is to give necessary and sufficient conditions in 
order that the equation xa=yx-+8 have a solution over an algebraic division ring. 
If æ and y are not transforms of each other, this equation always has a unique solu- 
tion. In case y equals a, this equation has a solution if and only if Bas is a unilateral 
solution of a particular equation over the division ring. For the special case in which 
the division ring is a quaternion algebra, xa=ax+f has a solution if and only if 
Bam a6, where a is the quaternion conjugate to a. (Received September 20, 1943.) 


247. R. E. O'Connor and Gordon Pall: On integral quadratic forms 
in many variables. 

“A difficult problem proposed by Ko and Erdos, to find an integral quadratic 
form of determinant 1 and minimum greater than 2, is solved by the construction of 
a form in 24 variables of minimum 3, and a similar form in 40 variables. Improve- 
ments are found on the limits within which quadratic forms in genera of one class 
may exist. (Received August 6, 1943.) l 


248. R. R. Stoll: Representations of completely simple semigroups. 


Every finite semigroup (that is, a finite system closed under an associative multi- 
plication) can be represented by a set of correspondences of a suitable finite set to 
itself. This suggests the problem of the determination of all such representations of a 
given semigroup. Towards this end semigroups of correspondences are first studied. 
It is shown that if P is a semigroup on the set N then N can be written as the class sum 
of mutually disjoint subsets which form “weakly transitive” systems for P. Next, each 
weakly transitive system has a unique decomposition as the union of “transitive” 
and “quasi-transitive” systems, This reduces the representation problem to the de- 
termination of all transitive and quasi-transitive representations and methods for 
composing such representations. The above results are used to determine all represen- 
tations of a type of finite semigroup called a “Kerngruppe” by Suschkewitsch (Com- 
munications de la Société Mathématique de Kharkow vol. 6 (1933) pp. 27-38) and 
a “completely simple semigroup without zero” by Rees (Proc. Cambridge Philos. 
Soc. vol. 36 (1940) pp. 387-400). (Received October 1, 1943.) 


249. Dorothy M. Stone: An algebraic characiertzaiton of measure 
algebras. Preliminary report. 


Let E be a non-atomic Boolean o-algebra. This paper gives purely algebraic con- 
ditions on E which are necessary and sufficient for the existence of a countably addi- 
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tive, real-valued, non-negative, finite measure function on Æ, vanishing only for ¢, 
the zero of E. E js given the star-topology of G. Birkhoff, and it is shown that E will ` 
have such a measure if and only if it is metrizable in a certain way in this topology. 
It is next shown that E is a topological space if and only if it satisfies a certain dis- 
tributive law. A basis for the neighborhoods of ¢ can then be characterized algebrai- 
cally, making it possible to state simple algebraic equivalents for the various’ 
separation axioms. If E satisfies the countable chain condition, T, implies metri- 
zability, which gives an outer measure on E. A measure is obtained by means of an 
additional algebraic requirement. Thus, if E satisfies the distributive law referred to, 
the countable chain condition, the algebraic equivalent of Ts, and the additional re- 
quirement, there exists a measure-function or E. These conditions are easily seen to | 
be necessary. It is not known whether they are independent. (Received eres 2, 
1943.) i 


250. R. M. Thrall: On the decomposition of modular tensors. II. 


Let G be the #-rowed full linear group over a field'k of characteristic p. A repre- 
sentation of G is called a tensor representation if its space is a direct sum of subspaces 
and factor spaces of tensor spaces. A main result of the present paper is that for a 
finite field k, the k-group ring of G has a faithful tensor representation. In paper I 
the representations afforded by all tensors of rank m<2p were determined subject 
to the condition that & has more than elements. In this paper the same is done for 
the field & with p elements. A main tool in this investigation is the construction of a 
representaton of G from each irreducible representation of the non-modular full linear ` 
group, and a corresponding extension of the Brauer-Nesbitt modular character theory 
to this case. The presence of zero divisors In the ring of polynomial functions over a 
finite field enters into the treatment of the case of tensors of rank 2/—1 overa two- 
dimensional vector space, and the situation in that case should help point the way to 
the general decomposition theory. (Received October 1, 1943.) 


ANALYSIS 


251. Stefan Bergman: Fundamental solutsons of parital differential 
equations of the second order. 


As was previously shown, for every differential equation L(U) = Uss+H(Z, Z)U 
m0, ZeX+iY, Zm X—iY, there exists a function E(Z, Z; #)1+ZZE*(Z, Z, 2) 
such that U= P(f) m JEEZ, Z, Q(Z0 4)/2)dt/ (01—491, where f is an arbitrary 
analytic function, is a solution of L(U)=0 (see Duke Math. J. vol. 6 (1940) p. 537). 
The author shows that a fundamental solution T(z, 3, f, F) of the equation S(») =s gy 
+F(s, 8)9=0 is given by P(1/2x) log | Z|+G(Z, Z). Here Zms—t, Z=ł—ř, and P 
is the operator introduced above for the equation L(U)=0 with H(Z, z= Ter $, 
Z+$). GZ, Z) = —JifšD(Z, ZyaZdZ+ JJ VEZ, Z)JJŠD(Z, Z)dZdZ)d2dZ + - 
where D(Z, Z) = (1/2) [Mela Rt +7 By FZ Es ldi/ (1 — —i)V3, Using the representa- 
tions of functions v(s, 8), S(e) =0, in the form of a line integral over a closed curve in 
terms of T, a /dn, v and ds/an the author studies the growth of # and 6*/dn along 
circles |z! =r, 7z— œ, The existence of an analogous function E(X, Y, 4) for every 
equation H(U) = Oxr+H(X, Y)U=0 (of hyperbolic type) has been established (see 
above reference). (1/2r)/ T E(X, Y, é)dt/(1—#)™ is now shown to be the Riemann 
function of the equation s,,+ F(x, yjw=0, where X =z—f, Pey—y and A(X, Y) 
m FOX +, Y+y). Analogous relations hold for more general equations. (Received 
September 11, 1943.) 
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252. B. H. Bissinger: Generalizations of continued fractions. 


The simple continued fraction for a rea] number x, 0<*%<1, may be written in the 
form f(aitf(aa+ ---, where the a's are the partial denominators and f(t) = 1/t. 
The present paper generalizes the simple continued fractions by using functions f(t), 
other than 1/# When f(#) belongs to an appropriate class F of real functions, defined 
for tæi, and a;, Gn -+> is a sequence of positive Integers, the “f-expansion” 
fla: t+f(aet «++ converges to a number x, 0<2<1. The “f-expansion of n,” 0<x<1, 
is given by an algorithm equivalent to the euclidean algorithm when f(t) =1/t. The 
main result of the paper is the identity of the f-expansion of x with the f-expension 
which converges to x. The remainder of the paper is concerned with generalizations 
of certain results in the theory of simple continued fractions, established by Borel and 
F. Bernstein. One of these results is that, for almost all x, 0<x<1, the a's form an 
unbounded sequence. This and theorems of a similar nature are proved for generalized 
continued fractions, provided that f(t) belongs to a certain subclass of F. (Received 
August 5, 1943.) 


253. Fritz Herzog and B. H. Bissinger: Generalization of Borel’s 
and F. Bernsiesn's theorems on continued fractions. — 


Let f(a tf(aa+ - + - be the f-expansion of x, 0 <x <1, as defined by Bissinger in his 
Sages Copstuliaanionno} inkad ridon (abstract 49-11-252). For the case f(#) = 1/2 
(simple continued fractions) Borel and F. Bernstein have proved: (a) the set of x, 
0<2z<1, for which the a's are bounded has measure zero; (b) the set of x, 0<z <1, 
for which all a's are greater than unity has measure rero, In the paper referred to 
above the statements (a) and (b) were proved to hold when f(#) belongs to a certain 
class of polygonal functions. The: present paper is concerned with the problem of 
characterizing analytically a clase of functions which does include f(#) = 1/ż and such 
that statements (a) and (b) hold when /() belongs to that class. This investigation 
at the same time reveals by which analytic properties of the function f(t) =1/¢ the 
original statements of Borel and F. Bernstein may be proved. (August 5, 1943.) 


254. R. C. Buck: A note on subsequences. 


` Starting from a result of H. Steinhaus (Prace Matematyczno-Firyczne vol. 22 
(1911) p. 129), it is shown that a sequence s., limitable by a regular matrix method T, 
is convergent if and only if each of its subsequences is also limitable T. This general 
tauberian theorem gives rise to a similar result for series. If there exists a regular 
matrix method T which sums every series obtained from J a, by bracketing blocks 
of terms, then >a, is itself convergent. (Received September 11, 1943.) 


255. R. C. Buck: Multtple sequences. 


An r-multiple sequence of points of a limit space L is a single value function p(j) 
from J to L, where J is the r-fold cartesian product of the integers with themselves. 
Under an inclusion ordering, J is a directed system; a subsequence may then be de- 
fined in terms of a monotonic function A(;), defined on J to J. In terms of a product 
measure (C. Visser, Studia Mathematica vol. 7, p. 143) it is shown that the set of all 
convergent subsequences of p(y) form a measurable set, with measure 0 or 1. By means 
of a lemma on measure preserving translations and sets of measure 1, it is shown that 


if p(y) is divergent, so are almost all of ita subsequences. This is a generalization of a 
previous result of H. Pollard and the author. (Received September 29, 1943.) 
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256. R. C. Buck and none Pollard: Convergence and summadsisty 
properises of subsequences. 


The authors discuss the relation of the convergence or summability of a sequence 
to that of its subsequences. The set of subsequences of a sequence can be mapped in 
a i:1 fashion on the interval (0, 1). In terms of Lebesgue measure on this set, it is 
shown that a sequence is convergent if and only if almost all of its subsequences are 
convergent. Similarly, for bounded sequences, a sequence is (C, 1} summable if and 
only if almost all of its subsequences are (C, 1) summable. For unbounded sequences, 
(C, 1) summability of s, follows from that of almost all of its subsequences, but not 
conversely. The principal tools are the properties of homogeneous sets, and the 
Rademacher functions. These results are intimately connected with probability; in 
particular, a theorem of Birnbaum and Zuckerman (Amer. J. Math. vol. 62 (1940) 
pp. 787-791) follows easily. (Received September 11, 1943.) 


257. Nelson Dunford and D. S. Miller: On the ergodic theorem. 


Let S be a space with measure |¢| in a o-field F, and | S| finite. Define ¢ tobe a 
1-1 map of S into all of itself with ¢-s & F when e CF. For every real function f on 
Slet Tf =g where g(t) =f(¢é). In this paper it is shown that a necessary and sufficient 
condition for the mean ergodic theorem to hold for such an operator T is 
that s- r| ee] SM\o|,¢CF, nmi, 2, - -+ . It is also proved that in spite of the 
Face thise aay not bea incanire preser viae biian orma oa i i aere ticles rill Bue 
that the mean ergodic theorem implies the point ergodic theorem. The two above re- 
sults are also obtained for the s-parameter continuous case. (Received August 4, 
1943.) 


258. Paul Erd3s and Hans Fried: On the connection between gaps 
in power series and the roots of their partial sums. 


Let f(s) =it-ays-++ +--+ -+-aas*+ --- bea power series with the radius of con- 
vergence 1. It has Ostrowski gaps if there exists a p <1 and a peir of infinite sequences 
wt, and sa with limyms/s,>1, such that |as] <p* if meSnam It pee ae 
Ostrowski gape if lims,_ats/s,e œ, The number of roots of f,(s)=i+as+ - 
+a,s* in the circle of radius 1-+r is denoted by rae The following theorems are 
proved. If f(s) has Ostrowski gaps, "then there exists an r>0 such that lim inf. 
A. * in <1, This converse is also true. If there exists an r >0 such that lim infsA, an 
<i, then f(s) has Ostrowski gape. This theorem is not new. Mr. Bourion (L' Ultracon- 
vergence dans les Séries de Taylor, Actualités Scientifiques et Industrielles, no. 472) 
proved it but his proof is quite different from that given here. Further, the following 
theorem is proved. If f(s) has infinite Ostrowski gaps, then there exists an r>0, such 
that lim infa aÁ, $T Jn m0. The converse is also true. One of the main tools is the follow- 
ing lemma which may be of interest in itself. Let F(p), where p<1, be the family of 
all polynomials of the form 1-+-as-+ +--+ +a,s"+ --- +a,s* where |as] <p* if 
m gkann, and if r<1/p, then there exists a c, auch that the number of roots of every 
polynomial belonging to F(p) outside the circle with the radius r is greater than 
C(s—m). (Received August 4, 1943.) 


259. Herbert Federer: Surface area. I. 


Suppose m Sn are positive integers For each subset S of x-space let y(S) be the 
superior of the m-dimensional Lebesgue measures of the perpendicular projections of 


- 


t ~ - “ 
r 
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: S into all m-dimensional subspaces of #-space. r(S) is the inferior of numbers of the 
form 0, 47(4.) where A, 4s, An >+ * are open connected subsets of s-epace of 
diameter less than r whoee unlon contains S. (S) = lim,.e, Yr(5) ® is an m-dimen- 
sional measure over #-space which agrees with Carathéodory linear measure in case 
mmt and with Lebesgue measure if m= The author is interested in the relation 
of © to m-dimensional surfaces in s-space He proves: If m=2, n=3, R is a rectangle 

, and f is a continuous numerically valued function on R, then the Lebesgue surface 
area of f equals the $ measure of the set of all points of the form (w, as 
(xn, o)in R {Received September 23, 1943 } i 


260. Herbert Federer: Surface area. II. 


Retaining, the conventions stated in abstract 49-11-259 the author investigates 
the validity of the formula [N(f, T, y)d&y=—frJf(x)dx where f is a Lebesgue measur- 
able function on m-space tb s-space and T is a Lebesgue measurable subeet of m-space 
Here NO, T, y) is the numbér (possibly œ) of points x in T for which f(x) =y; and 
Jf (x) = (det (ZL))¥2 where L is the approximate differential of f at x and TF its con- 
jugate The formula holds for general m whenever lim sup apprars.e| f(s) —f{x)| /|s—x| 

' <% for every xin T. In the special case m= 2 (here Jf=(HG— F5Y9 the formula 

holds if corresponding to each point x in T there are three distinct unit vectors 

£1, ¢?, £3 such that lim supy.e+|f(z+it’) —f(x)/t| < © for jm 1, 2, 3. Finally if ms map w 1 

and if the upper right-hand derivative of f is finite at each point of T, then the formula 

g is likewise true and Jf may be replaced in it by the abeolute value of the Dini deriva- 
7 Ne (Received September 23, 1943.) 


» 


261. M. H. Heins: On a problem of Walsh CONCETHINE the Hada- 
mard three circles theorem. 


., `` The present paper conaists of a contribution to the solution of the following prob- 
` lem proposed to the author by J. L. Walsh: Let @ consist of the class of functions 
f(x) which satisfy the following requirements: (a) f(s) is analytic for s<R(>0), (b) 

I f(s)| <M(>0) for |s| <R, (c) | f(s)| Sm( <4) for |s| Sr(<R). Under these cir- 
cumstances it is required to determine I.u.b. M(f, p) with f ŒA, where r<p<R and 
MS, p) = MAX «| f(s)|, and the associated extremal functions. The main concern of 
the paper is with the descriptive properties of the extremal functions. A method 
highly suggestive of the typical Tchebycheff argument. is used to show that the ex- 
tremal functions define (1, $) directly conformal mape of |s| <R onto |w| <M and 

that they are unique when suitably normalized.. Under the assumption that r is 
sufficiently small, the degree & is determined and the associated extremal functions 

_ are calculated for the special case where r'gm/M. Related questions are treated 
for the class of functions satisfying (a) and (b) and (c) modified by replacing “|s| $7" 
with “s CE” where E belongs to and is closed relative to —1<x<-+1, and Lub, 
B<1. (Received August 6, 1943.) 


262. M. H. Heins: On the problem of Milloux for functions sation 
throughout the tniertor of the unti ctrcle. 
` Let E denote a point set lying in and closed relative to |s| <1 and having the 


property that it has a non-void intersection with |a| =r for OSr<1. Let m denote a 
positive number less than one. Finally let f(s) denote a function analytic and of modu- 
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lus less than one for |s| <1 which satisfies the farther condition that there exists an 
E-set Ey such that|f( (s)| Sm forse Ky. It is desired to determine L.u.b. {maxis f) } 
(0<p<i) and the corresponding extremal functions. This problem is an extremal 
problem associated with the original Mulloux problem. The extremal value and the 
corresponding extremal functions are explicitly determined in terms of the Jacobi 
sn-function. Two other methods are given for treating the problem. One employs 
the theory of Blaschke products, the other gives an algorithm in terms of a process 
involving the composition of (1, 2) directly conformal maps of the interior of the unit 
circle onto itself, (Received August 14, 1943.) 


263. M. R. Hestenes: The isoperimetric problem of Bolza in para- 
metric form. 


The purpose of the present paper is to establish a conjecture due to McShane tbat 
for a strong relative minimum it is sufficient that for each admissible variation y 
there is a set of multipliers with which the arc under consideration satiafies the Euler- 
Lagrange equation, the transversality condition, the Weierstrass condition, non- 
singularity and such that the second variation is a modification of those used by 
McShane (Trans. Amer, Math. Soc. vol. 52 (1942) pp. 344-379) and Myers (Duke 
Math. J. vol. 10 (1943) pp. 73-97). An interesting feature of the method is that one 
obtains the sufficiency theorem for the isoperimetric problem without transformation 
of the problem to a non-isoperimetric problem. Moreover, one also obtains simul- 
taneously the analogues of the theorems of Osgood. (Received August 4, 1943.) 


264. Norman Levinson: On a nonlinear differential equation of the 
second order. 


In the equation 7+/(x)t+x—6(¢), elt) ıs continuous and periodic of period L; 
f(x) is continuous and greater than 0 except possibly at a finite number of points. 
If the integral of f(x) over (xe, ©) diverges then the above differential equation has 
a periodic solution of period L and ak other solutions tend to this solution as i=? oO, 
(Received September 25, 1943.) = 


265. Brockway McMillan: Random eam patterns. Preliminary 
report. 


X is a space, X* the k-fold Cartesian product of X by itself. W is a space EPEN 
elements are countable subsets w= {x,}CX¥. N. Weiner (Amer. J. Math. vol. 60 
(1938) pp. 925, 928) exhibited a probability measure P in W such that if 
Fiw) = fot) oi felx1, +++, xa), where the >,’ is over all k-tuples of distinct points 
x, wo, then (i) [/F(w)dP mfe +} falt, +> +, zadmi m= L(F), where m is a suitable 
measure in X+, Such P's are characterized by moment conditions on the number of 
points in Aw, 4 CX. An inverse problem has been treated by N. Wiener and A. 
Wintner (Abstract 46-11-480): Given L(F) defined by (i), does a probability measure 
P exist with L( F) —{F(w)dP? The present paper solves this inverse problem by apply- 
ing previous results about absolutely monotone functions of sets (Abstract 47-11-471). 
Any completely monotone (CM) function of sets A CX defines a measure in W. P ex- 
ists whenever 1-+->_1(—1)4(k1)—49.(A*) converges abeolutely to a CM function of A. 
(Received August 3, 1943.) 


t 


A 
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266. A. P. Morse: A theory of covering and differentiation. 


A covering theory is developed which embraces a variety of theorems of the Vitali 
type. By substituting a new and frequently useful concept of regularity for the classi- 
cal notion the author arrives at a general theory of differentiation. This includes and 
supplements the Lebesgue theory and, at the same time, encompasses results in the 
differential theory of nets. Use is made of the closed subset theorems alluded to in the 
abstract which follows. (Received September 11, 1943.) ~ 


267. A. P. Morse and J. F. Randolph: The œ rectifiable subsets of 
the plane. 


Suppose A is a plane set, ¢ is a measure with ẹ(4) < ©, and suppose that, at $ 
almost all points of A, the upper linear ¢ density of A is less than 1.01 times the lower 
linear @ density of A. Under these circumstances it is shown that all except a ¢ small 
pert of A lies on a rectifiable arc. A'systematic study of the relations between density 
and ¢ rectifiability is made. In fact by setting ẹ equal to Carathéodory linear measure, 
one of our theorems becomes in essence a compendium of the results obtained by 


` Besicovitch in his paper O» the fundamenial geometrical properties of linearly measur- 


able plane sets of potnis. JI, Math. Ann. vol. 115 (1938) pp. 296-329. Some closed 
subset theorems are obtained. These involve measure and are apparently heretofore 
unknown. The paper under discussion together with the paper whose abstract pre- 
cedes will appear in an early iasue of the Transactions. (Received September 11, 1943.) 


268. F. J. Murray: On the existence of quast-complements in Banach 
spaces. : , 
Let B be a reflexive Banach space. Let M and N be closed additive subsets of B. 
N is a quasi-complement of M if M- N= (0) and M--+-- N is dense in B. It is proved 


that for every closed additive M, such a quasi-complement exists. (Received September 
23, 1943.) 


269. H. E. Newell: On the asymptotic forms of the solutions of a 
linear mairec dtfferenital equation in the complex domain. 


In an earlier paper (The asymptotic forms of the solutions of an ordinary lenear 
mairic differenttal equation in the complex domain, Duke Math. J. vol. 9 (1942)) the 
author discussed the existence of solutions to the matric differential equation 
(d/dz) ¥(x, >) = {X(8.474(=))-+ (que, ))} V(x, A), in which x and à are complex 
variables. Under certain conditions of suitability imposed upon the coefficient func- 
tions and the domains of variation of x and à, it was possible to show that regions of 
existence can be constructed in which the differential equation possesses solutions of 
the form P(x, \)E(x, A), where E(x, A) = (ê, exp{A/*r,(x)dx}), and P(x, d), analytic 
in x, reduces uniformly in x to the identity matrix when \ becomes infinite. The au- 
thor applied the elegant and basic concepts of associated and fundamental regions 
originated by R. E. Langer (The boundary problem of an ordinary lincar diferential 
system in the complex domain, Trans. Amer. Math. Soc. vol. 46 (1939) pp. 151-162, 
and correction, p. 467) to some of the cases in which the functions r,(x) have poles 
and the differences r,(x) —~r,(x), i»éj, have poles or xeros on the boundary of the x 
region in questiqn. In adapting the concept of associated regions to the cases con- 
sidered, the condition was imposed upon the differences r;(x) —1r;(x), tj, that those 
having simple poles be of the form a¥(x—2x,)—!, where a@(-+0) is a constant. The pres- 
ent paper removes that restriction. (Received August 4, 1943.) 
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270. C. E. Rickart: An abstract Radon-Nikodym theorem. 


Let M be a o-field of subsets of an abstract set M and let m(e) be a non-negative 
measure function defined on Yt. This paper contains a proof of the following general- 
ization of the Radon-Nikodym theorem: If M ts the union of a countabls miember of 
sets of finile measure and X(s) is any completely additive function defined on IR to an 
arbitrary Banach space, then a necessary and sufficient condilion thai X (e) be represent- 
able as an integral, with respect io m(e), ts that X (6) be absolutely continuous relative to 
m (8) (that is, w(¢)=0 implies X(¢) =0), The integral used is the Pettis integral (B. J. 
Pettis, Trans. Amer. Math. Soc. vol. 44) extended (R. S. Phillipe, Trans. Amer. 
Math, Soc. vol. 47) so that it is defined for certain “contractive” functions (that 
is, multivalued set functions such that 6, Co implies f(e) C f(es)). (Received August 
6, 1943.) 


271. H. M. Schwartz: Riemann sntegraiton with respect to additive 
interval funcitons. Preliminary report. 


It is shown first that in order to have finite upper Darboux integrals for continuous 
integrands, the integrator g(s) (defined and additive over the closed intervals i lying 
in a fixed finite many-dimenstonal interval) must be of bounded variation. It ia then 
shown that when g(¢) is continuous, all the essential properties of ordinary Riemann 
integration remain valid. Since every g(t) can be decomposed into a continuous func- 
tion and a function of jumps (in an extended sense), the essentially new properties 
are obtained by studying the integration with respect to the latter function. It is also 
shown that the class of Riemann integrable functions (taken with the Moore-Smith 
limit) can be generated from the class of simple step functions by employing a natural 
notion of limit of functions, which is closely related to the one employed by Arzela 
and Hobeon (cf. E. W. Hobson, Theory of functions of a real variable, vol. 2, 3d 
edition, pp. 312-314). (Received August 7, 1943.) 


272. Max Shiffman: Jsopersmetric inequalities and continusty of area 
for classes of surfaces. 


The isoperimetric inequality A S */4w has been extended to minimal surfaces 
by Carleman, and to sufficiently regular surfaces of nonpositive curvature by Becken- 
bach and Radó. Advanced methods were used, involving analytic functions or con- 
formal mapping and subharmonic functions. Here it is shown by purely elementary 
methods that the isoperimetric inequality applies to polyhedra all of whoee interior 
vertices have the sum of face angles greater than or equal to 2r. The result can then 
be extended to surfaces of nonpositive curvature through approximation by such poly- 
hedra. The isoperimetric inequality can be used as a decisive analytical tool in the 
estimation of areas of boundary strips. For example, one can establish general theo- 
rems involving the continuity of area of surfaces of nonpositive curvature. See, for 
example, Shiffman, Unstable minimal surfaces with any recttfiable boundary, Proc. 
Nat. Acad Sci U.S.A. vol. 28 (1942) pp. 103-108, where minimal surfaces are con- 
sidered. (Received October 1, 1943.) 


273. Dorothy M. Stone: The representation of abstract measure func- 
HONS. 

In this paper a standard form is obtained for general abstract measure algebras 
in which the measures have values in abelian semi-groups. Incidentally it is shown 
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-that the theory of such abstract measures can be reduced to the theory of ordinary 
numerical measures. Let E be a non-atomic Boolean c-algebra satisfying the count- 
able chain condition. Let \ be an abstract measure-function om E; ` is assumed to be 
countably additive and non-atomic. Writing a~d if A(a) =A(b), an equivalence rela- 
tion between certain pairs of elements of E is defined, which has four simple properties. 
Conversely, any equivalence relation with these properties determines such a meas- 
ure A, uniquely to within isomorphism. Working only with the equivalence relation 
it is shown that there exists a finite isomorphism ¢ of E onto a certain subalgebra 
-of a direct sum of measure algebras Ee, each having a numerical-valued measure po, 
in such a way that o~d if and only if pe[¢e(a) | =Halda(b)] (for all a), where alx) 
denotes the projection of (x) onto Ee. A o-representation can be deduced from this 
by reducing modulo a certain o-ideal in the direct sum. (Received October 2, 1943.) 
_ 274, J. V. Wehausen: A remark concerning a set of completely con- 
tinuous transformaitons. T 


Let E be a Banach space, K a closed convex subset of E, T the set of all completely 
continuous transformations defined in E with T(K)C K,T’ the subset of T consisting 
of transformations with unique fixed points in K, and $” the subset consisting of 
those with more than one fixed point in K. From the fixed point theorem of Schauder 
T=T'+T”. Let Tbe metrized by ||T,— T| —supx || Tix—Tsx||. Then £ is complete 
and the following theorem holds. If £’ is dense in T, then T’ is of the second cate- 
gory and T” of the first category of T. This generalizes a result of Orlicz (Bulletin 
_ international de l'Académie des sciences de Cracovie A, Nr. 8/9 (1932) pp. 221-228) 
concerning the differential equation y'=f(x, y). (Received September 24, 1943.) 


275. J. E. Wilkins: Mulsple integral problems in parametric form 
tn the calculus of variaitons. 


This paper discusses the problem of minimizing a multiple integral in a class of © 
varieties defined parametrically. In order that the multiple integral be independent 
of the parametric representation, it is necessary and sufficient that the integrand 
function satisfy a certain homogeneity condition. The implications of this homo- 
geneity condition for the derivatives of the integrand of arbitrary order are investi- 
gated. The usual necessary conditions known in the non-parametric case for multiple 
integrals are extended to the parametric case. A discussion of the form of the Weier- 
strass condition is given. Finally, as a first step in obtaining a field theory, necessary 
and sufficient conditions that an integral be invariant are given. (Received August 5, 
1943.) - 


276. Antoni Zygmund: On certain integrals. . 


(a) Given a function ¢(s) regular for |s| <i and of the class A’, r>1, let 
£*(6) = {f,(1—p)x*(o, dp} 43, where x%(p, 9) =x f5"| ¢'(ps'4)|* P(o, #)dt, P(p, t) 
denoting the Poisson kernel. Then the ratio M,(g*(0))/M,(¢(e"")) is contained be- 
tween two positive numbers depending on r only. (b) Let f(@) be of period 2r and of 
the class L", r>1. Let F(@) be the indefinite integral of f, and u(6) = {/jr-*[ F(6+4#) 
+ F(@—t) —2F(6) |dt}¥*. The ratio M,(u)/M,(f) is again comprised between tyo posi- 
tive numbers depending on r only. (c) Every lacunary series >> cy which is absolutely 
summable A must be absolutely convergent. (Received September 10, 1943). 
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277. Garrett Birkhoff: The reverstbtlsty paradox and camber. 


A comparison is made between the predictions of the (reversible) Kutta-foukow- 
sky lift theory and the experimental findings of Eiffel, for circular airfoils. It is found 
that the predicted angle of the chord to the airfoil with the airstream in the position 
of zero lift (“first axis”) varies from two to seven times the observed angle. Whereas 
with camber 1/7, the observed increase in lift/effective angle of attack is about 83 
per cent; the predicted increase 4 per cent. A possible irreversible explanation of this 
is pointed out. (Received August 14, 1943.) 


278. H. B. Curry: The method of steepest descent for nonlinear mini- 
mization problems. 


A practical method for calculating approximately a stationary value of a function 
G(x, X3, °° * ,. Xa) is desirable in connection with certain nonlinear least square prob- 
lems (abstract 49-11-286). Such a method may be exhibited as follows. Let z? be an 
initial approximation. The direction in which g(¢) =G(x{+#£,) decreases most rapidly 
is obtained by putting §, = —dG/dx;. By trial te can be determined go that g(t.) <g(0). 
Then the point 2{-+és; can be used as a new approximation and the process repeated. 
It is shown here that if & is chosen ao that g’ (4) =0, g (H <0 for O9¢<%, then the 
successive approximations converge to a point where 8G/dx;=0 provided that G 
takes a smaller value at x’ than at any point on the boundary of that region S within 
which differentiability and other usual conditions hold. Although the process is well 
known in analysis, it does not appear to have been noticed recently in this connection. 
It is applicable when the initial approximation x is too rough for the standard least 
aguare procedure. The problem includes that of solving » simultaneous nonlinear 
equations in # unknowns which was handled by Cauchy.{Received October 1, 1943.) 


279. D. W. Dudley and Hillel Poritsky: The geometry of cutting 
and hobbing of worms and gears. 


The exact shape of the teeth of a worm W or a helical gear G which is produced 
by a milling cutter C or a hob H of a given tooth profile is investigated. This problem 
and its converse are of great interest in the manufacture of gears and worms. Assum- 
ing numerous cutter teeth one may replace the cutter C by a surface of revolution S. 
In its motion relative to W, 5 occupies a one-parameter family of positions whose 
envelope is W. The curve of contact of Se, any position of S, with the envelope repre- 
sents C, the curve of deepest cutting. C may be determined from the condition that 
along it the velocity of the motion of S relative to W is tangent to S. In the converse 
problem where W is given and S is sought, the motion of W relative to S is utilized 
in a similar way; this motion can now be simplified to a rotation about the cutter axis. 
A similar treatment applies to the hob-gear problem except that here a two-param- 
eter family of motions is involved and two kinematic conditions are now required 
to determine the deepest cutting. (Received August 12, 1943.) 


280. Bernard Friedman: A method of approximating the complex 
roots of polynomial equations. 


By using successive divisions, an iterative process is set up to approximate the 
quadratic factors of a polynomial. In this way, the complex roots of largest and small- 
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est absolute value can be determined. Conditions for convergence and for the rapidity 
of convergence are also investigated. (Received August 31, 1943.) 


281. R. E. Gaskell: On moment balancing tn structural dynamics. 


The moment balancing process (H. Cross, Transactions of the American Society 
’ of Civil Engineers vol. 96 p. 1) is developed for the dynamics of structures with the 
help of the dynamic form of the four-moment equation (W. Prager, Ingenieur-Archiv, 
vol. 1, p. 527). This combination gives a method of finding stresses in plane, rigid- 
frame structures, each of whose bars is of uniform croes section and whose joints are 
not subject to translation, when an oscillating load is applied. The method converges 
at least for oscillations whose frequency is less than the lowest natural frequency of 
the structure. (Received August 5, 1943.) 


282. G. H. Handelman: On a principle of M. A. Sadowsky. Pre- 
liminary report. 


Sadowsky (Journal of Applied Mechanics vol. 10 (1943) pp. A-65) has applied 
a heuristic principle of maximum plastic resistance to several types of combined- 
states of stress. The principle has been proved by Prager for a beam under combined 
tension and torsion. This paper is concerned with the additional case of a symmetric 
beam subject to bending and torsion. The basic differential equation, derived from the 
stress-strain relations and the yield condition, is shown to be the Euler-Lagrange equa- 
tion for the following variational problem: to find that stress distribution for a given 
applied torque for which the value of the bending couple is stationary. (Received 
August 9, 1943.) 


ł 


283. Carl Holtom: Permansni configurations in the n-body problem. 


Let = mases in a plane be projected with initial velocities and thereafter be 
allowed to move only under the force of attraction according to the Newtonian law. 
If the potential function of the system is U(x, yr), then the masses m at points 
(zi, 44) form a permanent configuration if there exists a real solution of the equations 
8U/bx,--e'x, = 0 and 8U/8y:-+- 0? = 0, where w? is the angular velocity of the 
system. It is shown that for the case of #—1 masses there exists at least one real point 
of liberation at which m. =0 may be placed, and that the solutions vary continuously 
and remain real as m, increases to a positive value. For the case 2 >4 a restriction 
on the masses or mass ratios is sufficient, though it may not be necessary, to insure 
the existence of a permanent configuration. The equations may be solved for the 
coordinates as functions of the mass ratios, and several terms in the series solutions are 
given. (Received August 6, 1943.) 


284. L. C. Hutchinson: Free otbrattons in a rectangular rod. Pre- 
liminary report. 


In this paper the author studies, directly from the general equations of motion, the 
possible free vibrations in a rectangular rod of isotropic homogeneous material, and 
their relationship to the corresponding acoustic and electromagnetic waves. (Re- 
ceived August 6, 1943.) 
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285. Arthur Korn: Compresstbtlity with repect to vibrations of high 
frequency. 


When the velocities and Se a ee ae TS ae E 
preasibility of the air can be quite well handled by means of the well known state 
equation p= RpT, in which p is the pressure, p the density, T the absolute temperature 
and Ra constant. If one takes account of friction the formula ls slightly modified. For 
high values of velocities and accelerations, especially when one has to do with vibra- 
tions of high frequency, new approximations have to be found. The state equation of 
compressible matter not only contains according to the author's ideas all the secrets 
of quantum mechanics, but also has important relations to the theory of the electro- 
magnetic field. For vibrations § $+, cos »#-+t; sin » with frequencies, as they are 
considered in quantum mechanics, for example, in the theory of the spectra, the state 


equation may have the form p= RpT+R’yp(T)¥*, where Rand R’ are constants and »- 


the frequency of the vibration. For high frequencies the pressure will become more 
and more proportional to the frequency. When the frequency still becomes higher and 
higher, one may make the assumption that for such vibrations approximate incom- 
preseibility takes place. (Received August 12, 1943.) 


286. Kenneth Levenberg: A method for the soliiiton of certain non- 
lsnear problems 1m least squares. 


The standard method of least squares for problems involving a set of residual 
artna Lan gmi,2,--++,, which are nonlinear in the parameters 
a, B, 7,°* *, consists of reducing pat B, y, ©- +) to linear form by first order 
Taylor soar wie tions F(a, B. Y, +++), taken about an initial trial solution for the 
parameters ae, fe, Yn ** +, and minimizing SmS tF (a, B, y, °° . +) by solving the 
corresponding linear normal equations (Whittaker and Robinson, Calculus of Ob- 


servations, 1937, p. 214). If a, fu n,+** are the solution of these nor- 
mal equations, it fae! happen, sr saa in certain engineering applications, that 
Stila, Bu ty t+) Buf (as, Ba Ya e e) in which case the process has failed 


to improve the initial solution. This paper ics a method of solving the problem in 
this case. It is shown that the initial solution can be improved by the minimization of 
wS-+0, where Q is a positive definite quadratic form in a — as, 8 ~8s, ye, «+ + , and 
w is a sufficiently small positive quantity for which an approximate expression, which 
may be improved by trial, is given. For Q = (a—ay)?+(8 —fa)*+(y—ve)? + +++, the 


method consists of revising the normal equations by the addition of a constant 1/w 


to the coefficients of the principal diagonal. (Received October 1, 1943.) 


287. L. L. Merrill: The mathematical determination of ue rates 
during arc welding. 


This is an extension of work done by Dr. Daniel Rosenthal who determined the 
temperature distribution in very thick or very thin plates during arc welding under 
the simplifying assumptions that the heat source is a point source and the plate 
metal in the neighborhood of the source undergoes no change, The present investiga- 
tion considers plates of various finite thicknesa and, by introducing an “input factor,” 
takes into account the facts that the heat source is not a point source and that a pool 
of molten metal trails the moving electrode. To accomplish this two temperature- 
time records for each plate thickness must be determined experimentally at a point 
at the edge of the molten metal, one with the plate initially at room temperature and 
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the other with the plate at some convenient pre-heat temperature. It is then possible 
to predict the cooling rate at any temperature during the cooling, for any initial plate 
temperature, for any travel speed, and for any beat input within the range of interest. | 
Results of the investigation make it possible to determine welding conditions neces- 
sary to produce any desired cooling rate at any temperature level during cooling and 
thus to make a weld with desired characteristics, (Received August 4, 1943.) 


288. A. D. Michal: An analogue of the Mauperiuss-Jacobt “least” 
action principle for dynamical systems of tnfinste degrees of freedom. 


More than a century ago, Jacobi gave his famous least action principle for the 
dynamical trajectories of dynamical systems with finite degrees of freedom. Although 
Hamilton's principle has been used widely in the derivation of the equations of motion 
for infinite degree of freedom problems in physics and engineering, analogues of the 
Jacobi least action principle do not seem to be in the literature. In this paper, ana- 
logues of the Jacobi least action principle are given for various infinite degree of free- 
dom problems. The functionals that are made stationary are more general than those 
considered in the usual calculus of variations. (Received August 6, 1943.) 


289. A. D. Michal: Physical models of some curved differentsal- 
geometric meirsc spaces of infinite dimensions. I. Wave motion as a 
study in geodesics. 


In this paper, the second order partial differential equations of wave motion are 
shown to define dynamical states that can be considered as generating geodesics in 
some of the author’s general “Riemannian” spaces with linear topological coordinates 
(Bull. Amer. Math. Soc. vol. 45 (1939) pp. 529-563, especially pp. 551-559). The 
author's earlier geometries (1927-1931) in infinitely dimensional spaces are not suit- 
able for these particular physical models partly because some of the functionals have 
a higher order continuity than zero. (Received August 6, 1943.) 


290. Isaac Opatowski: Cantilever beam of circular cross sectton 
and constant strength under the aciton of tts own weight. 


The determination of the croes section consists in the solution of a nonlinear inte- 
gral equation, which gives the profile of the beam in the shape of two parabolas tan- 
gent at their common vertex. A calculation of deflections, based on the usual approxi- 
mation concerning the curvature, gives an infinite deflection at the free end. The use 
of an exact expression of the curvature gives an imaginary deflection curve, at least 
within a certain range containing the free end. These impossible conclusions are due 
to the use of the theory of prismatic beams for a beam of variable cross section. 
An extension is made to the case in which, besides the beam's own weight, a known 
force F acts at its free end. This leads to a hyperelliptic integral which gives a known 
formula when the beam’s own weight is negligible with respect to F (see, for example, 
Hütte, Des Ingenieurs Taschenbuch, 25th edition, Berlin, 1925, vol. 1, p. 627). (Re- 
ceived August 6, 1943.) 


291. M. O. Peach: Simplified technique for consiructing orthonormal 
Junctions. 


To orthonormalize the functions fi, fu |+ - over a given region R evaluate the 
quantities dy, e™ rfa AR, 0<p, qan, where » orthonormal functions are desired, 
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A computer, wea mathematical attainments need extend no further than a knowl 
edge of the algebraic rules of sign, may complete the calculations. The quantities 
dp, are formed into a matrix, the unit matrix is adjoined, and a process P is applied 
to the combined matrix which reduces its order by one. Repeated application of P 
yields directly the coefficients of all » orthogonal functions. A root extraction is re- 
quired to obtain the normalizing factor for each function. The process P consists of 
the repeated evaluation of certain second-order determinants. Proof depends upon 
certain properties of P and is obtained largely from the elementary properties of 
determinants. The method is particularly adapted to the use of modern computing 
machines. (Received August 9, 1943.) 


292. A. E. Ross: A note on forced oscillations of a conducting sphere, 


J. A. Stratton and L. J. Chu (Journal of Applied Physics vol. -12 (1941) pp. 236- 
240) studied the problem of forced oscillations in a conducting sphere. Taking the- 
equatorial line as the effective region of an applied oscillatory field E’, they obtained 


a series expansion of the current J, crossing the equatorial plane and used it to com- ` 


pute and plot the curves for the radiation conductance, and.susceptance, and input 
admittance of the first few mòdes of the sphere, and also for the total radiation con- 
ductance. It was noted by Stratton and Chu that the above series expansions were not 
convergent. In the present paper, at the suggestion of Profesaor Brillouin, the author 
takes an equatorial strip of finite fixed width A9 as the effective region of the applied 
field E’, shows that the resulting expansion for the current J» through the surface 
§=const. is convergent, and employs it to plot the graphs of the above mentioned’ 
quantities, It is of interest to obwerve that to different values of A8 correspond differ- 
ne ee ee ee eee Yi. (Re- 
ceived August 6, 1943.) 


293. J. A. Shohat: Parseval formula in its application to Van der 
Pol's and generalised equations. 


First, an error is indicated in the paper by the author: A new analytical method - 
Journal of Applied Physics vol. 14 (1943) pp. 40—48. It is further shown, by a Gagie 
application of the Parseval formula for Fourier series, that the main result of Van 
der Pol—approximating the solution by a fundamental oscillation—is mathemati- 
cally correct, and the error of such an approximation is estimated. Its amplitude is 
derived anew, with the same numerical result as previously obtained. The present 
method is shown to apply ta the more general equation d*w/di?— a a 
(Recerved September 15, 1943.) 


294. C. A. Truesdell: The differential equations of the membrane 
theory of shells of revolution. 


Previously the “membrane equations” have been derived from a figure. Here they 
are shown to be consequences of the genera! equations of elasticity. First a generaliza- 
tion of spherical polar coordinates is introduced in which one family of coordinate 
surfaces is that obtained by revolving curves parallel to some’ fixed curve about an 
axis. Then the assumption is made that there is no force normal to the shell across 
any cut, and no force component in any direction acroes the surface of the shell or 
across any parallel surface. There result equations similar to those usually given for 
the membrane theory and not more difficult to solve. If the thickness of the, shell is 


small compared with its radii of curvature, the usual equations can-be deduced, in 


- 
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which the strese does not vary along a normal. The significance of the assumptions is 
discussed. Finally it is shown that solutions of the equations of the membrane theory 
lead to a state of strain which does not satisfy the conditions of compatibility, so 
that displacements calculated in the membrane theory violate geometry. (Received 
August 6, 1943.) 


295. D. V. Widder: Posttve temperatures on an infinie rod. 


In this paper it is proved that any solution #(x, #) of the heat equation 6%/dx* 
= x /d¢ which is non-negative for positive ¢ and which vanishes for ¿=Q is identically 
zero. By use of this result it is shown that any solution which is non-negative for . 
t>0 has the Poisson-Stieltjes representation x(x, f) = f7 k(x—y, t)da(y). Here a(y) 
is nondecreasing and k(x, ) is the familiar source solution (41t) exp (—x3/4#). As 
‘a consequence any such solution is analytic in x and in #. (Received August 24, 1943.) 


GEOMETRY 


296. R. C. Buck: Partition of space. 


By an application of elementary topology, it is shown that # hyperplanes, with 
general intersection, partition Euclidean r-space into M,(p, n) p-dimensional regions, 
where M,(p, #) J Ca bChr—p, Of which CypCarai S Shea r) are bounded. 
The problem is also solved for projective r-space, yielding }_ a ae ae oe 
as the number of pdimensional regions. This completely solves the well known 
“cheese slicing” problem. (Received September 11, 1943.) 


297. John DeCicco: Dynamical and curvature trajectories in space. 


Kasner has studied the geometry of dynamical trajectories in the plane and in 
space in the Princeton Colloquium (Amer. Math. Soc. Colloquium Publications, vol. 
3). This paper considers the problem of determining all quintuply-infinite systems 
of curves in space which are at once dynamical and curvature trajectories. In the 
plane, Kasner has shown that the appropriate families are the trajectories of all cen- 
tral or parallel fields of force. It is shown that the systems of œ* curves which are 
simultaneously dynamical and curvature trajectories are the dynamical trajectories 
of the following three distinct types of fields of force: (I) Those whose lines of force 
all lie in a pencil of planes. (II) Those whose lines of force are orthogonal to a family 
of «2 circular helices, all of which possess the same axis and the same period. (III) 
Those of the central or parallel type. Each of these types is projectively invariant. 
(Received August 11, 1943.) 


298. Edward Kasner and John DeCicco: Unton-preserving trans- 
formation of space. 

Sophus Lie showed that the only linealelement transformations of the contact 
type are the extended point transformations. This result is extended by studying 
transformations from differential curve-elements of order #: (x, y, s, 7’, 5’, ° ++, yC), 
z®)), where # is 2 or more, into lineal-elements (X, Y, Z, Y’, Z). The entire clase of 
the union-preserving transformations is determined. Any general union-preserving 
transformation from curve-elements of order # into lineal-elements is completely 
determined by a new directrix equation Q(X, Y, Z, x, y, 8, Y, 8’, ++, yO, sD) 
=(Q. The only available union-preserving transformations (in the whole domain of 
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curve-elements) are the group of point transformations and the unlon-preserving 
transformations from curve-elements of order # into lineal-elements, or the extensions 
of these two types. An additional theorem is that any transformation from curve- 
elements of the (x, y, s)-space into lineal-elements of the (X, Y, Z}spece, by which 
any union of the (X, Y, Z)-space corresponds to exactly œ 10) curves of the (x, y, s}- 
space, is union-preserving. (Received August 11, 1943). 


299. L. A. MacColl: Geometrical characterszations of some families 
of dynamical trajectories. 


This paper deals with a certain five-parameter family of curves, which can be 
regarded as the family of trajectories of an electrified particle in an arbitrary static 
magnetic field. A set of geometrical properties is given which completely characterizes 
the family of curves, Certain other related families of curves, including the four- 
parameter family of trajectories of the particle moving with an arbitrarily prescribed 
value of the energy, are also discussed and characterized by sets of geometrical prop- 
erties. (Received October 1, 1943.) . 


300. Alice T. Schafer: Two singularities of space curves. 


This paper uses the methods of projective differential geometry to study an ana- 
lytic space curve in the neighborhood of an inflexion point and, second, a planar point. 
Canonical power-series expansions representing the curve in the neighborhood of each 
singular point are deduced by suitably choosing the projective coordinate system. 
These canonical expansions are then used to study properties of the curve in this 
neighborhood. Particular emphasis is placed on the surfaces oaculating the curve, 
sections of the tangent developable of the curve made by the faces of the tetrahedron 
of reference, and projections of the curve onto the faces of the tetrahedron of refer- 
ence. (Received October 1, 1943.) 


STATISTICS AND PROBABILITY 


301. W. K. Feller: On a general class of “contagious” distributions. 


This paper is concerned with some properties of a class of contagious distributions 
which contains, among others, some distributions studied by Greenwood and Yule, 
Polya, and Neyman, respectively. (Received August 3, 1943.) 


302. H. B. Mann and Abraham Wald: On the statistical treatment 
of linear stochasitc difference equations. 


For any Integer # let zu, +++ , u be a set of r random variables which satisfy the 
system of linear stochastic difference equations Doak) woes țel], 

-, 7). The coefficients a, and a, are (known or unknown) constants and the vec- 
tors e (ey, °° *, Ge) (f1, 2,» +) are independently distributed random vectors 
each having the same distribution. It is assumed that E(e:)=0. The problem dealt 
with in this paper is to estimate the unknown coefficients a; and a; on the basis of 
Nr obeervations zulim], »»», r; fm], ».-, N). The statistics used as estimates of 
the unkmown coefficients are identical with the maximum likelihood estimates if s 
is normally distributed. The joint limiting distribution of these estimates is obtained 
without assuming normality of the distribution of e. (Received August 7, 1943.) 
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303. Abraham Wald and Jacob Wolfowitz: An exact test for ran-- 
domness in the non-parametric case based on serial correlation. 


. Let Xi,--+, X, bens chance variables, about the distribution of which nothing is 
known. Let the problem be to test the (aul!) hypothesis that X%1,---, Xa are inde- 
pendently distributed with the same distribution function. It is shown that an exact 
test of this hypothesis based on the serial correlation coefficient can be made. For this 
purpose the distribution of the serial correlation coefficient in. the sub-population con- 
sisting of all possible permutations of the observed values is employed. Under the null 
i saris this distribution is independent of the distribution function of X,@—=1, 
Pas Several exact moments are obtained and asymptotic normality is proved. 
(Received August 7, 1943.) 


TOPOLOGY 


, 304. L. M. Blumenthal: Metric study of generalized — Sia 
Preliminary report. ; ` 
Let Z be semimetric with diameter d, ¢(x/p) a real single-valued monotonic de- 

function (p, positive parameter) defined over the gistance set of Z, with 

(0) =1, (d/p) =O. The space is called generalized elliptic E, » provided: I. For each 

positive integer kand each k-+1 points 21, pr, - "+ Pays there corresponda an allow- 

able matrix («,); emi, am enm £1 6, f=, 2, , &-+1) with every nonvanishing 
principal minor of the determinant | cuppa eee Il. The integer # is the 
smallest for which there exist #+-1 points fi, f° ++, Papi such that | e¢(prp,/p)| 
does not vanish for any allowable matrix («,). For the ordinary elliptic space, Z is the 
surface of the sphere Sa with opposite points identified and “shorter arc” metric, 
while $(x/p)scos (x/p). An interesting feature of these spaces is that, in contrast to 
others (that is, euclidean, hyperbolic, spherical) the mutual distances of a set of points 
does not suffice to determine the dimension of the subspace which contains them. Thus 
a given set of three numbers may be distances of three points on ah Et „ and also dis- 
of three points not on any Ef, b ton an E. It is found that certain peeudo- 
„p (* t3)-tuples are contained in an » New theorems concerning determinants 
are a by-product of the study. (Received August 3, 1943. ) 


305. L. M. Blumenthal: New formulattons ee some srnbedaing 
theorems. 


The theorems deal with se imbedding of metric spaces ‘in Hilbert 9 space, 
‘and center about the two following results: I. A complete connected ptolemaic metric 
space in which every point is contained in a closed convex neighborhood is convex. 
II. A complete, convex, externally convex metric space in which the Theorem of 
Pythagoras is valid is congruently contained in Hilbert space. An application of a well 
known theorem of Menger-Schoenberg yields the first result when it is shown that 
each two points.of the space are joined by an arc with everywhere vanishing metric 
curvature. To establish the second theorem one notes that every pair of lines that 
intersect at “right angles” is congruently imbeddable in the plane. It follows that the 
space has the weak enckidean four-point property and the conclusion follows from a re- 
sult due to the writer. (Received August 3, 1943.) . 
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306. R. H. Fox: The complete homotopy group. `` 


The fundamental group r(Y) =xr:ı(YT) of the space of continuous mappings of 
the infinite dimensional torus T into a ‘topological space F has the homotopy groupe 
Tal Y), n=, 2, -- - „as subgroups. ‘The infinite symmetric group {P} is a group of 
operators on ry. The complete homotopy group r is the minimal subgroup of r, con 
taining all the subgroups x”. The group r can be given a direct geometric definition 
and can be built up from the homotopy groups by a countable number of splitting 
extensions. The classical automorphisms of +, induced by elements of x; are induced 
by inner automorphisms of r. In fact the Abe group £a, #22, (Jap. J. Math. vol. 16 
(1940)-p. 169) is the minimal subgroup containing x, and ra. Similarly the multi- 
plication a'f E Tůma, a Cre, P Era (Whitehead, Ann. of Math. vol. 42 (1941) p. 
411) is represented as a commutator af?a'f-P where P is a certain type of per- 
mutation, The commutators a%@2a-08-® which are not {P}-automorphs of com- 
mutators of this type are all =1. Generalization of the theory to groups modulo a 
subset B of Y is automatic. (Received October 1, 1943.) 


307. D. W. Hall: A note on primitive skew curves. 


It is shown that a locally connected continuum M not separated by the removal 
of any pair of its points can contain no primitive skew curve of type II unless it con-- 
tains a primitive skew curve of type I. As a corollary there is the theorem of F. B: 
Jones (Abstract 48-11-340) to the effect that a locally connected continuum M sepa- 
rated by no pair of its points but by every one of its simple closed curves must be 
homeomorphic with a sphere provided M contains no primitive skew curve of type I. 
This follows immediately in view of a theorem of S. Claytor (Ann. of Math. vol. 35 
(1934) pp. 809-835). (Received August 3, 1943.) 


308. M. E. Shanks: The spaco of mebis on à compact meirisale 
space. II. 

Denote by M,(X) the set of all metrics on the compact aani space X com- 
patible with its topology, and by M(X) the complete extension of M(X). Then 
M,(X) and M(X) are semi-linear normed spaces. In a previous abstract 47-5-284 the 
author stated that X and Y are homeomorphic if and only if M(X) and M(Y) are 
congruent. In this paper the same result is obteined from the stronger statement that 
the homeomorphism of X and Y implies, and is implied by, the linear isomorphism 
M(X) and.M,(Y): The methods are new’ and make essential use of the lattice of 
upper semi-continuous decompositions of X. (Received October 1, 1943.) 

309. J. W. T. Youngs: On surfaces of class Kı. Preliminary report. 

In a paper entitled On the semt-continwily of double tutegrals in parametric form - 
(Trans. Amer. Math. Soc. vol. 51 (1942) pp. 336-361) Radó has proved a variety of - 
important theorems concerning a clase of surfaces designated by the symbol K,. The 
purpose of this paper is to show that every surface is in the class K;. A new functional 
I*(S)=sup I(T, B, xd) i is discussed, the supremum being taken with respect to all 
representations (T, B) of the surface S for which I(T, B, ||X/||) has meaning. (For-the 
terminology see the paper of Radé.) (Received September 22, 1943.) 
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THE TERNARY OPERATION (abc) =a)-'c OF A GROUP 


md 


JEREMIAH CERTAINE 


1. Introduction. This note is the result of some investigations into 
the ternary operation ad~'c in a group. We shall assume familiarity 
on the part of the reader with the notions of a group, a one-one 
transformation (we shall use the shorter term permutation) of an 
arbitrary set of elements, an automorphism, and a coset.’ We shall 
use the multiplicative notation for a group G with elementsa,d,c, +- 
We shall also use the following convention for multiplication of per- : 
mutations. Given two permutations T,: x—xT, (¢=—1, 2), then 717; 
is x—~>(x7T1)73. Finally, we denote automorphisms by small Greek 
letters. 

In §2 we shall review certain properties of the ternary operation 
in a given group, determining all subsets closed with respect to this 
operation and the group of permutations of G which preserve this 
operation. These results had been previously obtained by Reinhold 
Baer.? 

_In §§3 and 4 we give postulates for this operation with proofs of 
their independence and consistency. Thus, if a ternary operation 
satisfies these postulates in an arbitrary set of elements, then the 
set may be made into a group (unique within isomorphism) in which 
(abc) =ab—'c. The first set of postulates appears as a weakened form 
of a set given by Baer in his paper,* in which he mentions the group 
property. This and an equivalent set completely determine the ter- 
nary function as abc. However, by further weakening one of these 
postulates, it is possible to get a system which no longer has this last 
property. That is, the group property still holds but the ternary oper- 
ation is not determined by the group operation. 

In the remaining sections we get a geometric interpretation of the 
ternary operation and derive therefrom simple conditions on pairs 
of elements (vectors) under which they form a group. In the case 
where an abelian group is desired, the conditions are even simpler, 
reducing essentially to a single law. 

I wish to express my gratitude to Garrett Birkhoff for his kind 


Received by the editors February 10, 1943, and, in revised form, May 5, 1943. 

1 Cf, H. Zassenhaus, Lskriuch der Gruppenthoorss, Leiprig and Berlin, 1937, 
` pp. 1, 5, 41 and 10. 

: Zur Einfukrung das Scharbegrif's, J. Reine Angew. Math. vol. 160 (1929) pp. 
199-206. 

3 Cf. Baer, op. cit. p. 202, footnote. 
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. asetan and encouragemènt, without which this note would proba- 
- bly not have been written. 


2. The ternary operation in a group. 


' THEOREM 1. SCG is closed under (abc) sf and only if S is a coset of 
some subgroup of G; indeed u right- (left-)- coset of S*'S (SS). 


PROOF. For the first part see Baer’s paper.t As for the second ob- 
serve that if S=sT (sES), then T=s—!S (s&sS) and hence T= S-S. 
Similarly, S= Ts (sC.S) implies T = SS), 


DEFINITION 1. The se of al permutations of G of the form aT,: 
x—(xa)a, where a is an automorphism of G, ts called the holomorph of G, 
- or simply the kolomorph.* = 


THEOREM 2. “The group of all iii i which preserve the ternary 
operation is the holomorph.* 


‘Explanation. A permutation T preserves the ternary operation, by 
definition, if and only if (abc)T = (aT bT cT). The group property fol- 
lows from the general theorem that the set of all automorphisms of 
any algebra form a group, and the set in question is exactly that.of 
the automorphisms with respect to the ternary operation.’ 


3. Postulates for the térnary operation. The reader will observe, as 
stated in the introduction, that we may consider the postulates given 
below as postulates for a group under the ternary operation. The first 
set is interesting, considered as postulates for a group, because it does 
not (explicitly) require the existence of either the identity or the in- 
_ verse. The other sets require only the existence of an ‘identity. An 

ries situation is that of generalized groups defined by the use of 
an n-ary function.* However, the postulates given below seem to be 
the simplest for the general case. 


‘Cf. Baer, op. cit. Satz 3 (part 3). As may be seen, Baer’s “echar” is simply a 
coset studied under the operation adc. By Theorem 1, and also by the fact that 
sT =sTs—'s, where sTs— is a subgroup if and only if T is (and indeed equals T if and 
only if F is normalized by s), we see that the property of being a coset is intrinsic, 

5 Cf. Zassenhaua, op. cit. p. 46. 

* Cf, Baer, op. cit. Satz 11 (part 3). An alternative proof would be to consider T 
as given and define d=eT, s the identity of G, and a: x—+(<T)d, Using ab = (asb), 
it is easy to verify that (ab)a m (aa)(ba), and that T=aT,. The converne is straight- 
forward. 

1 Cf. Garrett Birkhoff, Proc. Cambridge Philos. Soc. vol. 31 (1935) po 4⁄4. 

* Cf. Rainich, Note ox group postulates, Bull. Amer. Math. ER 
` pp. 81-84. : 

' Cf. E. L. Post, Trans. Amer. Math. Soc. vol. 48: (1940) pp. 208-350. 
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- We shall abate: mes ikers stated: that ihe systems defined 
below are closed with respect to (abe) and that. they cohtain all ele- 
ments under discussion. | 


DEFINITION 2. Lt fem on which hare fe o 
ternary operation (abc) satisfying the : nent postulates? 
(3.1) Ar: ((abc)de) = (ab(cde)), Aa: 2: (abb) = a, Ag: eg ~ g. 
We shai call G an abstract coset, ~ 


We shall not use these postulates directly but use a ee ened yet 
equivalent set given below. The equivalence i is 'a corollary to Theorem 
3 proved below. 
gy BY Code) = (bledo). 

~ B: There exists # in the set satisfying (a) (aww) =a, es (añu) =u. 

THEOREM 3. If G is a sa satisfying (3. 2) and we saa ab Œ (aub), 
then G becomes a group and (abc}= ab~te. 


L a 


“Proor. Closure ‘is obvious. ae g 
In A; take b=d=ws, and we get the associative oe (ac)e=a(ce). 
By definition and B(a), it follows that « is a right identity. 
. If.a is given, choose x= (uau). Then ax =(au(uan)) = ((auu)jau): 
= (aau) =u. It follows that G is a group under the binary’ operation 
and hence y is a left identity also, that is, (uua) =ua =a for alla. ~ 
Finally, (abc) = ((auu)bc) = or = awe) = a(ub(uuc)) 
g ((ubu)uc) = abc, 


COROLLARY A: (3.1) and (3.2) are equivalent. | A a 


-PROOF. The proof is obvious. ` 

Thus we see that if G satisfies (3.1), we may Toa any elemen 
# in G and define a group G, with # as its identity, and ab = (aub) 
as ite law of composition. However, the following corollary shows that 
we get essentially the same group no matter which element we choose 
_ for the identity. 


COROLLARY 2. The groups Gu are isomorphic for all u in G, an absirad 
cose. M oreover, (abc) =ab~'c. - 


Proor. Consider G, and Gs. Defne T: PE T is in the holo- 
morph of G, with æ the identity permutation. By Theorem 2 it fol- 
lows that (aub)T=(aF uT bT). But uT =v, which completes the 
proof. a ; l Be 


' - cording to the following rules: 


$ 
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- Remark. G may thus be considered either as a group or as an b: 
_stract coset. We could define the holomorph of an abstract coset as 
the group of-all permutations preserving the ternary operation (adc). 
This evidently coincides with the holomorph of G oleae asa 
group) given by Definition 1. ` 

Now we shall examine the system we get from (3. 2) by- weakening 
postulate A. 


DEFINITION 3. Lei be ose of elements on which there is defined a 
ternary operation saitsfythg, for some u in G, 
3.3) - <A: ((awc)de) = (an(cde)), , 5 

.  . B: (a) (aws) = a, (b) (aau) = y. f 

THEOREM 4. If G is a set satisfying Definition 3, and we define 
- -ab = (dub), then G. becomes a group and the following propertses are 
© T: (abc) = abc, Ay: ((abe)de) = (ab(cde)), As: (bba) =a. 
_ Proor. The fact that G is a group follows from the proof of Theo- 
rem 3. It is obvious that T implies A; and A;. But A: implies T by 
Theorem 3. It suffices to prove that Aj implies T. But, by the proof of 
Theorem 3 again, (abc) =a(ubc). Now b(ubc) = (bbc) =c OF (ubc) = bc, 
so the result follows. 

The following example shows that T does not hold for all sets 
satisfying (3.3). 

Example. Let G be the set of two elements % and a combined ac- 


— 


(uuu) = (aau) = (aaa) = (ua) = 4, 


(auu) = (nau) = (uua) = (waa) = a. 


Obviously B is satisfied. The reader may check A, noting that it 
is unnecessary to check A for the first element equal to u since 


. (sux)=x for all x in G. But, since (aaa) =u xa, we see that (xy2) 


is not in general equal to xy~s. Also, since any group of order 2 (and 
there is’ only one) satisfies Definition 3 with (abc) =ab~'c, we see that 
this set of postulates is insufficient to determine the ternary operation’ 
_in terms of the group operation. ; 
Remark. It is obvious that if we replace B(b) by A; in (3.3) we 
get a set equivalent to (3.1) and (3.2). 


DEFINITION 4. G is said to be commutative if (abc) = (cba). 
-THEOREM 5. A necessary and sufficient condition that an abstract 


~_ 


ps i 
+ - ” r `~ 
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coset be PR is that (abc) = = (cba) where b ts some fixed aes 
and G and care arbitrary. = 


Proor. Necessity is obvibua. For the suficiendy, let b be given as in 
the hypothesis and b’ be arbitrary. Consider’ G, and Gy. Gs is com- 
_ mutatiye by hypothesis. By Theorem 3, Corollary 2, it follows that ` 
Gy is also commutative, whence (ab'c) = (ch'a). 

Remark. An analogous theorem for sets satisfying Definition 3 does . 
‘not hold. For if it did then (bc) = (chu) =c(ubu)=cb—!, whence it 
would follow that (abc) =ab-'c Yet, in the above example, we have - 
(xuy) = (yux) for all x, y and (xyz) »xy—'s imgeneral. As a corollary 
to this remark we have proved that every commutative system satis- 
fying Definition 3 is a (commutative) abstract coset. We also have’ 
complete associativity, that is, ((abc)de) = (a(bed)s) = (ab(cde)).1* Thus. 
any system of this type is not only a Prüfer schar!! but also a Ddrnte 
3-group.'? In fact, the commutative law, A, and As (A; is then also 
true) constitute exactly Priifer’s set of postulates. To’sum up, we , 
may assert that tn the commutative case the three sets of postulates are 
equsoaient to those of Prüfer and Dörnte and to each other. 


_ 4. Consistency and independence of the sets of postulates. The 
consistency of these postulates was really proved in the example - 
given above. Actually, any group with (abc)=ab-'c (or cbta) will 
satisfy these postulates, with the possible exception of the commuta- 
tive law. The latter is obviously satisfied if G is commutative. 

For the independence, we observe first that the commutative law 
is obviously independent of the others. To prove the other laws indè- 
pendent we find that a single set of systems will SE for all thtee 
sets of postulates. ° 

Consider the two element systems defined as follows: 


(abb) = s= a (aba) = (bba) =a, (bbb) = (baa) = (ab) = aes G). 
(abb) = (aaa) = (aba) = (aab)=a, (baa) = (bbb) = (bab) = (bba) =b. (Ga). 
Finally, let Gy be derived from Gs by defining [a a’b’c c'|= (c'b 8’). 
` THEOREM 6. {3.1) ts a set of independent postulates. 


Proor. Note first that the closure postulate is independent. But 
Gi satisfies Ay and As by inspection. Yet CN aa ae 


“ Painted out by the referee. 
‘CEH. Prifer, Theorie der Abelschen Gruppen, Math. Zeit. vol. 20 a924) Pp. 


~ 166-187. 


18 Cf. W. Dörnte, Untersuchungen saber cinsn srdiecka Gruppenbegrif, 
Math. Zeit. vol. 29 (1928) pp. 1-19. VG ie 
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= (aab) = ((abb)ab) so that Ar is independent of As and As. 

Now consider Gs and observe that (xyz) =x for all x, y, and s. This 
- gives A, and As. However A; is not satisfied since (aab) =a xd. 

We observe finally that the definition of Gs from Gs carries Ay 
into itself and permutes A, and Ay. For instance [[a’b’c’] d’e’] 
= (e'd’(c'b’a’)) = ((6'd'c’)b’a’) = [a’b'[c'd’e’]]. This proves Ay is in- 
dependent of A: and As. 


COROLLARY 1. (3.2) is an independent set of postulates. 


Proor. We observe first that the systems are symmetric in a and b. 
The corollary then follows immediately. | 


COROLLARY 2. (3.3) ts a set of independent postulates. 


Proor. By symmetry, and proof of Theorem 6, G gives the inde- 
pendence of A. The remainder of the proof follows from the above 
corollary. 

5, Axioms for free vectors. By a system of free vectors is usually 
meant a set of vectors which may be translated without changing 
their value: For example, the system of forces in physical space con- 
stitute such a set. Let us investigate the (commutative) abstract 
coset derived from the group of all points in the plane under addition, or 
. even a subset which is a coset. We shall then have (ac) =a—b+c=d. 





By means of the accompanying diagram we see that d is simply the 
fourth vertex of a parallelogram whose vertices are described cyclicly 
as a, b, c, and d. For obviously c—d=b—a or d=a—b+c. We may 
thus describe the closure of G as the property of containing with any 
three points the fourth vertex of the cyclicly ordered parallelogram 


sé _- 
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(a, b, c, d). This concept generalizes to any group by defining a 
parallelogram as the ordered quadruple (a, b, c, ab™tc). But we may 
also consider the difference b—a as a vector (the vector from a to b, 
say) and interpret the equality c—d=b—a as the statement that 
parallel vectors of the same length and direction are equal. This is 
the same as saying that these vectors are free. We shall now define 
this concept in the abstract. 


DEFINITION 5. By a set of free vectors we mean all parrs of elements 
(points) of an arbitrary set, the pairs (a, b) being connected by an equiva- 
lence relation (reflexive, symmetric and transitive relation) denoted 
by ~ and satisfying: 

Vi: (a, 5)~(a’, b’) implies (b, a)~(0’, a’). 

Va: (a, c)~(a', c), (b, Cc) ~(0’, c') imply (a, b)~(a'; b’). 

Vs: Given (a, b) and c, there exists a unique d such that (a, b)~(d, c). 

These postulates have a very simple interpretation in the light of 
the preceding paragraph. Vı simply says that opposite sides of 
parallelograms are equal when their sense is taken into consideration. 
Vı may be interpreted as a statement on congruent triangles and V; 
as a guarantee of tbe existence of a unique vector through a given 
point parallel to a given vector. 


THEOREM 7. Gwen any system of free vectors st is possible to define 
from them a group.” ~- 
Explanation. We shall define as elements of the group the couples 
ab which are respectively the classes of all pairs equivalent to (a, b). 
We shall define ab-+-cd=ah, where (d, c)~(h, b) and k is given by Vs. 
Proor. We shall divide the proof into several parts. : 
(a) Given (a, b) and c there exists a unique d such that (a, b)~(c, d). 
By Vs, there exists a d(unique) such that (b, a)~(d, c). Apply V1. ` 
(b) Addition is unique. To prove this we must bhow ‘that if 
(a, b)~(a', 69 and (c, d)~(c'; d^), then ab-+cd=a'b’+c'd’. But con- 
sider k, k’ where (d, c)~(h, b), (d’, c)~(h’, bh). We get by Vi and 
` hypothesis (A, 5)~(h’, b’). Va and hypothesis give (a, h)~(a’, kh’). 
(c) ab+be=—ac. By definition, this sum is ah where (c, b)~(A, b). 
The reflexive law and V; imply 4=c, the desired result. 
(d) Now let u be fixed. Then uu is a right zero, for by Vs an arbi- 
trary vector ab =cu for suitable c. Hence ab-+-uu=cutuu=cu—ab. 
Again, by (a) ab=ud for suitable d, whence by V:, ba=du. Thus 


8 In connection with this result, which shows that Definition 5 may be consid- 
ered as a definition of a group, cf. B. A. Bernstein, Trans. Amer. Math. Soc. vol. 43 
(1938) pp. 1-6 and H. Boggs and G. Y. Rainich, Bull. Amer. Math. Soc. vol. 43 
(1937) pp. 81-84. 
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ab+ba=uu, so ba is a right negative. Since the associative law ob- 
viously follows from (c) and (a), the proof is complete. - 

In the commutative case the postulates may be reduced to a very 
simple form. We shall prove the following theorem. 


THEOREM 8. Any set of pairs of elements for which there 1s defined 
an equivalence relation satisfying the following postulates conststutes a 
commutaisve group of free vectors (under the definitions of Theorem 7). 

Vo: (a, b)~(a’, b’) implies (a, a) ~(0, b’). 

V3: Given (a, b) and c there exists a unique d such that (a, b)~(d, c). 


Proor. We first show that these form a system of free vectors. To 
prove Vi, let (a, b)~(a’, b’). By Vo, we get (a, a’)~(6, 0’)- or 
(b, b’)~(a, a’). By Vo again we have (b, a)~(b’, a’). The hypotheses 
of Va give (a, a’)-~~(b, b’)~(c, c’), using Vo. Hence (a, b)~(a’, b^). 
It remains only to prove that the group which we get is commutative. 
To this end consider ab and cd and choose e such that (b, e)~(c, d) 

-and f such that (a, b)~(e, f). But ab+cd=ae while cd+ab=be 
+ef=bf. Since (a, e)~(b, f), the result follows. 

The question which naturally arises is whether all systems-of free 
vectors (as defined in Definition 5) are necessarily commutative, in 
which case we should surely use the conditions of Theorem 8. In fact 
a necessary and sufficient condition that the group of free vectors be com- 
mutative is that Vo hold. Sufficiency being obvious, suppose (a, b) 
~(a', b’). Then aa’=ab+ba’=ba'+ab—6b’ since (a, b)~(a’, b’). 
Hence we get (a, a’)~(8, b’). To settle this question completely and 
to prove the consistency of these postulates, we now show how any 
group may be made into a system of free vectors. 


THEOREM 9. Any group G with elements a, b,--- may be converted ` 
inio a group of free vectors V, and conversely. Moreover, G and V are 
ssomorphte. 


Proor. Necesstty. Let G be given and define (a, b)~(c, d) if and 

- only if ab-' =cd—'. This is obviously an equivalence relation. V, is also 

obvious. But ab-!=a'b’—! implies ba~! == b’a’—! (Vi); and ac! =a’c’—}, 

bc 3 b'c'"! imply ab = act (bt) =a cbc) ab, which 
completes the proof. 

Sufficiency. Let V be given and let « be any fixed element. -Then 
the correspondence arau is one-one between the elements of the 
proposed G and the elements of V. We define a binary operation in G 
by abetau+bu, thus making G into a group isomorphic to V. Now, 
by Theorem 7, ateua, and ab—Pau+ub—ab. Thus ad-!=cad— if 
and only if (a, b)~(c, d). 


—_ 
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As for the isomorphism, we need only consider the case where V is 
defined from G. Obviously, the correspondence ab~!¢2ab is one-one 
from G onto V. Moreover, the correspondent of ab-+-cd is ah— where 
de! = hb! or h-!=-'cd-1, This establishes the isomorphism. 
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AN INVARIANT OF INTERSECTION OF TWO SURFACES 


CHUAN-CHIH HSIUNG 


1. Introduction. Projective invariants of several pairs of purfaces 
have been deduced and. characterized geometrically by various au- 
thors.1 In this paper we shall supplement their investigations by 
studying in ordinary space two surfaces mtersecting at an ordinary 
point with distinct tangent planes. 

In §2 we show by analysis the existence of a projective invariant 
determined by the neighborhood of the second order of the two sur- 
faces at the point of intersection. 

The final two sections are devoted to the presentation of projec- 
tively, as well as eae geometric characterizations of this in- 
variant. 


2. Derivation. Suppose that two surfaces Sı, S; in ordinary space 
intersect at an ordinary point O with distinct tangent planes Ti, Ts, 
and let the common tangent # be distinct from the asymptotic tan- 
gents. Let h, 4 be the harmonic conjugate lines of # with respect to 
the asymptotic tangents of the surfaces Su S:, respectively, at the 
point O. If we choose the point O to be the origin, the lines #, ts, h 
to be, respectively, the axes x, y, s of a general nonhomogeneous pro- 
jective coordinate system, then the power series expansions of the 
surfaces Sı, S, in the neighborhood of the point O may be written in 
the form 


(1) Si: y= ha tms tee, 
(2) l Sa: sah t myt -- 
Presented to the Society, September 13, 1943; received by the editors June 15, 


1943, 
1 See the bibliography at the end of the paper, 
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Let us now consider the most general projective transformation of 
- goordinates which leaves the lines ż, é:, 4s unchanged: 
+= Oayx*/(1 + aya" -+ aiy" -+ Gis"), 
l> = ayy*/(1 + aux* + ay" + aus*), 
= z= Gus*/(1 + aisx* + aisy* + aus”), 
where dy are arbitrary constants. The effect of this transformation 


on equations (1), (2) is to produce two other equations of the same 
' form whose coefficients, indicated by stars, are given by the formulas 


(3) 


(4) m = adi Gaym, = aun, 
: dudi = disha; ugg = ash, 
. from which it follows C that 


(5) - hma hmi , 


is an invariant determined by the neighborhoods ot the second order’ 
of the two surfaces S, Ss at the point O. 


~- 3. A projectively jomai characterization. Let us consider two 
pairs of planes, one of which is determined by the line & dnd the 
asymptotic tangents of.the surface S, at the point O, and the other 

^ by the line żı and the asymptotic tangents’ of the surface $3; at the 
point O. The lines of intersection of these four planes lie on two planes 
passing through the line :: 


- (6) (lima)! y £ m)? = O. 


On. the other hand, we observe that the plane sections of the sur- 
‘faces Sı, Sı made by any plane through the line ¢ have, in general, 
' an ordinary contact at the point O. In particular, we can uniquely 
„determine a plane through the line ¢ such that the plane sections 
have contact of the third order at the point 0O. The equation of this 

, plane is eau found to be 


) hy rs hs = Q. 


” From equations (6), (7) it follows at once that the double ratio of 
‘the four planes 71, Ta, (7), (6) is equal to 


(8) =- (0, w, — h/h, $ (lam / hma) Y) = PA, 


_Hence we obtain the following characterization of the invariant J: 
Suppose that two surfaces Si, Sa in ordinary space imtersect-ai an 
, Ordinary point O with distinct tangent planes 11, Ta, and let the common _ 


+ 
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langent.t be disiind from the asymptotic tangents. Let i, ta be the kar- 
monic conjugate lines of t with respect to the asymptotic tangents of the 
surfaces Sy, Sy, respectively, at the point O; and let x, be one of the two 
planes through i on which lie the lines of intersection of two pairs of 
planes, one of which is determined by l and the asymptotic tangents of 
the surface Sı at the poini O, and the other by tı and the asymptotic 
tangents of the surface Sy at the point O. If rs be the unsque plane through 
the Isne t such that the plane sections of the surfaces Sı, Sy made by ma 
have contact of the third order at the point O, then the projective tnvariani 
I associated with the surfaces Sı, Sa at the point O ts equal to the square 
of the double ratto (ry Ta, T3 Tı). 


4. A metrically geometric characterization. It is deemed warth- 
while to find a simple metrical characterization of the projective in- _ 
variant J. For this purpose let us make a projective transformation 
which leaves the point O unchanged and carries the lines ż, 4, ty into 
three mutually perpendicular lines 7, h, & Let 51, Sa be the trans- 
formed surfaces of Si, S:, and #, 9, Z the nonhomogeneous Cartesian 
coordinates of a point in space referred to the orthogonal coordinate 
system determined by the lines /, h, 4; then the power series expan- 
sions of the surfaces 5,, 5, in the neighborhood of the point O may 
be written in the form 


(9) S: jos fiat AB pe l 

(10) Sy: E= hP HAP, E 
and the projective invariant I takes the form 
(11) I = lagba 


Let Kı, K, be the total curvatures of the surfaces Sı, Sa at the 
point O;and Ri, K; the radii of curvature at the point O of the curves 
in which the tangent planes 3=0, 7=0 intersect with the surfaces 
Su Ss respectively. Then it can be demonstrated that 


(12) i m Alif, Kı =a 4l iffs, : 
R, = 1/2h,, ‘R, baa 1/25, 


and therefore that 


(13) Eas 1 = EEVEE. 


Thus we obtain the following metrical characterization of the pro- 


jective invariant J, 
Let Ki, Ka be the total curvatures of ihe surfaces Si, Sy at the porr O, 
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and Ri, Ry the radis of curvature at O of the curves in which thé tangent 
` planes Ti, T, intersect the surfaces Sı, Sa, respectively. Then RiKa/RiK: 
is the projective invariant I of the surfaces Si, Sa above indicated. 
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_ON THE CONVERGENCE OF CERTAIN PARTIAL SUMS 
"OF A TAYLOR SERIES WITH GAPS 


GEORGE PIRANIAN 


Eal a 


- We consider the function f(s) determined by the power series 
D. -0 f= Lan 


and its direct analytic continuation. For Jaian, it is as that 
lim’ sup| Ca Va m Í, : 
We write a 
Sa(s) =, > Cys, 
i 


ral 


M(r) = max |{f@)| ~~ (0<r<t), 
| s jmp 7: s 3 
Mo) =1 > ae Gi 
Oa = Aeti/M — 1. 


Ostrowski has proved! ‘that if (On, i is a sequerice extracted from the . 


sequence {On} such that lim inf 6,,>0, then every regular point of 
f(z) on the circle |s| =1 is the center of a circle in which the sequence 

S.,(s)} converges uniformly to f(s). Restricting ourselves to the 
~- question of convergence at the ae points themselves, we sirall 
prove the following theorem: 


If 


Cag 


- a log (Mu ~ SAD 
MA a am anp nE, 


then lim as =x f(s) at all regular pone of (1) on the circle |s] e 


For the proof, we shall assume that lim 0,,=0; afterwards, we shall — 


remove this restriction, with the aid of Ostrowski’ s theorem. =. 
Let s, be a regular point for (1) on the circle |s| m= ],-and let z, be 
- a point on the segment. joining at to the: origin. We write | #1 —30| ag, 
and for every positive integer $, we define the three circles 


Presented to the Society, April 24, 1943; neind by Ale elitors Janya; 1943, 
= LA, Ostrowski, Dior ene Rigsuschali sewites’ Polcavethen sll wbenGleeh WAS 
verschwindenden Koeficienten. Preuss, Akad. Wiss, Sitzungsber. vol. 34 (1921) pp. 557- 
565. Essentially the same proof is,to be found in P. sig ca aa 
normales de fonctions analyiigues ot leurs applications, pp. 204-207. ; 
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~ Tj: | s — so | = pi (0 <p! <a), 
T (a): [s= s| =, TP: |s- 50] =p! (p.’ > a), 


where p,” shall Be chosen 80 that the function f(s) is holomorphic in 


~ the closed region bounded by T’. By M/, M.(a); and MI’ we denote 


the maximum value of | f(s) — mn on I'/, I'(a), and T?’, respec- 
tively. We write a 


Rl =1tel—a, Ri! =1tpi' =a 
and we choose r; 90 that R? <r;<1. 


.~ By Cauchy's formula we have, on the aie [s] =R{, 


į 


= M(r) R? = Mri Mie (HE hag (ti te) 
| (2) — Sn) | S N ri or — Rh mal .. A 


_.and by the principle o the maximum 


, =e Ri 
log M; S log Re EENI F 6n,) log —— 


On the circle |s] = Ri’, and therefore also on ry’, we cere ’ 
RY'N M(r)RY! [RUN 
[s..()| s uni ( ELY < KOE (EON 7 


RY A — f, T, 


Since f(z) is holomorphic in the closed region bounded by ri! : and 


since at least one of the expressions Rj’ /(R{’ —r,), (Ri’ /ri)» tends 
to © as į—~ œ, we may write, for any positiven and for ¢ sufficiently 


i R} wu 
‘ M 1+ Ri 

log Mi! < log ae ta log x 
R? —r, - f, 


Applying Hadamard’s three-circle theorem to the function 5.) 


` —f(s) on the circles T}, T(a), T'’’, we have now 


- log 





(= F) Pea + tog (— =) tog a 


DO < tog (*) {tog A U wee? J toe} 


Fi 


ie (E fg MODY mad 
pi R, =F Tı 


In the proof of his theorem Ostrowski now takes the point s; near 











} ~. 
- 
8 r 
~ 
~~ 


Fd 
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to the point s and dioe for ri, ‘T'(a), and po ee fixed- dda 
with radii sufficiently near to |s — sol. (with T (a) including the point 
' s instead of passing through it). In our case it is necessary to take 
Z, near to the origin and to let p/.and p/’ tend to a as į becomes large. ` 
We choose p; =(L—b:)a, pl’ =(1+,)a, r,=1—k, where 0<8;<1 
and 0<k;<ab,; substituting, these values in (3), expanding terms 
such as log (1-+ad;) in power series, and dividing both sides of the 
inequality by b;, we get 5 s 








ee ae e 
MU — k) — k) j , =) 
- < log m i+ 6) 1 
at ia Oe ee 
+ (1+ 5/2 43/3 +--+). g 
MOUKU- RAED. — 
l e a a l - 
fio (1+ k,/ab)ab, T Aa, 108 i-ad . 
Ainge Se ah 5 ioe 
2 - M-k) 
#2 + B/S +++) T : 
| T 
j | n 
Oe alent - — b/2 + Bi/3 — z 
-[~ ab; — a b,/2 — - ekek pea] 
+ [t= 8/2 + 83 = - sea a E] 


+ it + by2 +834 + [eb — a bi/2 +--+ ] 
+ 2[1+ 0/3 +--+ JRS B/Z+ ++ J} 
. A A o HU — A) 
© ‘< 2a + 3k, + Shi fabs — ea Sai eal 
g i 


E E ET 


provided @,, and b; are sufficiently small and the sum of the terms in 
the braces ‘ef the last term is positive. 4 > | - 
Now suppose that : 

2 Soy 

log (M(1 — 6,,)/6. , i 
nean C N y OSES: 

and An Fay \ 

Choose b= bba, kiabbn,/b=8,, where b > 14H. The last member of 
(4) becomes < ' 


- (4 0,8/2){a[1 — Kr- a) — 3/8}. 


- 


that is, 


= 4 
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` If-a is chosen sufficiently near to 1, b{a[i— my =6) |= 3/b} >10H, 


and for sufficiently large values of i (4) Peromies 
(2 + 0) log M,(a) < K(a,-b) +3 log M(1 — 02) /0, — SMH, 
where _K(a, b) depends.on a and b only. But lim,s«9a, =0 implies, 


5 together with the validity of (2), that liM; ,.Aa,62, = ©. For sufficiently 


aes + we have 
i (2 + 6) log M,(a) < — M baH, 


a lim log M,(a) = — o, 
toe r = 


-3 


and, in particular, - . - 
= lim Sa (81) = fle). 


Now let. {6,,} be any sequence of values 0,, for which (2) is satis- 
fied, and let z; be a regular point for (1). From every subsequence of 
{Ou} we can extract a further subsequence {6,,} such that either 


“o lim Oa, =0 or lim inf Om, >O. In the first case, im Sy,(#:) =f(s1) by 
` what we have’just proved; in the second case, by Ostrowski’s theo- 


rem. From every subsequence of {#,;} we can therefore extract a 
further subsequence {m,} such that lim Sei ;(81) = f(s). It’ follows 
that the sequence { Sa (2) } iteelf tends to f(s), and our theorem is 
proved. ' 

Condition (2) may be replaced by one that is ‘money hat leas gen- 
eral, but can be expressed more immediately in terms of the behavior 


-of M(r): 


u lim inf 0., =0, we define, for kh>9, 


, ACK) = g.l.b. A; 
mh 


` 


for 0Sk<S0, we write (h) = œ, It follows from our corci that 
lim S., (31) =f(s1) whenever s; is a regular point for G on „the circle 
|s| = = Í, provided 


aud 5 log (M(1 — h*)/h 
yo - AET ( )/h) 
| e+ AAC k) 

If we write r=1— h, (5) becomes ` 


log [M/A — 3] 
sup ——— 
ri-o (1 — r) ACL — r)!” 


- : E 
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The author is indebted to Professor S. Mandelbrojt, aie suggested 
- the existence of the Erne theorem. and gave valuable assistance in 
its development. | 
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_ ON ABEL AND LEBESGUE SUMMABILITY 
1. Introduction. A series viva, is called Abel summable to the value 
s if the power series > a,r” converges for 0<r<1, and if ) a.r*—>s as 
' r Î 1; it is called Lebesgue summable if the sine series 


(1.1) | 2 


1 # ~. p 





converges in some interval 0 <i <r, and if 
(1.2) coo PF) ss as $40. 


We write in ‘tie first case A) a, =S, ads in the latter case L)-a,=s5 
(summability A or L respectively).’It is known that convergence 
does not imply Z-summability and conversely L-summability does 
not imply convergence of $ `a.. Tauberian type problems which arise 
out of this situation have been discussed.! It is also known that either 
convergence or L-summability imply A-summability. As to the con- 
~ verse (restricting ourselves to real a4) we have proved the following ’ 
' theorems: 


THEOREM 1. [8, pp. 582-583}. If 


(1.3) s Žal Des = O(1) as hw, l o 
and tf 5 
(1.4) | Lars OQ): as ti, | 





~ ~ 


Picasa ted’ to the Sode, Demba a7: 1942; received by the editors December 
16, 1942.` ~ 
_ See [8], where further references are given; numbers iri, brackets refer to the 
bibliography at- the end of this paper. 


+ x 
+ 


P 


~ 
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then 
(1.5) tPF) = O(1) as #10. 

THEOREM 2. [8, p. 585]. If 6.3) holds and if 

(1.6) © lim im inf min Eako, 
i All s+ ASAD 
then A-summabisty implies L-summabisty. 

Note that A-summability and (1.6) (without (1.3), which need not 
be satisfied) imply convergence (by a theorem of R. Schmidt) and 
are also necessary for convergence, while the series need not be L- 
summable. 


We remark also that, in the assumption and in the conclusion of 
Theorem 1, O(1) can be replaced by o(1); for if ) 


(1.7) > (| So) as Ae 


then (1.6) holds. Moreover by the previous remark the series > Gx 
converges (to zero). 

We shall complete and generalize these results by proving the fol- 
lowing theorems: 


` Trrores-3. If (1.3) holds then each of the statements (1.4), (1.5) and 


(1.8) >) a,=O0(1) a s> o 
1 
implies the two others., 


THEOREM 4, If (1.3) holds then A-summabslaty implies L-summabtl- 
ity, but not necessarily convergence. 


~ 


THEOREM 5. If (1.3) holds and if $a, converges, then > a, sin ni/ni 
converges uniformly in O<i<T. 


This generalizes Theorem 6' of my paper [8]. 
2. Proof of Theorem 3. We prove the following lemma. 
Lemma 1. If (1.3) and (1.4) hold, then 


(2.1) = Le =O), ` Dle] = 00), yl 0m, 


(2.2) Dortlal<», bir )a| = O(n) as ">o, 
1 ” i i 
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The statement s, = =O(1) is an e corollary of a previous 
result [6, Lemma 2]. Combining it with A 3) we get 


Sial = Sidal — Gy) ee Sy1 = O(1) as n+ ©, 


- Furthermore, where >.2 means summation ae the range a <r $P, 


= o(»} ` 7 = O(n). 


(2. 1) j is now proved. We have aus Ta, <c, a pre constant, 
and > %¥;}|a,| SENN: hence 


| Erjols È È milal <È2 i z 


This proves the first part of (2.2). Finally 


Lrlels È F, mial < < yates, 
k=l n3 
which proves the lemma. - | ' 
We now prove Theorem 3. If (1. 3) holds, then ü. 8) implies (1.5)- 
by Theorem 5 of my paper [8], and (1:4) follows from the remark. 
to the same theorem. By the same remark (1.4) implies (1.8), Hence 
also (1.5). Finally, assuming (1.5), to prove (1.8) we write 


, > sin yt a= sin yt” 
HRO -n= Dol ; -1)+ par m Sit Ss. - 
1 d g i 


#+i we 








/ 


al 


' From 0<1—sin vi/vt <r we get 


| S| <P? | oy < mt >| oy cæ 20(n); 


-= = 
~ 


af 


furthermore, by Lemma 1, | 
- jal <eLy i| a| = Olat). > : 


On putting now f=n~lwe get -> = 
aE) —s,=O(1) as sm mw: . l | 
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4 


‘this proves (1.8) and a fortiori (1. io which ORE the proof of 
ACOR 3. a 


3. Proof of TN 4. We first pròve the EAE EA N 
LEMMA 2. Let . . S 
An = sin si/nt — sin (s + 1)t/(# + 1) 
` Age A(A,y) = sin ni/ni — 2 sin (# + 1)i/(# + DE 

+ sin (# $ 2):/(# +2); - 


then l 
(3.1).  0<A <E for (n+ 2i<x/2, S 
(3.2) swo |A.| < 2/n Sor > 1. 


Pe 
-Applying the mean value theorem to A? we e get easily (see [8, 
Lemma 4]) 


Oc AE for (s+ 2) < 1/2 
Furthermore / : 


` sin (» +1 sin (t/2) cos (On + 14/2 
i n(n + 1) ni - 
-which yields - 7 
Ae < 1/n(n + 1k + 1/0 < 2/n for si > 1. 


LEMMA 3. If >a, is Abel summable.and tf (1.3) holds, then Da. is 
Cesdro summable of any order a >Q. 


By Lemma 1, s,=O(1); this and A-summability imply (C, 1) sum- 
mability, as was proved first by Littlewood in 1910. For a short proof 
(with a more general assumption) cf. [5]. That Abel summability 
and s,=O(1) o (C, œ) summability for any æ >0 has been proved 
by Andersen [1, p. 80]. We shall apply only the case a=1. 

Let now vs, ee then s~is? tends to a limit s; we can assume 
without loss of generality that s=0 (otherwise replace a;' by a =s). 
Toa given positive e< 1/2 we now choose #o(¢) so that 


(3.3) > | s, | < en for n > m(e) > 3. 
By (2.2) łza, sin ri — absolutely; we write - 





“= D+ Dene 


| SRG) = 
1 I. ~ Rei 


4 


z ` Pä " 
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_ We’ restrict ourselves to 0<#<mj'!, and choose #=1+ [ete] 
> et > Cin >28; Abel's summation by parts yields 





no e, E 
+ skini + DSA, - -> 
7 l 


ma 


Tı. => Sa 


Now nt> a Vents 
(3.4) ssn n/n < | su] /at < a sa| = 00. as 410, 
and, from (3.2) and (3.3), - l 
(3.5) | sh Ae ah < 20; 
furthermore p _ = 


t 
y 


3.6) [n] <Er] a] = Ol = Ole) as #10. 
‘Finally, write a 72 oe | 8 
ee a—2 n3 b—1 — 53 i g 
Sw-(E+E SAn 25kSn— 2; 

1 2; : ae h 
and choose - re 
k= 1+ [m] > F1.> mo(@) > 3. Ae 
By (3. D, as ieee ae <x/2, 


(3.7) <f Dis] al aa. 








eremuan estimate Digi, We iom this sum according 
to the changes of sign of the factors A? and write 


O S > t A 
3 i 2 = $ “ 


To eatimate p we note that there are not mote changes of sign in the 
sequence A? than there are zeros x1, xa °- Of D(x sin x) in the 
interval 0<x<(n—1)4 A simple caleulation yields for-x, the estimate 


x, = (y+ lz — Y, 0 < y, < 4/3, E EA E 


` hence, 
i pr < a, < (nice, 


But each Si is in abeolyte value lesa than 4enk™ {iroi (3, 2) and 
(3. 3)), a E 


~ 


awe F 7 ~ 
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enki < eni < 2e; 
thus 


nf 2 
2 NA, 


b 


(3.8) < Ipe Le. 








Collecting the estimates (3.4) to (3.8) we find 
| RM) | < OUY + off) as £10; l 


e being arbitrarily small the positive part of Theorém 4 follows. For 
the negative part we refer to the examples in $5. 





4. Proof of Theorem 5. We write, for A>1, / 
= sin vb = 
2, : =), + DD =Ri +R, 
atl rt atl >n 


gay; then by (2.2) 
= 1 
R bt ml = — 0(1). 
| R| < 2 r|e,| = OW) 


) Abel’s summation by parts yields 











D? = Se + > 5,A,, 
1 vb 1 
whence 
sth sinsa ` sgn (ws HAY sin ni *t hol 
gig e 
mtl ri (s + k)i ni r, 


We may assume that the limit of s, is zero; given e>0, we choose 
nole) so that |s,| <e for 2 >; then 
sin (n + k} sin m 
ern SE < 2e for # > . 
(n+ k)i nt nolo) 


_ We define k by n+k= [An], thus k= [àn]—-n SA —1)n. We sub- 
divide the range nS» <)n into consecutive parts in each of which 
A, has constant sign; denote the number of subdivisions by e. Denot- 
ing the positive zeros of u`! sin u by tı <u< ---, we find easily 
u,=va-+a,, where 0<a,<2/2; the number of zeros in the interval 
ni <«%<)nt is therefore less than 2Ant/w, and 


oS Ant ++ 2. 





Seth 


kS 
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In each section |2 s,A,| <2é, hence / ; 
wtb 
| D srl < 2e3(2 + And), 
and ° 


| Ril < 28(3 + dnd). 


We now choose A\=1/éni, for whatever n>n)(¢) and any 0<t<x, 
if ent<1, and put A=1 (that is Rim0) otherwise. In the latter case 
|2 a0, sin (vt) /vt] <(m#)—0(1) <@O(1), while in the first case 


= sin PF 1 
| > za < &o(1) + ze (s T =) < «O(1) 
„+1 yt e? 


fors >mno(e) and 0<it<-x. This proves our theorem. 


Note that convergence of > a, is a necessary condition for the uni- 
form convergence of } a, ain (né)/nt. For if, for any e>0, 
ati gin yt 


ay 
#+i yi 


<e for n> mle), &=—1,2,3,---,0<t<y7, 











‘then, letting ¢] 0 we get owas Se. Moreover we have uniform 


convergence in the closed interval. 
It is shown easily that the assumption (1.3) is equivalent to athe: 
of the following conditions: There exists a constant \>1 such that 


An 
(4.1), > (| a | — a) = O(1); 
(4.2) ¥ (}o|— 0) = O(n), a8 #0. 


For a more general statement see [7, p. 129]. 
A consequence of our results is the following theorem: 


THEOREM 6. If 
(4:3) lim lim sup © (| œ| — æ) = 0, 


then A-summalbility of > a, implies. pone convergence of the sertes - 


| S an sin’ (mt) /ntin O<t<-. 


Clearly (4.3) implies (4.1), whence (1.3). Now, -by Theorem 4, 
> aa is‘ L-summable; furthermore by Theorem 4 of our paper [8] 
L-summability and (4.3) imply convergence of J} á.. Theorem 6 now 
follows from Theorem 5. _ 
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5. Negative results. We quote the following lemma. 
LEMMA 4. Let n=l and 








P.( "1 A £ 4 gun) ga gmi 
ae og e 1 1 no’ 
then, when |s| S1, 

| | Pa(z) | < 6. 


For the proof see Fejér [2, pp. 36-37]. 

Consider the polynomial series ))"n-*s=P,,(s), where M=1, k= 3, 
2n == 2*", Zhe =A Aa, #22. In view of the abové lemma the series 
‘converges uniformly in |s| $1, so that the function 


F(s) = oP, (8) 


is regular in |z] <i and continuous in |s| <1. The degree of the nth 
term is 2ka+A.—1<Agsi, hence writing out the polynomials explicitly 
we get a power series, convergent for ia <1, , 


(5.1) F(s) = >) oas". 


For |s| =1 we get a Fourier power series of a continuous function 
F(e). The structure of P, and the inequality (n+1)~* log k. <log 2 
easily yield i 
D1 | =O) as n> o. 


‘But $a, diverges, as there are sections > a,=n—*)_*1/» which do not 
tend to zero. On the other hand the series (5.1) is evidently Z-sum- 
mable at every point on |s| =1. 

Next we define a series > a, by putting s,=1'for n=2', k=0, 1, 
2, +» > + , and S, = 0 otherwise. Now n— 585,40, moreover > ™/a,| $3, 
hence the series is summable L. But $a, diverges, in fact lim sup |a,| 
=1, and Ya cos ni is not a Fourier series. 

Another example of this kind is due to Neder [4]. 

In contrast Menchoff [3] tried to prove that A-summability and 
(1.3) imply convergence of as; the error lies in his Lemma 4 which 
is false. It is based on a false interpretation of an argument used by 
Landau. - 
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ON SUBHARMONIC FUNCTIONS 
MAXWELL READE 


If p(x, y) is continuous in a domain (non-null connected open set) 
D, then p(x, y) is subharmonic in D if and only if the inequality 


1 
p(x, y) SACP; z, y; r) =— ff p(x + E, y + 1)dEdn 
i ar Dis, nir) 
holds for all circular discs D(xo, yo; r): (2-0)? tO — y= En Sr? 
in D. If p(x, y) is continuous along with its partial derivatives of the 
second order in D, then p(x, y) is subharmonic there if and only if 
Ap(x, y) 20 in D, where A is the Laplace operator [2,3]. 

If p(x, y) is continuous in D, then (x, y) is said to be of class 
PL|2] in D-provided (i) p(x, y) 20 and (ii) log p(x, y) is subharmonic 
wherever p(x, y) 0. If p(x, y) 20 and is continuous along with its 
partial derivatives of the second order, then p(x, y) is of class PL if 
and only if pAp—p2 —p2 2&0 wherever p(x, y) <0. 

Beckenbach [1] has proved the following theorem characterizing 
functions of class PL. 


THEOREM A. If p(x, y) 20 in D, then p(x, y) is of dass PL in Daf 
and only if [(x—a)*+(y —B) "|p (ce, y) 4s subharmonic in D for every 
chotce of the real constants a, B. 


The Beckenbach theorem is comparable to the classic Montel- 
_ Radó theorem, which was later generalized by Kierst and Saks [3, 4] 
for functions p(x, y) with continuous partial derivatives of the second 
order; this generalization is the following theorem. 


THEOREM B. Let f(t) have a continuous second derivative, with 
f'>0, for — <t< œ. If u(x, y) has contsnuous partial derivatives 
of the second order in D, and sf the function f(ax+By-+v(x, y)) is sub- 
harmontc in D for every choice of the real constants a, B, then v(x, y) ts 
subharmonic in D. 


The question arises as to the possibility of exhibiting a Kierst-Saks . 


type of generalization for Beckenbach's Theorem A. Our result is the 
following. - 
Presented to the Society, November 27, 1942, under the title Remarks on a paper 
of Bechenbach; received by the editors February 26, 1943. 
1 The numbers in square brackets refer to references listed in bibliography at end 
of paper. 
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THEOREM C. Let f(t) have a continuous second derivative, with 
f’'@®.>0, for — œ <i<o, If olx, y) has continuous partal derivatives 
of the second order 1n-D, and +f the functton 
(1) Bl; a, B; x, y) m f{log [(z — a)? + (y — B)*] + 0(x, »)} 
is subharmonic in D for every choice of the real constants a, B, then 
v(x, y) ss subharmonic in D. 


Proor. We shall show Ar(x, y) 20. From the hypothesis, it follows - 
that ®(v; a, 8; x, y) has a non-negative Laplacian, that is, 


2(x—a i 
TOA, y) HO {| sia + vo(x, | 
(2) 
. 2(y — 8) 3 . 
k — a)? + (y — p)? + o,(z, | } = 0, 


where imlog [(x—a)?-++-(y—8)2|+0(x, y), for all real a, 8. 
Let (xo, yo) be a point of D. We distinguish two cases. (a) 02 -+r 
740 at (xo, yo). Then it is sufficient to choose 


a= ty + 27,/ (03 + 5), B= vot 20,/(0» + o) 


where the partial derivatives are evaluated at (xo, yo), and then to 
make use of the positiveness of f’(#) to obtain Av(xo, yo) 20 from (2). 
(b) v3 +23 =0 at (xo, yo). If (xo, Yo) can be approached by a sequence 
of points (£a, Ya), #=1, 2,---, at each of which vè -+9 ~0, then 
it follows from (a) and the continuity of Av(x, y) that Ao(x., Ya) 
—An(xo, Yo) %0, as # ©. If no such sequence exists, then vf +0? m0 
in a neighborhood of (xo, Yo), 80 that Av(x», yo) =0. This completes 
the proof. a 

Beckenbach has also given an isoperimetric characterization of 
functions of class PL [2]; if we use the abbreviation 


if 
L(p; x y; r) = — pia + E, y+n)ds 
dar J O(s, yir) 
where C(x, y; r) is the boundary of D(x, y; r), then the theorem is the 
following. e Ste eas E 


TuHrorem D. If p(x, y) is continuous and tf p(x, y) 20 in D, then 
p(x, y) ts of dass PL in D if and only sf, for every conitnuous funciton 
g(x, y) of dass PL in D, the inequalsty 


A(pq; z, yir) SL(p; z, yir) -L(q; z, yir), 
holds for every circular disc D(x, y; r) in D. 


p 


m 


896 ` "MAXWELL -READE se [December 


_ This latter theorem may be re as follows, for functions dae 


. ace continuous second derivatives in D. 


4 


THEOREM E. If plz, y) has continuous pariial derivaitves of the ee , 


‘ order in D, tf p(x’, y) 20 in D, and sf'a, b ts a pair of real constants 


such that (1/a)-++(1/b) =2, then p(x, y) is of dass PLinD if and only sf, 


_ for every continuous funchon q(x, y) of dass PL in D, the inequality 


O AGa ay Ss LOS a y Jie LG: a 9:0) 


" holds for every circular disc D(x, y; r) in D. 


Necessity. A proof of the necessity part may be given that parallels 


` ~Beckenbach’s proof of his theorem; indeed, the only change would be- 


to use the more general Hölder inequaligy Rhee Beckenbach uses 
the Schwarz inequality. It is to be noted that the hypothesis on the 


existence of any derivative of p(x, y) is superfluous here. 


Sufficiency. Let (xo, Jo) be a point of D such-that (xo, yo) <0; if 


oy there were no such point, then p(x, y)m=0 ‘and hence of class PL in D. 


We shall consider only analytic q(x, y), so that we may expand. both 


_ p(x, y) and g(x, y) in finite Taylor expansions about (Xo, Vo), and then . 


substitute i in (3) to obtain 


pg + (73/ 8)A Qq) 
S [pt + aAa’) e Jel! + PAS - + o(rt) Ju $ o(rt), 
where o(r*) is a quantity (not always’ the same quantity) such that 


[o(r)/r2|0, as r—0, We use binomial expansions, for small r, and 
then let r0, to obtain the further inequality 


2 
= 


EE) A(pa)/8 S (pq/4ap*)A(p*):+ (p9/40q) A), . 
where the derivatives. are evaluated at (xo, yo). If. we express ‘the 


È 


derivatives of pq, p* and œ in terms of the derivatives of p and q, and 
if we set gmet, we obtain 


0s (2 = te + Dr - ‘Dapp. 
~ pp, + pAp + (20 — 2)(h. + p3), 


` 


which must hold for all real constants a, B. Hence the- discriminaiit 


- _ of the right-hand member of (5) must satisfy 


0s (2b - a 1) [pap T (2a — Ta 2) (ps T. $a) I a (2b | 7 ne a by); 
which yields, since 2b—1>0 and (1/a)+(1/8) =2, 


pe 0 S pap — bum pr 


l “Hence p(x, yi is of class PL in D. 
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‘ The inal averaging process ‘ioe ‘not appear to be adaptable to 
_ the lessening of differentiability conditions in Theorems B, C and E. 
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'. A NOTE ON SUBSEQUENCES 
R. CREIGHTON BUCK 


It is well known that a sequence is convergent if all of its subse- ` 
quences are convergent. The purpose of this note is to show that this 
may be extended to a result of great generality. 


> THEOREM. A sequence ts convergent if there exists a regular mairix 
summability method T, which sums every subsequence of the given se- - 
quence. 3 


Thus, for example, if every subsequence of a given sequence is 
Cesiro summable of any order, then the sequence is convergent. The 
general theorem depends upon the following well known result of 
H. Steinhaus.! 


Lemma. For any regular summabslity method T : given by the matrix 
(A wm), there exists G sequence of O's and 1's not summable T. 


To establish the theorem, we suppose that the given sequence {.S,} 
is divergent; we then show that, for any T, we can choose a subse- 
quence {.5,,} not summable T. We may obviously restrict ourselves to 
bounded sequences. Set S,/ = (S, —lim inf S,)/(lim sup S,—lim inf Sa). 
We obeerve that lim inf Sx =0, lim sup S» = 1, so that we may choose 
two disjoint subsequences - 


{Sea} and {Sa} 


which converge to 1 and 0 respectively. 
We next construct a “replica” {5%} of the sequence {SJ} by de- 
aie f 


Cai 


* 


Sa = 


1 if Boa for some &. 
fo if «=, for some k. 


Si otherwise. 


To justify the use of the term replica, we observe that {Sf} and 
- {SX } have the same limit points, that lim (S¥ —.S$) =0, and that in 
general the two sequences behave alike. 

Among the terms of {Sf}, there are an infinite number of 1’s and 
of 0's; by the Steinhaus Lemma, for any JT, we can choose a subse- 

Presented to the Society, October 30, 1943; received by the editors April 16, 1943. 

1 Hugo Steinhaus, Kitka sidw o uogdbstenix pojecia gramicy (Some remarks on the 
generalization of limit), Prace Matematyczno-Firycane vol. 22 (1911) pp. 121-134 
(p. 129). 
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quence’ {5% } oek by the regular method T. Since 
Si =S*+6, where 6, is a null sequence; LS,/ } is not summable T;. 
- thus, { S,,} i is a subsequence of.the original sequence, and is not sum- 
. Mable by the method T: 

The theorem just proved'may be acted’ in the form of a general 
Taubefian theorem—admittedly dificult to apply! 


THEOREM. A sequence f Sa ie imoti aTr MENAT, 
is convergent if and only if each of its subsequences is also summable T 


Asa corollary, we ntay obtain the following reault for series: 


COROLLARY. The series Xan is convergent if Bon eG regular > 
matrix summabitty method T, which sums every series formed from the 
given one by bracketing blocks of terms. i i 


For, the partial sums of a bracketed series form a E of 
the partial sums of the original series. 

In closing, we note that the restriction to matrix meade is not 
essential, for the theorem is also truefor Abel summability. However, 
it is apparent that it isnot true for the Banach-Steinhaus generalized 
limit, which siums all UE sequences,” | l 
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1S. Banach, Théorie des opérations lindéatres, p. 34. 
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ON THE SURFACES OF COINCIDENCE 
SU-CHENG CHANG 


The purpose of this note is to give a characteristic property ‘of the 

_ surfaces of coincidence. We show first that there are six and only: Bix 

asymptotic osculating quadrics Q; ((=1,---, 6) associated with a 

- point P of a nop-ruled analytic surface (M) each of which contains. 

the four consecutive asymptotic tangents fy (¢=1, 2, 3, 4) of one 
system along a curve T through P apd on the surface (44). As the . 

. . curve T must be tangent to a direction of Darboux at P, it is further _ 

proved that each quadric Q;i is an osculating quadric of an asymptotic 

ruled surface R along a curve of Darboux when and ohly when the 

surface (M) is a surface of coincidence. 

Let the surface (M) be referred to its asymptotic parameters i, t, 
and let { M, Mi, Ms, Ma} be the normal tetrahedron of Cartan, MiM ` 
and MM being the two asymptotic tangents and M Mi, MM, the- 
directrices of Wilczynski. Then, the surface (M) is, except for a projec- 
tive transformation, determined by the following system of equations: 
































ðM 1 ðlgy, ` aM, 1 a 
a S 1 3 1 + BM . 
ðM, k 1 ðlog ` 
= M+ i ere . 
2 s 7 Ou ait 
OM, — 1 dlogy 
= ABM + — hMi + BM + — 3 3; 
` m i 
(1) | 
OM 1 dlo oM 1 2l 
et ty, a E 
‘Ov 2 Ov 
aM k 1 log £ 
Bea TA : M: + Ms, 
dp 2 2 
-|M -'1,dlog 8B 








= BYM + A'M: + hl ar 


where M denota a point of the soe with coordinates M* ° 
(¢==1, 2, 3,4) and E 


h = By — (log b)”, ~ py — (og pi 
The integrability conditions of the system (1) are 


3; 
Ld 
i 


Received by the editors April 24, 1943. 
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ðA!’ h d(log Bhi). ` aB! k, allog yk) 
e ee a e An ea E 


i ôm 2 o, ð 2° ð 
ea - a(d 8 74, 
| * glee. go. 
Ov OM 
Following Godeaux,! we denote by ---, Um > Un U, YV, Vi, 


Va, °°: the ~self-polar nee sequence in Sp- where 
U=] M, WA and V=|M, M,| are the images in S, of the two 


_ ~ asymptotic tangents of the surface (M) at M respectively, It is well. 


known that? 
(3). U! m BV, Vol ca di 
U? = Uni HUnllog Bhi € ha)”, 
(4) Ue = MUs, i Pa : 
ia = hi Uog pkra h) i 
“and = -7 E 
£ S Vor + Vallog vhs +++ ey) 
(5) > | = ReVews; 


k = kai — (log Yki c.. B", 
where ( )# denotes the partial derivative of order i+j formed by 
differentiating ( enemas T times with respect 
eo seven points in S are always dependent,, we find that 
Us +b (log ki mE ogah — 44° 
(6) + (log Bk)” (log A’ hi) 1 | 
| ~ 4A"(log AB)” U + 4yB'V — y(log yh) "Vi — Va = 0 
and | — 
| Vs +. (log Y hh) Va + + [log yk)” ' - 
(7) +o yk) ‘Qog Yh) IYr a a 
— 4B’ (log By) V + 484 U — A(log Bh) Us — BUs = 0. 


T E E PE EN 1934, Paris. A direct defini- 
tion of. the sequence of Godeaux quadrics has been given by the present author. . 
See S. C. Chang, Some theorems on ruled surfaces, in the’ prem of Science Records, 
Academia Sinica. 

1 L. Godeaux, loc. cit, i ; a 


l 
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r 


If four consecutive asymptotic -tangents (v=const.) belong to a 
, regulus, then there is a plane in Ss which intersects the surface (U)'at 
four consecutive points. In other words: U, aU, BU, d'U should ‘be 
coplanar. , 
By means of (3), (4); (5) and (6) it is clear that the three` points 


(8) ~,- BVdu + Udo, ` 
(0) V [(6'* + B(log y)'*) (du)! + 6% dude + pau) 
+ BVi(du)? + Uide + [Us + Ui(log Bhi)" |(de)* 
and | l l 
[Us + 4A "(log AB) UNa) + MU, + BV alda) + NV 
GO + Vi[B (og yr i) K + 28 idw) + 28" do(du)’ + 38dud w] 
+ Us[(log £" kih) ‘(de)’ + 3ded° o] 
Pa collinear, where 
= [Qog Bh:)"}\(do)* + d's + kıdu(do)? + (log Bh) *(ds)* 
+ 3(log 8h) dde, 
= 38 'dud®u + (du)? [8 + B((log Y) “*)* + B(log y)” + 26(log y)”] 
-+ (dw)*do [28 + plog y)” + 26" (log y)? + Bhi] + p**du(do)* 
+ 26% dude + "duds + pdu + .38(log y) dudu. 


`” From (6), (8), (9) and (10) it follows that the coefficient of Vs in 
(10) must vanish, 80 that 


(11) | B(du)* + és) = 0. 


Moreover, we demand that the coefficients of U», Vi in (9) should 
be proportional to those in.(10), and therefore that ; 


o a2) duds — ded — (1/3)dudo| (log p*r) du T (log B)*tdo] = za 0. 
_ Differentiation of (11) shows that . 
(13) 3(dwd* — dvd's) + (dw)%d0 (lög (7/8)! + du(de)*(log (7/B))*=0. 


If (12) and (13) coincide with each other for any direction of Darboux, 
then ; 


aa) (log By) # = 0, (log y)" = 0. ; 
Thus we may take 
- a5 B=1, y=], 


N 


~N 
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and accordingly,  - | y , 
N = d's + (du)èdo, M. = de + du(de)?. 


‘Hence the surface in consideration mist be a surface of coincidence. 

We inquire now whether the asymptotic tangents of some one sys- 
tem along a curve on a surface belong to a regulus. Itis seen from (11) 
that the curve ‘is necessarily a Darboux curve. In virtue of (11) and — 
(15) we obtain a point, 


V [d'w + (du)*do + (— 4B) (d1)? — 3d*rd%/do] -3 
+ Uld + dx(do)* -+ 443(du)* — 3(d%)?/da]. 


This is collinear with the poi (9) and (10) and ‘coincides with the 
point (8) when 


do[d'u + (du)%dv — 4B*(do)* — 3iPed*w/ds] 

= dude + dude)? + 441d)? — 3(@)*/d0] = 0. 
From (13), (15) and (16) we have -- ~ 

(17) E Aao BPa. 


A reference to (15) and (17) shows -that the surface must be oam or 
one of tis projecteve transforms. 


. (16) 


NATIONAL UNIVERSITY oF CHEKIANG 


THE CHARACTERISTICS OF ASYMPTOTIC OSCULATING 
QUADRICS OF A CURVE ON A SURFACE 


BUCHIN sv? 


1. Introduction. Lane’ has derived the equations of asymptotic o8- 
culating quadrics of a curve C on a surface S, employing Wilczynski’s 
notation and deducing some of their fundamental properties. We 
shall now investigate the characteriatics of these quadrics along C. 
For the sake of convenience the normal tetrahedron of Cartan? is 
utilized throughout this note. In terms of the local coordinates with 
respect to this tetrahedron we have expressed simply the equations 
of asymptotic osculating quadrics and their characteristics and there- 
from obtained new configurations projectively connected with asurface. 


2. The normal tetrahedron of Cartan. Let us consider the direc- 
trices of Wilczynski at a generic point M of a non-ruled surface S; 
the first of them intersects the quadric of Lie at another point M, 
and the second meets the asymptotic tangents at the points M, and ` 
M;. The tetrahedron {MiM;M;} is known as the normal tetra- 
hedron of Cartan. If we denote, for simplicity, the corresponding 
projective coordinates of these points M, Mi, Ms, M; by the same 
notations, then they are solutions of the following system of differ- 
ential equations “ 








aM 1 u2: ea 
———— U — |O i 
OM 2 On ea j 
ôM, arr Lag a) rey ‘ 
= ee — lo : 
Ou 2 “ay 8y 
(1) . 
ae KM 4 myo +M 
= -——- — io f 
S : eas A . 
aM; 





1 ð 
= ABM + KM: + B°M, — — M, — log y; 


Received by the editors April 24, 1943. 

1 Research Profeæor in Mathematics, Academia Sinice.. 

t E, P. Lane, gE OSYM PLOII CHIOISISE GA GEISCEC) CO O8 OR 2 Surah Bal Ana 
Math. Soc. vol. 33 (1927) pp. 195-200. 

3 Cf., for example, Fubini and Cech, Introduction à la ghomtirie projective dif- 
férenticlls des surfaces, Paris, 1931, p. 236. 

1t These were first used in this form by S. Finikoff, Sur les couples de surfaces 
dont les asymptotiques s3 correspondent ot qui, aux points correspondants, ont les mimes 
dérectrices de Wilcayaski, C. R. Acad. Sci. Paris vol. 197 (1933) pp. 883-885. 
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ai i 
* 





aM 7 1g! | 

E = 7 a epr Ma 

T KM ute M, toe + Ms, 
oy i 2 Op 

(1) | 

OM, = AM As eM = i ig 8, 
do . 2 ðv 

oMi _ BYyM + AM, + EM, — z My lok B, 
On 2 ð 


~ 


where the components of displacements-of the tetrahedron By A, B, 


K, E satisfy the integrability conditions 











ð? l z ĝ? i l 
2K = py — l ; 2K = ßy— log y, 
Ju a a ji 
d(A?) ð a(B*) Qo” 
(2) = K— log (K$), . —— = K— log (Ky), 
OM -- do - ÖN 23 
a(d `ô 7 , 
348) 3 Br) | 
ae, Ou se 


Any point P in space can now be represented by the local coordi- 
nates (yı, Ya Ja, Jı) With respect tothe tetrahedron {MMi MMs}, 


(3) P= yM + yM + yells + YM : 
From (1) we easily show that the conditions of immovability for P are 


an 178 ) ! 
— a | — —B -K —A 
a 2 m ET h — By l H By, 
ön e ) o 
n r — — -K 
Peo ntz (g bey)» i My 
ên a ate ): i 
ae Be: E gre —B 
p pa 3 u ET Ah — By 
"a 2 f = 
: ; 1/8 
om * Y * = “—=— Py P3 +5 (S087) Fi; 
ou , „à 2 \ðs 
(4) ör = 1 8 Y - _. i ` 
— = —— (— = : —A . —B 
er (= los 6 n-Kn "ya | Yu 
ðh e 1/2 ) 
ad BERRO (enc —Á 
ra 3 z eA J — YN p” 
n. á f ai )a- 
= kal +r z 8P h — KH, 
j H ” =a ™ > (= ) 
ers J us py 08 8 paT 
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3. Equations. Suppose that a curve Con S is given by the equation 
(5) . k u = u(n). 


The asymptotic ruled surface R. generated by the asymptotic #- 
tangents of S along C is given by 


(6) ` _  P=K+ pM, 


where p and v are independent parameters, the variable win Mand Mi ~ 
being given by (5). 

In virtue of (1) there is no difficulty in calculating the partial de- 
rivatives of P with respect to p and v. Denoting du/do, dtu /dv?, Pu/do* 
by u’, u”, u” respectively we have 


Pi — Mi, 


1 ð 1 -ð 
P, = f= w Z logy + = log 8 + oB +R) at 
2 OM 2 dv 


om eae ( fill ree )} a 
(7) + (1 + pfu’) Ms + pM; 
— 1 ð 0 
Pi = ee + Du +h- w Ž log y + Š log 8) M: 
+ Bu’ iM, + Ms, 
Ps ary ("OM + (HM: 
ð ae . 
+ {= tog y + ow + oB + 2R 
+ Bu" + Ba + Bu’) ba 
7 : 
re 24 af o(- w z198 4 + pw) as, 
so that the differential equation of the curved asymptotics of Ru, 
2(PP,P.P.,)dp + (PP,PPs,)dv = O, 
becomes 


` dp 
(8) — = ap'+ bp — w, 
do 


š The parenthesis denotes a determinant of the four points there inclosed. 
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a 


=- where we heve placed 


y5 


oa K+ Bw +— Haw th > Ae E E 


j 


Ly — — gly’? 
0) +— ~ ii ak 


+ 


T EN 
OM . 


The oeculating quadric Q, or Ry along its generator MM, is the’ 
asymptotic osculating quadric of one family, iia second asyinptotic ` 
- osculating quadric Q, of C at M is obtained by using the other family 
of asymptotics of S. It is clear, therefore, that a generic pone Z on 

Q. must be eee by . i ' i 


dP daN 
(10) z= Pie ea ws om tel tea) 
dy do 


o being another parameter. : 
Substitution of (7) and (8) in (10) gives the local coordinates of the 
point Z, namely, i 


1 
AET zez CESA 


1 4 { ð 

11)* ya = p+ pod — w,— logy + — — log $ — | i, 
D rt orf Sperta Slow É — bush + op 
hl l a | 
J = - Ps . , di 


Thus we obtain the eguan of the first asymptotic osculating quadri 
Qu of C at M: 


Yiya — Yaya + Bw yiya — BW yey, T 


12 
ee nei E N 


~ 


The equation of the second asymptotic osculating quadric Q, of i 


(ive — Yaya) — YW Yaya + Yw yaya 


(13) 1 
k r{- w trt 20g Gr) + tÈ og rhoi 1 = 0. 
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4. Characteristics. The asymptotic osculating quadrics Qu (or Qs) ` 
at M and its consecutive point M” on the curve C intersect each other 
at the asymptotic tangent u (or v) and two other lines, which are 
called the characteristic of Q, (or Q,) along C. In order to derive the 
. equations of the characteristics of Q. we have to set the derivative 

along C of the left-hand member of (12) equal to zero, remembering 
that the derivatives of y’s should be determined by (4). A simple cal- 
culation, which we shall omit here, suffices to demonstrate that the 
equations of the characteristic in consideration are (12) and 


(14) Cuys — Cayaye + Cs, = 0, 
where we have placed 
(15) Cy = Bu’? oy, 


ð 
Cu = po fau” + Bae’? + (= log n) us 
0 
+3(= log 8 +o, 
oT ` 
Cu = — A*Bul — BY + Bw'Y(Btu + R) — Bu (Eu + A?) 
1 ð 
ao = 644" “+ Ba’? + (= log (on) je” 
2 Ou 


+ (j,l058)H} {a 5, ew + 5, low ay 
ae og B oe z. og B 


Í ĝ 
T Sodu F (= log E) u'u” 


(16) 


a 
2(—1 + 3p y" 
(17) a (> DE TORR 
+(21 ) (221 ae ia (By) 
z og 8 ) pooner aaa og 


ð ð 
oa | em 3 
+ og (By) og 8) 





ok Taki 


+ (arest (nee) ep | 
= log 8 + (— log 8 | 


g? 3 | ð 
+ ( bepa ig (Pr) Š log 8) 
ðu Ov 
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From (14) it follows that the characteristic of Q, along C consists - 

of two straight lines intersecting the asymptotic -tangent and the 
latter counted twice. 

Ina similar way we obtain another. pair of lines intersecting the' 
asymptotic tangent M M3 as the second quadric moves along C. These 
four lines furnish obviously a generalization of the well known quad- 
rilateral of Demoulin. 

By means of (14) we can deduce some remarkable results.* 


(I) If the asymptotic tangent MM; és a part of the characteristic of 
the asymptotic osculaitng quadric Qu of Cat M, then C must be tangent‘ 
to a Darboux curve ai M, and conversely. 


The necessary and’ sufficient condition for this is Cg=0, namely, 
(18) ` pu’? + 7 = 0, 
Fd ? 
which represents the Darboux directions of the surface at M. 


(I) In order that the characteristic of the first and second asymptotic 
osculaiing quadrecs along every Darboux curve of a surface S should 


- decompose into two asymptoitc tangents, each being counted twice, the 


necessary and sufficient condsison ts that S be a surface of coincidence. 
In fact, we have Cu=0, Cu=0, so that (14) becomes yi=0. In 
consequence, the characteristic is given by the equations 
ya = 0, Ys = 0. 


For a Darboux curve we have 


i >ð i ð 
19) Bu”? = 0, s” = —— y’ — |] — — x — l . 
(19) Bw? + y “ gg EE E ee) 
Substituting these in the condition Cy=0, namely, 
: ~ ô 
(20) 3w” + Bw + w? — log (BY) + 3w — log B + 7 = 0, 
* w ` f = i 


and taking account of the fact that this equation must hold for-the 
three Darboux curves, we arrive at 


ô i p=0 i 0 
eo = U, En eM) 
, ðv i OD Ra 
that is, both 8 and y are functions of u alone. 


. ` §CE S. C. Chang, On the surfaces of coincidence, Bull. Amer. Math. Soc. vol. 49 
(1943) pp. 900-903. 
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Since the same condition also holds for the second asymptotic oscu- 
lating quadrics, we have that £ and y must be functions of y alone, and 
therefore that they are constants. Hence the surface in question is a 
` surface of coincidence. i 


(III) If the -choracteristics of the padaz Q. and Q, along every 
Darboux curve of a surface S are indelerminats, that is, the asymptotic 
osculating quadrics along every Darboux curve are stationary, then S must 
be projectively equivalent to the cubic surface xys=1. 


For we have in this case 
Cu=0, Cu =0, Cu =O. 
We may put B=y=1, which aves 
| _At=Q, B=. 


The equation to the surface may easily be found a integrating the 
system (1). l 


5. Associate directrices. We come now to demonstrate that a cer- 
tain pair of covariant lines can be constructed by means of the 
asymptotic osculating quadrics. Consider, for instance, the first quad- 
ric Q, given by (12). As was shown before, there exists an element 
of the second order, Es, corresponding to eath Darboux tangent, such 
that the characteristic of Q. at the point M decomposes into the two 
asymptotic tangents MM; and MMs, each being counted twice. We 
have therefore a plane containing this Hy. In order to find the equa- 
tion of this plane we merely have to substitute the value of «’’ given 
by (20) in the equation of the osculating plane of C at M: 


(21) 2u (z — wy) 


ð -ð 

— ( + w? — log (By) +-y — w — log (By) — eu’) = 0, 
` OM do 

- where x, y, z denote the nonhomogeneneous coordinates of a point 


with respect to the tetrahedron of Fubini at M. The result of carrying 
out the computation is 


(22) 2s! (x — wy) — {pw?/3 — Yue’ + Dy} = 0, 
where f 
(23) w = — e(y/6)! (e * 1, = 1), 


l | 
2) = Č log (614), ¥ = = log (8). 


A 
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The e planes (22) poiteapondiig to the Te tangenta at M 

form a trihedron; and the polar of a tangent plane of the surface at - 

M with respéct to this is l ‘ 


> 2. z + ¥2/2 = 0, y+ 4/6 = 0. 


If the second quadric Q, is used inetd of Q,, a second covariant 
line is found to be -~ 


269. z+ys/6=0, Ja 


These lines are analogous to the directrices of Sullivan” and will be 
called the associate dtrectrices of the surface at M. The. first of them, 
given by (25), is the intersection of the plane containing the asymp- ’ 
totic p-tangent and the first directrix of Wilczynski and the plane con-- 
taining the asymptotic -tangent and the first principal ray c(—1/6) 
of Fubini. A similar construction is obtained for the-second associate 
directrix. It shall be noted that the asymptotic #-tangent, the first 
_ directrix of Sullivan, the first associate directrix and the first directrix 
of Wilczynski are coplanar and the double ratio of them’ in this order f 
is equal to —3. 

There are ‘two lanes: through each Darboux tangent at M, one 
being (22) and the other for Q,: 


QT = kyt (1/2) fp = aw'/3'+ DEW} =O 


The harmonic conjugate of the tangent plane of the surface with re- 
spect to them osculates the corresponding Darboux curve at M, as. 
we can easily show from the equations (19) and (21). 


6. Associate cones.» As was shown by Lane,® the direttrices of 
Sullivan are related to a certain’ pair of cones of the third class en- 
veloped by the osculating planes at M of the extreinals of certain in- 
tegrals. We shall hére prove that analogous cc cones also exist in the case 
of associate directrices. 

_ Let us consider again the harder ait of the aise quadric Qu along 
@ curve-C on the surface S. For a given non-Darboux direction equa“ 
tion (14) shows that we can always adjust an élement of the second 
order, Fa, to the curve C of the given direction at-M, such that the 
planes through the asymptotic u-tangent and the characteristic lines 


~ 


~ 


. are harmonic conjugate to the tangent plane and the plane through 


the first directrix of Wilczynski. The- plane containing this Es cor- 
TC. T..Sullivan, Scroll directris cures, Trans, Amer, Math. Soc, vol. 16 (1915) 


- pp. 199-214, 


*E. P. Lane, Le divetivici di Sullivon, Bollettino della Unione Matematica Italiana 
~ vol 5 (1926) pp. 214-215. 
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responding to every non-Darboux eine at M envelopes a cone 
of the third 


(28) are 4 2B ss -- 3 (ys, /2 + ps/6 m ae = 0, 
where #1, ts, #3; denote the coordinates of a plane through M. The 
three cuspidal planes of this cone evidently pass through the first 
associate directrix. 
In a similar way a second cone of the third class 
(29) 2yui + Bua + 3(Yu/6 + dua/2 — tia)titia = 0 
is obtained. l - 
- In virtue of these cones we can further construct a third cone of the , 
third class and a new canonical ray at the point M of the surface. 
For this purpose, we draw the tangent planes of the cones (28) and 
(29) through a non-Darboux tangent at M and construct the har- 


monic conjugate of the tangent plane of the surface with respect to 
them. The equation of this plane is found to be 


(SOY w(x — wy) + (Bul? — y + ps*/3 — yul/3)s = 0. 


It is easily seen that the three planes corresponding to the three Segre 
tangents at M are concurrent in the canonical ray c(1/6): 


(31) s> ys/6=0, 9 — 48/6 = 0. 

This line and the first principal ray of Fubini harmonically separate 

the canonical tangent and the projective normal of the surface at M, 
The plane (30) also envelopes a cone of the third class 

(32) yui + pua — (Yu 6 + pra/6 + uasta = 0 

and the three cuspidal planes are concurrent in the ray c(1/6). 
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CONVERGENCE REGIONS FOR THE GENERAL 
CONTINUED FRACTION 


W. J. TERON 


The purpose of this note is to prove convergence region theorems 
for continued fractions 


ai ta x 
(1) PEN 

bi + bs + 
where the a, and b, are complex numbers. As an application we obtain 
a new theorem for the associated continued fraction 


Gi Gs 
bts t bts + 


This continued fraction plays a réle in the moment problem and is 
also otherwise of interest as a means of representing analytic func- 
tions. For details see Perron [4, chapters 8 and 9].} 

Recently a continued fraction very similar to (2) has been investi- 
gated by Hellinger and Wall [1]. They chose the name “J-fraction.” 
A J-fraction is a continued fraction of the form 


(2) 


2 2 
1 Ci Ces 


ae ee eee E 


Our result for J-fractions is stated in Theorem C. 

The results of this note are closely related to an as yet eapubnenhed 
work of Wall and Wetzel on “positive definite J-fractions.” In par- 
ticular Theorem C seems to be contained in a theorem of theirs. 

In what follows we shall denote by H(b, y) the half-plane (including 
‘the boundary) defined by the relation s&EH(b, y) if R(ze-*7) Bd. For 
the open half-plane we shall use the notation A,(b, y). It is clear 
from the context that b is a real number. Further for a>0, P(a, Y) 
shall be the parabolic region (including the boundary) bounded by 
the curve 











(2)’ 


a*/2 
1 — cos (8 — 2y) 
For a=0, P(a, y) is to be the totality of points r-6e'7, rgo. 
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We are now in a position to state our theorems. 


THEOREM A. The conitnued fraction (1) converges if all the a, Ite 
in a bounded part of the set Pla, y), a20, and if all b. ite in the half- 
plane H(at+e, y), where e is an arbitrary small postitve number. 


Even though its statement is somewhat involved it seems worth 
while to state the following theorem too, as it is a generalization of 
the parabola theorems? for the continued fractions with b,=1. 


THEOREM A’. In the continued fraction (1) het all b, lie in the — 
opening 
| arg e-'7(b, — 1)| < x/2 —«, 
where —x/2<¥ <x/2 and eis an arbtirary small postitve number. Fur- 
` ther let al the a, lie tn. the parabolic region P(cos Y, Y). Then the con- 
tinued frachon (1) conver ges tf and only if >.| badn! = ©, where dı = a 

da = 1/d,14.. 


It is well known that the last condition of the deems is satisfied 
if lim inf 6, < ©. We note that neither of these two theorems is con- 
tained in the other. Both theorems could be used to obtain new 
“multiple” convergence regions for continued fractions 1+K(a,/1). 
For both of these theorems there are corresponding theorems for as- 
sociated continued fractions and J-fractions. We only state the theo- 
rems corresponding to Theorem A. 


THEOREM B. If real numbers a20, M>0, b and y extst such thai 
for all n21, a.€P(a, y), |a,| <M and ba EH(b, 7) then the associated 
continued fraction (2) converges uniformly and hence to a holomorphic 
function of the complex variable s in every closed region contained in the 
half-plane Hola —b, Y). 


It is easily seen that if a E P(a, 0) then ca =a}? satisfies the rela- 


tion | $(c.)| Sa/2 and conversely. Hence the following theorem for 
J-fractions is an immediate consequence of Theorem B with y=0. 


THEOREM C. If real numbers a20, M>0 and b extsi such that for 
all n=1, | ¥(c,)| Sa/2, |cu| <M and S(b.) Zb then the -J-fraction (2) 
converges untformly and hence to a holomorphic functton of the complex 
variable z in every closed region contained tn the half-plane ¥(s) >a —b. 

‘The theorems are based on the following lemma. 


Lexma. Al the approximants of the continued fractton (1) le in the 
half-plane H(— b/2, y) if for al n21, a E P(b, y) and b EH(b, Y), 
where b Z0. 


3 See Leighton and Thron [2] and Paydon and Wall [3]. 
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The proof of the lemma is by induction. To perform the induction 
we require the following two relations: for an arbitrary choice of 
sE P(b, Y), ba EH(b, Y) and sCA(—6/2, y) the two relations 





(3) : a/b, E H(— 6/2, Y) 
‘and. i 
' (4) 5. a E H(— 6/2, y) 


must be satisfied. We note that (3) ig a consequence of (4) as 
v=0EH(—b/2, y). Further as b, and v vary independently over their 
respective regions their sum b -+v varies over the half-plane H(}/2, 7). 
‘It is then easily seen that relation (4) is satisfied if P(b, y) is the part 
common to all the regions c-H(—b/2, Y), (sGc-H(—b/2, y) if s=c-o, 
where v©H(—}/2, Yy) where c varies over H(b/2, y). For\the proof ` 
of this fact we refer the reader to (2, §2], where a very similar fact 
is proved in detail. 

We now proceed to the proof of Theorem B. Under the conditions 
of that theorem 6,+sCA),(a, Y) for all #21. According to the lemma 
all the approximants of the continued fraction (2) then lie in the half- 
` plane H(—a/2, y). All approximants are finite. This is seen as fol- 
lows: In order that an approximant be infinite it is necessary that 


És n=. On * 
b: +s + + ba +z 


This is impossible as the regions —H,(a, y) and H(a/2, y) have no 
point in common. 

The approximants of (2) are rational functions of s; for s in 
Hla —b, y) they are finite and do not take on certain values (more 
than two), hence by Montel’s Theorem the sequence of approximants 
forms a normal family of holomorphic functions for s in Hola —b, Y). 

As the |a,| are bounded there exists an M such that for |s| >M, 
sCH,(a—), A 


— (bi +3) = 








batal >| +1 


for all #. For these values of s the continued fraction converges by 
Pringsheim’s Theorem [4, p. 254]. It then follows from the general- 
ized Stieltjes- Vitali Theorem that the continued fraction converges 
` uniformly in every closed’ region contained in the half-plane 
H,(a—b, y). This completes the proof of Theorem B. 

Theorem A follows from Theorem B if we set a =b and let z = e*7. 


ww 
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For the proof of Theorem A’ we consider the continued fraction 


6 r,s 
1+ de + 14 dyer} | 
where aa € P(cos y, Y), da 20 and |6,—y| <x/2—e for all #&1. 
Under these conditions the approximants of (5) form a normal fam- 
ily of holomorphic functions for s in the region D defined by 


—8< Rls) < 1+3, 


where 6 is positive and depends on y and e. The proof of this factis 

' similar to the proof used in the previous case. For R(s)=0 the con- 

tinued fraction converges. In this cage the partial denominators are 

real and greater than or equal to 1 and hence (5) can be transformed 
into a continued fraction of the form 


& &s 
st ae 


where all g, © P(cos y, Y). The convergence of this continued fraction 

‘follows from the parabola theorems (we are assuming that all condi- 
tions of Theorem A’ are satisfied). The Stieltjes-Vitali Theorem then 
insures the convergence of (5) for all s in D. If we recall that 
>. [¢.| = © is a necessary condition for convergence we have Theo- 
rem A’ by setting s=1 in (5). ; 
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A THEOREM ON GENERALIZED DERIVATIVES 


a A. ZYGMUND 


_ 1. General remarks. Suppose that a function f(x), defined in the 
neighborhood of a point xo, satisfies a relation 


f(% + 8) = ag + at + a/l Hee 
+ artt !/(k — 1)1 + w(Dt/ ki, 


where œo a, ***, @s1 are independent of #, and the expression 
wli) = (xo, t) approaches a finite limit a, as é tends to 0. The function 
f is then said to possess a kth generalized derivative at the point xo, 
and ay is the value of that derivative. Instead of a, we shall write 
Dif{xe). It is clear that the existence of Daf(xo) implies that of ' 
Dy-1f(%0). 

The existence of Def(xc) is simply continuity of the function f at 
the point =x». For k=4 the definition of D,f(%0) is equivalent to 
that of the ordinary derivative f(x). No such equivalence exists 
for higher values of k, for then the existence of D,f(xo) does not even 
imply continuity of f for xxo. However, if f (xo) exists and is finite, 
then D,f(x_) also exists and is equal to f(x). 

It is a classical result of Fatou that, if a function f(x) is everywhere 
continuous and, say, of period 22, then the integral 


* Jee? ejet) -Je-0, 
; a 


(1.1) 


exists for almost: every x.! This integral may also be written 


. OF 


(1.2) pe sa 
(1.3) jp Meese 


if for any x for which D;f(x) exists we introduce the notation 
walg, t) = Daf(x) + exe, $) 
(so that e(x, #) tends to 0 with #, for x fixed). 


Received by the editors April 28, 1943. 
t For this and more general results, see, for ee the author's Trigonometric 
Sertes, Warsaw, 1935, chap. 7. 
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The convergence of the integral (1.3) may be due either to the 
smallness of the numerator éo(x, $) — éo(x, —#) (which, anyway, ‘tends 


. to 0) or to the interference of positive and negative values of the 


integrand. In general, it is the second explanation which is mer For 
there exist continuous functions f(x) such that the integral 


a. 4) T f fala) — ale — Ol a, 


t 


is infinite for every value of x.? For what follows it is of interest to 
observe that there exist continuous functions f such that the integral 


E, en eee! 


‘ig infinite for every x and for every positive number r, however large. >. 
‘Since: €o(x, t) — ¢s(*, —#) tends to 0 with #, the divergence of (1.5) im- 
plies the divergence of the integral with any exponent smaller than r. 

The result of Fatou has been generalized in several ways. In par- 
ticular, Plessner showed that, if 

(i) f(x) is integrable over (0; 2x) and is of period 2r; - 

(ii) D,if(x) exists for every point x of a set E of positive Benne 


- 


‘then the integral 


os T vala, i — ~ wlz, — $) Pe d a t) — A = oe, 


-< (1.6) 


E i i 


exists for TERN every x CE. ‘ 

The most interesting is, of course, the behavior of the jateetnd 
[a(x, #)—a(x, —4) ]/t in the neighborhood of #=0. Since the existence _ 
of Daf(xo) implies the boundedness of f in the neighborhood of the 
point x», the assumption of integrability of f in Plessner’s theorem is 
really no restriction of uae and is made MAET to anny the 
statement. ; 


1 See, for example, S. Kaczmarz, aisle om Dinan Tiha, Sidia Mathe 
matica vol. 3 (1931) pp. 189-199, or the author’s Trigonometric Series, p. TTO ` 

Kacare slipwe that the set of coattaucts functious f aa the integrals), 
_is finite for some æ is of the first category in the space of all continuous functions, 

3 The proof does not differ from that of the special case r=1. 

i Plesener, Usher das Verhallen anyiytischer Funktionsn auf dem Rande des Dafini- 
Honsberetches, J. Reine Angew. Math. vol. 158 (1927) pp. 219-227. A different proof 
will be found in Marcinkiewicz, Sur le séries de Fourier, Fund. Math. vol. 27 (1936) 
pp. 38-69. ` 


[j 
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Recently, Marcinkiewicz proved the following remarkable result. 
Suppose that a function f(x), of integrable square and of period 2r, 
has a finite derivative for every point x of a set E of positive measure. 
Then the integral 


ae f Yet) tA- A-A 
p 
is finite for almost every xCE,$ 


Consideration of this integral was suggested by its analogy with an 
important function 


1/2 l 7 
£(0) = {f a= a [Poen bah (F(s) regular in | s| <1) 


introduced by Littlewood and Paley.‘ However, the integral (1.7) 
may also be given a different interpretation. For, if we note that 


fa +A +- i) — f(x) = tloa, ù — wi(z, — i] 
= tla(z, ġ — elz, — A] 


at every point where f'(x) exists, we may write the integral (1.7) in 
the form 


1.8) f [wi(x, 4) noa PA ee sk a z 


The finiteness of this integral at almost every point where f’ exists, ` 
as compared with the fact that there exist continuous functions f such © 


that [ s ) 3 
r x,t) — elz, — 4) pP 
i Í SEPTA] atm + @ for every a 
0 

(cf. (1.5)), indicates that the behavior of the remainders €9(x, #) and 
alx, #) is essentially different. It also raises the problem of the exten- 
sion of Marcinkiewicz's result to functions with a kth generalized 
derivative. The answer to that problem is given by the following theo- 
rem, the proof of which is the main object of this note, and which 
reduces-to Marcinkiewicz’s theorem for k=1. 


THEOREM. Suppose that a function f(x) is of the class L? and of period 
2x, and that the generalized derivaisve D,f(x) exists for every point x of 


s Marcinkiewicz, Sur quelques intdgrales du iype ds Dini, Annales de la Société 
Polonaise de Mathématiques, 1938, pp. 42-50. 
J. E. Littlewood and R. E. A. C. Paley, Theorems on fii iioi i 
ries, Proc. London Math. Soc. vol. 42 (1937) pp. 52-89. ° 
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a set E of postive measure (k=1,2,-+-++). Let wlx, i and elx, i) be 
defined by the equations | i 


" fet) = E Dor + w(x, DE*/ Rl, 


w(x, 4) = Daf (2) + elz, t), 
Then the integral 


[wa (x, #) — ae ~ ‘)] [e(z #) — ale, —#}? 
ay fo a ot cca ae wae 


i 


ZEE. 


— 


$s fintie for almost every xE E. ` ` : ' 


This result complements the theorem of Plessner stated above, but 
` at individual points is not comparable with the latter. It displays a 
new property of the remainder w,(x, #), a property which, ‘unlike that 
in Plessner’s- theorem, is expressed by the convergence of a posthve 
. integral. 


. 2, Auxillary lemmas. The proof of the theorem depends. o on two 
known lemmas.’ 


LEMMA 1. Suppose that P ts a perfect set of postisve measure sijuaied 
- dn ihe interval (0, 2r) and continued periodically. Let (x) nh p(x) de- 

l nois the funckon which is equal to 0 over P, and is equal to d if x belongs 
to an snterval continguous io P and of length d. Then, whatever \>0, 
the integral f=, (p(x-+é)/|t| det is finite for almost every «CP. 


LEMMA 2. Suppose thai a function f(x) of period Ix has a kih gen- 
eralized derivative for every point x of a set E of positive measure. Then 
f(x) = g(x) +h(x), where 

(i) g(x) has everywhere a Tere kth dnak g™ (x); 

(ii) g(x) = =f) ina perfect set P contained tn E and of pees meas- 
ure; 

a) except, perhaps, ep a few segments A contiguous'to P, 


, Max | kla) | S MA*, 


‘with M independent of À.? - 

' 7 Both lemmas were used by Marcinkiewicz in his proof of the finiteness of the 
iñtegral (1.7), so that the proof given here of the theorem is partly modelled oh 
Marvcinkiewic2z's argument. 

+ J. Marcinkiewicz: he piper cred aonne 
* J. Marcinkiewicz, loc. cit. Marcinkiewicz’s argument shows that the set P may 
be of measure arbitrarily close to that of E. 


Y 
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_ Passing to the proof of the theorem, let us assume first that the 
function f(x) has a continuous kth derivative f™ (x). To fix the ideas 
we assume that 2 is even. Then 


(1/2) [fle +) = fle —))] = feet PPH 
2.1) E o FEP (z) /(k — 1)! l 
-+ (1/2 fore, — — wlz, — À J/h. 


Let us now consider the Fourier series of the function f(x). It may. be 
written in the form 


ie 


To = chir) >et", 
if we assume, (oF simplicity, that the constant term of the Fourier 
series is zero. Of course, ` Pa 7 
4 : 


= a ee 


and the Fourier series of Bo, 0 SI Sk, ‘is obtained by differentiating 
} times the Fourier series of f(x). Hence, taking:into account that for 
- fixed #, (1/2) [f(x+8 —flx— IRIE ic (ivje sin yi, we get (cf. 
(2.1) ) ‘ 








~ 


4 l A 
eT [w(x 4) — w(x, — :)] l 

i 1 fe. | (izi)? (ivi ~. 
ae) bs, nae oo 

2 a in ya iia (i poo 4. TEEN 


— 


2 2) = a D S cue 











ee rc Ji , 
, (vt)? (vt) bo} \ 
: ae os aoe ee 
is s k I AE 1) 
S: l Ta 
= i(— 1) 5) cetto, ~ i 


say, where f z 


— 


CECA (9B Ye 


Leb us divide (2.2) by #4 and apply Parseval’s formula to the re~ 
-sulting relation. We get 





4 
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1 p behol a EO) 
a T dem È |e 


Pine) 


Integrating both sides with respect to ź over the interval (0, r), and 
inverting the order of integration on the left, we see that 


1 z a [wr (x, À — a(x, — #) |? } 
a a 
Br (1)? f aaf J ; 
-4+ T 7 +o FT X 
-E lat [EPa E ap foe 
y0 0 i pan—c0 0 u 
Let us now observe that the integral 
3 
o = Elu) 
2.4 -zd 
(2.4) J “ 


# 





(2.3) 














is finite. This follows from the fact that in the neighborhood of u =0 ' 
the integrand is (u~!) -O(u® =O(#) =O(1), and in the neighborhood 
of u= + œ itis w—!-O(u?* Ju- = O(y-?). 
Since >, |e]? <+ œ, the right- hand side of (2.3) is finite, so that 
the int 
— r [wlz 2) — a(x, — i) )? 
' Soe Paa 


`- is finite for almost every x. 
If & is odd, the argument ig similar. Instead of (2.1) we consider 
the formula 


A/a e+) + fle—)] = fa) HAA 
+ f(a) (k — 1)! 
+ (1/2) [wa(2, 8) — wala, — H ltr ki 
and we still get (2.3), where now 
E(u) = [cos — (1 — 42/21 -+-- w/k — 1) D]e 
and the integral (2.4) is again finite. Thus the theorem is proved if 
f(x) exists everywhere and is continuous. \ 


3.. Proof of the theorem. In order to complete the proof of the theo- 
rem, let us assume that there is a periodic function fC L* having a 
generalized derivative D,f(x) at every point-of a set E of positive 
measure, and such that the integral (1.9) diverges everywhere in E. 
Let us now consider the decomposition f=g-+é of Lemma 2. The 
function g having everywhere a continuous derivative g(x), the cor- 


bos, : A 
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responding integral (1.9) is convergent almost everywhere, and so al- 
most eyerywhere in’ E. If- we could prove that the integral (1.9) 
corresponding to the function & is finite in a set E’ contained in E 
and of positive measure, it would follow that’ the intégral (1.9) for 
the function f is convergent almost everywhere in Æ’, contrary to the 
assumption that it is divergent at every point of E. That contradic- 
tion would prove the theorem. ; 
_ Let us therefore consider the function & of Lemma 2. That function - 
vanishes over a perfect set PCE. Part (iii) of Lemma 2 asserts that 
for all, except perhaps a finite number, of the intervals A a ees 
to P, 


- (3.1) - EOE MoHa), zEA. 


This inequality is also valid for the points of the set P, since both 
h(x) and $(x) vanish over P. 

Let x» be any point of density of P (hence xo is not an end. point 
of any interval contiguous to P). From the definition-of -the function 

(x) it follows that plx +i) = o( | #]) as į¿—0. Since (3.1) is valid in a- 
- neighborhood (xe—8, xo+8) of xo, we see that (xoti) = 0(| i|») as . 
t—+0. Hence the function w,(xo, #) corrcaponding:: to h(x) is.gsimply - 
k hlo tti, Thus, in our case, 


ea 


' ’ oy To, — i E i g 
f DOR t) as j]: ao. | 
0 l 5 


g $ = y ` 2 
é 7 Me š ,— i 
af ahpa 8, 
yo i 0 $ 


X , rte g D 
2 zane f E D 
v —} 


p | plii ~ 





HF gla FÀ. 
~ fajar rae 


S A J, 
If, therclone. E’ is get of points of denaiey of P for which the i in- 
eer 
p(x + 2) 
| ii ooo. 
l s eee 
is nite, the integral (1.9) corresponding to the function A ‘converges 


at every point of E’. This completes the proof of the theorem, since 
the set E’ is obviously of positive measure. 
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CONVERGENCE AND SUMMABILITY PROPERTIES 
OF SUBSEQUENCES 


R. CREIGHTON BUCK! AND HARRY POLLARD 


In this paper we shall discuss the relation of the convergence or 
(C, 1) summability of a sequence to that of its subsequences. Some 
analogous questions for subseries have been considered [6]. 

Let {s,} be an arbitrary sequenée. We can obtain a 1-1 map of 
its infinite subsequences on the interval 0<#S§1 as follows. Let 
i= .6;090; +--+ be the infinite dyadic expansion of a point ¿$ of the 
interval. Corresponding to this point we select the following subse- 
quence: retain Sw if the mth place in the expansion, Gw, is 1, and drop 
it otherwise. The inverse correspondence is evident. 

In terms of the Lebesgue measure of sets of points on (0, 1) we 
are now clearly in a position to speak.of “almost all” or “almost 
none” of the subsequences of {s,}. 

The problem we have set ourselves is to determine under what con- 
ditions does the convergence or summability of a sequence carry over 
to that of its subsequences, and conversely, whether these properties 
for suitable subsequences imply them for the sequence itself. For sim- 
plicity, we restrict ourselves to sequences of real numbers; although 
it is apparent that the results are more generally true. 

_ In the case of convergence, the answer to. our problem is simple: 
a sequence is comvergeni sf and only +f almost all of tis subsequences are 
convergent. In the case of (C, 1) summability, the problem is more 
difficult. It has been established that aÑ the subsequences of a se- 
quence cannot be summable by a fixed regular matrix method unless 
the sequence is in fact convergent [2]. In §§3, 4 we discuss, for (C, 1) 
summability, the consequences of replacing all by almost al. We show, 
for example, that {sa} ig (C, 1) summable if almost all of its subse- 
quences are, but not conversely. : 

The principal tools are the Rademacher functions; R,(#), and the 
properties of homogeneous sets. 

Our results have certain obvious connections with probability; 
these are discussed in §5. 


1. Preliminary results. All sets which occur in the sequel are to 
be taken as subsets of (0, 1); a.e. will mean “almost everywhere in 
(0, 1).” 

Presented to the Society, October 30, 1943; received by the editors May 4, 1943. 

1 Society of Fellows, Harvard University. 
4 Numbers in brackets refer to the references listed at the end of the paper. 
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We shall call a measurable set S homogeneous if it has the following 
property: let f= .aidga3-+- be the infinite dyadic expansion of a 
point tof S; then the point obtained by altering a finite number of ` 
the a, also belongs to S. This definition is more restricted than the 
usual one [7], but is adequate for our purposes. | 


LEMMA 1. A homogeneous set has measure 0 or 1. 


This is a well known result [7, p. 145]. The sets with which our theo- 
rems deal are homogeneous. In view of this lemma, the frequently 
occurring phrase “almost all the subsequences” can be replaced by 
the seemingly weaker but actually equivalent phrase “the subse- 
quences corresponding to a set of positive measure.” 


LEMMA 2, If S is of measure 1, then there exists a subset E, also of 
measure 1, with the property that if t belongs to E, so does 1 —t. 


This becomes immediately evident if the interval (0, 1/2) is folded 
symmetrically over onto the interval (1/2, 1). The ENIGE of sym- 
metric points was used to advantage in [6]. 


c 


Lemma 3. Lei p, be a sequence of positive numbers, increasing mono-. 
tonicaly to infinity. If the series » £.1Gn/fPn converges, then [5, p. 123] | 


- lim — Daai 
ne Dy 1 


For the properties of the Rademacher functions, we refer the reader 
to [3]. The principal one is contained in the following lemma. 


LEMMA 4, The series >) "aiR,(t) converges on a set of measure 1 or 
measure 0, according as >. a converges or diverges. 


Lemma 5. If $ sh/k? converges, then 


(1.1) lim = > spRa(t) = 0 a.e. 


wee # 1 


For the hypothesis implies, by Lemma 4, that are (S/A RÒ con- 
verges a.e., so that the result follows from Lemma 3, with pa =”. 


Limma 6. If 
1 
(1.19 lim — ~ 5 aro = LC® 


exists 0.6. ee en aiden 1) ts trus) and 


/ e = 
ki Cad 
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4.2) tim — sh = 0. 
~ aoe MH ı 
(1.1’) must hold uniformly on a set A of positive measure. Hence, ` 
. for some M, i 


|L] SM, | IEA. 
_ But the set of points for which this inequality holds is homogeneous, 


“s0 that, by Lemma 1, L(#) is bounded a.e. Since it is DMU in- 
_ tegrable, 


(1.3) , f Ldt = a 

exists, 

_ Now, choose an ¢>0 and consider the sets Iı, Ia and J; for which 
LH- a>, a 

' f L =484a<—e, N 
L — a| Se, 


respectively. These sets are homogeneous; since their union is of meas- 

ure 1, atleast one of them must be of measure 1. If either Iı or J, has 

‘measure 1, (1:3) is contradicted. Hence | L(é) —a| Se ae., so that 

L{t)=a on a set B of measure 1. 
By Lemma 2, we can pick two points f and 1 — — f in B. By. (1. 1’) 


oe = © Ril) = 0, 
m> 1 


i 1 a : : l 
A -a ‘ 
Adding these, we see that p= this establishes (1.1). 
‘To prove (1.2) we employ a device due to Kolmogorofi (4, p. 127]. 
Let Sm, 0 “Dink, Then 
Shall = Š, sR) 

(1.4) nen ee 

| =Ent2 D ROR. 


If (1.1) holde for almost all t, it must hold uniformly on a set E of 
TOUYE measure lE]. i (1.4) 


t * ~~ 
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(1.5) | joes bate 
Zz i o n > 
where - 


oo M E nf reobinw 


From the Schwarz inequality . l i a 
l Day. = 1/2 
(1.6) [usaf 2 sisa) ( 2 ba) 
mSS ma Khan i 
where ba=feRQQR@Od A Y 


The functions R,(#)R,(é), for 1Sj<k< œ, are orthonormal on 
(0, 1). If X(é) is the characteristic function of E, it follows from Bes- 
seFsg inequality that -` i . 


> wisf roa = |. = 
lk <i e j 
For Eei value ofm. - 
r 1/2 . 
( 2 bn) S| E| /4. 
mS Kho i 


By (1.6) S : 
f è saN i pa 
juls( È) aly sde DÈ S 


- Then, by (1.5) we have . ` a 


i ` 


AN f soaz (E| DÈ s. 
But for this fixed value of is | 
| lim 5 Sal = 0 E a 
boundedly on E. (1. 7) ‘ita a that 

| lim — PAI xx 0 


A ma n? m 


and „the proof is complete. - 


tum 
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2. Convergence of subsequences. If a sequence {s,} of reql num- 
bers is convergent to S, then every subsequence is likewise convergent 
to S. What may be said if {s,} is divergent? 


THEOREM 1. If {s,} ts divergent, so are almost all of its subsequences. 


Let C be the set of points corresponding to convergent subse- 
quences. It is homogeneous, and hence of measure 0 or 1.“Suppose 
it is of measure 1. By Lemma 2, we can pick a number éfynot of the 
form K/2*, such that both 7, and 1 — 4 belong to C. The corresponding 
subsequences can have no terms in common, for the dyadic expan- 
sions of fj) and 1 —t, cannot agree anywhere. Furthermore, every term 
of {se} iB present in one or the other of the subsequences. Thus we 
have split {se} into two subsequences, and since EC, 1 —-# EC, each 
is convergent. Let their limit points be S’ and S”. 

Every convergent subsequence of {s.a} must then have either S” 
or S” as its limit. Let C’ (C^) be the set of points corresponding to 
subsequences convergent to S’ (.S’’). Then C’ and C” are homogene- 
ous and, since C= C'U C”, one of them—say C’—must be of meas- 
ure 1. This means that the fẹ above could have been chosen from C”, 

' go that “{s,},can be split into two convergent subsequences, each of 
which converges to the same limit. Every subsequence is then con- 
vergent, and hence {sa} is itself convergent; this contradicts the hy- 
pothesis of our theorem, and C therefore has measure 0. 


COROLLARY. J if the series > "Gs aad for almosi every PERNT 
of terms, tt is convergent. 


For if {s,} is the sequence of partial sums,-and we bracket the 
series in blocks of length mm, m:, +--+, then the partial sums of the 
resulting series are Sap Saray °°, a subsequence of {s,}. By the 
theorem, if almost all of these converge, the sequence itself does. 


3. (C, 1) summability. In this and the succeeding section, we con- 

sider the corresponding problem for (C, 1) summability. As we have 

. previously noted, we cannot expect all of the subsequences of a se- 
quence to be (C, 1) summable unless the sequence is convergent. 


THEOREM 2. If {sa} ss (C, 1) summadie to S, and 
(3.1) 2 5/B< o, 
a 


then almost all the subsequences are (C, 1) summable to S. 


all 
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The problem of the convergence of the Cesàro means of almost all 
the subsequences of {s,} reduces to the requirement that 


jas 1 
3 syli + R,(#)| 
(3.2) ` fe eae 
“eS fi + Ba] 


is 


—_ 


We can rewrite the expression inside the limit as 


| 1 
— Do se t— Do aR) 
# 1 A ıı 
(3.3) T 
1+— > Rift) 
% 4 


By hypothesis, lim (1/n)> ts,=S; then (3.2) follows immediately by’ 
condition (3.1) and Lemma 4. 

The question arises whether the condition (3.1) can be removed or 
at least weakened. We shall show in the next section that it cannot 
be dropped entirely; on the other hand, this does not preclude the 
possibility that it might be weakened, perhaps to (1.2) which by 
Lemma 3 it implies, and which is necessary for the validity of the con- 
clusion (Theorem 3, corollary). 


4. Converse. We now prove the analogue of Theorem 1 for (C, 1) 
summability. We note again that since (C, 1) summability is a method 
that preserves translation, our sets are homogeneous. 

THEOREM 3. If almost al the subsequences of { sa} are (C, 1) sum- 


mable, then {sa} 4s tiself summable to a value S, OPE EEOSE A BAR OH 
sequences are in turn summable to S. 


As in the preceding section, the hvontheae implies that (3.3) con- 
verges ae. as n—œ. By Lemma 5, the denominator of (3.3) ap- 
proaches the value 1 a.e., so that - ` 


1 m 
(£. 1) i AO) = p3 2 Sh [1 + R, (6 | 


converges on a set C of measure 1. By Lemma 2, we can pick #) and 
1—t belonging to C; then 


sa) + esll — h) = Kal > Sp 
n 1 
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so that (1/m)> "sy converges to a value S. From (4.1) we see that 
1. | 

(4.2) — 2 saRil?) 
# 1 


converges a.e.; by Lemma 6, this last expression then converges a.e. 
to 0, and, by (4.1), 


lim cal = S ae _- 


- 


COROLLARY. Under the an of the theorem, 


(4.3) l lim — is $, = 0. 
ae n? 1 

For (4.2) converges a.e.; (4.3) follows from Lemma 6. 

We are now in a position to answer the question raised in the pre- 
ceding section by exhibiting a (C, 1) summable sequence with almost 
none of its subsequences (C, 1) summable. This example is the se- 

“quence s,™=(—1)*n/*, It is readily seen to be summable to zero, but 
since it violates (4.3), almost none of its subsequences can be (C, 1) 
summable. 

If the sequence {s,} is bounded, condition (3.1) is satisfied. Com-' 
bining Theorems 2 and 3, we have the following theorem. 


THEOREM 4. A bounded sequence is (C, 1) summable if and only if 
almost all of tts subsequences are (C, 1) summadie. 


5. Probability. Lemma 5, on which a large part of our paper de- 
_ pends, can also be obtained from the strong law of large numbers 
[4, p. 59], for we may regard the sequence s,R,(#) as a sequence of 
independent random variables of mean value 0 and standard devia- 
Hon Sa. 

An interesting result that may be bined: as a corollary of Theo- 
rem 2 is one of Birnbaum and Zuckerman on the v. Mises collec- 
tive [1]. 


THEOREM A. If a sequence of O's and T's satisfies the first postulate 
of v. Mises, the second postulaie is fulfilled for almost all selections. 


Here the v. Mises postulates are: 

Pi: If no and n are the number of O's and Us respectively among the 
first n terms of the sequence, then the limitis lim no/n and lim m/n extst. 

P2: For a suitable selection of an tnfinste subsequence from the piven 
sequence, the same limits extsi and iheir values are unchanged. 

To obtain the theorem we need only observe that lim /n is the 


Pi 


`‘ 
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4 


“nC; 1) 5 sum of dies given sequence, and that G. 1) is automatically 
satisfied. i . 
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LAMBERT SUMMABILITY OF ORTHOGONAL SERIES 


RICHARD BELLMAN 
If we define Lambert summability of a series, 2 fa, in terms of 
. the existence of the limit 


m, 


(1) L(a,) = ui. (1 — a) >= 





1— q” 


we have, by a well known theorem of Hardy-Littlewood [1],! that 
C(an)—>L(a,)—A (Ga); C(aa), Á (Gn) are respectively the Cesàro and 
Abel means of the series >) Tas. 

The proof of C(a,)—L(a,) is elementary in nature, but the proof of 
L(G.) >A (a,) requires the prime number theorem, and conversely the 
theorem L(a.) >A (an) implies the prime number theorem. 

For that reason, it is perhaps interesting to show that for orthogo- 
nal series of functions f(x), belonging to L?, the inclusion of L(a,) be- 
tween C(a,) and A(a,) follows in completely elementary fashion. 

That C(a„) ~A (ő) for orthogonal series of L? is a known result 
of Kaczmarz [2]. Hence it is sufficient to show that L(a,)—>C(a,). In 
addition, it is further known that C(a,) is equivalent to the conver- 
gence of the partial sums of the orthogonal series sy*(6) = )?'as,(0) 
[3]. Therefore, finally, it comes to showing that Lambert summabil- ' 
ity implies the convergence of the partial sums s,*(@), in order to 
prove the theorem. 

Let f(0)CL*(a, b), on=J°f(0)bx(0)49; where (44(0)) is an ortho- 
normal sequence in (a, b), s.(0) =) 7an¢2(8). 

Write, where x is 1—1/2*, 


© 1 — b í 
(2) U=- tom) — — sel0) = TA HVO) 


where 

k(l — x)zx 
(3) T. = -È Grha (0) (= 25 — r), 
(4) V,(0) = : > kay, (8) ae : 


» +1 


If lim... U,(9) =0, the result is proven. To that end, consider the 


Received by the editors June 10, 1943. 
1 Numbers in brackets refer to the references listed at the end of the paper. 
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~ 


+ Tr 
a 
series ` f - j 
~ , loll t 7 ¢ 
` 


l , p ae 
(5) : if 2 [ 04(0) J. E 7 
-æ = P i 1 - 
Te prove convergence almost everywhere in 0, it is sufficient to 
show > d l _ 3 
3 ra 
* d b ane g 
i (6) ` ys l [U..(6) ]*do <2: 
' i wal a . i 
\, We have 2 ) os 


(1) a [0.8 warf moraa f’ [vxo pab 


Let us ee the i ce of each series separately. 5 


FSi toreng f (E a=- a 


i (È (3) 


where the x appearing in Èr i i —1/2*, "21. 


‘Now l R 
(9) n ae er a O52 1, 
. l ` kQ — z)z* 
(10). ~ o 1> s a 1 -mena 
A gare 
so that > ae ; 
J i 2 k 2 ne a z 
Lf ores ZLaa— h s SLEAU 2 
(a1) "7" -— 
y* EDE LS PE D I“sAELa 
4 AÈ losh . à 


and $a < œ since f(x) CZ*(a, b). o 
Now for the second sêries 2), [Va(0) ]*46: 


sf [V.(0) ]*d0 = a (È aao” a 


a x*+-1 


p 


(12) ° 


= n S rh Ca ah 
; ~ = kir- ea 
‘we ue A xfs : 


s +1 aya ; 
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where the x appearing in Siad is 1-1/2, nei. 
Since (1—27*)* is a decreasing function of &, 


E Èra eE ee 
f m 41. (1 xr) š 
(13) ~ B < 3 Pit ahat 





s TA V *)F +1 
BAL Trall- dr. 
a «41 =O 


We can majorize k9 r 2-1(1 —2—")® by the integral 


? f 21e(1 — eidg = 4h Í 2(1—2")*dz 

0 : 1 : 

14 = 

3 ee se f 2-%8(1 —2-*)*4dz 

o 

= Ak? (2k + 1)(2k + 2) 

which is obviously bounded. l 
Therefore we have proven the convergence of the series, which im- 

plies that lim,.., U.(6) =O almost everywhere i in 6, which implies that 


(15) Lla) = lim s(0) É 


© almost everywhere in 6. á 


' ~ This is equivalent to what we set out to prove. 
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A NOTE ON PRIMITIVE SKEW CURVES 
DICK WICK HALL 
In 1930 Kuratowski! established the following result: 


THEOREM A. A locally connected continuum, containing but a finite 
number of simple closed curves, is homeomorphic wiih a subset of the 
plane, provided thai ti does not contain a primtisve skew curve of type I 
or a primsve skew curve of type II. 


By a primitive skew curve of type I we mean any topological image 
of the complex C which consists of two groups of three vertices each 
and nine i-cells, in a fashion that each vertex of one group together 
with each vertex of the other group bounds a i-cell. By a primitive 
skew curve of type II we mean any topological image of the complex ' 
D which consists of five vertices and ten 1-cells in a fashion that each 
pair of vertices bounds a 1-cell. 

In 1934 Claytor* proved that every cyclic locally connected con- 
tinuum containing no primitive skew curve of either type must be 
homeomorphic with a subset of a spherical surface. 

In this note we point out that for a large class of locally connected 
continua the property of being planar may be insured merely by re- 
quiring that the given locally connected continuum contain no primi- 
tive skew curve of type I. Stated precisely, our principal theorem is 
the following: 


THEOREM 1. Let M be a locally connected continuum separated by no 
pair of its points and assume that M coniatns no primitve skew curve 
of type I. Then M contains no primitsve skew curve of type II. 


The proof is immediate. Assuming the existence of a primitive skew 
curve D of type II in M and using the fact that no two points sepa- 
rate M we may easily find a simple arc ab in M having only the points 
a and b in common with D and such that a is interior to a free arc of 
D while b does not lie on the closure of this free arc. Denote the sum 
of D and the arc ab by D’. A careful examination of D’ shows that 
this set must contain a primitive skew curve of type I contrary to 
our hypothesis on M. 


Presented to the Society, September 13, 1943; received by the editors July 17, 
1943. 

1 Sur les problème des courbes gauches en lopologis, Fund. Math. vol. 15 (1930) 
pp. 271-283. ' 

2 Topological immersion of Poawian continua in a spherical surface, Ann. of Math, 
vol, 35 (1934) pp. 809-835. 
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It is natural to inquire whether or not the above result remains 
true when the types of primitive skew curves there mentioned are 
interchanged. To show that this is not the case we need only con- 
struct a locally connected continuum K which is separated by no 
pair of its points, but such that K contains a primitive skew curve of 
type I but no primitive skew curve of type II. To do this let K con- 
sist of three 2-cells E, F, G having their interiors disjoint and exactly 
three boundary points a, b, c in common. It is self-evident that no 
two points separate K while K contains a primitive skew curve of 
type I. It is easy to show that K contains no primitive skew curve of 
type II by making use of the fact that no two vertices of such a 
primitive skew curve can be separared by the removal of any three 
points of the curve. | 

As an application of our theorem we prove the following anoi: 
lished theorem of F. B. Jones? 


THEOREM 2 (JONES). Let M be a locally connected continuum sepa- 
rated by no pair of tis potnts but by every one of tis simple closed curves, 
and suppose that M coniasns no primitive skew curve of type I. Then M 
ts homeomor phic with a spherical surface. 


Proor. By Theorem 1 and the theorem of Claytor cited above we 
know that M is homeomorphic to a subset of a spherical surface S. 
If the theorem is false then M has a complementary domain D in S. 
By a theorem of R. L. Moore‘ the boundary of D is a simple cloged 
curve J. Now J must separate M. Using this fact together with the 
knowledge that every component of M—J must lie on the side of J 
opposite to D we easily see that some pair of points of M must sepa- 
rate M. This contradiction completes the proof of the theorem. 


UNIVERSITY OF MARYLAND 


3 See Bull. Amer. Math. Soc. abstract 48-11-340. 
1 Concerning the common boundary of two domains, Fund. Math. vol. 6 (1924) 
pp. 203-213. 
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NOTE ON THE NON-EXISTENCE OF ODD PERFECT 
NUMBERS OF FORM pg. -gug 


ALFRED BRAUER 


A paper under this title appears in Bull. Amer. Math. Soc. vol. 49 
(1943) pp. 712-718. On October 2, 1943, I received a photoprint of 
a paper of H. J. Kanold, Verschärfung einer notwendigen Bedingung 
für die Existens einer ungeraden vollkommenen Zahi, J. Reine Angew. 
Math. vol. 184 (1942) pp. 116—124, for reviewing in the Mathematical 
Reviews. This paper was not available to me previously. In this paper 
the author, too, proves my theorem. But his proof is so much more 
difficult than my proof that I believe that the publication of my paper 
is also now not superfluous. The new method of both papers is the 
proof of case I. While my proof consists of only 8 lines, Kanold needs 
almost 5 pages for the proof of this case. In the proof of II, well 
known methods can be applied, and therefore it is not surprising that 
both proofs are similar. Difficulties arise here only if we obtain divi- 
sors which are greater than the range of D. N. Lehmer’s prime factor 
tables. 

Thus in the proof of II c, I had to consider o(309417). I checked 
the small primes and found that every prime factor must be greater 
than 151. Using this fact, and Lemma 1 and 2, I could prove this 
case without knowing the factorization of 0(30941%). I learned from 
Kanold’s paper that just the next prime, namely 157, is a divisor, 


g(309412) = 957,376,423 = 157-433-14083. 


Now II c can be proved in a simpler, but perhaps less interesting way. 
Since s=13 and &=2 one of the three factors of o{30941%) equals p 
and the others must be qı and qs. But then (p-+1)/2 and hence n 
must be divisible by 79 or by 7. This contradicts k =2. 

Moreover, I learned from Kanold’s paper that he proved the spe- : 
cial cases qm 1 and a=5 already in an earlier paper Uber eine not- 
wendtge Bedingung für die Existenz esner ungeraden vollkommenen 
Zahl, Deutsche Mathematik vol. 4 (1939) pp. 53-57, not available.. 
here and not mentioned in his paper cited in footnote 5. 


UNIVERSITY OF NorTH CAROLINA 


Received by the editors October 8, 1943. 
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A CORRECTION TO “ON THE AVERAGE NUMBER OF REAL 
ROOTS OF A RANDOM ALGEBRAIC EQUATION”? 


M. KAC 


Dr. R. P. Boas has kindly called my attention to the fact that the 
proofs of the results of Littlewood and Offord? have been published 
in the Proc. Cambridge Philos. Soc. vol. 35 (1939) pp. 133-148. kt 
should also be mentioned that a similar problem was studied by ep- 
tirely different methods by S. O. Rice in his paper The dtsiribution of 
ihe maxima of a random curve, Amer. J. Math. vol. 61 (1939) pp. 409- 
416. Finally, I take this opportunity to state that under the condi- 
tions considered in my note the probability that equation (1) has a 
multiple’ root is zero. In fact, this probability is the probability that 
the discriminant vanish; this probability is clearly equal to zero since 
the discriminant is an analytic function of the coefficients and the 
_ Measure considered is nonsingular. 


CORNELL UNIVERSITY 


Received by the editors June 9, 1943. 
1 Bull. Amer. Math. Soc. vol. 49 (1943) pp. 314-320. 
t See the footnote on page 314 of my note. 


A CORRECTION TO “A LINEAR TRANSFORMATION WHOSE 
VARIABLES AND COEFFICIENTS ARE SETS OF POINTS” 
S. T. SANDERS, JR. 


In my paper A Isnear transformaiton whose variables and coeficients 
are sets of potnis, published in Bull. Amer. Math. Soc. vol. 48 (1942), 
the fourth line, page 442, should read: “there is a subscript k=k’ 
such that P, involves only factors of Pi.” 


SOUTHWESTERN LOUISIANA INSTITUTE 
Received by the editors April 14, 1943. 
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ERRATA TO “TABLE OF THE ZEROS OF THE LEGENDRE 
POLYNOMIALS OF ORDER 1-16 AND THE WEIGHT 
COEFFICIENTS FOR GAUSS’ MECHANICAL — 

QUADRATURE FORMULA” 


ARNOLD N. LOWAN, NORMAN DAVIDS, AND ARTHUR LEVENSON 


The following errors should be noted. 
Page 740. The statement “where £ is a point in the interval (p, q) 
and k, is the normalizing factor for P,(x), which is equal to 


(= +- =) : 
gq—p/) 
should be replaced by “where £ is a point in the interval (p, q) and ks 


is 
(anC'n) (2n + 1)13/(q — pats» 


The bottom of the same page should contain the following: 

“Note. On this and the previous page, the subscripts of x, and ay 
are allowed to range from 1 to a. In the table, however, it seemed 
more convenient to change the notation slightly, and permit both 
positive and negative subscripts. Thus for »=3, the roots are x_1, 
xo xı. Roots with negative subscripts can be obtained by symmetry 
from those tabulated. Similarly for the entries Ga.” 

Page 741. The value of xs should read 0.519096129206812. 

Page 742, The value of x; should read x; =0.125233408511469. 

The value of x, should read x3=0.367831498998180. 


New Yore Crry 


Recetved by the editors March 18, 1943. 
1 Bull. Amer. Math. Soc. vol. 48 (1942) pp. 739-743. 





ERRATA, VOLUME 49 


E. J. Gumbel, On the plotting of staitsttcal observations, abstract 
49-9-238. 

p. 698, line 5 of the abstract. Instead of “The correction A for the 
rank is unlimited and possesses a mode, A increases” read “If the 
variate is unlimited and possesses a single mode the correction A for 
the rank increases.” 
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